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Der wichtigste Vergleichpunkt der Gaussschen Flachentheorie und der allgemeinen
Relativitatstheorie liegt in der Metrik, auf welche die Begriffe beider Theorien in der
Hauptsache sich stutzen.

Albert Einstein 1922

(The most important point of comparison of Gaussian surface theory and general relativity

theory lies in the metric on which the notions of both theories essentially rely.)

Most of this work is based on notes taken by F. S. during a lecture given by the late professor
G. Bertram at the Polytechnical Institute in Hannover several decades ago. Lecture notes on

general relativity issued by V. L. have also been used for completing the last chapter.

The authors are indebted to B. Oksengorn for a carefull reading of the manuscript and

corrections of numerous errors and misprints.

December 2006
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SPECIAL NOTATIONS

gothic letters
1.) most vectors

2.) hyperbolic functions

other notations

scalar product: (O, &)  Ute EI

vector product: [UL , ?.r ]

determinant: (Ut,@,‘\r) or |ay|

or UL{)J'



I Initial grounds of surface theory

§1 Manifolds, particularly space curves; basic notions

explicit implicit parametric
I 9 Fixy) =0 ® {X(t)
plane curve y=f(x X,y) = =
ge y(t)
o) u(t)
surface curve v =1f{u) F(u,v)=0 M ()= {
v(t)
fxy) | [Fxy.2)=0 X
space curve {Z Ty { %Y.2)= LO=|y®
z=g(X,y) G(x,y,2)=0
z(t)
x(u,Vv)
space surface z = f(x,y) F(x,y,z) =0 4( (u,v)=<y(u,v)
z(u,v)
plane representation
coord. transf. {x(u, v)
y(u,v)
u(u,v)
parameter transf. _
v(u,V)

space repr.(euclidian)

coord. point transf.

general

x(u,v,w)

y(u,v,w)

z(u,v,w)

——N—

u(u,v,w)

v(u,v,w)

——N—

w(u,v,w)



coocd Transtormatip,

\4
A
u=f(x,y)} xo = h(u,v)
////// v=g(x,y) \ // Yo = k(u,v)
4 {x=h(u,v) /
y =k(u,v) -
> X \ >4
] v
A
A
’ f(X7Y)=u0
4// g(x,y)=vo %///
y 7
A |
> X > L
()Oiht'{ cansformation
p— ——
' X =TCosSQ -
X y=rsing A
r=\/x2 +y2 r=c::(p
1 A (pzarcctgi r=—0
~ =7~ sin@
7 s s
| \ g
‘ Y e
/ ! S
, 3
o T :
N
y=xtgpg g
b}
\\ 1 s 2"‘6& ‘/4&’*‘ 2 2 2 : 1 I
XT+y" =r"{% 7 ;
K/?ﬂ/& > x v - ///i >
XA 5 | &
7 i l |

Porntftrancformation
2 9nltrans;

(_\_‘-—__4-9'




e - o F(x,y,2)= 0> (u,V)

7
trial: x=u y=fluv) z=g(uv)

x.y.z=uf.g=Inh(u,v)

H:Lf:h(u,v) h=v searched
z g
uf.g=1
g=mv Jvinv Inv
u—=v u v
g
X=u
1
"-C(u,v)=<y=— vinv
u
Inv
Z=|—
v

EX1 Search the largest possible classes F(x,y,z) with the property that these functions cannot
be solved explicitly for one variable but can be cast in the form “{ (u,v).

F(x,y,2) =0—>Y(u,v)

EX2 ; i 3 Y to be interpreted on one hand as point- on the other as coordinate

transformation. Into what domain evolves the unit square?

AY

1 //
7/
1
x=x! u=u!
y= x? v=u? x! (uk) (u,v) (X2 )2 power
z=x w=u’

u' (uk) Representation of a space on itself. (Difference between coordinate and parameter

transformation not yet to be seized here).



Spacecurves

xt) q q
LO=1y® T
z(t)

+‘[_ s,t same sens

—\/_ s,t opposite sens

()= [y 2 = [ £ 2a
to

Differential invariant; geometrical properties
Parameterinvariants: (quantities which do not change AZ

when passing from one parametersystem to an other)

¢ (keat) - C(t)

i 4

curves and surfaces smooth

(continuous and continuously derivable)

velocity
] x(t) 4@
A )= LO=1y() /
i(t) < - 1.
_“_—-6"/ 4,(’)

1. Tangentvector

‘ ‘(_ 2t
4= —= property l4-'=_1=_ﬁ7_2- \\

‘Cz

/ ' " ' 14
t~ ”'ETI (@) 1@t e e

(4
( e “.“)t)'f < L)

(4
t”qbt 4(‘ L \
| 1% 1t ¢1?

[¢ 2 ]~[t€]




[y

2

$ =4

2. Main normal vector 244’ =0
" (¢ % ) _1_|da
S pe = ( :'C‘tt K—p_ ds

Property:

; 4|
D1 § I=ol ol ¥ -0 =G|

Pt S0 -3

3. Binormal vector  direction of [ € € ]

(€4 ]

[C€ T

Identity of Lagrange: [ € [P =€ ‘cz(l—cosz(‘c'_f))= ¢2¢t- (T 'C)L

[4f1=d € =

4. Planes

from ; . &  osculatory plane in {o <'("(o’ fo,i'éo):O
from ef, } normal plane in € » (‘(_..to, 'C'p)=0

from 4‘,@' rectifying plane in {{ o ({-ta,(‘f_t)( (tt) )—_-

5. curvature (always > 0)

u ‘ " ‘(. ‘C ; \/t ‘(. _(‘C’ ‘c )
-ttt } !
¢ lt\ |tt I‘CI k45 S
6. Torsion
Preliminary remark: 1.) 4- ='£=KS 1stFrenet$ formula 4 u:’

2[4 15[ $1+[4 4 [-[#7brod]=d 4 & [==c§ |- 34 Frenad’s

(t) =~ @’5 torsion formula



U e €]
xO=—5=[t't ]l=—|‘a§’

1) 4=xf b=rlt' ¢
3) &=—f |§ 1&l=ld §=rt"

w=-8'§ =t ¢+l ¢ 1+dt "]t

~ b =0 ~£
=p2<t' ,Lut,,.> ['C"tm]=—[‘cm‘(_’]
I LA AR Y.
[ ¢ ]2 <I ] |‘(, ‘2 +(...)t,| ¢ ]3 +()e+C) t>
(L) o
t)y=———F7>5— 3th differential invariant
(¢ 2T R

1.) linear combination

S'=oc4r+l3(7 lP’# @lr P

2) J=xtch (34 )=§4+54 =0

3 g & Frenet’s formulae (derivative equations of spacecurve theory)
2

s(t)

k(t) complete invariant system

()

These three quantities determine completely the shape of the spacecurve. Proof:one substitutes
s(t) etc into Frenet’s formulae; this yields a system of differential equations. Darboux shows

that it can be reduced to Riccati differential equations.



Space surfaces

. d _d
4('(u,v) T dt ~ds
A€ (u(t), v(1) = x' (u) (1)

{ug; =123
A\
j=12

1.) velocity

ox' dw  ox' du!

ox! du?

AL =i+ (=
Einstein’s summation prescription
2
1) ukuk = Z(uk)2 =ulu! +u?u?
k=1
2) uk +uk(uk)2 =u¥ +Z(uk)3

3) uk + ukukuk =uk + (uk )3

Cu= 1t
fv 2 'Ca.
{2 ‘(11’11 +‘t,21.12 = tiﬁi =‘( kl..lk

2.) tangent vector

A= Lo+, v=1¢ i.ui'

3.) tangent vector of coordinate lines

t u t v
oxi  respectively  pxl
aul auz
3a.) norm <y

u .
>
€l

<l

aud dt gyl dt

a2 dt

X =X 1

v P
€ 5
)

< ¢

1,2 differentiation indices

de
ds

513
ds

=[S

|Cul#1 ingeneral



4.) Surface normal vector

[‘Cu‘cv]
normalized
[€uty]
W=r—"""73 ~ Vi
[cuty]
_[tut]
= A 4
-t ey’ f[ g

3u ﬁza. F2=Jat
EX3 (t)=(sint,—\/1—t2 ,cost

draw sketch s(t),k(t),=(t) t=0



['('U‘(V]= [tu‘cv]
[t d Jeitd-ear
3" ﬂz& S)l

_{E=811=Ta121 F=gp=C.¢C,
2
F=g21=Cv0 u G=gnp=CVv

5.) tangent plane in ‘€ : (t—‘[o,‘cu,tv)=0

] gik =8 Lk

Measurements on curved surfaces

1.) lengths
[=ds” =(dq,d¢)=(L ydu+1 ydv., € ydu+¢ dv)
-1 2qu® + 21 , € ydudv + € 2dv? 1st groundform of
_ o1 (u,v)du? +2g15 (u, v)dudy + g2 (u, v)dv? = gikduiduk {smface theory
T p)
u=u v=u
quadratic form proves to be positive definite
t -
i, k i 211 812
s=[gidudu® = Ing(uJ(t))U'ukdt g=g11822 — 8y =
to 821 822
) 2
gikul'uk '= d%:l
ds

2.) surfaces

dF =47 wd o] =[[€ udu, € vav] = € 2 T2~ (€ , €1)? dudv=/pdudv
—— gmianes®

g hastobep?itive Qe d2z 9,2
S
F=[[,/edudv PN
fr ={,4v
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3.) angles

o_d

Cdt

.o 11 (€ 0+ VL U+ €Y

cos(L.0)= = - =
CUTHRRT T e e

g0+ gg2 (v +av) + g2 VY

. 2
\/gnu2+2glqu+822V \/;11‘1 +2g1,0V + g9V

. + 10k

cOS C glkulu
010]{
e Yeud
t:tu t :tv

special case =1, v=0
° o

u=0, v=1

if parameters t and T are identical with uand v t=u 1=V

g
cost y Cv= s 12g =
\VEel11822

orthogonal parameternet: gy, =0

e (ult),v(D)

-4 =] o
tc tuu."tv\/

‘C(ulé), v(t))
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§2. The first groundform, the covariant metric tensor

1=ds? = (dx!)? + (dx?)? + (dx3)?

1 1 2
_| %% 4! +?x__du2] () + ()

P 202
| o] 2 o2 2 o3 2
= Tl ot Tt 7 (dul)2
\ou iu’ ou'),
E=gn

1 1 2 2 3 3
+2 axl 6x2 +6x1 8x2 +6‘X1 8x2 duldu2
ou ou Oou oOu Ou Ou’

—

F=gip =22

2 2 2
1 2 3 . .
+ [&2] + (aXZJ i (BXZ) (du?)? =3 gjpdu'du® =g du’du®
\ou du n?) ik
N
G=g2
= Edu® +2Fdudv + Gdv?
N . i ] j b
ds? —dxidxd;  didaxd =2 qui e a"k duk = & O—ax—kdu‘duk
ou' ou ou' ou
gik = ki
Examples
1.) Catenoid x> = LM x! rotating
u 1 0
IV} usinv | Fwwusinv Iu‘u cosv
Lu’l u cosv a U COSV Lutu (-sinv)
orthogonal.parameterlines
A
2 2
u 0
(gik)={tu tut;Jz[M 5 ) dsz=I.012u(du2+dv2)
t ulv g O 0 1;;1 u

g=Lo}*u



A

ds? = F(u,v)(du2 + dv2) isotherm parameters

ds? = F(u,v)(f (u)du2 + g(v)dvz) isometric parameters

2.) winding surface

4( t (7% ‘CV
ucosv |cosv |-usinv
u sinv sinv u cosv

\ 0 1
U

P s |
ds? = du? + [u2 + I]dv?‘ isometric parameters

= U(u)[U(l ) du? + dvz]
u

(e [1 0 } 5
gik)= =u” +1
ik 0 u?+1 s

parameter transformation , see following pages

w:%u
t | € | G

y(u)cosv

y(u)sinv
\%

infinitesimal squares

infinitesimal rectangles



j j
ds? = dxIdxd = ox’ X qul a"k du¥ =Kﬁx?du duk
ou' du ou' du
(dyde) gik =¥i%k
v
€ | € | |
" Ifu o
frjucosv ik = Lot
@ Ljusinv 0 u
g =lvf'u
1=ds? =loffu(du? +dv?)
= F(u,v)(du? + dv?)
ds? = F(u,v)(f(u)du? + g(v)dv?)
x3 o
C 'C t w tv
ucosv CcOsVv —usinv
usinv sin v ucosv
ve— 0 —h—
21 21
xl

2
ds? =du® + l:u2 + (?h—) :|dv2 = U{% du? + dvz} isometric parameters
s
[

U(w)

special case: h=0 > u=r v=0¢ ds? = dr? +r2dq:>2 A
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Singularities of parameterlines

knots saddle curl whirl

K| @

winding surface: transformation into isotherm parameters

t fu f\/
y(u)cosv y'cosv —ysinv \p‘z 0
y(u)sinv y'sinv W COSV gik = 5 )2

h h v +(—")
V— 0 — 2m
27n 271

i 2
ds? “w'z du? + wz +(—}-1-—) jldv2
27
2 2
2_. 2 h 2 (h) 2
= +| — -=— u =} — u
¥ v (Zn ©8 ¥ 2n M 21 LD"
1

21 Bwrucosv

T

h e . 2 (WY 2 2. 2 .
— Pwrusinv ds® =| — LO’! u(du” +dv”) for h=2n cf Catenoid
2T 2n

h
—vV
27

in both cases same 1st groundform: length conserving representation

If there exists a continuous suite of intermediate surfaces possessing the same 1st groundform:
large scale developability

EX4 1. groundform x2
A% i A by transformation
isotherm parameters
parab. o (cylindercoordinates)
>
X
x>
) 2
g
) P% i
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gxn =1

2
g12=821=0 gpn=u

Developability
developing a surface on a plane = representing it length conserving
1) Cylinder
AC ‘C w ‘cv

pcosu —psinu 0
psinu pcosu 0 gr1=p> gr2=821=0
v 0 1
ds? = p2du2 +dv?

X
developed on the plane: ¢ :( )

Y.
‘t tu, ’c v
pu | p 0 )

gnn=p" 812=821=0 gxn=1
v 0 1
ds? = pzdu2 +dv?
IT) Cone
"(. t w AC v
ucosv cosVv —usinv :
usinv sinv ucosv 811=1+ctgzoc= —
sin” a
ctgaeu ctga 0
ds? = > du? +udv?
sin“ a

developed on the plane:

€

“Cv

sin o

ucos(sinc ® v)

usin(sino o v)

s

cos(sina. e v)

sin(sinc e v)

—usin(sino e v)

ucos(sina @ v)

sino sino
_ =0 42
g11="" g12=821= g =u
sin” o
ds2 =— du2 +u2dv2

sin

a



\6

2
u L. . . u
x2 + y2 = for u = const concentric circles with radius —
sin? a Sino
w
/——ﬁ
u
o sino
L S
fn

o = 30° halfdisc



2 2 v+ V2
=811 812 822 2=211822 ~ 812

1 2
= -~—g {(glldu + glde) + gdvz} >0 212 =821
11

g>0 therefore g >0, g >0|

Definiteness of quadratic forms

Q=Y a;xjxx = quadratic form
ik

Q neg/pos definite, ifQ </ >0 equal sign only for x; =0 e.g. x% + x%

x% +2X1Xy + x%
Q neg/pos semidefinite, if Q </ >0 not only forx; =0 e.g. 5
= (Xl + X2)

Q undefinite, if Q50 e.g. X7 — X3



(8

Q=X ajx;xk
ik

Schur’s criterion
for real symmetric Q (aik = aki)

is the form exactly then pos. respectively neg. definite if the suite of determinants defined by

D >0, D,>0,D;>0D4>0......,.D>0
or respectively, starting with negative determinants
D;<0,D,>0,D;<0,D4>0.....D,>0 n pair
D,<0 n mpair
it is exactly then positive, resp. negative semidefinite if
D>0,D,>0, D3>0 Ds>0,.....,.Dy=0
respectively
D<0, D>>0, D3<0, Ds>0,....,Dy=0
in all other cases is the form undefinite.

Example
2 2 2 2 2
Q=x7 +x3 —2x1X3 +X3 =(X1-—X3) +X5

D= [ 1}o0]-1
Dy={ 0 1} 0|]|D;=1>0, D;1>0,D;=0 pos. semidefinite
Dy=\=-1 0 1
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§3. The second groundform. Meusnier’s theorem

| I=ds® = g ikduiduk | invariant quadratic groundform. Positive definiteness follows from its
geometric content

{uk9) 2 .

1.) Frenet:

. . . X
d2x! d(d_x') d(axl.dukJ ¢

ds? “ds\ ds ) ds ouk ds
’x  dul ak ! d%u®
= K ]. -+ k. 2 . '
outou’ ds ds  gut  ds e’ “w
d%x! ?x! duf du' 1 1 X curvature circle
Vi3 = Vi x—srw =-—coso. invariant.
ds oufou' ds ds po&—  p
caj R
by =bj, covariant main tesor (fundamental quantities of 2nd order)
bjz =by; =M
b =i 2= ([ 2] )= €1 €0 )
K=Yi 1~ 162 kl)=—— 1, C2>%kl
ouou' Vg Vs
Sy p——
Cwe

b=by1byy —b, I =bydukdu' 2nd groundform
invariant differential form }

I bydu€du
—cosQL=—= L Meusnier’s theorem !
P I g ndu™du”




o
= const ® COSQl ’ “
P g’ \ ..................... > g
+R {for o <90°
for o =>90°

now fixed and the surface cut by several planes

cutting surface

the totality of curvature centers lies on a circle

sphere (totality of curvature circles)

Meusnier’s theorem states: the curvature circles of all plane surface cuts with common surface
tangent lie on a sphere, respectively the curvature centers lie on a circle.

1.) Kronecker-symbol

| B | SO 0
L[ fi=k ) Lo . .
dik =90; ={0 fizk dik =9 =|. unit matrix
K | A 1
€ i1 - tensor (affintensor) neighboring indices

1 f.pair permutation of. ind. ikl
" €123 =€231 =€312 =1

g =1—1 f.impair
€213 =€132 =¢€321 =1

0 otherwise (f.at least two equal indices)

0 1 0
0% 0% o!
-1 0 0
eqq =00 0% 1°
0 0 0
ol -1 of



21

2 isosceles triangles: 1) with angle a

2) with angle B
in the large triangle the sum of angles is 2a. +2f =7

therefore o + B = 1;3 is a right angle
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Meusnier suite

(enleringthe sheet verhcally )

curvature circle (prokite)

'/\ Lu.va\a plane (P“R&)

/

p=Rcosa—>lcosa=—
p

l cosa = l = E Meusnier
p

invariant for a given surface

4 (rolation o\)(;S)

ce whers of cunvalice aickes

Curv a‘f ure C\‘rcﬂeg
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scalar product: (m, fr) —a'b! Vi =

vektor product: [Uy, fy] =€kl akp!

i=1: a?b’ -a’b?
v 3 R
al az a3

b! b2 b3

—a

Interpreting the 2nd groundform

i 21
axk (um)fiuk +i 6kx i
du 2! ou*ou

@™ +8u™)~x! (u™) + (u™)suksu!

X 2,1 .
8A=2§,1vizi O X 4 viguksu!

2! pukgu! )
xi(um +8um)—xi(um) by

8uk small

21dA=1I= bk]dukdul | measure for bending away

1 ox¥ ox!
N
Je o aul ou

measure for bending
oA away of the surface from
the tangent plane
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Metric
sA=Ely; sul »>du!
I =2!dA=bydu¥du' bearing a sign

by duksu’ = const J centerform of a curve of 2nd degree.

cutting the surface by a plane parallel with the tangent plane yields Dupin’s indicatrix (curve of

2nd degree)
elliptic b>0 ax? + 2bxy + cy2 =h?
torus
: el
parabolic b= 0 parab
hyp.
hyperbolic b <0
N

Example: saddle surface z = xy
t tu ‘Cv tuu tuv (vv

uf(l (0|0 ]|0{O
v ({0 |1 00O

uv|{v fu [0 |1 |0

2 2

1, ¢ 1+v* uv

gﬂ({tu A2 ]( ];g=(1+V2)(1+u2)_uzvz=1+uz+vz
) S A “(% uv 1+u?

bik:_}g[m v L) <tutvtuv>}= 1 2(0 1) | .

<tutv('uv> <t'ustVV> 1+u?+v2 10 T 1+ul? 402
I ds? =(1+v2)du? +2uvdudy + (1 + u?)dv? b<0 hyperbolic
II=——2——dudv

\Il+u2+v2
4
ell

~ 1.groundform .

EX6 torus hyp pomts

2. groundform
par
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Definition of the « group »

A not empty (finite or infinite) manifold YW of elements of any sort (e.g. numbers, restclasses,
vectors, permutations, matrices, functions, transformations, representations...) a,b,..., is called
a « group » (D , if the following 4 postulates are fulfilled:
[1] A law of composition (product) is defined, which associates to any pair of elements a,b € m
an element c € T ..
aeb=c
[2] The « product » is associative
(ab)c = a(bc)

[3] There exists at least one left sided unit element # e ¥t , such that forall a € T the
following relation holds:

Wi*a=a

[4] Foreach a eT¥L there exists at least one left sided inverse element aj! eMsuch that

ajl ea=",
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Examples
1.) Infinite group

" . m e e
positive rational numbers — , multiplication
n

0w

o (320022202
Bl W= (=W

[4] a7' =2 for a=— (=a;")

. 123 123 123
2.) Finite group A= , B= , E=
213 132 123

1. factor
(123} (12]
A.B: A
312 12
12 12
AeE=A 2. factor E=( ) E ( )
12 12
(12) (12) (12)
A= A= E=
21 21 12

grouptable is symmetric, group is commutative. (Abelian group) 3(” (name)

)

12
A =( ) grouptable

21

Manifolds for which some of the postulates are violated:

[1] violated for 0,1,.....9 and addition (or vectors and scalarproduct)

[2] violated for

[3.6]=3
[-2,5]=-3

+
0,+1,+2,...... ; nom= |:n 2 m:l rounded off downwards to the next integer
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[3] violated: (2 #,,noW¢ )

v=00; b=@1) =10 V=D C=0a.%2)
9 =01y2)
. 27=1 (mod2)
1 =10 '-Yzi}'xz (y1-2)), 1=1 (mod2)
each component modulo 2 reduced -1 is congruent 27 modulo 2
16=4 (mod4)
[4] violated for

0,1,2,....... and addition

2nd factor

a &
W U v
m & Lo
Mot 4
n J I w

1st factor

e & &
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§3.Transformation groups in the plane

Gy
= Y B T
x=x(u,v;2) an) } point transformation ‘ >
y=y(u,v;bj....... bm)
Ny oy
b
X
u} - } - §} « product »
v y n

group::

[1] product of two transformations is again transformation of the manifold
[2] identity transformation x=u y=v is contained in the manifold

[3] inverse transformation contained in the manifold?

transformation groups are always associative

Examples 1.) a#0 b=0 A
X =au u=of X =33§
product
y=bv  v=pn y=bfn
oy
1 B
u=—Xx
inverse transformation
vV=—
b y

X=au u=o0f x=aof

y=bu v=B¢ y=bat [2] violated

2)

X = auv = = 2
u=okn  x=aaBEn [1] violated [2] violated anyway

3.
) y=bu  v=B& y=bakn

if [2] violated, then [3]always violated

Definition
1.) A partial manifold of a transformation group, which is a group in itself, is called a
subgroup.
2.) A group is called r - membered, if the single transformation is specified by exactly r

independent essential parameters.

3.) Every quantity 3 is called invariant of the group, if for each 3, which is generated fom

3 by transformation , the following is valid: I =0®e3J, where ® must only depend on

a, ,b, respectively.Incasethat®=1, 3 is called absolute invariant. In case that @ 1

we call I relative invariant.
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§5.).Co - and contravariant components for a special affine transformation in the plane

1.) Coordinates

2
X
x*
@ oo~ X!
| N
. >
. !
' !
' b
' i
v\——w
TN
IxX‘comRk  _ X' -

2
_ X
2x1 cosa = xl -
tgo
2
X
2§2 cosa = x1 +—
tga
_ 1 1
Xl = I - R X2
2 cosa 2sino
_ 1 1
<2 _ Kl 2
2 cosa 2sino
1 1
C= 2 cosa 2sina contravariant !
1 1
2 cosa 2sinc
V| =cosav| —sinavy
Vo = COSQLV| — SINQAV)
cosd —sina .
D=( ) ) covariant ! .
cosa sino
cosat cosa
D'= . .
—sina Sin

the two transformations are contragredient

Two matrices C and D are contragredient if

(CeD'y=E'=E
DH.E
D

Remark D’ is the transposed matrix usually denoted- D*
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3.) Axis segments

segment equations

Xl XZ il XZ
— =1 —+—=1
an 2 am  2Q)
beam theorem
5(1) cosQ  a(2) +5(1) sina

am) a(2)
&—1(2) cosa a(z) —5(2) sina
a) a(2)

_ a)a( )
an = 07 . not contravariant
agy) CoOsSaL —ay) Sina
@ M not cov ariant
ap) = 2022 - not linear
a(2) cosa +a( sina

s . 1
4.) Straightline coordinates ¢; = ——
a(i)
€| =cosa ¢y —sina ¢y _
_ . covariant
Cy =cosa ¢y +sina ¢y
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a.) basis vectors W, Wy—> -1_1;1,-1;2
show that they transform covariantly and derive the

transformation relations

B.) reciprocal basis vectors

Y i k= 52(
Wk, 1k geometrical interpretation
. mk_ck
yx' =3,
v.) reciprocal coordinates
it =T 4
. ()
8.) vertical length 4
Y10
0 =— vertical replacement quantities
sin2a
ptt) /{(o
e(‘ll
pi2) . .
It is a fact of experience that these two
transformations are sufficient
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§6. Surface vectors

k) (=123) k=12)

1

- tangent vectors X
- Ou
uk (t) curve through P

i i Lk i
a dx _ ox . du 1_=£

dt  ggk dt ds

xl
aXi J— L)
Lil= =gtt (kno summation k >k )

‘ I ouk ' u"[u = tonst)
Definitions:

1.) Natural contravariant components

= oblique angle coord. L&,;( in multiples of 1 S)" Ax
i du d
A= ! ® ox ,fgrd( ° u
NETOE dt |
k
unit vect. A
(o)
2.) Contravariant components ﬁ?!_ l‘/ -
1 4 . -
L] [ |
= oblique angle coord. in multiples of /gt 1 %’2.): ‘ \fg—” A A w (' mwf)
u ol
i k
Xzaxk% 3 teav. basi | A= =2,
Gontrav, basis vect. —
cu T | " nira 1 | s I3

A

3.) Natural covariant components

= projections A in multiples of 1
82

1 6xi dxi 1 axi 8xi d'ul
7\‘k = 6‘1‘ ® d = k [ ) l o d
i ou' t ek t
(o) gkk U — gkk Ou” Ou g

unit vector A gkl A

4.) Covariant components

= projektions Ay in multiples of L Ak = L =
‘ - JE8ikk ) gik

Ay

M =8k Ak A = 1/gkk AX  transformation prescription | A = gkl?\.l J
’ (o (o)
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A =gnAl + gt
2
A = gnM! + gyt g=211822 — 812

)\'1 — £22 )\‘1 + —£12 }“2

g g
)\‘l — _g21 7\'1 + gll )\'2

g g
definition: in the R,

g —-g g
gl -822 g2 =812 _ 21 g2 Bl

g g g
then is
A =gl +g'%n, k __km

2 e

A2 = g2, + g2,

compact form

inversion condition

et Ak = gklkl substituted for k =m
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1.) Natural contravariant comp.

~ *E' —
x - ﬂ'kl&‘l .
2.) Contravariant comp. coordinates

A=k
3.) Natural covariant comp.

Ak =Wih
T

4.) Covariant comp. > projections
A =LA f

EX9

1) 2.) 2 3) 4.)

-W‘*J

1.) | (transformation
formulas)

4) | (%)




1.) Transformation of contravariant components

u (ﬁl ) ! (uk ) different parameterform
ot _ax' ou* du
dt  auk 6ﬁ Jfb

=

1 (k@ (1))

representation of the space curve

A=

comparison of coefficients yields the transformation prescription.

o a ok K ouS o

A =—iA A =—A
ou* o'’

\ resolved J

2.) Transformation prescription for covariant components

ox\ ox' ol

= = 7
Ak =8IAM =_—°
au  ou' ou™

}'m

/‘A‘\/D‘—‘ﬂl
_ox! aw® | ax auﬁaa

)\‘m
T ont ob au ou”
p
¢ ou k—>1
Cegopdta™ =8k,
aﬁ' D et m oa—k
(7
)\‘(X
A =—72k transformation condition
ou
o' -
A =—% A resolved relation
ou

By means of the transformation relation the four remaining spaces in exercise 9 can be filled in
Two already given.
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§ 7. Elements of tensor calculus

k

quantities in u" - system without bars e.g.

k
o, &i,M . apy, -

quantities in ul - system with bars e.g.

kK =
s Amns -

@ &, M
Definitions:
(1.) Orank tensor scalar
has the property of being conserved during transition to another system
o =0 absolute invariant
New definition of a scalar: absolutely invariant against transformations

Example

o is a scalar
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(2.) 1strank tensor vector

new vectordefinition

1. Definition. as contravariant vector or 1st rank tensor (nk ) we define a system of quantities

under the condition that the following recalculation prescription holds for a transition to a new

parameter system:

k
l ﬁk 2@_1_“1 | n - dimensional
example:
k
duk = a du' contravariant vector
aul
complete differential

5 Definition: the covariant vector or 1st rank tensor (&) is a system of quantities such that

1 T — ] .
C | sm S invariant
N ~—

cov. vect to be def.. arbitrary contrav..vect.

k k
) 1 oun 1= ou -
it follows 1§ =—7n&k >& =75k
ou ou

or
_ 1
&k =—¢ €1 as transformation prescription for covariant vectors
ou
inversion:

1 _— %7k au —k -
mé =nxé&" and m=—sn > it follows
ou

k k
ou — .1 — ¢ - ou .|
XA =Mk > E =%
ou ou

transformation prescription for contravariant vectors
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(3.) 2nd rank tensors

1.) Definition: it is an invariance postulate: a covariant 2nd rank tenso (agn) = system of
quantities +recalculation prescription

agné™m" = qugpﬁq invariance

consequence:

_ ou? ouf
amnE M" =apq ?Gu—mém an‘fln

auP  oud _

2.) Definition: if a system of quantities satisfies the following invariance postulate, then we call
it a contravariant 2nd rank tensor, i.e. if
m —_ pop—
a™EmNy = apqépnq

substituting for the quantities with the bars the transformation prescription yields

3.) Definition: invariance postulate; mixed 2nd rank tensor (a:nn )

am ™, = 5;, quﬁq | invariance

it follows the transformation prescription

or

alEmn” =2k g&pn? | mixed tensor

| A
abg = 2, (an" #alh)
Ou Ou
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(4.) 3rd rank tensors

bikl }covariant
i ok ee]

bok1> Dier> bik ,

. . mixed
blk bl o] bokl

X I ek ° i

blkl

} contravariant.

example

ok i e —p— — . .
I biai °§‘nk91 =bp(.1r 'ipnqgr | invariance

consequence
- ou' &ud ou! : .
b; == — bi' f | transformation prescription
auP ou* au'
(5.) n-th rank tensors
number systems ¢
i 2" forms
invariance postulate
T k — . . ..9q . = —
T T eLLLeE e onpe...=C L, T e otPe......... *Ng®.-.-.
it follows
— . q 3Uk oud 1
c e o L SOOI o L SOOI oC

transformation prescription
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Calculation rules
((1)) Addition

a; .lm + b]'( .lm = c;(.lm only for tensors of the same kind

(ap+ bk senseless! )

((2)) Product (dyadic)

ol e eop ol sep
ak .bmn =Ck.mn

((3)) Contraction

equalization of two indices of opposite stand

(summatiorhver this index; e.g. traceformation ) ( rem. for 2nd rank tensor yields scalar)

c;k1—>i=l—>c;ki=dk
e.g.
k ok éml ) i o)
gin” =¢; ,|  i=k=>&m +&am
e &M
invariance:

okl i oki i
c; aPyyi—>c;  ePrayi
“1"’

V inv. (here summation over i)

ol i el 1 el 2 e2 1 e2 2



41

1.) scalarproduct of &',my = tenspr. &' emy = al . contracted i=k &im;=al;i=a
2.) vectorproduct of g1 n¥ = tensproduct with € in the R;
gikgPnd = a;;:lp 9 contracted twice k =p,1=q

k 1 eoe k]
gmé M =a; ] =3

3.) matrixproduct of ai' k' and. b; ™ = tensprod. contracted k =1

ok bom_ okom_ em
a; *b =Ci.k TG
ol ok, ol o], 01 02, . el
by1 ajibyy +apby

a;; apz) (anbi +apbi=cnn ®
[ [ ] [ )

4.) 3rd order determinant with E_,i ,nk ,gl as columnvectors = tenspr with €4 contracted
(p=iq=kr=1l)

i k1 i k1 i_k_1
Det]i‘n S \=8pqr§'n ¢ =&ikE'M G

p=i,q=k,r=1
21,23 g1.32 |l 1]
e3nl? -l = g 1 €132 = €213 =€321 =1

§2n3g1 —§3’ﬂ2€1 §3 n3 g3 gjg =0 otherwise
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((4)) convolution ((2)) + 3)
a]'(l eby, Wiikl=m)= ail oby, = cl.(l. In

arbitrary tensor

{elevaﬁng} .
(5 “Clofanindex ((2)) H(3))
lowering

fundamental tensor
ol o] = _ el el _ il
ay egmn (Withl=m)=ay ®gin =ay,1y = kn SAME main letter
nomination
nike gkl =M respectively . Ak ® gk1 =l
. . o] 1
in general there is  a; # aek

e.g. k=1,1=2 (dimension =2)

<~ only equal for a!2 = a%! j.e.f symmetry.!

ol il o2 12 22

a =a *Bik a;"=a "egp+ta  *82

1 ki el 21 22

ek =2 *8ik a, =a” egy +a e8|

Theorem

for symmetric tensors all =all there is

atl—al, =a

k ~dek 7%k el km _ _ml
K_ 1l a *g =4

gikg =gi =3 L m Im

ae®g M =a

contracted. 8% = d = dimens. number
Splitting theorem:
1 1
aix = (aik +ak) + 5 (aik - aki)
e P e

2 .
Symm. antim.
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Repetition

..... 1 .

C. . .k .

o i(-l . ... ° gko ......... enye....=C
...... q ouk -

¢ Fecsnscnsa (] @, ... ... )

P ouP aul

(1)) Addition  a}' +b} =c}'

((2)) Product al.(l .b;nn'p =c;(l.:n:1p

((3)) Contraction c;kl_)i___l_)c;kn_dk

((4)) Convolution ((2)) + ((3))simpte

(5) {elevat.im} of an index ((2))suma™((3))simplc
lowering

......



bty

k
aj=——-a
( 1 &ai k)
covar. nat. covar. contrav. nat. contrav.
notion comp. comp. comp. comp.
1 i_ ik i i
a; a; =a; —F/—— a = a a =a -
i (0: i ‘/g g ag ) gii
velocity
1)cart.x,y syst. %9 %3 %) )
ds? = dx? +dy?
2)polar 1, Syst. | (,r°%) (£,19) X (t,19)
ds? =dr? + r2d<p2
3)aff. u,v syst. (Q+v,0+2V) |(G+ &,Lz +2v)| @,v) (0,4/2V)
X=u+v
y=v
ds? = du? + 2dudv + 2dv?
k=2y=1 3
Lo w . 2,3 T D )
€. i (23) L (LD (1.2)
) *q ///{
— ’/,,» i ‘//]
iz ! /{C !
i 1
/ w=o
/f\y rY
Coord, trahsf-
77 - Vz|
//'
/) > X > X
Fo‘nhf teanst.
/P \4
28
’////// gu
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Joint calculation to the table

vi=v;=v' =V =(x,y) , velocity cartesian
(o) >
wl=x=x @=r

woy=x? W=¢

{x= rcosQ {i=v1 =v! =fcosq —rsingd

y=1sinQ  |y=v, =v? ={sing +rcosop
axk axk X =COSQ Yr = sin(p
1.) covar. Vj =—— Vg ol ;
P ol Xp =-TSINQ Yo =1COSP

vy = cos@(f cosq — rsin@d) + sinp(rsing + rcosep) =T

2.) nat. covar.

€ |G| Ts

rcos@ | cos@ | —rsin@ NI ¢ _l 0
rsing | sing T COSQ (g'k)—(‘(l k)—[O rzj
1 0
(glk)= 0 L
r2
_ o« 1 -
Vi=Te—==T
(o) 1
2' 1 .

— 1 20 «
V2 = OE+—2r2(p =@
r
4.) nat. contravariant

vl =1/l =

V2

e

e

)

=(;)r=r
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Generalization of the first groundform to the space

I=ds® = gy (u)du'du® gy =i €
Lk 1=1,2 surfaces } Riemannian

L, k,1=1,2,3 spacesR; | spaces
1.2
C(u',u?) .
1 2 3 position vector
L(u',u”,u’)
to every point
3 surfaces
detachment from intuition possible: ds’> =f (ul,dui) Finsler’s spaces
—k, 1
1.) u™(u) no tensor
/ transformation prescription for a contravariant tensor
_ auk the differentials of the coordinates
k 1
2) du” = du contrav. tensor . .
oul forma contravariant tensor
ol é*ﬁk o
3) u = —Tu contrav. tensor (or vector)
du
locity: _ %« _
velocity: Wk=To 7 | Ci| = Veii

| €k

v 8kk ﬂ’k J‘t
S~

k K
10 = 0, =gl v
€k gk U

W
vect. of vel.ocity contrav. Vvect.| nat. contrav. comp.
in geom. physical.| m analytic of physics '
sense sense
k 2-k

e OU o“u- .
4) u" = 0 Uk + 0 ™4l no tensor

’ ou ou ou™

too much

(disappears in cartesian coordinates)
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Y= Lok
vector ( contra var. vect.
in sense((3)) in sense((2))

d«w €. 0k 'l("j
=——=Lpu +u'u
o~ G+ g

ground vect. 3.x3 = 9vectors
k
Lij o ("

vk , rkeitj
:tk{u +1“iju uj}
\__———V—-d
bX contravariant comp.of acceleration

what signifies l"ilj( ?
k
Co Ci=1f € L =Ty
MY-——.J
gi (in R3)

convolution

0
gkl Zt k‘Cl ®

m

0gxl
—m =tkmt 1+‘C K Cim
Tkm,] im,k

1

gilj = Lig1 +1j,i > ¥
1

giji =iy +Tji 5
1

giili = Tjit +1ij 5 ¥
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. =_l_ 5gi1_6gij+agjl =i ]
2ol ol e/ LY

Christoffel-symbol 1st kind (no tensor)

Fiﬁ( = gklrij’l = {1 kj} Christoffel-symbol 2nd kind

properties: 1.) inij symmetric
2.) vanish identically forconstant g;;

3.) without proof: no tensor

definition of the acceleration.

W0 _g fi ki)

dt Y
;_V_-_——’
2.k
u .. ]
bk = ‘z’ > cov. derivation or absolute deriv. of. the vect. uk
t

5.) gradient:
R I )

k k 1
ou ou ou
L_(______,J cov7 tensor
K K= %
k 1= 1
du
g e

- N
A =tk.)\.k =1"k|“1€ gklxl

— K
grade = Wy \/2kk 8 K,

Syt et o
vector in cov. vector
sense ((3)) in sense ((2))
vl
6.) momentum _8;1_?
ou
I 6T(ur,us)
oT| u (@%),u' = i“,t,_‘ﬁp A T ook Pk (momentum)
@ ou! o1]...]
- = example
L i~ ; ok o

" m(2 2 2) 0T
Px momentum Pk T=?(X +y +Z) éx—‘—‘mx
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Gradient, definition:
f-2
= .

NB if & shall be the force, then @ is the physical potential with opposite sign

covariant components:

contravariant components:
KK = gkIK,

k kl ki
&=‘CRK = tkg Ki= “K gkk & Kj

example: Coulomb potential
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3 Vector notions [1] algebraic [2] analytic [3] physical

W=, = i i

M K

Bl
A = I‘Ck

( 'tkl

VEik

ui(ﬁk)

is a admissible transformation if
1. inversion unique
2. continuous
3. at least once continuously derivable
Note 1: variation calculus
d oy e .. .

p; = —aF“i (uJ(t), uJ) +F i gradient in function space
Note 2 : Hamilton’s theory

o' =q'- Hp,

Ti=pit Hq,-

Examples for tensors and transformation properties

1.) metric tensor

i oax!
a) gk =—axk ——axl =€ €1 symmetric gy =g
Oou" ou

[=ds® = gkldukdul = gkldﬁkdﬁl invariant (due to its geometric significance)

@™ e o) oxd
Bmn 1 * T T T Lk "L
- uf ! a* au

o ol
®

am" ou"

= 8kl

from definition
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ki

ki k
B) g Aux=Ampg ..
vy mvariant! g tensor

?\.k

.. . 1
is it symmetric as well ? gkl = {alg.compl.oﬂ(—])k+1
g

symm.!
ki k k k
Y) g ghnZB?:gom':g? lgmzsml
k>he:nce tensor
k k

g lblm =Cem

s m

symm. =ck

ki k
g bm =Cm

from the symmetry of the by, follows the symmetry of the cl,(n

from cX = chX =cK  does not follow by, = by
example
0 00 O 0 0
0 0)(1 1 0 0 =
= 0 1/\1 1 11
[ ]
H—l'c-ld i T g b Cm
g Am  Cem

((1)) algebraic vector = number - n - multiple
((2)) analytic vector = number- n -multiple +transformation prescription
(cov. and contravar.vectors)

((3)) geometric physical vector (only in Riemannian space)




ik k_<k . k
gik. g .8 =08 »>gg=n

# g (incoherence!) |gig|

gu™ ou”
3.) gkl :gmn"aF o
a; apfbn biz| |aibii+aba anbiz +anbxn
ay; an|ba; ba| lazibin+azbar azibiz +axnby

‘aivl°|bvkl = ‘aivbvkl
(not smm!) (summ!)

AloBl=|a~B

\ai\,”b\,FL "Cuk‘ = ‘aivbvucuk|

ou™|ou”
IR Y — = [Emnl* [
N
g=g° o (ul) functional. det er minant = (I)(ul)

no absolute and no relative invariant

for aff.tr. > rel.inv. for proper orth.tr. — abs.inv.

proj. tr.  (k,........ =lyeerenee ,n)
QL ]eeerererences al,n+1
k
Ok W FO0m nal 0 ey feesssscnsessiciiisinnsaneonnsd
gm — mk - m,n+1 : Det
an+l,ku +a’n+l,n+l ...............................
-
affine tr.
U™ = o pguX + 0
aﬁm
ok %mk
du
for o ne1 =0 centroaffine transf. »
i 2—m
o“u
=0
oukou!

orth. transf.

u =0Lmkuk+ocm,n+1 , Qg0 m) = O without proof

=+1 proper orthogonal transf.

orientation is conserved
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EX10 Are the admissible transformations forming a group?
@™(u!)  1.) inversion uniqueness

2.) continuous and continuously derivable

2.) Main tensor
21

0°x
)M Gk
/.) bkldukdu1 hence by Tensor

— =—cosa I is in var iant
p

by tensor, symmetric

B.) bklgknglm =p™ tensor, symmetric

Y.) ap O_Efm =3 so defined
agg g™ =a""

EX11 Verify the following relation:

<K Sl gk .(gij ’aij)
gkl

An appropriate linear combination is prop. to the twofold contravariant fundamental tensor

pecial case: aj = gik

~kl 1 ij
gk 4+ gk =gk‘(g”gij[

81 =2 if we consider a surface in space
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8.) b " = b2 =bl' in general not symmetric!

symmetry of the by

£.) Ib!‘; = b2 = 2H | nomination

#b= Ibkll
~m
l b = b®? | @ =2
6‘11
in the R;3
——
K=‘bﬂ=bnlog"kl=|bn1|-gnk'=bol=l)%=—g we call it K
g go’ g
A Py
N\ abs. inv.«
intercalation
kil 1
gik|*|8 ‘= ﬂ k| 1
gig™ = 8! -|-.-1--I' : ‘g .= -
g 1 g
oul ot
3) " Pik = Q(ub
1st conception: u! @™
_ & m
ik =— (")
auk
no tensor!
2nd conception:
i
Pik = E’(: 6kl)
- o
Pik =—=xi =
aﬁk
g ou ou

k 1 k di )
du :6_1_1-’ du for each fixed i cov. 1st rank tensor
p(i)k p(i)l

kept fixed, then cov. vector



4.) Sy ® é‘,knl = E_,knk in general not invariant

no tensor
SL = tensor
218k =1k
£kl fori=k
5.
1 for. pair perm.
g; =4 —1 for. impair perm
0 otherwise.

functional determinant

2 € P ot on du™) f i ikl

ikl = —_—— .

i \_pqr oul ou l_. (um) or pair perm. 1
a(ﬁlﬁl 2ﬁ3) = {—®(u™) for impair perm. ikl

J S 0 otherwise
a(i k l)
u,u ,u

1 for pair perm.
= ¢ —1 for impair perm. for proper orthogonal transformations.
0 otherwise

EX12 Prove that g;,+/g tensor!

functional determinant

aﬁl aﬁl 851

R T s
(D(um)z 662 662 362 _ a(u u-u )

! ou? oul a(u1u2u3)

oa® oa au

oul el au?

vk E

permutation of the indices ik, = permutation of columns

equal indices: equal columns det = 0
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-3 (5

Represent- - the surface by using the contravariant

components of §,m and the  quantity €y

F=en = gklé,knl geom. invariant

EX14

ogii oOgy 0% k1
ij,lz*;—{ Sty 2 _ gJi‘}=n‘§1‘gmj=[ ] 1st kind
ou m

ok
i mg k1 ,
I =¢™gm = ; 2nd kind

derive the transformation prescription!

gl Zeeeees ® gpq\—a?
ou
el ek e Al et
e T L
A ,
=( for affine transformations
affine tensor
. j k s 2.k s
s =“6L2u_6ﬁ erl + o%u .aﬁ
PI7 P ud au® ouPamd ou
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§9. The covariant (absolute) derivation:

Example
.u .“,
1}av _aav i oy n
Juk ok "rm +f(i\f-/
0 °
fia, f agt
LG ST . . Y
3avk = Vk -Tyka; ”p+1“i}ll(avlp+l“§(av“'
dy du —_— v
® 00 LT ®0
L/ v 4 oll a5 P
[ ] .u
e 2V
abbreviations
Ja:,“ =da}! - {F\i,ka; H —Fﬁl(a:,l}duk
Examples
0 Ja o Ixi o
Toduk auk Juk  auk
cov.
d'uj _ 6uj _ duj
t ot dt
J —
contrav,
t?a oa ;
2.) 3E - Tka;
u
3 Ja¥ &Y rYai
DS
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»Jzuj d?‘uJ

S22 @

From

+1“J aiuk

dii—aid s riaiauk

clarifying an apparent contradiction

Eﬁ = _..a)i. cov éx—j— SXJ —e 6ﬁ1 Cov
Juk  auk uk aﬁl ouk
0 " duj duj 6uj /d—Ti—I\
_49'_t— = E_ X contrav. m 1 at contrav.
=<u}
Derivation rules

gik m m
L) g 8 =i~ T *8mk ~ T *8im =0
N SN
Tk T

-,

f—mw——\
T+ 2 — 2 5 (B +
2(g|k|l gik|i ~ Bilk (gk1|l Blik ~ gkl])

Jei aglk Finge ~ Tyt =0
Jul au 1 1

Ricci’s theorem: the fundamental tensor plays the same role as that of a constant.
General: the cov. derivative plays the same role in Riemannian space as that of the ordinary
derivative in Euklidian space. simulating Euklidian space.

2.) sumrule

(o5 2b32),, = el ~ETRelt +2Thcls =ally 20T

[1} “T'

Cee aoo!—-booh‘ aoo ib.. a:: T b::
for tensors of the same type

3.) product rule:
(aub\')" =a |kb +a b| Mka bY +Tja, b'

“~
'R o1
Ci Cp'

( wk ~ I“uk )b +au( |k+rlkb)
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(aubv)“k = au"kbv + aubﬁ'k l

(afnoiz), =alb + a0l
4) (gik . b::)"l =gik ® b::"]

5) 511“ = 5}1 ~Tom +Tmd] =0
e e S
0 T Tji
to be derived also from 8} = g}
Statement:

the covariant derivation yields again a tensor

proof for contravariant vector abbreviations
. .. —j )
5J1=5f1+ ﬂlék aa ___51_
" Ja |1
) P oom j
‘ N w™ eu ow) PP Tkal p ==}
(o am) | LT | oo
=0 a" | +|= m/p_)’ =03,
[m 1 N ou’
W—J +um__ .—ﬁj .ﬁkar J ———_1_1‘]
v R m e auk K
/"—""L— N\ .
=] n m, —] m_. n —j~m_p
ulmn ey -0a + u| ) a|n [ ul i ull ° uml"pna

—— - ———— — - e mmm

n
- G R n=k _.n
ul .ul - .a" +a u ul i +u\'_—f/_l:u\p\ulr ulkulr —-ulr
nr 1k
L1 — 27
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EX15 The same for 1st rank covariant tensor

Without proof (reporting) the following

remarks
L. (p"k =0k gradient
a::”k (grad. of a tensor)
i ik )
II. aIIi =g e ai||k divergence

II. (orthogonal coordinates in the R3 )
ip.k
£ijk nga"p curl

\[é f.pair. perm.

Eijk = —,/E f. impair perm.

some authors understand .
0 otherwise

IV. Ap= gij(p“ij Laplace
ai||kj - ai“ ik = R}jk ea; Riemann’s curvature tensor

1 1 1 +m 1l +m
rik]j - Fijk —Imklij +Tmilik

=0 differential equation of the geodesic lines
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§ 10. Example from elasticity theory

Deformation tensor
.......... As )

1) < | | i — > &=—streching
......... : S

S 4s
ds
) «—{ | —> e =285 24ssds=2ds2e
ds §4s ds

ds? = (ds+8ds)? = ds? + 2dsdds+{(8ds)? = ds* (1 + 2¢)

ds’e neglect

p
v osmall 2 small
dqM
P partial space
before deformation: not T, in the R; but T3 in the R;

ds? =g o (¢*)dgPdq® p,0,A=123
after deformation:

B2 = (ds+5ds)? =gpo(q* +v ( +dvp)(dq +dv)

={gp6(qk)+zgq"“ qu +———dq qu +quc dq }

0
=gpo(q )dq"dq +g [d g udq”dq +.. ]+—§%v’“dquq°=ds2+zdssds
L 6q q __ __aq_______j

v Y
2dsdds +terms of higher order
v TR
2dsdds = dquq“{gpv QV? + 8o N + gp: v)‘}
. 6q 6qp 69.. J
v

28p0 definjtion

=Ippo +1Toop see next page
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Ricci’s theorem convolution of the Christoffel-Symbol of second kind with

the fundamental tensor

8'gpc agpo- o

—Tonp

& q* 6q7‘

u v
A A ov ov
2sp6 =I"p;b’c oV +ch,p V' +8us 5 + 8pv

~A— A
I-u 28us  LorBwp

ovt y ovY A
=gu0_[a > +I"” )-ngv(a‘;'f'rng
\.__.\/-——'—"J

—
g gv
Jq° &a°
=3 (gpcvu) N 3(gpvvv)
hils da°

€po = (&;‘(’lc 8Vp] 1( Volp * P“")

EX16 Spezializing for
1.) cartesisan coordinates
2.) cylinder coordinates

3.) spherical coordinates (in the form of a matrix)

BV _ CHVPO ¢
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§11.Geodesic lines

8 t t

[ds= Igdt = I\/gkll.lkflldt = Min!
to

So to

Variation problem

t
3= j] F(t, u(t), u(t))dt = Min!
to

u(ty) -u(ty)
u(t) = U(t) +en(t) n(tg)=n(t;) =0

t
3= jl F(t, U(t) +en(t), U) + en(t))dt = Min!

to
ds ! . t d
3 )= F(gun-+ Pt = eyl + Il B — 5 o
de t 0 dt
0 =0
d "
F, - E{Fﬁ =0 necessary condition

t
jFN(t,uk ,ﬁk)dt = Min!
to

\)(FN—I ‘Fuk —%(NFN-IFﬁk)=O

statement
$—> 82 if tis replaced by s after the variation
ds
gk,u’k w!l ===

ds

F'—'[gklﬁk“ll]
t=s

d
_)Fuk _EFl.lkIt=S =0
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t
|: [ & dt} = Min! after the variation t—s
to

d( eiaj viej
0= gileat “J)a,k (et )u5|‘=s )
N—N

-~

d . . .
el ] R RN
I (2gkju ) gljku u

2gkjlﬁlﬁ’l +2gk_]HJ
\-—w.;:_.-l L 1 Ii
gjkliu uJ + gikh-uju
e [ i » 1
=2gygit’ + (gjkli + 8iklj ~ Bijk )“ w5 =0

~ —”

v

2% convolution gkn 0%

*n neiej
u” +IGu uJ|t=S=O

u"" +l"i3'u'i wi=0 | differential equation of the geodesic lines

system of differential equations.

or
d2u" 0 X=0>x=o0s+p
2 B V=0>y=ys+d

y=ax+b

the absolute differential calculus simulates Euklidian situations
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1.) Example

special isotherm parameters

ds? = [f(u) +h(V)] (du2 +dv? ) Liouville-surfaces e.g.all rotation surfaces

e ————t
E
For L.surfaces indicate the geod.lines in such a way that only quadratures remain necessary.
[]Eu + 42 dt] Min! u, v symm.
t=s

O ——-(2Eu) (u +V'2) 0 cilu

dv
@ worv
P o b o
O u'+— T 2E 'v’+;—Ev'2 =0 2 ways for pract. computation of Christoffel-symb.
1"111 Fllz F%z 1. from definition
hooof &
@ V' 22— uvi——v2 =0 2. via the geod. lines (Hilbert)
2E 2E 2E
1) we(D+ve(D =
°o %
li(u'2 +v'2 ) + —}——(u'2 +v'2 )(fu'+hv' =0 2E

2.) Ee @ with energy integral

IR 1 2
—> Eeu"+fu'"“+hu'v' —Ef(u +v' ) «2Eu'
\—Y—q——/ \.—-—v—'—l
, s 2T
E’u —
E

-]
&Ez u"u+2EE'u? = f2Tu’
N -’ \,vd

—d—(Ezu’z) 2TF
ds
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SE2u?=2Tf+A 2nd intermediate integral

B

vE_ 2T 2TB _,_2Th-A h-a A
u?  Eu? 2Tf + A 2Tf+A f+a 2T
—’

(&)

du

& Wy geod. line

/ Jh(v)—a ¥ Jfw+a

2.) Example: forceless motion on a surface forceless: U =0

tl 2 L
J(T-U)dt=Extr!  Hamilt. principle T=lmis—=2gkﬁ1kul
to 2 @? 2
T
Emfgklukuldt = Extr!
to

uk4r ilj( u'ud=0  geod. line

motion takes place on geodesic lines
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§ 12. Main curvature, average and Gaussian curvature.

Curvature lines, asymptotic lines

W
o= W,

.Meusnier: lcosoc=E : &+ .g)

p I . p=curv.radius
o =0 normal cuts '
ask question whether the curvature takes extrem values
lz—q:—z—= Extr!
R I N

®) P A
7 = Extr. together with condition N = 1
F*=Z-AN-1)=(by —ngl)dukdul? % = Extr
w—v——d
\_,_ilf-}-\/_-—"'_}
F = Extr!
l oF =c“du1 +012du2 =0
2 adu! I I
ckldu =(bkl - ng])du =0
1 OF 1 2
- 3 =021du +c22du =0
2 5du
by —Agin bz —Agp
0=l g by, —Ag =b-A(bj 1822 + baogi1 —2bi2g21) + Mg
21 21 22 22 Y “ <
ee'! gg? g’
N
gebyg"
~—
bi
22 —bka+ 220
- &
2H K
—))\.1,)\,2 for which Fmax
min

F hom. quadr. & Feyy =0

Frmax =Z12 —M2N12 =0

min
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NI
N; Ry .
main curvatures
Zy 1
}\'2 TD e T me——
N, R;
2 .
A —2HL+K=0=(A—-A kA —2A, Vieta
204 K=0-(-A1 - 2)
)\.1+)\,2 }\.]7\,2 I/Rl I/Rz
H =—1—(—1——+ —l—j =lb§ average curvature
2\R; Ry 2
=—1—-—1—= E Gaussian curvature
Ry Ry g

arithmet.average > geom.average (K is the square of the geom. average)

H2 >K for real surfaces

2 invar !
1 EN - 2FM + GL LN - M?
H=7 > K=———+
2 EG-F EG-F
points in which
R; =R, #0 navelpoints sphere consists totally of navelpoints

paraboloid: one navelpoint
Special case

1 1

—=—=0  flatpoints
R, Ry

EX17 H and K

a.) z=1{(xy)

B.) F(xy,z)=0

y.) rotation. surfaces.

One establishes first the groundforms x =u, y =v

As will be seen below, 2nd order determinant can be transposed into 3rd order determinant of

particularly simple structure.
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line elements

curves fit into them

curvature lines

(1obig —A e gig)du' =0 (k,=1,2)

t-l:ere exist: solution, therefore the determinant must vanish
du?

du? du? On 7
b119“/+ b12 gugkf{Jr 812,71 du!
@) @

=0 | diff. eq.. of curvature lines

du! du! D
b +b St o/ du'
21 @uz 229“2 g21 @2 g2dd u

KJ f du?

bis g12 —du'du? « bordering »
b (d 2)?
i e u) e®Pbyy gpidutdu’ =0
biz g -du'du?|=0 o 1 ( 0 1)
2 S o W
by g2 (dul) Ve




Example Z=Xy

) . K= 1 b<0

=0 (1+v2)du2—(1+u2)dv2=0

du dv

+C

Ii\ll+u2 =Ii\/1+v2

Ny prsmenat! L
Twc=k

U T £ Olr TV

vekvl+u? +uvl+k2
y=k\/1+x2 i'X\/1+k2

k“" kga

main curvature lines (k = 0) > X

are orthogonal to each other
K=\

k=1 k=1
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Asymptotic lines

Dupin’s indicatrix (shall vanish)

o= bkldukdul =0 quadr.eq.. for

0=b11 +2b12

du! bas du!
u2
1) b>0, K>0  ell curv.; —| = compl. conj.
du'/,
du? ..
2) b=0, K=0 par.curv.; — = real coincident
U/
2
du? .
3) b<0, K<0 hyp.curv.; — = real different
du /4,
example

ele. cury.
Para.b, Ckry,

kyp. cury,

efl curv.

EX18 For torus:

1) geod. lines 1/Ry=?
2) curvature lines 1/Ry =7
3) asymptotic lines H=? K=?

2
du? du? 1 du?
‘““—+b22(d—1“] =‘—(b22 — +bp -
u

N>

asympt. lines. (turning lines)

can be cast into Liouville form
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Special parameter lines

1) geod. lines bending invariant (geod. field)
I=du? + g,ydv? 11 =b;;du® +2b),dudv + by, dv?
2) curvature lines motion invariant (except in the navelpoints)
I=g;du? +gydv? [ =byydu? +byydv?
3) asymptotic lines motion invariant (in hyp. points)

=g, du® +2g,dudv + g,pdv?  I1=2bj,dudv

AClz
§13 Derivative equations " ‘ l‘
Weingarten’s derivative equations *‘ 1
set
Wik=Bu "tp‘ Ln
o%x!
| b= i
l Ou"ou
= W
Wik T}, =B T | |
— —~— =—W|k‘(_ j since
~byn gl g™
n
0
’W .t lz 0 —_
| | ouk

| W|k‘c|l+u‘C|lk=O

—bR =By

%Ik"‘ _bf(n IC|m

present complete analogy with Frenet’s formulae
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Formula of Olinde-Rodrigues
curvature lines as parameter lines
1 K Im (d )
by —— du® =0 , —=
( k1 R, gkl} u ‘ g ds
1
N e

curvature Line

Mr\k° uk = ——1—' u'm"(lm
‘u—-—Y-J Rv
{ 1 /
'W: _— 'C

RV

Gauss’s derivative equations

(change of the tangent vectors)

other By, as previously

m
C=7k *Cpm+ Bra oW 1) 2
A paoW=0+B “ L
k1*W=0+DBy
1) “'—L‘Y'”
by

‘(« Ikl.t|n=yrlﬁ ®gmn +0
2) R I . SShamd
Ikin Ykln

Elkjn = (‘C Ik tln)l:v:clknt 1tk Cin —%
Enllk = Cik itk

N~ |-

ka1 = C et

1
"Z"(gnllk + 8kn|l ~ g]k|n1=t [kl L |n

Tkin

Ci=T oLt b oW S pa= € ja=Thd Cm

€ |=bra- W e Cu=Td Cjm+Cpa
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Spherical image of a surface and 3rd groundform

unit sphere

covered twice

curvature lines as parameterlines

df = <‘C‘1du1 ,flzduz ,w>

counterexample

do = <u pdu’ #p,du? ,u>
L L adl

1 1 w flzd‘*z
Ry R '

= ] [ ] df
Rl L4 R2
e el
K
K= do compare with k = da
df ds
general
I = do? =W; ¥y du’du | (AIRA} |
Ny M/ =

Cik \/E
do arc element in the spherical image

One can prove (see below)

Kel-2HII+II=0 ie. Cik =—Kgik +2H.bik
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Proof of the equation KeI—-2Hell+IlI=0

I =14L|iw|kduiduk

Weingarten: 4, = _b{n‘ﬂm W= —bg q In

I = b{"b} { |m ‘tlnduiduk = g, bMbldulduk
— V"J v

Zmn bin bkrz‘:’»m

2 gicduidu® — bIby du'du® + bipbyrg™du'du® =0
g v

bqsgsq
2 g du'du® — bobygdu'duX + bibigMdu'du* =0
g gsVik in

With g'l = &2 12 - 812 g2 -8l
g g

/—Zgg/” (du?)? by b du'du® + biiby g’ du'du® =0

we thus obtain

yielding explicitly

b(du?)? - bikdat)” - 2b Tru® — by by (du?)? + bredah)? + b3) (du?)” +Wdu2
=b(du?)? - (b1 by —b3;)(du)” =0
—
b
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§ 14 Parallel transport according to Levi-Civita; integrability conditions

The parallel transport of a vector 42 along a triangle

in the Euklidian plane takes it back to itself and can be
characterized by the constant value of the angle o .
/ \ Along an arbitrary line the characterization by an angle
- is not sufficient any more. Even more difficult becomes

the characterization on an arbltrary space surface e.g. a sphere. We move W along geodesic

lines (corresponding to straight lines) on a main triangle. ¥ is shifted after the circuit into a

different position: the circuit is no longer « integrable ».

(Circuits are integrable only in Euklidian spaces, so that it is
sufficient and necessary that K = 0 ; the difference in positions
of WP before and after the circuit is a measure for K)

Set = g— . For an inhabitant of the sphere with only two-dimensional sense (the two surface
S

directions), changes of #w§in normal direction can be admissible during parallel transport (since

he cannot perceive them). Thus wd llw e.g. W0 in the tangent direction of the equator.

We set up W9 as a linear combination of the

surface tangent vectors: W = wl {, ;
! 1 i
M:W'Jth-‘-WJt'ij‘k I.‘Clm
rﬁ( € In* byt (Gauss)

mp

, : :
WO Ym=0= W' g mi + wJFﬁ(gmnu'k+0 l g

dwP

“wo due L wo w'P +le"p ok _ =0
U w s

the I’ ﬁ( are fixed for a given surface.

uk (s) are given as a curve on the surface, hence also the wk (s);

o up .
the above equation is thus a differential eq.for the w(s):

M wo « diff. eq. of parallel tranport according to Levi-Civita »
The solution of the equation needs the integration of the first derivative (which, hjstorically;
has been introduced at this point).
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e.g. unit sphere in the R;

cos@ sin 9

"C =| sin@sin 9
cos9

I=ds? =sin? Sd(p2 +1ed92
N~ (¥
11 £22
the Christoffel symbols are most simply calculated from the postulate
j’(sin2 S(bz +9§2 )dt = Min as coefficients of Euler’s equations:

o +2cotgd9¢ =0 "+(—sin9 cosS)(|32 =0

1 2
Iz Ify
i.e. in matrix form:
ol _(0 coth) 2 _(—sinS cos9 0)
ik = ik =
cotg9 0 0 0
wl =@

Let the components of the vector #Q be
w2 =0

then the diff. equation of the parallel transport according to Levi-Civita is:
CI)'+(®(p'+d)9 ') cotgd =0|(P'=0 d=2a
O'+(-Dg'sin 9 cos9)=0/0'=0 ®=b

if the trajectory is the equator then 9 = g . We thus have

T b1 .
S=— 9-:_ :w-l -
‘C“ ( 2) tl'). ( 2) “nn ‘Ch
singsin 9 —sin@ cos@ cos9 0 —-asing+0eb
cos@sin9 cosQ singcos9 0 acoso+0eb
0 0 —sin 9 -1 Qea—b
—asin@
M0 =| acose
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Parallel transport of the vector nQ over a closed contour on the unit sphere.

The contour is the triangle with corner points M,N,0. M and N are located on the equator, O
is the north pole. The trajectories are: from the starting point M to the point N the equator,
from N to O and from O back to M the corresponding meridians.

For points situated on the equator we use the formula previously derived i.e.

—asing 0 0
Wo=| acosop and hence M: ¢=0 Wd=|a N: (ng Wh=|a
-b -b -b

Notations are as previously i.e. W= wi ‘(,l j wl=® w?=0

1) Way upwards from N to O: (p=£ ds=-d8 S'=i‘9—=—1 <D'=£19—=—d£
2 ds ds ds
Differential equations for parallel transport
—gg—d)cot g3 =0 solution: ®=— =w!
ds sin 3
®'=0 solution ®@=A= w?
Vector moving on the meridian
—sin9 0 -1 0
WO = — 0 +Alcos9 |=C|0 |+A]cosd
sin 3 . .
0 —-sin9 0 —sin9

Constants C and A are determined from initial conditions at point N where 3 =1t2—

-a -1 0
0 |=C0 |+Al0 | > C=a A=b
-b 0 -1

Hence the components on this trajectory are

-a -a
%) =| bcosS with for 9 = 0at the endpoint O i.e. the pole: W0 =| b
-bsin 9 0
do

2) Way downwards from O back to M: =0 ds=d9 9'=1 (I>'=—d§-

=w1

a0 +®cotgd =0 solution: @ =—;
ds sin9

0'=0 solution ®=A'= w2
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' 0 cos9 0 cos9
Wo =— S sin9|+A'l0 =C'11|+A'0
s 0 —sing 0 —sin9

Initial condition at point O 3 =0

-a 0 1 '
b |=Cl1|+Al0] o A,z_a yielding
0 0 0 C=b
—-acos9
wWo =|b
asin 9

At the final destination M we then have with 9 = —;—

M:

» o O

Thus the vector has changed after the transport

0 0
from W) =|a | initial value,to WA =|b| final value.
-b a

Note that at any moment during the transport the value wh?=2a2 1+ b? is conserved.
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Equations of Mainardi-Codazzi and Gauss

Riemann’s curvature tensor and theorema egregium of Gauss

We use
Weingarten A, k= -—bg (d Im 2 equations

for surfaces in space
Gauss L= B m* bW 4equations

let be given arbitrary g;; and by , does a real surface exist for these?

the T} und by can be calculated first; then the above equations represent 6 linear partial

differential equations for
{ |1 Jroveees t |22 and 14' |1 W I2 or
i 4 (ui) and W (ui) such that with ¢ (ui) the surface in question is determined.

Here we indicate only the necessary conditions for the solution:

on a real surface is necessary:
L) L=l 20 Crn=Lim 3) W=
1.) follows already from the symmetry of the given g;x , big
4(' lkln™= (1_'1!:11 )In ‘( |m+ rl?]“c |mn+ (bk] )Inw+ b %In
. et
2) Tin € |i+ Do W =bn Cjm
4 by + T ) +¢ (Db +TD 4 rire)

comparison of coefficients

a.) bkl“n = bkn||1 — equation of Mainardi-Codazzi

(1857) (1868)

2 equations (only for n# £ significant statement)
o= (Orcps + TErDm) + L | ~brabl + o+ riary)
bkl|n + T bmn = bknll + Cinbmi

tbklln _rknrllbml _I‘llgbkm):\bknll —rlfirllbmn - gllbkm)

v D ol
Oiln By
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b.)
m m m i m m i m
~Rom = —g' ™R i 4th rank tensor

Rikin =bitbkn — binbu Riemann’s curvature tensor !

m m ir~m m i +~m
—Rekin = Fkun +Tlin — I“kn“ —Tknlil Gauss

Rip12 =byibyy —biabyy =geK
b

R
K = 212

theorema egregium
g

The Gaussian curvature is invariant against bendings

The following relations hold

Rikim + Riikm + Rklim =0

Rikim = Rimik = ~Rkilm = ~Rikml = Rkiml
e.g.
R}jim =—Ri1im =0
T, in the R; : 2* =16 comp. all vanishing except
Riz12 =Ro121 =—Rizz1 =—Roiz =b=¢K

Tsinthe Ry  3*= 81 comp. 45 vanish; among the remaining 36 only 6 essentially different.

EX19 How many components possesses Riemann’s curvature tensor for a partial space Tm
inthe R, (m<n) ?

R%jm =Ry contracted or reduced Riemannian curvature tensor
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Remarks on non Euklidian geometries and on special relativity theory

Euklidian geometry
1.) Axiomatically defined

2) ds? = dx'dx' canbe generated (by introduction of appropriate coordinates)
3.) ds? =gy du'du®
T, inthe R; K =0 (parabolic curvature)
(parallel transport integrable) Rikim =0
question of embedding not clarified as yet. One suspects:

n(n+1)
2

Riemannian manifold to be embeddable in N =

Non Euklidian geometries

1.) every non Euklidian geometry
2.) defined by

>0 ell.case (sphere)

2 ig k .
ds“ =g;dud f. T, inthe R K=const #0
Sik 4 2 ? {< 0 hyp.case (pseudosphere)

A

——In—— Tractrix « dogs curve »

3.) Only hyp. geom.

F. 2.) contains the parallel axiom and the ordering axiom

3.) only parallel axiom
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Tractrix - derivation of Gauss curvature K =- 1

ul=r u? =
€ | i o |Go [Tz | Caa
rcosQ cosQ@ —rsingQ 0 —sin@ —ICcosQ
rsin@ sin @ r COSQ 0 cosQ —rsin®
f(r) f' 0 f' 0 0
1+£2 0
gn=1+f2 gp=r> gp=0 g= ) =r2(1+f'2)
0 r

Determinants

cosp -—rsing O
1] =|sing rcosp  Of=f"r

fl 0 f'l

cosg —rsin@ —sing
12| =|sing rcosp  cosp |=0

f' 0 0

CosQ —rsing@ —rcosQ
|22|=|sin¢ rcosp  —rsing = f'r?

f' 0 0
g=r2(1+f'2)
(b ) (f" 0 J

ik \/’ 12
/ K:E_—_ H 3/2
g (1+f'2)

According to the last expression we therefore have




Explicitly we have

=\/——_——ln(1+ l—r) —ln(l

\[—

I
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i-r?)

2

t\)|--
I\)Ir—-

T_
e e

— l—r

. e 2 1 1
yielding 1+f'“=— and
r? V1+f?

Thus we find K= —%r and hence

K=-1 q.ed.

-
2 \/1—1‘2

=r

1 r 1
+— — =
z\ll—r2 r? \ll—r2

g
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Riiim =bi1bkm — bimbk 4(’“ _by W Gauss
K=

=levb t‘bk_@z— bimW Wby

v v
Rikim = CJt® € jem™ Cfjim ¥ Jua-

n signific. different comp.
Rl =T, + niri -y - rirm ; (i
K- Rz 3 6
g 4 20
R okim

A, disappear if Gaussian curvature disappears
R _ Lim R .
kl =8 iklm
Nt

{Gk‘} (Einstein)

By
T, in the R;
R
EX20 | K=——X g #0 K=0Ryy=0
gkl
(no summ)
1
R=g"Ry
R :
EX21 | K=- T, inthe Rs

Bonnet’s theorem: the gy (ui) and by (ui) determine, except for position and orientation, a
space surface uniquely, provided that certain continuity- and derivability conditions as well as

the integrability condition are valid.
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Special relativity theory

Ether, hypothesis:

1.) Total rest

2.) Total dragging

3.) Partial dragging (only large bodies drag it)

4.) Translat. - dragging

5.) Part.

6.) Rotat.

7.) Part. rotat.

8.) ¢ depending on the velocity of the light source Walter Ritz

Michelson experiment 1881

11 meter diameter

/7
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© > X
N —> x!
\_r-/
ut
X2 +y2 +ZZ —02t2 =x12 +y'2+z'2 _CZth -0
Galilei:

X'=x-ut,y'=y,z'=zt'=t

Lorentz:

X'=y(x—ut) , t'=y(t—yxx)

x2+y2+z2 —c2? =y (x 2uxt +u t2)+y2+zz—czyz(t2—2xtx+x2x2)
x2: 1=72 c szz
t2: —c? = yz 2 0272 xt: O=—2uy2+2xyzc2
2
u 2 —C
X:—— 'Y =
c? u? -c?
y= 1
u2
I-=
c
t_ _l:l X
' X—ut ' ' ' C2
X'= y'=y Z'=z t'=
2 2
u u
1- — 1- —
c c

if ¢— o, the Lorentz-transformation would merge into the Galilei-transformation
(2) ds? = dx? + dy? + dz% — c2dt? = dx? +dy'? +dz"> —c?dt'? Lorentz invariant

Z X =Trcos®sind

X,y,Z,—ict y=rsin@sin9

%, |

ds® =dr? +1r2d92 +r? sin? Sd(p2 —c2at?

« pseudo-Euklidian metric »
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§ 16. General relativity theory

1.) Laplace - Poisson

Ao =4myp force &
mM
& ==Y —3—1“
p=0 H
Ap=0
Y™
specialcase: Y~ 2 ="‘£_—3‘ }W
Orr +—@r el

spherical symmetry = —mgrad(— ™ + cl)

Seeliger:

o= M o

T

2.) Einstein: cosmological constant (highly controversial)
1
Rik =2 Reik - Agik =—xTik

1) line element
2) mass  curvature
3) geodesic lines
matter-free space (only one mass at the origin)

special case - Ty =0 A=0

Ry - ~Rgy =0 g% s R-LResi=0
2 2 e~

Rk =0 —->R=0

Another important special case is the limit of Newtonian mechanics. One can show that in this

case Einstein’s equation reduces to

1
Rgo — gooR=—5A¢ R=g "Ry
C
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Euklidian:
t=u’
2 2.2 2 2702 .2 w:n2 3.2 r=u'
ds® =c*dt”* —dr® —r“d9“ —r“ sin” do
&):u2
o=u’

set up according to Schwarzschild:

ds? = gy (0)dt2 — g1 (1)dr? —r2d9? — 12 sin? 8do?
g’ L d b ol hosmmanee % oo

200 211 g2 £33
1/go
gk = —1/r2
O S N
r2 sin2 9

1
ik =5 {gil|k + 8xili ~ gik|l}

I
TR =Tii1°g " =Tikmg

_1 _| 2
Tik,0 —E{gio|k + ko) gik|o}- 5 O

0 o0 1
Ly =Tikog =—Tiko

g0



30

20
' 2
0 g0 0 0 g1
2g¢
0 g'o 1
rlk = 2g0 > Tk =
" O
0
0 0 0 0
0 0 1/r 0
2 3
r' = . r. =
kZlo  1/r 0 0 ik
0 0 0 —sin9 cos9
1 1 1 myp1 my-1
Reijk =g~ Uigie + Liklmj — i Tmk
=k
Kk
Rjj = Raijjk

k k m -k mpk
(o]
1 01 1 +k
= —Fooll +21“011“00 —roorlk

1 1 (-0 12 13
=Toon I“00(1110 -I'n-Ti2 - l"13)

(go_] +§'o_(lg'_o_§'1__l_lJ
2g; 2g1\2gp 28 r T

" ] ] 12 ]
:__L(go_gog1_go +g_o_)=0 fr20

2 4g; 4g T

" ' ' |2 ]
R“___l_[g 0_go81_ 80 _gogl)zo

go\ 2 41 420 181
Ry =20 +—r§%=0
2g081  2gj

R33 =Ry, sin” §$ =0
Rij =0 f. i#] and further

1 1 1 g0
Roy ——gooR==Rgp +=="Rq; +—R
00 =5 800R =5 Koo+ -1 775 22
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1. Compare Rgo and Ry :

. 808 g g1
go=——_— =2 =22
g1 g0 21
Ing( +Ing; = const
2081 = c? (c = velocity of light)

2. R22=0
_§2L+l(i_ )20

gi T\8&1
M—.—f;\

G

ln(L - 1) + Inr = const

£1
(1——1—)r=a
g1
r 2 o
g1 = g0 =¢ (1——)
r—ao T

ds? =c2(1 —3)dt2 T ar? 12492 - 12 sin? 9do?

r r—a
S—— e Yo d
g0 g1

at large distance the space must become more and more Euklidian

precession of Mercury

42" /century



32

. 30
ds? = c? (1—g)dt2 T 4r? —¢2d92 - 12 sin? S}d(p2 4
r r—
N—— ‘-'v—(—x’
go g1

r— o .
} — pseudo-Euklidian

o—>0 s em = T
1 je
Newton: ROO —EgooR =Aop >
————’
1 ( w 2 ) Ago
5 \80t 80> ——— -
2g; r? 2 3
A |
c2a l
g=—""—"+C go~——*tC2
r r |
2 |
a= _YZM' ; a~M g gravitation radius |
¢ 2 !
(for earth 5 mm) l
Schmitt: t = const i —> r
n : |
9 =3 (equatorial cut) | /
spacelike: sign. Schmitt l
do? - 4r? +r2d(p2 (—dsz)
r onz,
1+7
rotation body
rcosQ
do? =(1+Z'2)dr2 +r2dg? e— L ={rsine g =%r=1+7" gn =€o=r’
z(r)
Z

2= | z=2a(r-a) A

—— z=2Ja(r-a)

> Y
2o « hole in space »
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Two body problem

geodesic lines

i+t =0
.d . d
yields ( _4 =_)

1
f=_80¢

£0
.2
v ' » ! r ¢ rsin“ 9,

1 2g; 2g; g1 g1

9= ——2—fé +sin 8 cos 9¢2
r

Q= —gf(f) - cthé(f)
r

special case: 9=— , 9=0
1) t=-50F
g0
2) ¥=-202 B1;2, 142
1 2g) 2g) g1
L4 20'
3) ¢o=-—19
r
20
from1.) t gof
’ T+_—0—=0
t 2o
Int +Ingg =const
. 7 dt ca d
tgop=A |=¢"————— « energy theorem »
ds r ds



from 3.) (rZ(T)). ~0

r22(2=B
ds

a « surface theorem »

instead of 2.) !

ds? =g0dt2 —gldr2 —rqu)2 L

ds?
1=got? -1t - %9
~ g

B gr -— -1

g0 r

a rz(p_ B
Jait a2 2 ,.2
VB Jaif \/;X /go —B“/r° ~1
rzd(p

Jei edr

do = Bdr
2 A? B? a o
r 5=y 1-=]={1=-=
c T r T

1 1
—=p ——2dr=dp =
r r gog1 2T, I ¢

[do=] —Bdp elliptic integral
A 22 @
5 -Bp“(1 —ap)—(l—ap)
c

o(r) > (o)

g m

N

— g 42’/ century




Solution of the general gravitation equation

2 solutions: 1. cylindrical: Einstein
2. spherically symmetric: de Sitter

Planet motion classical

. 4 .
{x =T1COSQ {x =TI COSp — I Sin QP
L4
r

T=22 —?(iz +§,2)=E(;2 +1°0
U=—y—M£n— (K=—gradU=—fd—U—)
r dr

d od [ M
1) Lt —Lr=\1'(r—r(p2 +7—2)=0 21

r

d . 2. d
2) aL(,,—Lq,=m(r (p) =0

(redshift)

from 2.) r2(T> =A  « surface theorem » 2nd Kepler’s law

o(t2)
=l r2d(p =-1—
o(t;) 2 t

jAdt=5A(t2 -1)

rd:f
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from 1.)
20 - 2ir$? +2yM—=0
Y r
A%
r3
2
42,487 Hmll-o
dt r2 r
2
mia A oML =T+U=Bem
2 2 r energy theorem
o
r2(*pZ
2
poAl M
f ' r2 r (' d)
T=r= 2 =
0 Alr do
Adr 1
fdo=] — r=—
S« ry2Br? - A2 + 2yMr P
\ d
o—0 arcco{ A? —yMr J
— K0
ry2A2B+y2M?
2
r= A” /M — ellipse
2A°B
1+ 33 +1 cos(p—og)
Yy°M
T O
<1
—Adp
[do=]

N.B. Here A and B are not the same as those introduced in the previous calculations.
A: surface theorem ; B: energy conservation

Farther below, to make the distinction, they will be denoted as Ak ,Bg
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Kepler ellipse as the Newtonian limit of the Schwarzschild trajectory.
Kepler- Newton:

—Ade
\/ 2Bk — A% p + 2yMp

(1) Jdo=]

T+U = E and E the Newtonian energy

m m

Schwarzschild:

with BK =

—-Bdp

2

2YM

J%—szz(l—ap)—HYZp
C C

(2) [do=]

The Newtonian limit means neglecting the term in p3 under the square root:

—-Bdp

2
fA » 2 2yM
2 _B%p?-1+° )
02 02

Furthermore in this limit we set

(3) [do=]

A E+mc? E . A? E )2 2E
—= > =1+ > yielding — = 1+ > ~1+—2—
C mc mc c mc mc
Eq.(3) thus takes the form
—-Bdp

4 [do=]

2vyM
\/;f 71322,1/7—2;)
C

and finally, with Bg =—
m

—Bcedp
V2B - (Bc)2p? +2yMp

Setting Bc = Ak we thus recover eq.(1).

) Jdo=]
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Gravitational lensing
A remarkable effect of general relativity is the bending of a light beam in the vicinity of a mass,

also known as gravitational lensing. We treat this problem by assuming the Schwarzschild

metric with the beam moving in the horizontal plane, i.e. 8 = -g_ , sin2 & =1 . We further set

ds? =0 meaning that the light travels on a line of constant proper time. Then the first ground

form reduces to

Ozcz(l--—%)dt2 I r? —rzd(p2 or
r

r—o
2 2.2 1 2 2 2
ds” =c“dt” =——-dr” + do
2 o
o 1= =

-3

T

The expressions for the metric tensor are therefore

1
_— 0 2
2 o
o (1 ——j 0
1- ) T 2
T ik r
glk = o) g = o g = 3
: - o
o T
1—-— r2

r
Now we assume that the light travels on a geodesic line. In order to establish the
corresponding equations, we need the Christoffel symbols. These are calculated from their
definition in terms of derivatives of the metric tensor. For the non zero elements we obtain in
this way

- 2 1 2r-3a

1 1 1 2
I = Iy =——2r-3a I =171==2
1= e 2 2( ) 2=21=571"0

With these values the equations of the geodesics

1'”+F1111"2 +]"212(p'2 =0 d

(p”+2I’122r'(p'= 0 d

'

w|

are thus given by

0

"__

- r(r—o)

w_ 2r—3a
r(r—a)

1?2 +%(2r - 3oc)(p'2

rl (pl

The second equation written in the form
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81___21‘—30(.

0} r(r—a)

can be integrated immediately over s yielding

r!

r—o
+ const and hence

Ingp'=1In
r

r-a with K a constant to be determined later.

=K
r

The expression for r’ can be obtained by going back to the metric equation and dividing it by

d§2 so that we have

2 3
r r
24 (p'2

1=
(r—oc)2 r-a

and further, by substituting for ¢' the expression derived above,

2
r r—o
1"2+K2 _

) (r—ot)2 3

The constant K can be expressed in terms of the distance of closest approach b, termed the

1

impact parameter. At this particular point the variation of r is of second order, meaning that

r =0 . Then with r = b the above equation yields the value

3
K = /_b_
b—«

Our equation can now be solved for 1’ ; together with ¢' already known we thus obtain

S Sl b r-a o'= b r-o
r b-a 3 ub—oc 3

Taking the ratio of these two quantities we write

' dr b—a 3
o B r-a 2 _!2_L_a(1_i)
b-—a 3 b2 r? b 3

Integration then yields ¢ as a function of r . Considering the total change in the angle ¢ we

o' _do _ b3 1 1

integrate over r from —o0 to o0 but coveniently split the integral in a part from —o to b and

one from b to 4% . For symmetry reasons the two parts are equal so that we just count the

. . . . . . b
second part twice. To perform the integration we introduce as a new variable the ratio p=—
r

Then the integration limits corresponding to r =b and r=— are respectively p =1 and



[oo

p = 0. In this way we obtain for the change A¢ during the entire trajectory , after some
algebra, the expression

1
Ap =2 do

0 _2_g(ﬂ3
\Fp b\l p)

Note that it is clear from this expression that if b is smaller than a., i. e. if the beam passes at

very close distances from the center of the mass, the quanstity under the root can become
negative, meaning physically that the light gets trapped, a phenomenon known as black hole.

Here we consider only weak gravitational fields, in which case A@ can be expanded to first

order in o yielding

1 g lal- 3}

p al-p
A(p=2j———(l+———

O\fl—p2 2 bl"Pz

For the first term we have

dp

1
2 = 2|arcsinp|}) =7

0 1—p2
this corresponds just to the straight line trajectory in the absence of any interaction.
The second term accounts for the deviation angle from this trajectory. The integral involved

can be done exactly with the result
1

L o1-p3 1- 2

J— = dp=|- [ —y1-p7| =2

01_ 2\ 1+p

) o
and hence we find in the end
Ap=m+ 22—+
b
. 2yM . .

Inserting the value o = —— we see that the bending of the trajectory due to the presence of

c

gravitation is represented by the deviation
_4M
c¢?b

This effect has been observed first by Eddington in 1919 during a solar eclipse and has ever

)

since been regarded as a strong support for Einstein’s theory of gravitation.
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Gravitational redshift
We consider a light beam travelling between an emitting observer placed at a distance r from a
mass M and a receiving observer placed at a very large distance i.e. practically at infinity.
Assuming that both observers are at rest, we write the Schwarzschild metric in the form
-1
o

c2di? = (1—g)c2dt2 c2dt? = (1——) c2dt?

T r

and define a velocity

-1
u? = (1 —g) c?
r

Hence the velocities refering to the two observers are
-1/2

a
u=(1——) ¢ and uy=c

r
Since the photon travels on a geodesic line, his momentum is conserved and his energy E
therefore varies according to the ratio of the two velocities. Using the relation E = ho we thus
find

1/2
Eoo mw—uw:(]—g) zl——a—l with (x:w_

E o u r 2r o2

This shows that a light beam moving away from a large mass suffers a redshift approximately

proportional to that mass.
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EXERCISES
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EX2 Interpreting the system of equations
X=u+vV

y=v

as point- as well as coordinate transformation

Po{wt‘ transt, R

L

<&
t«*T

b v
ﬂ\ x=1 1
Xz
y=1 ° Y= 1
77777 N

/“ r//
//// 5 X 17/301

>U
A A
o \
7
g »x=1
3
-
et
-
° Y v
0 4 u=-o A
J
v / /M‘=1 v
- v=1i
Vet S\ NS\
S N
v=0 -> X ~ > U
/ u=1

»

) point transf.

‘§5uva] "p400I
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EX3 Given the space curve
(t)= (sint, ~V1-t2, cost)

determine s(t), x(t), T(t)

i.e. arch length, curvature, torsion.

s(t) = s(0) + j \F 3)2 dt

0)=0; x2=——t

1-t
x3 = —sint
et &
s(t)y=] j1+ dt =
0 - 0 1-t2
s(t) =arcsint : length of the curve: s(1) — s(~1) =, as long as half the unit circle.
[ct]
k()=
€|
cost —sint
. t .e 1
SRORE LO={——=
1-t2 2
1-t
—sint —cost

t 1 )
- cost + sint

Vi-t? N

[‘C ‘(]=1sin2t+coszt=1

1
cost +
J—_ \/ 1-t?

sint

2
K(t)=\/t4 —2t2 +2 =,’l+(1—t2) 1<(S)=\/1+cos4 s since t=sins



e e —cost
r 3
LG T B R
[€ 1] Vi-t?
sint
T t(t4—2t2+4)
<‘C‘( 4‘>=t[‘(t]= 5
1-t2
tt* —2t2 +4 sin 3+ cos” s
T(t) = (4 3 ) 1-12 t(s) = S( )coss
tT —-2t7+2 1+cos’s
k(0)=+2  1(0)=0=1(1)
3
jt x3 x!
A /s
- T T Kt=+1
| | |
/ \ | |
/ \‘ | i
i \ l t=0
11 ‘ i‘/_ : I{ A)fz
\ :1 'rt 1
\
N / ! I
b S I l .
\\\~ l// i | l(t. !
] | L e e =]
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x>
EX4 First groundform; transition to isotherm parameters 0
1) Cone
. 0
parameters u,v (polar coordinates)
g Ta €. !
!
ucosv cosVv —usinv I
usinv sin v ucosv fl
cotgaeu | cotga 0 " v
T 0 a2
gik =| sin“ a g=—"— g1, 821 =0  parameter lines are orthogonal
2 sin“ a
0 u
1
ds? = —_du? +u?av?
sin”

Transition to isotherm parameters

Y t w ‘( v
\ .
v (u)cosv y'cosv |- wysinv y'2e 12 0
y(u)sinv y'sinv Y COSV ik = sin“ o
cotgoe y(u) |cotgoey' 0 0 \u2
; 12 1 2 o sinoeu
isotherm parameters: y'“e———=y" ; y'=smaey Y=¢
sin” a

g11=8»m= e23imxou d52 _ eZsinaou (du2 + dV2) . g= e4sinaou

SInae ¢ogy
[ =4e""*" sinv x3

cotga e esinouu

2) Rotation paraboloid

a) polar coordinates u,v as parameters
°
1 d €. T X2
ucosv cosv —usinv
usinv sinv ucosv ~1_ -
au’ 2au 0 R ¥




ot
gik =

(1+4a2u2 0

2] g=u2+4a2u4

u
ds? a+ 4a\2u2)du2 +u?dv?

Transition to isotherm parameters

) ¢ {u € v
\p(u)c?sv \u'c.osv —wysinv \I"z (1+432W2) 0
y(u)sinv y'sinv Y COSV gik = 5
awz 2ayy’ 0 v
: v
isotherm parameters: \u'z (1+4a2\p2)=\|12 Y=
\/1+4a2\p2
2.2
V1+4
V]
u=\/1+4a2\|12 - 0&?[0’:5\/1+4a2\p2
v =y(u) cannot be solved explicitly. x>

b) Other parameters xl=u; x?=v

t ‘Cu, ACV
1 0
0 1
a(u? +v2) |2au | 2av

1+4a%u? 4a%uv 2. 2 2
gik = ) 2 2 g=1+4a"(u” +v")
4a“uv 1+4a“v
g1y =g, #0 parameter lines are not orthogonal

ds2 = 1+ 4a%u? )du2 +8a%uvdudv + (1+ 4av? )dv2
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EX6 Torus. Parameters are the angles u,v , see figure Parab. {ine

(R+rcosv)cosu —(R+rcosv)sinu —rsinvcosu
(R +rcosv)sinu (R +rcosv)cosu —rsinvsinu
rsinv 0 rcosv

A( uu ’tu\l 4‘ vv
—(R +rcosv)cosu rsinvsinu —rcosvcosu
—(R +rcosv)sinu |—rsinvcosu —rcosvsinu
0 0 —rsinv

gik = 2

[(R+ rcosv)2 0
r

] g=r2(R+rcosv)2
[=ds® = (R+ rcosv)2 du? +r2dv?

(R+rcosv)cosuercosv
[ €u €v]=(R+rcosv)sinuercosv
(R+rcosv)rsinv

(o G 'Cuu)=—(R+rcosv)2rcosv
<{u tv ‘Cuv)=0

(€. Cy ‘(W)=—(R+rcosv)r2

(—(R+ I COSV) COSV 0)
bik = ,
—r

II=-(R+rcosv) cosvdu? — rdv?

b= (R +rcosv)rcosv / parab
b>0 - g <v <g elliptic curvature mside ovtside
b<0 g <v< 3% hyperbolic curvature

_3n

b=0 v=E
2 2

parabolic curvature
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EXS8 .Transformation of other quantities
a.) Basis vectors  #;, > W, Wo
From the figure we deduce

-'ll-,lz cosa H—sina Mo N
Hy=cosa M +sina Wy

2
\
yielding the tranformation matrix = ;"*r
'
l-
L

cosa. —sina .
= . covariant
cosa.  sina

b.) Reciprocal basis vectors. -
“’j. ﬂrk= 53'(

Defining relations: —_ - for the cartesian and the oblique frame respectively.

The first relation is automatically fulfilled Now set

%"k: Bxm #m

- with Dj) the elements of the matrix D introduced above.
#j=Dj ¥

Then we obtain from the defining relation

. mk k .

’KOJ 4= Dlekm v H,= Dlekl = Sj . using M| =0y
i.e.the orthogonality of the vectors in the cartesian frame.

Introducing the transposed matrix B* we have

D;Bf =8¥ meaning that B™ is the reciprocal of D. By inverting D we therefore find
Pk =9

1 1
BY = 2 colsoc 2 cos. yielding for the transformation matrix the final result
2sina 2sino
1 1
B= 2 ccl)sa 2 slin * contravariant

2cosa.  2sina
Geometrical interpretation: According to this result the cartesian components of the vectors
:1-&1, %2 are respectively given by the first and the second line of the matrix B.
1.) The lengths of the vectors are
- - 1
3%

sin 2o
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2.) Let y be the angle between -‘ﬁ.l, w2 respectively and the horizontal axis. Then,

according to the transformation relation, tgy =cotga —>y = 90°—a. .
T — - . . .
Hence for 0 <a < 5 the angle between 11,1, %2 and the vertical is o again. For

a = 45° the vectors are coincident with the axis and are of unit length.

3.) Plotting the vectors AR 2 in a diagram for

different values of o one obtains a figure symmetric
) 18 .
about the axis o =+ Z . The extremities of the vectors

lie on a curve which has asymptotes parallel to the axis

at distance equal 2 .
c.) Reciprocal coordinates. Defining relation: 6; ni= C; n'

We multiply this equation with " K to obtain

o w'ie -ﬁk= G; where the relation 'a,i “i’bk= Sli( has been used.
Substituting sz Dyj %jin this equation yields with nle % = 83
Gi=0iDyj t'® %;=Dyic;

Thus G; and o; are related according to the covariant matrix D.

d) Vertical lengths 1)

From the figure we immediately deduce f( 1)

1O —gina e 1D — coso e 1@

1® =sina e 1D + cosa 0 12 * ¥

Thus the transformation property is neither co - nor

contravariant.

e.) Vertical replacement quantities.

1M

=1, 1D =1 Dividing the
sin2a

Defining relations:

equations (I) by sin2a = 2sina coso. yields

T(l) M 1(1) 1(2)
sin200  2cosa B 2sina
12)  _ M 2)

1 _12 1 1

sin2o 2cosa  2sina

meaning contravariant transformation.
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EX9 Mutual relations between components of the vector A and their modification by -

transitions to a new coordinate system.

1.) Natural contravariant components defined by A=W k()»l:
(]
2.) Contravariant components defined by A= ‘(ka
3.) Natural covariant components defined by Ak = Wie )
(o
4.) Covariant components defined by A= Ce A
1.) 2) 3) 4.
71 _ Vel au' 2k
(0) /gl'ck ouk © . . | |
L) L AS=qgidkch = JeiVemng Am | A =ygig Am
K /gl}i( ou® — (o) ) |
A =———A
(o) gii oul @
1
7l _ ﬂk 2k
2) W=k ou N ey W
gl.(l.( (0) K auk — (0)
AT =—2
ou
x _Eik o )
= 1 (o)
1 1 1 “ gl 1
3) My =—F—=—"7= gl | Ak =——=gur — . A =—F—=Mk
©  yEkk V8 ®| @ ek gii au ~ gk
A =———7A
(0) 1/gl‘d’( auk (o)
k
— Ou
I M
1 .
4) Ay =g =X Ak =gkt Ak =8k k
Vel (o) (o) au
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EX11 In the given relation
ua .
FK 2 K gkl(gqaij)
g
the quantities a = Iak'l'| g= Ig k"l"l are determinants with elements ay , gy~ respectively.

7K is defined as an element of the inverse of the matrix whose elements are ay; . This implies

the relations

o~ a ~ a ~ a ~ a
@) a11= 22 a22_ 1 a12_ 12 a21_ 21

The a*! are defined by the convolution

k1 km _In
a =g g amn

Our equation can therefore be written in the form

... ~kla kil km 1
(i) 2 —=(g g™ —g g")amn

where the dummy indices i,j have been changed into m,n . The values of the coefficients of

4 can be determined by inspection. Many of them cancel and we are left with the following

correspondences:

mn=11 kl1=22 —(g”g" _(g12)2)=l
g

mn=22 k,I=11 —>l
g

m=1n=2 k=11=2 —)—l

g

1
m=2n=1 k=21=1 —»-——

g
The equation (ii) then reduces to the relations:
a113_12122 5223_la11 22 1, 5213__12121

g g g g g g 8

which are clearly equivalent with (i). The given identity is thus verified.
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EX12 If g5 \/g is to be a tensor, then the transformation €y JE — €pqr Jﬁ must obey the

equation

ouP gud aut _  ~
oul ouk ou! “par Ve

Now, according to the definition of €4 , the following relation holds:

EikivE =

ouP oud au’ @ for pair permutation of indicesi,k,1
ou Ou" Ou 0

otherwise

where @ is the functional determinant

aﬁl

®=51 .

On the other hand, the quantity g transforms according to the relations

_ — 8
g=g0% ; Jg= —‘C
()
Hence in the product on the r.h.s. of our equation @ is eliminated and we obtain

J§ for pair permutation of indicesi,k, 1

g=1—4Jg for impair
0 otherwise

"

in accordance with the defining identity of € . This proves the validity of the proposition.
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EX13 The surface F is related to the vector product of E and n as follows:
- 12 -5 - 2
F2 _—.[g T]] =§2112 —(g,n) Laplace CZ

In terms of contravariant components &' ,n' the vectors are

E:ti‘gi s ﬁ:tmnm
We then have

g2 =(‘( iE..i)( ‘(kik)=gik§i<§k 2 =gman™n"  and

kmn

£272 = g 8mnd £ N
(E ,ﬁ)=( “Ci 'Ck)ﬁink = gikE'n"

E.7) = giemt'e™n 0"

taking the difference we obtain

F2=8%7% - &, n) = gikEmn& " (™ ~E™n" )
The non zero values of the paranthesis are
k=1m=2 ¢&'n?2-£2q'=

k=2 m=1 Exql-gly?=

and hence

F2 = A(gi1g2n — 228 m)E "

The non zero values of the new paranthesis are
i=1n=2 gugp-gh=¢

i=2n=1 g3 —gng="8

yielding

F2 Ag(gl 2 §2nl)=A2g

Thus finally

F=yza=Jg(t'n? -&%n')=Veswt n'  qed



s

EX14 We start from the expression for Christoffel symbols of the 1st kind

(1) Top = 1(6§pr 3 O8pq +5gqr) .

Pr 2ot ow'  ouP

Keeping the derivatives general, we write

_ oul ouk

b= gl o

%Bop 0 ol auk)| +6uj ouk %k _.in
2 on® \ou® ouP o on® auP awP

with the following particular values for the indices inside the paranthesis:
(2) 1stterm: a=p P=r p=q
2nd term: oa=p P=q p=r
3rd term: a=q B=r p=p
After substituting these values into the expression for I in its explicit form
o%uk sl 8%u* au
I= + gk »
ouPou® auP  ouPou’ ou®

some terms cancel and we find for the contribution of I to the paranthesis in (1) the result
o%uk  au
suPoud out

The contribution of II can be evaluated by first introducing the relation

3

gik

Ogjk  Ogjk ou'!

4 =
@ ou®  ou! ouP

where the values of p are given by (3).In order to obtain the final form of the transformation

relation, some permutations of dummy indices have to be made on different terms of the

paranthesis, in particular: 1st term k <> 1, 3rd term je1 followedby k<> 1.

Then the contribution of II to the paranthesis becomes

ow auk au' (Ogj1 gk L o8 _, oud auk ou!
ouP oul ouf \auk au'  aul )  auP aud auf
where the defining relation for 'ji ; has been used. By adding this result to that given by (3)

®)] jk,l

we finally obtain from (1) the transformation relation
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_ 2k j i Ak Al
6) T =ﬂ_2u_g.k+iu_iu_6u Cy
PAL ~ P and ot Y i,

The transformation relation for Christoffel symbols of the second kind is obtained by using the

defining relation
(7) Tpq =8"Tpq,r

By substituting the transformation relation

=s _ou" ou’ o%uk oul ou’ ot ou) auk au' mn

P47 o0m o ouPond aut © K ou™ ou” ouP ol owt - O
Using the identities

oul au”  oul ou! ou’

aﬁr aum aum J al—ll' aum
this yields
_s ot otk aas aul auk
Tpq = g"gik +—————8 T,

ou" auPoud ou" ouP oul

and finally with

' I
ggj =8k and g Ty =Tjk

gt otk ad @
ou" ouPoud  ouP oud au” N~

® qu =
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EX15 We want to verify the relation

The proof goes as follows:

a:=u"ja
A=ty T o
. ag=u'fk a

— [ .mp3
a1 =(u IJam)p
Tk =u™[ u"[f @¥pT R + w10 |m
= (o) 07w 0 e - i e
Expliciting the 1st term on the r.h.s. and noticing that ﬁk|p ur|E =5, we obtain
5j||i =u"fju" {amln —~ rgmap} +u™jiam — u““|jiﬁ“|mur|§ar
- umju“.iam"n +a; {u‘|}i - umjiﬁk|mur|E}
where we have used the relation {amln - Fr‘,’map} =y

The last term on the r.h.s. of this equation is zero because of ﬁk|mur|E =81, .The quation

therefore reduces to the initial relation which thus has been verified.
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EX16 Specializing of the tensor € = %(v oo T Vo G) with vP(q") representing small

displacements of a point on an elastic body under the influence of tensions.
1.) cartesian coordinates X,y,Z vl= Ax,v2 = Ay,v3 =Az

2.) cylinder coordinates

PP,z vl :Ap,v2 =A(p,v3 =Az

3.) spherical coordinates r,3,¢ vl= Ar,v2 = AS,V3 =A@

Explicitly we have

€p = %(qug +%§— - 2F(i,pvi)

Christoffel symbols:

1.) cartesian coordinates: q1 =X, q2 =y, q3 =z I"(i,p =0 vanish identically

In the following the Christoffel symbols are determined from geodesics using the Euler-
Lagrange equations

2.) cylinder coordinates q' =p,q> —p,q0=z; §=p%+p2p? +52

(26~ 207 =0 B - pp” =0
%(2p2<‘p)=0—>‘<i>+%b<‘p=o

d .. o

5(22) =0—>z=0

1"212 =—p; F122 = F221 = é the other quantities vanish identically.

3.) spherical coordinates q1 =r,q2 =9,q3 =0 ; $2 =r2 +1292 + 12 sin? 9(p2

i(2r)—(2r92 +2rsin? 9(p2)=0—)r—r92 —rsin? S(p2 =0

dt

d

a(2r29) —(2r?sin9 cos9¢p2)=0->9 +2:9 sin9 cos9¢2 =0
r

—c(l—it—(Zr2 sin’ 39)=0—>9¢ +2cotg99(p+12—r(p=0
r

. 1 . 1
lez =-T F313 =-rsin’ 9 F122 =Fj7‘1 =— F323 =—sin9 cos9 1"133 =F331 =— F233 =I“33’2 = cot g9
r r

the other quantities vanish identically.
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Calculation of the tensor componentnts:
1.) Cartesian coordinates. vi= v; and the Christoffel symbols are zero. The result is

ol afa? ) 1fev? ol

ox 2l x oy 20 x oy

1[av2 aVI] ov2 1(8v2 aVI]

€os =| 7| 2t AT —_— - —+——

2 &x oy dy 20 &x oy
1o a') 1fa? av! s
20ex oy ) 2\ ox oy oz

2.) Cylinder coordinates. Using the Christoffel symbols calculated above, we find

1(0vy Ovp 2 1(ovy 0vq
——+———V2| &13=¢€31=7| Lt
p 2\ 0p Oz

ov
811=—1 €12 78217

op 2\0p 0o
Lova J(éxg%) V3
226(pp<|>233226(paz 3=,

contravariant components:

gn=1 gn= p2 g33 =1 off diagonal elements vanish
_ . g .
vi=gpv' =Vl vy =ggivi =pVe vy=ggivi=v

expliciting the derivatives ov these quantities we finally obtain

ov! 1 ,ov2 ov! 1{ovd ov!
op 2 op 09 2\ 0p Oz
1 ,ov ov! 1 v 1(ovd 5 ov?
oo =| | P =t —=—| S|P AtV —|—+p"—
2\" 9p  Bo 20" o9 2\ ag oz
1o ') 1fe’ | Hov? o
2\ a2 20 P & oz

3.) Spherical coordinates. Applying the same procedure as previously we obtain

ov1 1(ovy oOvy 2 1{ovy oOvy 2
ENN=—Ff E12=€21=5| 5 T e V2] EBBTEN= |t T TV3
or 2\or 09 r 2Var o9

ov 1(ovy ov

ov . .
€33 =23 +sin9 cosdvy + rsin? 9vy
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contravariant components
gn=1 gn-= r? g33 = r2 sin> 9 off diagonal components = 0

V1= z‘%liVl =v! Vo = gzivl :r2v2 V3 = g3ivl =r2 sin2 9v3

With the derivatives of these quantities we finally obtain

1 2 1 3 1

QV_. _1_ rzia_v__*_iv_ — 1'2 Sln29_+zv_

or or o9 0 op

2 1 2 3 2

2 or 09 09 2 09 op
3 1 3 2 3

l r2 sin2 9_6_V_+@_ l 2 sin2 8@—+ 1r2 iv__ r2 sin2 S?L~+r2 sin 9 cos.‘.)v2
2 or oo 2 o9 o o
+rsin2 Sv1
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EX17 We consider the surfaces a.) z = f(x,y) ; b.) F(x,y,z) = 0 ; c.) rotation surfaces

a)z=flxy) x=u y=v

] v | Cun| Cuv | [0

u 1 0 0 0 0| —fy
v 0 1 0 0 0| —f,
f(u,v)| £, fy fuu fuv

ar]

Vv

ik = L fuf;] g=1+fg +1]
f.fy 1+ 1
1+ f2 _fufy
g _ 1+£2 +£2 1+ £2 +£2
_fufy 1+ f2
1+£2 +£2  1+f2 +£2

( “Cu U ‘Cuu>= fuu

1 fuu fuv)
=f k= T/ s
< “Cu A(V tUV> uv bik 1+f2 +f2 (fuv fuv
u v

< ‘(u (v tvv>=fvv

(1 €2 )fuw = 260 f fuy + 1+ £ v

3
J1+£2 +£2

k11 12 2
by =g by +2g “byp +g"byy =

2
b_.ﬁ&&v_—_fﬂ H=%bk K=

b
g d
1+f3+f3 g

therefore, by replacing u,v by the initial notation X,y , we obtain
2 2
(1 £ )fxx — 26, £y fyy +(1 4 £2 )fyy

1
1/1+f,% +fy2

fexfyy — f2y
2 2.2
(1+£5 +1§)

H

b) F(x,y,2)=0 x=u,y=v,z=fuyv)

F(u,v,f{u,v)) =0 deriving with respect to u and v yields
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FU

f,=——2

F, +F,fy =0 F,
F, +F,f, =0 F,
£, =——%

FZ

Fuu +2Ffu + Fzszf +F fu =0
Fuv + Fuzfy + Fy fu + Ffufy + F,f,v=0

Fyy + 2Ffy + FgpfZ + Fyfyy =0

2
1 2F,F, FF
fug =——| Fuu ~ 2 zzzu}
F, F; F;
¢ L [p, Fufe Fufu, FZZF;FVJ
F, F, F, F,
2
2F,,F, F,F
fvv:__l_ Fy, - —YZV zzzv]
F, F, F,

1 (F2+F2 F,F,
gik =

F2\ F,F, F2+F?
oe F2 +F2 + F?
F7
FZ + F? _ FR
g _ F2 +FZ +F; F2 +F2 +F7
___EF, F2 +F2
F3+F3+F§ F3+F3+F§
2 2 2
b'k _ -1/ F12 {Fuqu - 2FuzFqu + FzzFu Fquz - FuszFz - szFqu + FzzFqu
T 2 ) 2 2 2
F& + F\% + F}?‘ Fquz - FuszFz - szFqu + FZZFUF FVVFZ - 2Fszsz +F, Fy

The determinant of the paranthesis can be transformed as follows

2 2 2
Fuqu - 2FuzFqu + FzzFu Fquz - FuszFz - szFqu + FzzFqu F u
1 2 2 2
()= = Fy F2 - F F F, = By FuF, +F, R\ F By Fy —2F, F F, + F,Fy F,
z 0 0 F,

Multiplying the 3rd column successively with F,F, ,F,Fy, ,—FyFz; ,— Fy F,, and adding it

to the first and the 2nd column respectively, we obtain

|



FuF, —FyFy  FwF -FiFy  Fu
(-)=F[FuFz ~Fy,Fu  FwF-FFy  Fy

FuFz —~FzFy  FoFr—FiFy
This determinant can be cast into the form

0 Fy Fy F,

() =F7 Foo P Fav o Pzl e thus find
FV FVU I::VV FVZ

FZ FZU FZV FZZ

0 F, F, F,
FU Fuu FUV FUZ
FV Fvu F \'A% F vZ
b — __1__ FZ F Zu FZV FZZ
FZ2 F& + Ff,)‘ + FZ2

and from the relation for bt given above in terms of f,, f,, etc
I {(Fv2 + B2 JFuu +(F2 +F2 Ry +(FS + 7 )FZZ}

3
2+ 72+ 52 (-2FuFyFuy — 2FuFoFy; = 2R F

Identifying again u,v with x,y we thus obtain the results

bl =—

g1 1 (F)% +F22)FXX +(F3x +F22)Fyy +(F)% +Fy2)Fzz
2 \/m3 “2F,F F,, - 2F,F,Fy, — 2F, F,Fy,
o F F F
Fy Fo FEy Fyg ,
Fy F}’X Fyy Fyz A
(M P Py Fu

(F2 +F2 +F2)?

¢.) Rotation body. We treat this problem as a special case of b.) —
r=y@ 1’=y’@=f@=x+y’ /
x2 +y2 —f(2)=0=F(x,y,z) with r?=£(z) >
F,=2x F, =2y F,=-f q -~
Fu=2 F,=2 F,=-f" '=E -;.5

Fo, =0 F,=0 F,=0
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. 1 (f'z +4x*  4xy } o 4x? +4y% + 12
k =—75 =
K g2 Axy 2 +4},2 2
4y2 + 2 B 4xy
ik 4x2 + 4y2 +£2 4x> +4y2 + 2
4xy -4y2 + 2

4x2 +4y2 + f'2 4x*2 +4y2 +f'2

b 1 1 (vaz —4X2f” _4ny,. }
ik =7~

£ \[4x2 +4y2 +£2 U —dxyf" 2f’2_4y2f"
b—_"'_f'2—2(x2 +y>)f"

f'2 4x2 +4y2 +f‘2

m=lpk=- ! {2(4y2 +02)204x2 +£2)-(4x% + 4y2)f”}
2 24x2 +4y? + 172
K=4—- 2, (1242
(4x% +4y? +1'%)
Examples
1.) Cylinder r2=f(z)=const f'=f"'=0
1 5 o2 82 1
K=0 H=- 3(8x +8y°)=——-=-—asit should be

.3 2
244x2 + 4y? l6r f

2.) Sphere r? =f(2:)=r2 72 f'=-2z " =22
1

H=— {2(4y2 +422)+2(4x2% + 422y + 2(4x% + 4y2)} _ !
2 4.2 r
2\/2}( +4y“ +4z
472 v 4(x* +y%) 1
K=4 2, 4.2°2 2
(4x +4y”° +4z7) r

as it should be.



EX18 Special parameter lines
1.) Geodesic lines
From the relation established in EX6

$2 = (R+rcosv)?a? + r2{?

we deduce the following Euler - Lagrange equations with t replaced by s and '= di :
S

(1) r2v"'+2r(R +rcosv)sinvu® =0

(2) (R+rcosv)u''-2rsinvu'v'= 0 ;

by combining these two equations we further have

3) 2r°v'v'+(R+r cosv)2 uw'u'=0

In order to obtain the parameter lines we set successively u = const and v = const

a.) withu = const , u’= 0 eq.(1) yields v''=0—>v=as+b

. S 1
where the constgt\s are determined from s=vr v=——a=— b=0

r r
n

b.) with v = const v’ =v" =0¢q (2) yields (R +rcosv)“u'u''=0 or integrated over s :

(R+rcosv) w?=A and uz—dA—s+B.TheconstantsareA=l,B=Osince
R +rcosv

s obeys the relations =(R+rcosv)u.

We thus conclude that u = const and v = const are the required parameter lines

Curvature

We start from the equation

2
b-M(gxnbi1 +811b22) +A7g

and use the following quantities calculated in EX6 :

(R+rcosv)2 0] (bs) (—(R+rcosv) cosv Oj
ik )=

(gik)=( . 5 0 .

T
g=r2 (R+rcosv)2 b=r(R+rcosv)cosv
The quadratic equation now takes the form

7\,2r(R +rcosv)+A(2rcosv+R)+cosv=0

Solving this equation we obtain
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_ —R—-2rcosvz R
2r(R + rcosv)

Mo =

The curvature radii thus obey the relations

r __1____(_:28_\’__ . A ___l
'R, R+rcosv 27

yielding for the curvatures the results

H=1(¢+_1_)=_1 R

2\R; Ry 2 r(R+rcosv)
K= 1 1 cosV

R; R, r(R+rcosv)
2.) Curvature lines

These lines are calculated from the defining equation

—(R +rcosv)cosv R+t cosv)2 dv?
0 0 —dudv |=0
-r r? du?

Explicitly the determinant reduces to a very simple value and one finally obtains

du dv = 0 . Therefore with du = 0 or d v = 0 the curvature lines are just the parameter lines
u = const and v = const.

3.) Asymptote lines

These are defined by the relation

byydu +bydvZ =0

With the values of b;; boy calculated in EX6 we thus obtain

(R+rcosv) cosvdu2 +rdv2 =0

yielding the solution

du =% T and hence
dv (R+rcosv)cosv

u=1f — dv
(R +rcosv)cosv

. . . . . T 3m . . .
This expression represents a real quantity only in the region 5 <v< 5 i.e. in the inner part of

the torus where with b< 0 the curvature is hyperbolic. We therefore write the integral in the

form



12 F

'

A
u=t | dn+ug

w2 V(R+T cos™) cosm

with the maximum value of v equal—32E _Furthermore we choose foru the value which makes

u(n)=0 ie. the value

_n -r

ug =+ I dn
a2 VR+T cos™M)cosm

Clearly we then have

n 3n (nj “(3712) du
V=—,— ul—1!|= —_— 0 5 —-:iw

22 2 2 dv

du r
V=T u(n)=0; —=
(m) d R-r

From the curve obtained in this way ( see figure) all the other parameter lines are generated by

vertical translation upwards or downwards (where it is assumed that the torus is placed in a

vertical position).

. G S— W O om—— o oo
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EX19 Number of components of Riemann’s curvature tensor for a partial space Ty, of the
R, (m<n)
Riemann’s curvature tensor: Rixim

We divide the components into the following 5 groups depending of the distribution of their

indices:

1.) all 4 indices are equal notation 4

2.) 3 indices are equal ¢ (3+1)

3.) ever 2 indices are equal ¢ (2+2)

4.) 2 indices are equal, the 2 others are mutually different © (2+1+1)
5.) all 4 indices are mutually different ¢ (1+1+1+1)

In the following table the second line contains the number of each of the above groups, the
third line the number of elements contained in one group and the forth and fifth line the

indication of how many of these elements vanish or not vanish respectively.

notation 4) (3+1) (2+2) 2+1+1) | (1+1+1+1)
m m m m
number of groups m 2( ] ( ) 3( ) ( )
2 2 3 4
. 4! 4! 4!
nb. of elements in 1 group 1 —=4 —=06 —=12 41 =24
3! 212! 2!
among them vanish 1 4 2 4 0
among them vanish not 0 0 4 8 24
1st column | 2nd column | 3rd column | 4th column 5th column

m
Explanation: the factor 2 in 2(2] (2nd column) arises because, given two indices, there are 2
possibilities that either one or the other is the one which appears three times. A similar
m
argument holds for the factor 3 in 3(3) of the third column.

The numbers in the 3rd line follow from the consideration that, if starting with the 4!
permutation po ssibi]it/is inside a group, permutation of equal indices does not generate new

members, so that one must divide by the number of permutation possibilities of equal indices.
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The numbers of the 4th line are understood immediately given the fact that all those
components of the Riemannian curvature tensor vanish, for which the indices in the 1st and
2nd or the 3rd an 4th position are respectively equal..

The relations for the components of the Riemannian curvature tenso, used in what follows, are
(1) Rigm =Rimik = —Rkilm = —Rikm1 hence for instance Rllln:= —Rijm =90

) Rim +Rikm +Rilim =0

The questi(}\ of independent components can be answered by means of these relations as

follows:

3rd column, the 4 non zero elements are, according to relation (1) ,not mutually essentially

different, therefore only one independent component.

4th column: as above: only one independent component

Sth column: from relation (1) one obtains 3 essentially different components but according to
(2) they are dependent; remain two independent components.
Hence the number of components of the Riemannian curvature tensor are:

1.) total number of components:

m m m 4
Zij=mel+2 e6+3 o122+ e24=m
2 3 4

2.) number of vanishing components:

Zy=mel+2 °4+ ©2+3 e4=m“(2m-1)
2 2 3

3.) number of non vanishing components

z —4(m) 24(m] 24(““)— 2(m—1)2
3=4, + 3 + 4 =m“(m-1)

4.) number of independent components
Zy4 =(m) o1+ 3(m) -1+[mj -2=—1—m2(m2 -1)
2 3 4 12

Remark: one can easily conceive that the above formulae are valid for for m<4 as well.
Although in this case the balance of components yields a different expression (valid only for

one given m), the numerical result is the same.
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Synthesis of the results:
total number | vanish vanish not nb. of independent comp.
m m* m2(2m-1) | m?>(m-1)? émz (m? - 1)
1 1 1 0
2 16 12 4 1
3 81 45 36 6
4 256 112 144 20
5 625 225 400 50
6 1296 396 900 108
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EX20 Prove the following relation valid for a surface inthe R3: K=-——

Defining relation: Ry = g ™Riim

12

For a surface in theR 3 we have g11 -822 g12 -5 g =B

g

and the non vanishing components of Ry, are

Rizi2 =b Rpp1=b Rypy=-b Ryypp=-b

We thus obtain
i 2 2 11
Ry; =g ™Rjjim =22 Ro1pp = —bg? =-b=1t
i 21 21 g
Ry =g™Rjjom =8 Rop21 =bg” = —b=12
i 12 12 g21 with g12 =821
Ry =¢"Ri2im =2 “Ria12 =bg “ =-b="~
i 11 11 g
Ry =g™Rippm =8 Rip1=-bg = —b=22

and therefore

. b
Ry = —bgkl =-Kgiq with K=—
g g

yielding finally
K=- Ri qed
gkl

EX21 Show that K:-%

with R=ghRy; .
Ry =-Kgy therefore R= —gklgkl *K= —B%K =-2K

where gklgkl = 8{ =2 has been used.
Thus finally

R
K=-— qed
5 4





