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LNMPORQ6S�TVU8W(XZY\[^](W`_PW(],QaMPbZOcWJdebZf(W(dhgVW`gVOcijW(UkXlOcM^U
n mkn UK[^YVY!W(dcdoW p prq M^blijWsTkUVW q M^blijW p p dcOoUVft[^OoblW[^dRQaW(bZUVf(WugVWvS mxwzy W(XZQzgVMPUV].TVU{QlW(UVXZW(TVb p q MPOoXs]JM|_^[}blO~[}U�Q`](M^i8YVdo�JQlW(ijW(U�Q�[}U�QlOcX��NijfJQlblOo��TkW m!��y WJU pXlWJi��VdoWugkW(X

p p�q MPblijW(X0]JMPUVXZQlOoQlTVWHTVU�W(XlYV[^](W�_PWJ]JQaM^blOcWJd ∧p

S m!n U�UkM^QaW���TVW ∧0

S��
IR mLNMPOoW(U�Q

p �Jprq M^blijW(X(��] y W(X�Q p���p gVOoblW�gkW(X q MPblijW(X φ1
�
. . .
�
φp mhn U�gVfJ�VUVOoQ0doW�YVbZMNgVTkOoQ0W��NQlf(bZOcW(Tkb0gVW](WJX

p q MPblijW(X�]JMPiji8W�fJQ�[}U�Q�dc[ p prq M^blijW6gVf,�\UVOcW0YV[^b�Xa[�_}[^dcWJTVb�XZTVb p _PWJ]JQlW(TVbZX X1

�
. . .
�
Xp

XlTVOR_}[^U�Qd~[ q M^bli�TVdoW
(

φ1 ∧ · · · ∧ φp
)

(X1, . . . , Xp) = εi1,...ipφ
i1(X1) · · ·φip(Xp)MP�

εi1...ip

WJXZQsdcWHX��Niv�eMPdoWHgVW � WJ_�O p�w Oo_�OoQa[ mLNMPORQ
ei
TVUVWK�V[^XlW@gkW@S

∗ m4� d y [^OogVW8gkT�YVblM�gVTVORQuW,��QafJblOcWJTVb(�4MPU�]JMPUVX�QablTkOoQ�TkUVWK�\[}XlW@gVW ∧p

S
q MPbZi8fJWHgVW

ei1 ∧ · · · ∧ eip avec 1 ≤ i1 < . . . < ip ≤ n.

� [ gVOoi8WJUVXlOoMPU¡gVW ∧p

S¢W(X�Q@gVMPUk]
Cp

n m�� OcUVXZO�� p ≤ n
WJQ8d~[DgVOcijW(UkXlOcM^U£gkW ∧

n

S�W(X�Q@TVU m¥¤ UVW
p p�q MPblijW ω X y W,�NYVbZOcijWugV[^UVX?](W,QlQaW��\[}XlW

ω = ω<i1...ip>e
i1 ∧ · · · ∧ eip 1 ≤ i1 < . . . < ip ≤ nMP�£dcWJX

ω<i1...ip>

X y [}YVYeWJdcdoW(U�Q¦dcWJXj]JMPijYeMPXl[^U�QaWJXjX�QabZOc]JQlW(XjgVW ω m�§ d q [^TkQ q [^OoblW�[}QZQaWJU�QlOcMPU¡��TVW�dcWJX](M^i8Y!MPXa[}U�QlW(X?XZQlblOo]JQaWJX?UVW�XlWHQabl[^UVX q M^blijW(U�QsY\[^X?](MPijijW�](WJdcdcWJX0g y TVU�QlW(UVXZW(TVb m§ d?W(XZQK](MPijijMNgVW2g y OoU�QlblM�gVTVOoblW�TVUVW�¨Pf(UVfJba[^doOcXl[}QaOoMPU�gVT�X���i��eM^dcW�gVW � W,_NO p�w OR_NORQ�[ m�n U�gVfJ� pUVORQ
ε
j1...jp

i1...ip

]JMPi8ijWF_}[^d~[^U�Q � XZO j1 . . . jp W(X�QFTVUVW8YeWJbli�TkQa[}QaOoMPU©Y\[^OcbZW8gkW i1 . . . ip � −1
Y!MPTVbuTVUVWY!W(blivTkQ�[}QlOcMPU2Ooi8YV[^OcbZWzWJQ`ª¦[^TkQlblWJi8WJU�Q(�\W(U q MPblivTVdcW

ε
j1...jp

i1...ip = det
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n U�UkM^QaWH��TVW εji = δi
j

WJQs��TVW
ε1...p
i1...ip = εi1...ip mn U�Y!W(TkQ`[^doMPblX6blf(]JblOoblW�dcWJX0f(dcfJi8WJU�QaX?gVW�d~[��\[}XlWuXlMPTVX?dc[ q MPblijW

ei1 ∧ · · · ∧ eip = ε
i1...ip
j1...jp

ej1 ⊗ · · · ⊗ ejp.
� [}bsXZTVOoQlW^�VWJU�Qa[^U�Qs��TkWuQlW(UVXZW(TVb

p q MPOcX0]JM|_^[}blO~[}U�Q(�VdcWJX0](MPijY!MPXa[^U�QlW(X?](M|_}[^blOc[^U�QaWJXsgkW ω XlM^U�Q
ωi1...ip = ε

j1...jp

i1...ip
ω<j1...jp>.

� [^UkXsdc[FYVba[}QlOc��TVW}�VMPU�f(](bZOoQ
ω =

1

p!
ωi1...ipe

i1 ∧ · · · ∧ eip .

n U�[Dd~[ UVM^QlOcMPU¡gVW�YVbZMNgkTVOoQ¦W��NQlf(bZOcW(Tkb8g y TVUVW p p�q MPblijW α gVW�](MPijYVXl[^U�QaW(X
αi1...ip

W,Qjg y TkUVW
q prq MPbZi8W β gVW�](MPijY!MPXa[^U�QlW(X βj1...jq

m!n U�gVfJ�\UkOoQsd~[ p+ q p�q MPblijW�Y\[^b?dc[ q MPbli�TkdcW
(α ∧ β)i1...ip+q

=
1

p!q!
ε
j1...jpk1...kq

i1.........ip+q
αj1...jp

βk1...kq
.

n U�UkM^QaWHd y OogVW(U�QaORQaf
α ∧ β = (−1)pqβ ∧ α.

n U�YeWJTkQ2�VOoW(U�X��Vb@gVf,�\UVOcb8gVW(XK]��\[^ijYVX@gVW p prq MPbZi8WJXKg\[}UVX@TVU�WJXlY\[^]JW [��jUVW W,Q2YVdoTVXK¨Pf pUVfJba[^doW(ijW(U�QKXZTVbKTkUVW{_}[^blOofJQlf�gVO	�xfJblWJU�QlO~[^�kdcW m � MPTVb8TVU�XZ��X�Qa�(ijW gVW�](M�MNgkMPUVUVfJW(X (xi)
�¥d~[D�\[^XZW]t[}UVMPUVOo��TkW(ijW(U�Q0[^XZXlM�](Oof(WzgkW(X q MPbZi8WJX�WJXZQ q M^blijf(WsgVW(X dxi mVn U@bl[^YVY!W(dcdoW`��T y MPU@fJ](bZOoQ ei
YeM^TVb�TkUVW�\[^XZW���TkW(dc]JMPUV��TVWugVW(X q MPbZi8WJX?[}�\U�gVW��VOcWJU�doW(X0gVOoXZQlOcUV¨PTkW(b mLNMPORQ?TVUVW

p p�q MPblijW α ��TVO:X y f(]JblOoQ
α =

1

p!
αi1...ipdx

i1 ∧ · · · ∧ dxip.

� [FgVO
�ef(bZW(U�QaOoW(dcdoW�W,��Qlf(blOoW(TVbZW�gVW α WJXZQsTVUVW (p+ 1) prq MPbZi8WzgVfJ�\UkOcW�Y\[^b
dα =

1

p!
∂jαi1...ipdx

j ∧ dxi1 ∧ · · · ∧ dxip

��TVWud y MPU2blfJ](blORQ
dα =

1

(p+ 1)!
ε
ji1...ip
k1...kp+1

∂jαi1...ipdx
k1 ∧ · · · ∧ dxkp+1.

� OoUVXlO �VdcWJX0](MPijY!MPXa[^U�QlW(X?gVW dα XlMPU�Q
(dα)k1...kp+1

= ε
ji1...ip
k1...kp+1

∂jαi1...ip.

n U�UkM^QaWHd y OogVW(U�QaORQaf
d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ.S�Uk�\U��hMPU�[¦d~[�YVbZMPYVblOofJQlf q MPUVg\[^ijW(U�Qa[^dcW

d2α = 0.
� f(](OoYVblM���TVW(ijW(U�Q(�\XlO�TVUVW

p prq MPbZi8W β Xa[}QlOcX q [^OoQ dβ = 0
[^dcM^blX0OcdxW,�NOcX�QaWu[^T�i8M^OcUVX0doMN]([^dcWJi8WJU�Q6TVUVW

(p− 1) p�q MPblijW α QaWJdcdoW���TVW β = dα mn UK[�[^TVXZXlOhd~[�UkM^QaOoMPUFgVW p p�q MPblijW(X � _}[^dcWJTVblX�g\[}UVX�TVU8WJXlY\[}](W0_PWJ]JQaM^blOcWJd
� m�wzy WJXZQ¥TVUjf(dof(ijW(U�QgVW�� ⊗∧p

S m LNM^OoQ εA TVUVWj�\[^XZW8gkW�� �:MPU [
Φ = εA ⊗ αA

M^� doW(X
αA

XZMPU�QvgVWJX
p prq MPbZi8WJX m�� [gVO	�xfJblW(U�QlOcW(dodcW�W���Qaf(bZOcWJTVblW�gVW

Φ
WJXZQ

dΦ = εA ⊗ dαA m
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LNMPORQFTVUVW@_}[^bZOcfJQlf@gVO	�xfJblW(U�QlO~[^�VdoWKi�TkUVOcW@g y TVUkW�ijfJQlblOo��TkW g W,QFXlM^OoQFTVUkW2�\[^XZW�M^bZQ �kMPUVMPbZi8fJWq MPbZi8fJW{gVWJX@]��\[^ijYVX@gVW�_PW(],QaWJTVblX ea « a = 1, . . . , n ­,m¥� QaORQabZW�g y W,�NWJi8YVdoW^��MPU�YVblWJUVg�](M^i8ijWijfJQabZOc��TVW
ηa b

gV[^UVX?d~[F�\[^XZW
ea m\¤ UVWu�\[^XlW�gVTV[^dcWHWJXZQs](MPUkXZQaORQaTVfJW�gVW(X �Jprq M^blijW(X eb

gVfJ�VUVOcWJX`Y\[}b
eb

i = ηb agije
j
ag\[^UkXvTVU XZ��XZQl�(ijW@gVWj](M�MPblgVM^UVUVf(WJX

(xi) m4n U�bZW(i8[^bl��TVWj��TVWKdoW(X ea
X y OoU�QaW(bZYVbl�,QaWJU�Q�](MPiji8W¦gVWJX�Jp�q MPblijW(X � _}[^dcWJTVb;_PWJ]JQlMPblOoW(dcdoW mn U{](M^UVXlOogV�(bZWuTkUVW.]JMPUVUVW��NOcMPU�i8f,QablOo��TVW ∇ �h] y W(X�Q p���p gVOoblW�QlW(dcdoWH��TVW.dc[FgVf(bZOo_PfJWv]JM¯_}[^bZO~[^U�QlWHgVWd~[�ijfJQlblOo��TkWHW(XZQ`U�TVdcdoW mVn U�gVf,�\UVOoQ?dc[ �Jprq MPbZi8Wz](MPUVUkW,�NOcMPU ωb

a

Y\[}b0Xa[F_^[}dcW(Tkb0XlTVb?TVU�_PWJ]JQaWJTVb
X

∇Xea = ωb
a(X)eb.

S�U�]JMNM^blgVMPUkUVf(WJX(�h](W,QlQaW q MPbZi�TVdoW�gVWJ_�OoW(U�Q
∇ie

j
a = ω b

i ae
j
b.

S�U�]JMPU�Qabl[^]JQa[^U�Q`YV[^b
e

c
i

�\MPU�MP�kQaOoW(U�Q
eb

j∇ie
j
a = ω b

i a.

� �V[^OcXZXa[^U�Q�d y OcUVgkOc](W b �0dc[¡bZW(dc[}QaOoMPU ebj∇ie
j
a = −ej

a∇iebj

ijMPU�QablWD��TVW©d~[ �Jp�q MPblijW ](M^UVUVW,�NOoMPUijfJQabZOc��TVW
ωb a

W(X�Q4[^U�QaOcX���i8f,QablOo��TVW�W(U
a
WJQ
b m S�dcdcW=X y OcU�QaWJblYVbZ�JQaW¥[^doMPblX�]JMPiji8W�TkUVW �Jprq M^blijW � _^[}dcW(Tkbg\[^UkXzd y W(XZY\[^]JWv_PWJ]JQaM^blOcWJd4gkW(Xzi8[}QlblOc]JW(X ωb

a

[t�P[^U�Q�](W,QlQlW�YVblM^YVblOofJQafug y [^U�QaOoXZ��i8f,QabZOcWu��TkO=](M^UVXZQlOoQaTkWd y [^do¨P�(�VbZW�gVW � OcWHgVT�¨PbZMPTVY!WHgVW � M^blW(U�Q�
^�hdcWH]JblM�]��VWJQsfJQa[^U�QsdcWH](M^i8i�TNQ�[}QlW(TVb0gVWJX?iK[}QlblOo](W(X m§ dHW(X�Q{Y!MPXlXZOc�VdoW gVWD]��\[^UV¨^W(b�gVWD�\[^XlWDMPb�Q �VM^UVMPblijf(W YV[^b�TVUVWDQaba[}UVX q MPbZiK[�QaOcM^U�gVW � MPblWJU�Q�

ea = Lm′

a (xi)em′ m!n U2QlblMPTk_^W.��TVW�dc[�dcMPO�gkW�Qlba[^UkX q MPbZiK[}QlOcMPUKgVW�d~[ �Jprq M^blijWz](M^UVUVW,�NOoMPU�WJXZQ
ω b

i a = Lb
n′L

m′

a ω n′

i m′ + Lb
n′∂iL

n′

a .

n U�Y!W(TNQ?XlWudcOcijOoQlW(b�[^TN�2Qlba[^UkX q MPbZiK[}QlOcMPUkX;gVW � 0(n) mw W(Y!W(UVgV[^U�Qt� � Y\[^b�QaOcb¦gVW�d~[ �Jp�q MPblijW�](MPUVUkW,�NOcMPUx��MPU�YeWJTkQ8](MPUVX�QabZTVOcbZW�TVUkW
� p�q MPblijW Rb
a �_}[^dcWJTVb;QaWJUVXlM^blOcWJdcdoW�W(U�YeM^Xa[^U�Q

Rb
a = dωb

a + ωb
c ∧ ωc

a](M^i8ijWHMPU�YeWJTkQsdcW�_^f(blOR�\W(b � d~[�i8[^OoU2W(U�W �eW(]JQlT\[^U�Q`TVUVWHQabl[^UVX q M^bli8[}QaOoMPU2gVW � MPblWJU�Q�
^�
Rb

a = Lb
n′L

m′

a Rn′

m′.

n U�d y [}YVYeWJdcdoWzd~[�� prq MPbZi8W�gkWu]JMPTVbZ�VTVblW m S�U�](M�MPbZgVMPUVUVfJW(X (xi)
�VMPU�[

Rb
a =

1

2
Rb

aijdx
i ∧ dxj.
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n U�bZWJQlblMPTk_^W�dcW�QaWJUVXlWJTVbsgVW�](MPTVbZ�VTVbZWuXZMPTVXsd~[ q MPbZi8W
Rb

aij = ∂iω
b

j a − ∂jω
b

i a + ω b
i cω

c
j a − ω b

j cω
c

i a.

n U�bZW(i8[^bl��TVW8��TkWKdcWFQlW(UVXZW(TVb Rb aij

W(X�QF[^U�QaOoXZ��ijfJQabZOc��TVWjW(U
a
WJQ
b
YkTVOcXZ��TkWKd~[�](M^UVUVW,�NOoMPU�WJXZQijfJQabZOc��TVW m6� W(XK](MPijYeM^Xa[^U�QaWJXKgVT�QlW(UVXZW(TVbKgVW ](M^TVbl�VTkblW g\[}UVX@dcW�blWJYe�JblW UV[}QaTVbZW(d`XlMPU�Q Rk

lij =

ek
be

a
lR

b
aij m� [{gVO
�ef(bZW(U�QaOoW(dodcWjW,��QafJblOcWJTVblWKg y TkUVW p p�q MPblijW Φb...

a... � _}[^doW(TVbuQaWJUVXlMPbZOcWJdcdcWjU y W(X�QFY\[^X�TkUVW (p +
1) prq MPbZi8W � _}[^dcWJTVbKQaWJUVXlM^blOcWJdcdoW^�¥] y W(XZQ�Y!MPTVbZ��TVMPO�MPU [�OoU�QlblM�gVTVORQKdc[�gVO
�ef(bZW(U�QaOc[}QaOoMPU�W��NQlf(bZOcW(TkblW](M|_}[^bZO~[^U�QaW}�VUVM^Qlf(W

D
�\gVf,�\UVOoWuYV[^b
(DΦ)a...

b... = dΦa...
b... + ωa

c ∧ Φc...
b... + · · · − ωc

b ∧ Φa...
c... − · · ·

��TVO:[^XZXlTVbZW.��TVW
DΦb

a

WJXZQsTVUVW
(p+ 1) prq MPbZi8W � _}[^doW(TVb;QlW(UVXZMPblOoW(dcdoW mVn U�UVM^QlW�d y OcgVWJU�QlOoQlf

(

D2Φ
)a...

b...
= Ra

c ∧ Φc...
b... + · · · − Rc

b ∧ Φa...
c... − · · · .

n U�gVf,�\UVORQs[^dcMPbZX0d~[�� p�q MPblijW�gVWHQlMPblXZOcMPU T a � _}[^dcWJTVb;_PWJ]JQaM^blOcWJdcdoW�Y\[^b?d~[ q M^bli�TVdoW
T a = Dea.

S�U�]JMNM^blgVMPUkUVf(WJX
(xi)

�\M^U�[
T a =

1

2
T a

ijdx
i ∧ dxj.

n U�bZWJQlblMPTk_^W�dcW�QaWJUVXlWJTVbsgVWHQaMPbZXlOcM^U�XZMPTVX?d~[ q M^blijW
T a

ij = ∂ie
a
j − ∂je

a
i + ω a

i ce
c
j − ω a

j ce
c
i .](M^UVgVTVOoXa[^U�Qsg\[^UVX?doWHblW(Y!�(bZW�U\[}QaTkblW(d:[}TN��](M^i8Y!MPXa[}U�QlW(X

T k
ij = ek

aT
a
ij m� [�� prq MPbZi8W`gVWzQlMPblXZOcMPU2W,Q0d~[ � prq MPbZi8W`gVW�](M^TVbl�VTkblWH](M^UVXZQlOoQaTkW(U�Q?d~[v¨^f(MPijfJQlblOcW q MPUVg\[}i8WJU�Qa[^dcWg y TVUVW �Jp�q MPblijWKgkW2](MPUVUkW,�NOcMPU¡ijfJQlblOc��TVW m�w WJXjgkW(TN� � prq MPbZi8WJXvXa[�QaOcX q MPU�QFdcWJX�gVWJTN�¡OcgkW(U�QaORQaf(XvgVW� Oc[^UV]��VO

DT a = Ra
c ∧ ec et DR

a
b = 0��TVO�¨PfJUVf(bl[^dcOoXlW(U�Q:]JW(dcdoW(X�OoUVgVOc��TVfJW(X:YVbZf(](fJgVW(ijijW(U�Q YeMPTkb�dcW�QaWJUVXlWJTVb gVW � OoW(i8[^UVUHg y TVUVW¥](M^UVUVW,�NOoMPUblOoW(i8[^UVUVOoW(UVUkW^�V] y WJXZQ p���p gkOcblW�QlW(dodcW���TVW�d~[�QlMPblXZOcMPU T a

WJXZQsU�TVdcdoW m
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§ d q [^TkQ�g y [^�!MPbZg gkfJ�\UVOob@dcWJX2]��\[^ijYVX�gVW XlYkOcUVWJTVblX�XlTkb2TVU W(XlYV[^](W p QaWJi8YkX�]JMPTVbl�!W V i�TVUVOg y TVUVW�ijfJQabZOc��TVW g m � [^UVX0TVU�X��NX�Qa�Ji8W�gVWH]JMNMPbZgVMPUVUkf(W(X (xµ)
�VUVMPTkX?[^TVblM^UVX0�eWJXlMPOoU2gVW(X?fJdcf(ijW(U�QlX

γα
g y TVUkW.[}dc¨P�J�VblWHUVM^U�]JMPi8ivTkQ�[}QlOo_^WHXa[}QlOcX q [}OcXa[}U�Q

γαγβ + γβγα = −2gαβId

��� ª



MP�
Id

W(X�Q{d y TkUVOoQlf gVW d y [}dc¨P�J�VblW m?w WJQZQaW©](MPUVgkOoQaOoMPU gVfJ�VUVOoQ�gVW q [^OoQ�WJU ]��\[}��TkW�Y!MPOcU�Q x gVW Vd y [^do¨P�(�VbZW�gVW w doO
�eMPblg C gVW¥d y W(XZY\[^](W�Q�[}UV¨PW(U�Q TxV
]t[}ba[^],Qaf(bZOcXZf(W¥Y\[^b d y W,�NOcX�QaW(Uk](W¥g y TkUVW;[^YkYVdcOo]t[}QlOcMPU

γ : TxV → C Xa[}QlOcX q [}OcXa[}U�Q
γ(X)γ(Y ) + γ(Y )γ(X) = −2g(X, Y )Id.

§ U�QabZMNgVTkOcXlM^UVX�TVUVW¦QafJQlba[^gkWjdoMPblWJU�Q�
(OoW(UVUkW ea m�� M^TVX�YeMPXZMPUVX γa = γ(ea) m�� M^TVXu_^M|�PMPUVX.��TVW¦](W(dc[� TVX�QaOo�VWugkWuY!MPXZW(b
γα = eα

aγ
a avec γa = ηa bγb.

§ d���[¦TVU{OoXlMPijMPblY �VOcXZi8W�UkMPU�]([^UVMPUkOc��TVWuW(U�QabZW.d y [^do¨P�(�kblWHgVW w dcO	�xM^blg C WJQ`d y [^dc¨^�(�VbZWHgVW(XsMPY!f(ba[ pQaWJTVblX6dcOcUkft[^OoblW(X�XZTVb;TVU@WJXlY\[}](W�_PWJ]JQlMPblOoW(dx]JMPijYVdcW��kW S gVW`gVOcijW(UkXlOcM^U�� m � [^UVX6TVUVW��\[}XlWzgkW S �NdcWJX
γa
](M��rUV]JOcgVWJU�Q`[t_PWJ].doW(X0i8[}QabZOc]JW(X0TVXZTVW(dodcW(X?gVW � Ooba[^] m
� MPTkX2gVfJ�\UkOcXlXZMPUVX2i8[^OcU�QlW(U\[^U�QKdcW ¨PbZMPTVY!W{gVW XZYVOcUx�6UVM^QlfDLNYVOoU « � ­ �¥��TkO�W(X�Q�dcW{¨^blMPTVY!W gVWJXMPY!f(bl[}QaWJTVblX?dcOoUVf(bl[^OcbZW(X

Λ
XZTVb S OcU�_^W(blXZOc�VdoW(X?WJQsgVW�gVf,QaWJblijOcU\[^U�Q � QaWJdcX?��TVW

Λγ(ea)Λ
−1 = γ (L(ea))

MP� � W(X�QuTVU�fJdcf(ijW(U�Q�gVT ¨PblM^TVYeW¦gVW � MPbZW(U�Q�
 �¥« � ­�m�� MPTkX.Y!MPTk_^MPUVX	��

���������	��
�������������gVf,�\UVOob
Spin0(4)

YeMPTkb
L0(4)

��TVO�W(X�Q�TVU�¨PbZMPTVY!W�XZOcijYVdcWJi8WJU�Q4]JMPUVUVW��NW m�w WJd~[sOcUVgVTkOoQ4TVU �VMPijMPijMPblY �VOcXZi8WXlTkb � W(],QaO q H : Spin(4) → L(4)
��TVOV[`QaMPTNQ

Λ q [^ORQ=]JMPblbZW(XlY!MPUVgkblW0TVUVW�Qaba[}UVX q MPbZiK[�QaOcM^UvgVW � MPbZW(U�Q�
��m�� MPTkXsbZW(i8[^bl��TVM^UVX0��TVW.doWHUVM|��[^T�gVW�](W,Q �VMPijMPi8M^blY �VOoXlijWzWJXZQ Id WJQ −Id m
� MPTkX XZMPiji8WJX�W(U�ijW(XlTkblW�gVW�gVf,�\UVOcbxTVU.XZYVOcUkW(TVb Ψ Y\[^b�dc[;gVMPUVUkf(W�gVW�](M^TVYVdcWJX

(ea, ψ)
MP�
ea

W(X�QTVUVW`QafJQlba[^gkWzdcM^blW(U�Q�
(OcWJUVUVW`WJQ0MP�
ψ
WJXZQ0TVUKf(dcfJi8WJU�Q;gVW S �NXa[}QlOcX q [}OcXa[}U�Q�d~[ublWJd~[}QlOcMPU8g y fJ��TVOo_}[^doW(UV]JW

ψ′ = Λψ ea′ = Lb
a′eb avec L = H(Λ).

� [^UkX�TVUVW��V[^XlW.gVW S � ψ [8dcWJXz]JMPi8Y!MPXl[^U�QaW(XzXlYVOoUVMPblOoW(dodcW(X
ψA

[t_^W(]
A = 1, 2, 3, 4

WJQzd~[jblW(dc[}QaOoMPUg y f(��TVOR_^[}dcW(Uk](W�X y f(]JblOoQ
ψA′

= ΛA′

B ψ
B ea′ = Lb

a′eb avec L = H(Λ).

§ dz��[�W(U blf([^dcORQaf�TVUVW OcUkgVfJQlW(blijOcUV[}QaOoMPU�YkTVOcXZ��TkW (ea, ψ)
WJQ

(ea,−ψ)
blWJYVblfJXlW(U�QlW(U�Q{doW i	�(ijWXlYkOcUVWJTVb

Ψ m
� MPTkX=gVOoXlMPUVX4��TVW6doW(X ](MPijYeM^Xa[^U�QaWJX ψA

gkfJ�\UVOoXlXZW(U�Q�TVU.XlYVOoUVW(TVb4](MPU�Qlba[t_}[^blOc[^U�Q m�� MPTkX=Y!MPTk_PM^UVXgVf,�\UVOcb`TVU XlYkOcUVWJTVbz]JM¯_}[^bZO~[^U�Qz](MPiji8Wud~[jgVMPUVUkf(W�g y TVU ]JMPTVYVdoW (ea, φ)
MP�

φ
W(X�QHTVU fJdcf(ijW(U�QzgVTgVT\[}d�gVW S gVMPU�QsdcW(X0]JMPijYeMPXl[^U�QaWJX

φA

XlWHQabl[^UVX q MPblijW(U�Q?XlTkOo_}[^U�Qsd~[�dcM^O
φA′ = ΛB

A′φB ea′ = L
b
a′eb avec L = H(Λ),

MP�
ΛB

A′

W(X�Q0d~[uiK[�QablOo](WsOcU�_PWJblXZW�gVW
ΛB′

A m�� OcUkXlO���doW(X γa
XlMPU�Q0gkW(X;XZYVOcUVWJTVblX6TVUVW q MPOoX�]JMPU�Qabl[|_}[^bZO~[^U�QlXWJQsTVUkW q M^OcX0](M|_}[^bZO~[^U�QaX m��y [^g � MPUV]JQlOcMPUHgkW � Ocbl[^]�[^XlXZTVblW�dc[;](MPbZblWJXlY!MPUVg\[^Uk](W�W(U�QabZW�dcW(Xx](MPijYeM^Xa[^U�QaWJX�XlYVOoUVMPbZOcW(dodcWJXx](M^U�Qlba[ p_}[^blOc[^U�QaWJX�W,Q6]JM¯_}[^bZO~[^U�QlW(X m LNMPORQ¥TVU@XlYkOcUVWJTVb ψ ��d y [^g � MPOoU�Q�gkW � Ooba[^]sW(X�Q;doW`XZYVOcUVWJTVb¥](M|_}[^blOc[^U�Qt��UVM^Qlf

ψ
�\W,�NYVblOoi8fHWJU�UkM^Q�[}QlOcMPU2i8[}QlblOc]JOcWJdcdcWsXlM^TVX?d~[ q MPbZi8W ψ†γ0 MP� † gVf(XZOc¨PUVW�d y �VWJblijOoQlOc��TVWz]JMPU � TV¨^TVf m

���N�



� MPTkXHMP�kQaWJUVMPUVX�gVWJXH]��\[^ijYVXHgVWFXZYVOcUVWJTVblXHXZTVbHd y W(XZY\[^]JW p QlW(ijYVX(�eQaMPTkQH[^TDi8MPOoUVXzdoMN]([^dcWJi8WJU�Qt�W(U�QaWJU\[^U�Qz]JMPijYkQaWugVWud~[FgVf(Y!W(Ukg\[^UV]JW�gVW(X
ea

WJQ`gVW(X
ψA

XZTVb V m�� MPTVXsblWJiK[}bl��TVMPUVXs��TVW ψψ WJXZQTVUVW q MPUk]JQaOoMPU�� ψγµψ
TVU�]��V[^i8Y�gVWH_^W(]JQlW(TVbZX(�

. . .§ d q [}TkQuiK[^OoU�QaW(UV[^U�Q.OoU�QablM�gVTVOoblW¦d~[�UVM^QlOcMPU©gVWjgVf(bZOo_^f(WK]JM|_^[}blO~[}U�QlW8g y TVU�XlYVOoUVW(TVb ψ ]t[^b
∂µψU y W(X�QzY\[}X0TVU�_^W(],QaW(Tkbz��T\[^UVg�UVMPTkXs]��V[^UV¨PWJMPUVXsdcW(X ea m\� TkXlXlO �\UVMPTVX?Y!MPXlM^UVX

∇µψ = ∂µψ + Γµψ

MP�
Γµ

W(X�QFTVUVW �Jprq MPbZi8W � _}[^doW(TVbZX.gV[^UVX�d y [^do¨P�(�kblW¦gVW(XviK[}QlblOo](W(X Λ
��TVO�gVWJ_�bl[{](MPbZblWJXlY!MPUVgVbZW �d y [^do¨P�(�VbZW6gVW � OcW6gVWsLNYVOoU « � ­ �POcXZMPijMPblY �kW � ](WJdcdcW6gVW �¥« � ­�m � MPTkX�gVWJ_^MPUVX�[|_^MPOcb ∇µ(Λψ) = Λ∇µψ m

� M}Q�[^U�Q Γ′µ
dcWzQlba[^UkX q MPbZi8fHgVW Γµ

�\UVMPTVX?gVW,_PMPUVXsXa[�QaOcX q [^OcbZW
Γµ = Λ−1Γ′µΛ + Λ−1∂µΛ.

w WJQZQaW0doMPONgkW;Qaba[}UVX q MPbZiK[�QaOcM^U.WJXZQ � ba[}YVYVblM�]��VWJb�gVW;](WJdcdoW6gVW0dc[ �Jprq M^blijW�]JMPUVUVW��kOoMPU¦i8f,QabZOc��TVW ωµa b[^U�QaOoXZ��ijfJQabZOc��TVWHWJU
a
WJQ
b m�� MPTVX0_^f(blOR�\MPUVX?��T y TVUVWuXlMPdoTkQaOoMPU2W(X�Q �

Γµ = −1

4
ωµa bγ

aγb soit Γµ = −1

8
ωµa b

(

γaγb − γbγa
)

.

w W(]JO X y f,QaWJUVg � d~[FgVfJblOR_Pf(W�]JM¯_}[^bZO~[^U�QlWHg y TkU{XlYkOcUVWJTVb?](M|_}[^blOc[^U�Q
∇µφ = ∂µφ− φΓµ.

� M^TVX0_Pf(bZOo�\M^UVX?��TkW γµ
]JMPUVXlOogVf(bZf�](MPiji8WHTkU�_^W(],QaW(Tkb p XZYVOcUkW(TVbz[¦TkUVW�gVf(bZOo_PfJW.]JM|_^[}blO~[}U�QlWHU�TVdcdoW

∇ργ
µ = ω m

ρ aγ
aeµ

m +
1

4
ωρa bγ

mγaγbeµ
m − 1

4
ωρa bγ

aγbγmeµ
m = 0.

S�Uv](M^UVXlfJ��TkW(UV]JW;YeM^TVb�d~[0Y\[^b�QaOo](TVdoW�dcOc�kblW�gVW�XZYVOcU � � �;WJQ gVW¥i8[^XlXZW m �|UkMPTVX YeMPXZMPUVX:d y f(��T\[�QaOcM^U](M|_}[^bZO~[^U�QaWHgkW � Ocba[}]Hg\[^UVXsTVU�W(XZY\[^](W p QlW(ijYVX`]JMPTVbZ�eW
i~γµ∇µψ −mcψ = 0.

��y fJ��T\[}QaOoMPU�](M|_}[^blOc[^U�QaW�gVW � Ooba[^]HgVfJblOR_PW�gVT�d~[^¨Pbl[^UV¨POoW(U

L[eµ
a , ωρa b, ψ] =

i~c

2

(

ψγµ∇µψ −∇µψγ
µψ
)

−mc2ψψ.

� y [^YVbl�JX dcWJX{YVbZOcUV]JOcY!W(X{¨^f(UVfJba[^TN� gVWJX{Q �VfJMPblOoW(X ijfJQlblOo��TkW(X{gkW�d~[£¨Pba[t_�OoQa[}QaOoMPU��0dcW©QaWJUVXlWJTVbf(UkW(bl¨^OcW p OcijYVTVdoXlOcM^U�XZ��ijfJQabZOc��TVW�gVWJ_�bl[^OoQjX y MP�kQlW(UVOob¦Y\[^b¦_^[}blO~[�QaOcM^U�gVW L Y\[^b¦bl[^YVY!MPbZQ � gµν

W(UYVbZW(U\[^U�Qsd~[�]JMPUVUVW��NOcMPU�blOoW(i8[^UVUVOoW(UVUkW�YeM^TVb
ωµa b m!w W(d~[�UkWuXZW�YVblfJXlW(U�QlW.Y\[}X0XlOcijYVdoW(ijW(U�Q mN� TVXZXlO��Ocd\WJXZQ�YVdcTkX�]JMPi8ijM�gVW0gVW q [}OcblW0XZf(Y\[}blf(ijW(U�Q6gVW(X¥_^[}blO~[�QaOcM^UVX�Y\[^b¥ba[}YVYeM^bZQ � eµ

a

W,Q � ωµa b

YeMPTkb¥TkUVW](M^UVUVW,�NOoMPU�ijfJQlblOc��TVW m LNO�d y M^U�[^YkYVdcOo��TkWjfJ¨�[^doW(ijW(U�Qv]JW(Xu_^[}blO~[�QaOcM^UVX�[^T�dc[^¨Pba[}UV¨POcWJUD¨Pba[t_�OoQa[}QaOoMPU pUVWJd
R
[^doMPblX`MPU U y MP�kQlOcW(U�QHYV[^Xzdc[KblWJd~[}QlOo_�OoQlfu¨^f(UVfJba[^doWvi8[^OcXsd~[¦Q �VfJMPblOoWvg y S�OcUVX�QaWJOcU p�w [^bZQa[^U gVW�dc[¨Pbl[|_�ORQ�[}QlOcMPU@gV[^UVXsd~[^��TVWJdcdcW`d~[�QaM^blXlOoMPU2W(X�QzWJUV¨PWJUVgVblfJW.YV[^b0d~[FgVWJUVXlORQaf�gVW�XlYVOoU�gVW�d~[FiK[�QaOc�JblW m
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LNMPORQ V TkUVW�_}[^blOofJQaf�gkO
�ef(blWJU�QaO~[}�VdcW�ivTVUVOcW=g y TkUVW�i8f,QablOo��TVW g WJQ:gVW�d~[;]JMPUVUVW��NOcMPU�blOoW(i8[^UVUVOoW(UVUkW[^XZXlM�](OcfJW ∇ mhw MPUkXlOcgkf(blM^UVX`d y ����Y!W(blXZTVb q [}](W Σ
gVf,�\UVOoWuYV[^b

f(x) = 0
[t_PW(]ud~[�]JMPUVgVORQaOoMPU

∂if 6= 0 m
� MPTkXjXZTVYVY!MPXlM^UVX¦��TkW ∂if

W(XZQ¦QlMPT � MPTVbZX�MPbZOcW(U�Qlf2g\[^UVXFdoWKQaWJi8YkXFMPT¡�VOcWJU�QaMPT � M^TVblXFMPbZOcWJU�Qlfg\[^UkXsd y WJXlY\[}](W mh� WH_PWJ]JQlW(TVbsTVUVORQ�[^OoblW n UVMPbZiK[}d � Σ
WJXZQs]��VMPOoXlO�Y\[^b0]JMPU�_PWJU�QlOcMPU

ni =
±∂if

√

±gij∂if∂jf
avec gijn

inj = ±1.

� MPTkX`Y!MPTk_^MPUVXzgkfJ�\UVOob?dcW(X?]JMNMPbZgVMPUVUkf(W(XsUVMPbZiK[}dcW(X0gkW
	�[^TVXZX`bZW(d~[�QaOo_^W(X � Σ m L�MPOoQ x2, . . . , xnTVUjXZ��XZQl�(ijW`gkW`]JMNMPbZgVMPUVUkf(W(X�gVW
Σ m S�U8]��V[^��TVWzY!MPOcU�Q�gVW Σ

��UVM^TVX�](MPUVXZOcgVfJblMPUkX¥dc[H¨Pf(M�gVf(XZOc��TVWsgVT¨PWJUVblW�QlW(ijYVX(�VM^T2W(XlYV[^](W�XlTkOo_}[^U�Q0dcWz]t[^XJ�VOcXZXlTVWHgVWH]JWHYeM^OcU�Q;W,Q?gVMPU�Q?dcWz_^W(],QaW(Tkb p gkf(blOR_PfJWu]JM��rUk](OcgkW[t_PWJ]FdcW._^W(],QaW(TkbHUVMPbli8[^d
n
Y!MPTVb�TkU Y\[^ba[}i8�,QablW.[��jUVW

x1 m�w W(doTVO p ](O gVfJ�\UkOoQ�TkUVW�](M�MPbZgVMPUVUVfJW x1]��VMPOoXlOoWHgVWHQaW(dodcW�XZMPbZQlW���TkW.d y fJ��TV[}QaOoMPU2gVW Σ
XZMPOoQ

x1 = 0 m
x 1

x 2 x n......

n

Σ

� MPTkXz[t_PM^UVXz[}OcUVXZO�](MPUVX�QabZTVOoQsgVWJX`]JMNMPbZgVMPUVUkf(W(X x1, . . . , xn
gVW V m � [^b`]JMPUVX�QablTk]JQaOoMPU�dcW(X?]JMPi pY!MPXa[^U�QlW(XsgVW�d~[�ijfJQabZOc��TVWHg\[}UVX?dcW(X?]JMNMPbZgVMPUVUkf(W(X

(xi)
XlMPU�Q?QaWJdcdoW(X0��TVW

g11 = ±1 et gi1 |x1=0= 0.

S�U�TkQlOcdcOoXa[^U�Q dcW q [^ORQ4��TVW�dcWJX=dcOo¨PUVWJX p ]JMNM^blgVMPUkUVf(WJX x2, . . . , xn =
](MPUVX�Q m XlMPU�Q=gVW(X�¨^f(M�gVf(XZOc��TVW(XJ�}UkMPTVXMP�kQlW(UVM^UVX

Γi
11 = 0

WJQ�Y\[^b`XlTVORQaW
∂1gi1 = 0 m�w MPijYkQlW.QaWJU�T©gkT blf(XZTVdoQa[}QHYVbZf(]Jf(gVWJU�Q(��d~[ji8f,QablOo��TVWX y f(]JblORQ

ds2 = ±(dx1)2 + gij(x
1, xk)dxidxj (i, j, k = 2, . . . , n)WJQsdoW(X

(xi)
XlMPU�Q`[^YVY!W(dof(W(X?doW(X?](M�MPblgkMPUVUVfJW(X?UVMPbZiK[^doW(X;gkW
	�[^TVXZX m

� MPTkXsY!MPTk_^MPUVXsOcUVgkTVOcbZW�XlTVb Σ
dcW(X?��T\[^U�QlOoQafJX?¨Pf(MPijfJQlblOo��TkW(X0XlTkOo_}[^U�QaWJX m

�Pms¤ UVW�i8f,QablOo��TVW h gVf,�\UVOcW�Y\[}b
X, Y ∈ TxΣ h(X, Y ) = g(X, Y ).

wzy W(X�Q8]JW2��T y M^U�[}YVYeWJdcdoWK��TVW(do��TVW q MPOoXFd~[{YkblW(ijOc�JblW q M^blijW q MPUVgV[^i8WJU�Q�[^doW@gVW Σ m � [}UVXFdcWJX]JMNMPbZgVMPUVUkf(W(X?UVM^bli8[^dcWJX0gVW�	u[^TkXlX(�\UkMPTVX?MP�kQlW(UVMPUkXsXZOcijYVdcWJi8WJU�Q
hij = gij |x1=0 m

���
�



� ms¤ UVW�](MPUVUkW,�NOcMPU ∇Σ
gVfJ�VUVOcWHY\[}bsdc[�gVf(]JMPijYeMPXZOoQlOcMPU2TVUkOc��TVW�gVW�d~[�]JMPUVUVW��kOoMPU

X, Y ∈ TxΣ ∇XY = ∇Σ
XY +K(X, Y )

n

< n, n >
.

MP�
K(X, Y )

W(X�Qzdc[j]JMPTVbZ�VTVblWuW,��QlblOcUkXl�(��TVWvgVW
Σ
XlMPTk_^W(U�Q�[^YkYeWJdcf(Wud~[FXZW(](M^UVgVW q MPbZi8W q MPU pg\[}i8WJU�Qa[^dcWHgkW

Σ m � [^UVX?dcWJX0](M�MPblgVM^UVUVf(WJX`UkMPbli8[^dcWJX;gVW�	�[^TVXlX?UVM^TVXs[|_^MPUVXsXlOoi8YVdoW(ijW(U�Q

Kij = −1

2
∂1gij |x1=0 .

� MPTVX?gVf(ijMPU�QabZW(bZMPUVX?��TVW ∇Σ
WJXZQsd~[F]JMPUVUVW��kOoMPU�i8f,QablOo��TVW�[^XlXZMN]JOcfJW � h m

� [^bZ](Wu��TVW.]JW(dc[jXZW(ba[¦TkQlOcdcWHgV[^UVX?d~[FXlTkOoQaW}�\UVMPTVXs[^dodcMPUkX0gVMPUVUVWJb?d y W,�NYVblWJXlXZOcMPU�¨Pf(Ukf(ba[}dcW�gVW KijY!MPTVb6TkUVW ����YeWJblXlTkb q [^]JW Σ
gVTK¨PW(UVbZW�W(XZY\[^]JW m\��y f(��T\[}QlOcMPU2gVW Σ

W(XZQ;UVM^QafJW�i8[^OcU�QaWJU\[^U�Q
x0 = 0

W,Qd~[�ijfJQlblOo��TkW�[jdc[ q MPblijWH¨Pf(Ukf(ba[}dcW
ds2 = −(N2 − hijN

iN j)(dx0)2 + 2hijN
idx0dxj + hijdx

idxj

� d y [^OcgkW�gVW(X q MPUV],QaOoMPUVX N � N i
WJQ
hij

gVW
x0
W,Q?gVW

xi mh� [Fi8f,QablOo��TVWHOcU�_PWJblXZW.WJXZQ

g00 = − 1

N2
, g0i =

N i

N2
, gij = hij − N iN j

N2

MP�
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ΓΣ k
ij = Γk
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� W(X�](M^i8Y!MPXa[}U�QlW(X Gi
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XlMPU�Q�gVOcXZ](MPU�QlOcU�TVW(X�WJU
x1 = 0
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hij

�
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(

R(3) +KijK
ij −K2

)

N
√
hd3x.

� W�i8MPijW(U�Q0]JMPU � TV¨^TVf � ∂0hij

WJXZQ

πij =
∂
√−gR
∂∂0hij

= −
√
h(Kij − hijK).
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WJQ
πij

WJQ�gVWJX��T\[^U�QaORQafJX
N
W,Q
N i m � Wud~[�gkfJ�\UVORQaOoMPU2gVW πij

�\UVMPTVXs[t_PM^UVX

π = 2
√
hK et donc πij − 1

2
hijπ = −

√
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� TVUVW�gVOR_PW(bZ¨PW(Uk](WuYVbl�JXsgV[^UVX
Σt

��TVW�UVMPTkXsfJdcOoi8OoUVMPUVXJ�NOod�blWJXZQaW

Hg[hij, π
ij, N,Ni] =

∫

Σt

(

NH +NiHi
)

d3x

��� ��,��	���*��"��)	�� ��
 " �����*��,+��	
������,+� ��� 	��������$� �*	���������	 ,��
c3/16πG

.

���P°



[t_PWJ]
H = −

√
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(
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Y\[^b
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