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Preface

These notes originate from a graduate course given at the University of
Pisa during the spring semester 2007. They were completed while the author
was visiting the Centro di Ricerca Matematica Ennio De Giorgi in february
2008. The author thanks both institutions for their warm hospitality.

The main objective is to present at the level of beginners an introduction
to several modern tools of micro-local analysis which are useful for the math-
ematical study of nonlinear partial differential equations. The guideline is to
show how one can use the para-differential calculus to prove energy estimates
using para-differential symmetrizers, or to decouple and reduce systems to
equations. In these notes, we have concentrated the applications on the well
posed-ness of the Cauchy problem for nonlinear PDE’s. It is important to
note that the methods presented here do apply to other problems, such as,
elliptic equations, propagation of singularities (see the original article of J-
M Bony [Bon]), boundary value problems, shocks, boundary layers (see e.g
[Mé1, Mé2, MZ]). In particular, in applications to physical problems, the use
of para-differential symmetrizers for boundary value problems is much more
relevant for hyperbolic boundary value problems than for the hyperbolic
Cauchy problem where there are more direct estimates, relying on symme-
try properties that are satisfied by many physical systems. However, the
analysis of boundary value problems involve much more technicalities which
we wanted to avoid in these introductory lectures. The Cauchy problem is
a good warm up to become familiar with the technics.

These notes are divided in three parts. Part I is an introduction to
evolution equations. After the presentation of physical examples, we give
the bases of the analysis of systems with constant coefficients. The Fourier
analysis provides both explicit solutions and an exact symbolic calculus for
Fourier multipliers, which can be used for diagonalizing systems or con-
structing symmetrizers. The key word is hyperbolicity. However, we have
restricted the analysis to strongly hyperbolic systems, aiming at simplicity



and avoiding the subtleties of weak hyperbolicity.

In Part II, we give an elementary and self-contained presentation of the
para-differential calculus which was introduced by Jean-Michel Bony [Bon]
in 1979. We start with the Littlewood-Paley or harmonic analysis of classical
function spaces (Sobolev spaces and Holder spaces). Next we say a few words
about the general framework of the classical pseudo-differential calculus and
prove Stein’s theorem for operators of type (1,1). We go on introducing
symbols with limited smoothness and their para-differential quantization as
operators of type (1,1). A key idea from J-M.Bony is that one can replace
nonlinear expressions, thus nonlinear equations, by para-differential expres-
sions, to the price of error terms which are much smoother than the main
terms (and thus presumed to be harmless in the derivation of estimates).
These are the para-linearization theorems which in nature are a lineariza-
tion of the equations. We end the second part, with the presentation of an
approzimate symbolic calculus, which links the calculus of operators to a cal-
culus for their symbols. This calculus which generalizes the exact calculus
of Fourier multipliers, is really what makes the theory efficient and useful.

Part IIT is devoted to two applications. First we study quasi-linear hy-
perbolic systems. As briefly mentioned in Chapter 1, this kind of systems is
present in many areas of physics (acoutics, fluid mechanics, electromagntism,
elasticity to cite a few). We prove the local well posedness of the Cauchy
problem for quasi-linear hyperbolic systems which admit a frequency de-
pendent symmetrizer. This class is more general than the class of systems
which are symmetric-hyperbolic in the sense of Friedrichs; it also incorpo-
rates all hyperbolic systems of constant multiplicity. The key idea is simple
and elementary :

- 1) one looks for symmetrizers (multipliers) which are para-differential
operators, that means that one looks for symbols;

- 2) one uses the symbolic calculus to translate the desired properties of
the symmetrizers as operators into properties of their symbols;

- 3) one determines the symbols of the symmetrizers satisfying these
properties. At this level, the computation is very close to the constant
coefficient analysis of Part I.

Though most (if not all) physical examples are symmetric hyperbolic in the
sense of Friedrichs, it is important to experiment such methods on the sim-
pler case of the Cauchy problem, before applying them to the more delicate,
but similar, analysis of boundary value problems where they appear to be
much more significant for a sharp analysis of the well posed-ness conditions.

The second application concerns the local in time well posedness of the

Cauchy problem for systems of Schédinger equations, coupled though quasi-



linear interactions. These systems arise in nonlinear optics: each equa-
tion models the dispersive propagation of the envelop of a high frequency
beam, the coupling between the equations models the interaction between
the beams and the coupling is actually nonlinear for intense beams such
as laser beams. This models for instance the propagation of a beam in a
medium which by nonlinear resonance create scattered and back-scattered
waves which interact with the original wave (see e.g. [Blo, Boy, NM, CCM]).
It turns out that the system so obtained is not necessarily symmetric so that
the energy estimates are not obtained by simple and obvious integrations
by part. Here the symbolic calculus helps to understand what is going on.
We use the symbolic-paradifferential calculus to decouple the systems and
reduce the analysis to scalar equations. At this stage, the para-differential
calculus can also be used to treat cubic interactions. The stress here that
the results we give in Chapter 8 are not optimal neither the most general
concerning Schodinger equations, but they appear as direct applications of
the calculus developed in Part II. The sharp results require further work
(see e.g. [KPV] and the references therein).
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Introduction to Systems



Chapter 1

Notations and Examples.

This introductory chapter is devoted to the presentation of several classical
examples of systems which occur in mechanics or physics. From the notion
of plane wave, we first present the very important notions of dispersion
relation or characteristic determinant, and of polarization of waves which
are of fundamental importance in physics. From the mathematical point of
view, this yields to introduce the notion of symbol of an equation and to
study its eigenvalues and eigenvector. We illustrate these notions on the
examples.

1.1 First order systems

1.1.1 Notations

We consider N x N systems of first order equations

d
(1.1.1) Ao(t, z,u)0mu + Z Aj(t,z,u)0p,u = F(t, 2, u)
j=1

where (t,r) € R x R? denote the time-space variables; the A; are N x N
matrices and F is a function with values in RY; they depend on the variables
(t,x,u) varying in a subdomain of R x R% x RV,

The Cauchy problem consists in solving the equation (1.1.1) together
with initial conditions

(1.1.2) ujr—o = h.



We will consider only the case of noncharacteristic Cauchy problems, which
means that Ag is invertible. The system is linear when the A; do not depend
on v and F' is affine in u, i.e. of the form F(t,x,u) = f(t,z) + E(t, z)u.

A very important case for applications is the case of systems of conser-
vation laws

d
(1.1.3) Orfo(u) + > O f5(u) = 0.
j=1

For smooth enough solutions, the chain rule can be applied and this system
is equivalent to

d

(1.1.4) Ap(u)dhu+ Y Aj(u)dy;u =0
j=1

with A;(u) = V. fj(u).

Consider a solution ug and the equation for small variations u = ug+ev.
Expanding in power series in ¢ yields at first order the linearized equations:

d
(1.1.5) Ap(t, x,up)0pv + Z Aj(t,z,u0)0zv + E(t, w)v =0
j=1
where
d
E(t,z,v) = (v- V,A0)0ruo + Z(v VuA;j)Opup — v - Vo F
j=1

and the gradients V,A; and V, F' are evaluated at (¢,z,uo(t,x)).
In particular, the linearized equations from (1.1.3) or (1.1.4) near a con-
stant solution wuy(t, ) = u are the constant coefficients equations

(1.1.6) Ao(uw)Oru + Y Aj(w);u = 0.

1.1.2 Plane waves

Consider a linear constant coefficient system:

d
(1.1.7) Lu = Agdyu+ Y AjOpu+ Eu=f
j=1

10



Particular solutions of the homogeneous equation Lu = 0 are plane waves:
1.1.8 u(t, z) = 7Tty
9

where (7, &) satisfy the dispersion relation :

d
(1.1.9) det (itAg+ > igA;+ E) =0
j=1

and the constant vector a satisfies the polarization condition

d
(1.1.10) a € ker (itAg+ Y i&;A; + E).
j=1

The matrix i7Ag + 2?21 i§;Aj + E is called the symbol of L.

In many applications, the coefficients A; and E are real and one is in-
terested in real functions. In this case (1.1.8) is to be replaced by u =
Re (eitT-i-izfa)‘

When A is invertible, the equation (1.1.9) means that —7 is an eigen-
value of 3" & Ayt A —iAg'F and the polarization condition (1.1.10) means
that a is an eigenvector.

In many applications and in particular in the analysis of the Cauchy
problem, one is interested in real wave numbers ¢ € R?. The well posedness
for ¢ > 0 of the Cauchy problem (for instance in Sobolev spaces) depends on
the existence or not of exponentially growing modes €™ as |¢| — oco. This
leads to the condition, called weak hyperbolicity that there is a constant C'
such that for all £ € RY, the roots in 7 of the dispersion relation (1.1.9)
satisfy Im 7 > —C. These ideas are developed in Chapter 2.

The high frequency regime is when |[£| > |E| (assuming that the size
of the coeflicients A; is ~ 1). In this regime, a perturbation analysis can
be performed and L can be seen as a perturbation of the homogeneous
system Lo = A0y + > A;jOz;. This leads to the notions of principal symbol

iTAp + Z?Zl i&;A; and of characteristic equation
d

(1.1.11) det (Ao + Y _&A;) =0.
j=1

Note that the principal symbol and the characteristic equation are homoge-
neous in §, so that their analysis can be reduced to the sphere {|¢| = 1}. In

11



particular, for an homogeneous system Ly weak hyperbolicity means that
for all £ € R?, the roots in 7 of the dispersion relation (1.1.11) are real.

However, there are many applications which are not driven by the high
frequency regime |£| > |E| and where the relevant object is the in-homogeneous
dispersion relation (1.1.9). For instance, this is important when one wants
to model the dispersion of light.

1.1.3 The symbol

Linear constant coefficients equations play an important role. First, they
provide examples and models. They also appear as linearized equations (see
(1.1.6)). In the analysis of linear systems

d
(1.1.12) Lu = Ag(t,2)0pu + > Aj(t,)0,u + E(t, x)u,
j=1
and in particular of linearized equations (1.1.5), they also appear by freezing
the coefficients at a point (¢, ).
This leads to the important notions of principal symbol of the nonlinear
equation (1.1.1)

d
(1.1.13) L(t,x,u,7,8) :=iTAp(t,x,u JrZ’ij i(t,z,u),
j=1
and of characteristic equation :
d
(1.1.14) det (TAo(t,z,u) + > &A;(t, z,u)) =0,
7=1

where the variables (t,z,u,7,{) are seen as independent variables in the
phase space R4 x RN x R4,

An important idea developed in these lectures is that many properties
of the linear equation (1.1.12) and of the nonlinear equation (1.1.1) can be
seen on the principal symbol. In particular, the spectral properties of

ZSJ Yt z,u)Aj(t, z,u).

are central to the analysis. Properties such as reality, semi-simplicity, mul-
tiplicity of the eigenvalues or smoothness of the eigenvalues and eigenpro-
jectors, are crucial in the discussions.

12



1.2 Examples

1.2.1 Gas dynamics
General Euler’s equations

The equations of gas dynamics link the density p, the pressure p, the velocity
v = (v1,v2,v3) and the total energy per unit of volume and unit of mass F
through the equations:

Op + div(pv) =0
(1.2.1) O¢(pvj) +div(pvv;) +0p=0 1<j<3
O E + div(pEv 4 pv) =0

Moreover, E = e+|v|?/2 where e is the specific internal energy. The variables
p, p and e are linked by a state law. For instance, e can be seen as a function
of p and p and one can take u = (p, v, p) € R® as unknowns. The second law
of thermodynamics introduces two other dependent variables, the entropy
S and the temperature 7" so that one can express p, e and T as functions
P, € and T of the variables (p, S), linked by the relation

(1.2.2) d€ = TdS + Bzdp.
p

One can choose u = (p,v,S) or u = (p,v,S) as unknowns. The equations
read (for smooth solutions):

Op + div(pv) =0
(1.2.3) p(Owwj+v-Vouj)+0;p=0 1<5<3
S +v-VS=0

with p given a a given function P of (p,S) or p function of (p,5).
Perfect gases. They satisfy the condition

(1.2.4) P _Rr
P

where R is a constant. The second law of thermodynamics (1.2.2) implies

that P P
d€ = ——dS+ =d
Ry T 2%

thus
o€ P ot P o€ o€
= — and

9S "Ry 0p 2 Pap o5 ="

13



Therefore, the relation between e, p and S has the form
(1.2.5) e=E(p,S) = F(peR).

Thus the temperature ' = 7 (p, S) = %5 = G(pe/F) with G(s) = ZF'(s).
This implies that T is a function of e:

(1.2.6) T = W(e) = %G(F‘l(e)).

A particular case of this relation is when W is linear, meaning that e is
proportional to T"

(1.2.7) e=CT,
with C constant. In this case
%sF'(s) =CF(s), thus F(s) = AsTC.
This implies that eand p are linked to p and S by
(128)  e=p el p= (v = 1)p7eCT0) = (y — 1)pe,
with v =14 RC.

The symbol
The symbol of (1.2.3) is

0 & & & 0

&4 0 0 0 0

(1.2.9) i(T4+v-Od+i|c? 0 0 0 0
& 0 0 0 0

0 0 0 0 0

where ¢? := %(p, S). The system is hyperbolic when ¢? > 0. For & # 0,

the eigenvalues and eigenspaces are

(1.2.10) T=-v-¢ Ey={p=0,0veet},
3
|7

(12.11)  r7=-v-&xcl¢], Er={v= j:c2p|£

S =0}.

14



The isentropic system
When S is constant the system (1.2.3) reduces to

{ Op + div(pv) =0

(1.2.12) ,
p(Owj+v-Vuj)+0;p=0 1<5<3

with p and p linked by a state law, p = P(p). For instance, p = ¢p? for
perfect gases satisfying (1.2.8).
Acoustics

By linearization of (1.2.12) around a constant state (p,v), one obtains the
equations

Or+v-V)p+ pdive =
(1.2.13) (O Jp+p ) f |
PO +v-V)vj+cOjp=g; 1<j<3
where ¢? := %(3) Changing variables x to « — tv, reduces to
Oip + pdive =
(1.2.14) ey d
pov +c“Vp = g.

1.2.2 Maxwell’s equations

General equations

The general Maxwell’s equations read:
oD — ccurlH = —j,
0:B + ccurlE = 0,
divB =0,
divD = ¢q

(1.2.15)

where D is the electric displacement, E the electric field vector, H the
magnetic field vector, B the magnetic induction, j the current density and
q is the charge density; c is the velocity of light. They also imply the charge
conservation law:

(1.2.16) dyq + divj = 0.

To close the system, one needs constitutive equations which link E, D, H,
B and j.

15



Equations in vacuum

Consider here the case j =0 and ¢ = 0 (no current and no charge) and
(1.2.17) D =c¢FE, B = pH,

where ¢ is the dielectric tensor and u the tensor of magnetic permeability.
In vacuum, € and p are scalar and constant. After some normalization
the equation reduces to

O+FE — curlB =0,
0¢B + curlE = 0,
divB = 0,
divEk = 0.

(1.2.18)

The first two equations imply that 0;divE = didivB = 0, therefore the
constraints divE = divB = 0 are satisfied at all time if they are satisfied at
time ¢t = 0. This is why one can “forget” the divergence equation and focus
on the evolution equations

O+FE — curlB =0,
(1.2.19)
0B + curlE = 0,
Moreover, using that curl curl = —Ald 4 grad div, for divergence free fields

the system is equivalent to the wave equation :
(1.2.20) O}F — AE =0.

In 3 x 3 block form, the symbol of (1.2.19) is

0 —& &
(1.2.21) irld + 4 (_OQ g) , Q=1-&4 0 &
& —& 0

The system is hyperbolic and for £ # 0, the eigenvalues and eigenspaces are

(1.2.22) 7=0, Eg={({xE=0,&xB=0},
fxE
G

(1.2.23) r=%[¢], Er={FEe¢-, B=7F

16



Crystal optics

With j =0 and ¢ = 0, we assume in (1.2.17) that p is scalar but that ¢ is a
positive definite symmetric matrix. In this case the system reads:

Oy(eE) — curlB = 0,
(1.2.24) { HeE) - our

0yB + curlE = 0,
plus the constraint equations div(eE) = divB = 0 which are again propa-

gated from the initial conditions. We choose coordinate axes so that ¢ is
diagonal:

a; 0 0
(1.2.25) el=1 0 a 0
0 0 oy

with a3 > as > as. Ignoring the divergence conditions, the characteristic
equation and the polarization conditions are obtained as solutions of system

(1.2.26) L(r,€) < g > = (:g B E_lg(i }B)> ~ 0.

For £ # 0, 7 = 0 is a double eigenvalue, with eigenspace Eg as in (1.2.22).
Note that these modes are incompatible with the divergence conditions. The
nonzero eigenvalues are given as solutions of

E= s_l(g X B) , (72 + Q(f)e_lﬁ(f))B =0
where Q(&) is given in (1.2.21). Introduce
—ané3 3182 28183
A(E) = QeI = | as&ile —aéd — asé? 18283
28183 18283 —a1&5 — o}
Then
det(r? + A(€)) = 72 (7" = W(E)7* + [¢[* D(¢))
with

T(€) = (a1 + 2)€2 + (ag + a3)€? + (a3 + a1)é&5
(I’(f) = a1a2§§ + 0420435% + 043C¥1£% .

The nonvanishing eigenvalues are solutions of a second order equations in
72, of which the discriminant is

V2(E) — 4lEPR(¢) = P2+ Q

17



with
P =(a; — )&+ (a3 — )€} + (a3 — a1)&3

Q = 4(a1 — ag)(on — 3)€365 > 0.

For a bi-axial crystal ¢ has three distinct eigenvalues and in general P?+Q #
0. In this case, there are four simple eigenvalues

i%(\l!i (P2+Q)%)%.

The corresponding eigenspace is made of vectors (E,B) such that F =
5*1(§ x B) and B is an eigenvector of A(&).
There are double roots exactly when P? 4+ @Q = 0, that is when

(1.2.27) §=0, &l +aslf =m(G+&8) =17,

Laser - matter interaction

Still with j = 0 and ¢ = 0 and B proportional to H, say B = H, the
interaction light-matter is described through the relation

(1.2.28) D=E+P

where P is the polarization field. P can be given explicitly in terms of F,
for instance in the Kerr nonlinearity model:

(1.2.29) P = |E’E.

In other models P is given by an evolution equation:
1

(1.2.30) — P+ P —a|PPP=+E
w

harmonic oscillators when a = 0 or anharmonic oscillators when o # 0.
In other models, P is given by Bloch’s equation which come from a more
precise description of the physical interaction of the light and the electrons
at the quantum mechanics level.
With @Q = 9, P, the equations (1.2.15) (1.2.30) can be written as a first
order 12 x 12 system:

OFE —curlB+Q =0,

0B + curlE = 0,

0P —-Q =0,

Q + w?P — w*yE — w?a|P|?P = 0.

(1.2.31)
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The linearized system around P = 0 is the same equation with o = 0. In
this case the (full) symbol is the block matrix

0 2 0 Id
- 0 0 0

0 0 0 -Id
—w?y 0 w0

iTld +

The characteristic equations read
B+ P)—€x B =0,
TB+¢x E =0,
(w? = 72)P = wHE, Q=irP.
The eigenvalue 7 = 0 has multiplicity 2 with eigenspace
Eo={{xE=0,(xB=0, P=~E, Q=0}.

Next, one can remark that 7 = w is not an eigenvalue. Thus, when 7 # 0,
the characteristic system can be reduced to

2

w . .
P14 2 )E+Ex(ExE) =0
w? — 71
together with
E 2 .
o tXE p_ B Q=irP
T w? —T

This means that 7% (1 + w;’fiz) is an eigenvalue of £ x (£ x -), thus the non
vanishing eigenvalues are solutions of

Yw?

(1.2.32) 72(14 ) = [¢]*.

W2 _ 72

Multiplying by w? — 72, this yields a second order equation in 72. For & # 0,
this yields four distinct real eigenvalues of multiplicity two, with eigenspace
given by
. . X B .
E={Be¢, p=-S*E p_
T

w2 —71

Yw?

JB. Q=irP).

Note that the lack of homogeneity of the system (1.2.31) (with o = 0) is
reflected is the lack of homogeneity of the dispersion relation (1.2.32). For
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wave or Maxwell’s equations, the coefficient n? in the dispersion relation

n?72 = |¢|? is called the index of the medium. For instance, in vacuum the

index is ng = 1 with the choice of units made in (1.2.18). Indeed, nﬂo is
related to the propagation of light in the medium (whose proper definition
is %). An interpretation of (1.2.32) is that the index and the speed of
propagation depend on the frequency. In particular, this model can be used
to describe the well known phenomenon of dispersion of light propagating
in glass.

1.2.3 Magneto-hydrodynamics
A model

The equations of isentropic magnetohydrodynamics (MHD) appear in basic
form as

Op + div(pu) =0

(1.2.33) d¢(pu) + div(pu'u) + Vp + H x curlH = 0
OH + curl(H x u) =0

(1.2.34) divH =0,

where p € R represents density, u € R? fluid velocity, p = p(p) € R pressure,
and H € R? magnetic field. With H = 0, (1.2.33) reduces to the equations
of isentropic fluid dynamics.

Equations (1.2.33) may be put in conservative form using identity

(1.2.35) H x curlH = (1/2)div(|H|*T — 2H'H)" + HdivH
together with constraint (1.2.34) to express the second equation as
(1.2.36)  Ou(pu) + div(puu) + Vp + (1/2)div(|H|[*T — 2H'H)™ = 0.

They may be put in symmetrizable (but no longer conservative) form by a
further change, using identity

(1.2.37) curl(H x u) = (divu)H + (v - V)H — (divH )u — (H - V)u
together with constraint (1.2.34) to express the third equation as

(1.2.38) OH + (divu)H + (u-V)H — (H - V)u = 0.
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Multiple eigenvalues

The first order term of the linearized equations about (u, H) is
Dip+p+u

(1.2.39) Dyt + ptVp+ p~ H x curlH
DH + (+u)H — H - Vi

with Dy = 9; +u -V and ¢ = dp/dp. The associated symbol is
5+ pl& - 1)

(1.2.40) Fu4ptpE 4+ p T H x (€ x H)
FH+ (&-0)H — (H- &)

with 7 = 7 4+ u - £&. We use here the notation £ = (£1,&2,&3) for the spatial
frequencies and

§:|§\$, u”:éu, uL:u—u”é:—éx(éxu).

We write (1.2.40) in the general form 7Id + A(U,§) with parameters
U = (p,u, H). The eigenvalue equation A(U, &)U = AU reads

Ap = piy,

phiyy = c?p+ H, - H.,
(1.2.41) pMiy = —HHy,

NH | =iy H, — Hyi,,

AH| =0,

with A = X\ — (u€). The last condition decouples. On the space
(1.2.42) Eo(&) ={p=0,a4=0, H =0},

A is equal to Ao := u - €. From now on we work on Eg = {HH = 0} which is
invariant by A(U,¢). _

Consider v = H/\/p, v = H/\/p and & = p/p. The characteristic system
reads:

Ao =1

Ny = 2o+ vy -0
(1.2.43) o o
AU = _UHi}i

A'l.)J_ ZT'LH'UJ_ —U||?:LJ_
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Take a basis of ¢+ such that v; = (b,0) and let a = v||- In such a basis, the
matrix of the system reads

A =100 0 0
— A 00 =b 0
N 0 0 XNO a O
1.2.44 A— A= -
( ) A 0 0 0 X 0 a
0 —=b a0 X 0
|0 0 0 a 0 A
The characteristic roots satisfy
(1.2.45) (N2 = a®) (N = a®)(A\? — %) — A??) = 0.

Thus, either

(1.2.46) 2 =a?

~ 1
(1.2.47) N =c} = §<c2 + 1) +/(c2 — h2)2 + 4b2c2)
(1.2.48) N =¢t = %(02 +h?) = /(2 —h?2)2 + 4b202)

with k% = a? + b% = |H|?/p.
With P(X) = (X —a®)(X —¢*) =b*X, {P <0} = [¢},¢}] and P(X) <0

for X € [min(a?, ¢?), max(a?, c?)]. Thus,

(1.2.49) c

(1.2.50) c

max(a?, c?)

min(a?, ¢?)

P I, Y
IN IV

1. The case v # 0ie. w =& x v # 0. Thus, the basis such that (1.2.44)
holds is smooth in £. In this basis, w = (0,b), b = |v | > 0.
1.1 The spaces

Ei(é):{UZO,UH :Oa @LEC(EXU), UL::FUL}

are invariant for A and

(1.2.51) A==+a on E;.
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1.2 In (E; @ E_)*, which is invariant, the matrix of A is

0O 1 0 O

- 2 0 0 —b

(1.2.52) Ay = 0 0 0 -a
0 —=b a 0

Since P(c?) = —b%*c? < 0, there holds ¢2 < ¢? < c?.
1.2.1 ) Suppose that a # 0. Then, P(a?) = —a?c®> < 0 and
2 <a?< c?c. Thus, all the eigenvalues are simple. Moreover, cgc? = a%c?
and ¢2 > 0. The space
S\UJ_ S —av;
-, U] = —=—, V] =€ (C'UJ_}
A2 —¢? A

Fs = {/\{7 — iy, iy =
is an eigenspace associated to the eigenvalue X when \ = +cy and A = +cs.
Here 77 and ¥ denote the first component of 4, and ¥, respectively in the
basis (v, w).

1.2.1 ) Suppose that a is close to 0. Since C?c > ¢? > 0, the spaces

Fic, are still eigenspaces associated to the eigenvalues A = +cy.
By direct computations:

2 2
2 _ Ca 4
Cs—m+0(a )
Therefore,
c? c?
?Hm>0 asa—>0.,.

Therefore, ¢5 = ‘%lcs is an analytic function of a (and b # 0) near a = 0 and

Iﬁi,s(a, b) = Fie,

are analytic determinations of Eigenspaces, associated to the eigenvalues
+¢5. Moreover, the values at a = 0 are

~ — <) N b2
Fio(0,0) = {6 = ——=, i =0, aLz%mecw}

and Fy , NF_, = {0}, thus we still have an analytic diagonalization of Ay.
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2. Suppose now that b is close to zero. At b = 0, the eigenvalues of A
are +c (simple) and +h (double). Assume that ¢ # h2. Note that when
b =0, then |a| = h and

when ¢? > h? cf=c, cs=h,
when ¢? < h? : cp=h, cs=c.
2.1 The eigenvalues close to +c¢ remain simple.

2.2 We look for the eigenvalues close to h. The characteristic equation
implies that

620":5\11” —UJ_‘@J_
(1.2.53)

(5\2 — 62)’11” = S\UJ_ "l'}J_

Eliminating 4, we are left with the 4 X 4 system in et x ¢t

S\'L'LJ_ = —aiu_
(1.2.54) - . A _
M| = —au + 5\2_02(1@®UL)1}L
Thus,
32 2 5\2

Recall that |v; | = b is small. We recover 4 smooth eigenvalues
(1.2.55) +a,  +/a2+00%) =+(a+ O(?)).

(remember that a = +h + O(b?). However, the eigenspaces are not smooth
in v, since they are Rv; and R{ X v; and have no limit at v; — 0.

Summing up, we have proved the following.

Lemma 1.2.1. Assume that ¢ = dp/dp > 0. The eigenvalues of A(U,€)
are

AMN=E&-u
As1 = do % es(§)[¢]
Ao =X £ (- H)/\/p
Atz = do £ cp(§)[€]

(1.2.56)
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with € = £/|¢] and

(1.2.57) cH(€) = %(& +h?) 4+ /(2 — h?2)2 + 4b2c2)
(1.2.58) (€)= %(02 +h?) — /(2 — h2)2 + 4b202>

where h? = |H|?/p, b* = |€ x H|?/p.

Lemma 1.2.2. Assume that 0 < |H|* # pc* where ¢ = dp/dp > 0.

i) When £ - H # 0 and £ x H # 0, the eigenvalues of A(U,&) are
simple.

it) Near the manifold £- H =0, £ # 0, the eigenvalues A3 are simple.
The other eigenvalues can be labeled so that they are smooth and coincide
exactly on {& - H = 0}. Moreover, there is a smooth basis of eigenvectors.

i4i) Near the manifold Ex H = 0, € # 0, X is simple. When |H|?> < pc?
[resp. |H|> > pc? |, Ai3 [resp. Ai1] are simple; Ayo2 # Ao are double, equal
to Ax1 [resp. Ais | depending on the sign of & - H. They are smooth, but
there is mo smooth basis of eigenvectors.

1.2.4 Elasticity

The linear wave equation in an elastic homogeneous medium is a second
order constant coefficients 3 x 3 system

3
(1.2.59) 0fv = > Aj OO0 = f
g.k=1

where the A; are 3 x 3 real matrices. In anisotropic media, the form of
the matrices A;, is complicated (it may depend upon 21 parameters). The
basic hyperbolicity condition is that

(1.2.60) A©) = &bkAj

is symmetric and positive definite for £ # 0.
In the isotropic case

3
(1.2.61) Z Aj 10200, v = 2MA50 + pV o (divyw).
k=1

The hyperbolicity condition is that A > 0 and 2\ + u > 0.
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Chapter 2

Constant Coefficient
Systems. Fourier Synthesis

In this chapter, we review the resolution of constant coefficient equations by
Fourier synthesis. Our first objective is to give an obvious sufficient condition
(Assumption 2.1.8) for the well posed-ness of the Cauchy problem in L? or
H? (Theorem 2.1.9). The second important content of the chapter is the
introduction of the notion of hyperbolicity, from an analysis of the general
condition. Next, we briefly discuss. different notions of hyperbolicity, but
we confine ourselves to the elementary cases.

2.1 The method

In this chapter, we consider equations (or systems)

(2.1.1) { ou+ A(Ox)u = f on [0,T] x R?,

Ujj=0 = h on R4,
where A is a differential operator (or system) with constant coefficients :

(2.1.2) A0r) =) Aadu

2.1.1 The Fourier transform

Notations 2.1.1. The (spatial) Fourier transform .% is defined for u € L'(R?)
by

(2.1.3) Fu(€) = /Rd e~y (z)dz.
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We also use the notations 4(§) for the Fourier transform Zu(). If 4 €
LY(R?) the inverse transformation .Z ! is:

7 Li(z) = 1 e
(2.0.4 7)< s [ e

We denote by .(R?) the Schwartz class, by .#/(R%) the space of tem-
perate distributions and by &’(R%) the space of distributions with compact
support.

Theorem 2.1.2 (Reminders).

i) Z is a one to one mapping from the Schwartz class . (R?) onto itself
with reciprocal F 1.

i) F and F~! extend as bijections from the space of temperate distri-
butions ' (R?) onto itself. Moreover, for u € &' and v € .7 there holds

(215) <a7v>yl><5ﬂ = <u’@>y’><5”

i4i) Plancherel’s theorem : .Z is an isomorphism from L? onto itself and

(2.1.6) / w(z)o(z)dz = (271T)d / (D EVde.
In particular

(2.1.7)

|2 = V@)™ [Jul| -
w) For u € .'(R%) there holds :

(2.1.8) Or,u(€) = i€;u(€)

2.1.9 zju(§) = —idg;u(§)

v) For s € R, H*(R%) is the space of temperate distributions u such that
(1+ [€]2)%/%a € L2(RY). It is an Hilbert space equipped with the norm

U

2 1 2\S | 2
(2.1.10) ol = Gy [, 1+ IR a(E) et
Combining i) and 7ii) implies that for u € %/ and v € . there holds
_ I, =
(2111) <U,'U>y,><y = (27T)d <u’U>5”/X.5”

The spectrum of u is the support of .
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When u also depends on time, we let .# act for all fixed ¢ and use the
following notations:

Notations 2.1.3. If u is a continuous (or measurable) function of time with
values in a space of temperate distributions, 4 or #u denotes the function
defined for all (or almost all) ¢ by

a(t, &) = 7 (ul(t,))(&)-
In particular, the identity

(2112) <a7v>5ﬁ/><y = <u7@>y’><5ﬂ

is satisfied for u € ./(R'*9) and v € .7 (R'*9).

2.1.2 Solving the evolution equation (2.1.1)
Lemma 2.1.4. Ifu € .'(R%) then

—

(2.1.13) A )u(€) = A(iQ)a(g), A =) Aa(i&)™.

Remark 2.1.5. In the scalar case, this means that .# diagonalizes A(0;),
with eigenfunctions 2 +— €% and eigenvalues A(i&):

A(,)e® = A(i€)e ™.
For systems, there is a similar interpretation.

Using (2.1.12) immediately implies the following:
Lemma 2.1.6. Ifu € L'(]0,T[; H*(R%)), then in the sense of distributions,
(2.1.14) Byult, €) = dya(t, €).
Corollary 2.1.7. For u € C°([0,T); H*(R%)) and f € L*([0,T]; H* (R)),

the equation (2.1.1) is equivalent to

(21.15) { Oytt + A(i€)a = f on [0,7] x RY,

j—g = h on R<.

The solution of (2.1.15) is

(2.1.16) a(t, €) = e M p() 4 / t e =DAG) f(¢! &)t
0
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Question : show that the right hand side of (2.1.16) defines a temperate
distribution in &. If this is correct, then the inverse Fourier transform defines
a function u with values in .#”, which by construction is a solution of (2.1.1).

This property depends on the behavior of the exponentials e *4(%) when
|£| — oo. The simplest case is the following:

Assumption 2.1.8. There is a function C(t) bounded on all interval [0,T],
such that

(2.1.17) Vt>0, vEeRT et < O().

Theorem 2.1.9. Under the Assumption 2.1.8, for h € H*(R?) and f
LY([0, T); H(RY)), the formula (2.1.16) defines a fonction u € C°([0, T]; H*(RY)
which satisfies (2.1.1) together with the bounds

t
(2.1.18) lu(®)|] . gC(t)}|hHHs+/o Clt — )| F(#)]],,.dt"
Proof. Assumption (2.1.18) implies that

et A R(6)| < C(1)|h(e)).

Thus, by Lebesgues’ dominated convergence theorem, if h € L?, the mapping
t s Gg(t,-) = dg(t,-) = e EIR(-) is continuous from [0, +oo[ to L(RY).
Thus, up = .7 ~'u € C°([0, +-00[; L?(R?). Moreover:

ol c()
o0l = il <

Similarly, the function (¢, ', €) = e ~DAG) f(¢ ¢) satisfies
@(tutlv ‘)HLQ < C(t - f/) f(tlu ')HLQ'
Therefore, Lebesgues’ dominated convergence theorem implies that
t
in(t.6) = [ o(e.t. Ot
0

belongs to C°([0, T]; L2(R?)) and satisfies

t A
aﬁMHSACw4WﬂMbﬁC

Taking the inverse Fourier transform, u; = .2 14 belongs to C°([0, T]; L2(R%))
and satisfies

~

Bl = C@OA] e

[ua(®ll < [ =]

There are completely similar estimates in H*. Adding ug and uy, the theo-
rem follows. O
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2.2 Examples

2.2.1 The heat equation
It reads

(221) atu — Axu = f, u|t:0 = h.
On the Fourier side, it is equivalent to
(2.2.2) S+ |€2a=f, o= h

and the solution is
t
(2.2.3) a(t, &) = e P h(e) + / eW=VEP £(¢ ¢)at .
0

Remark 2.2.1. The Theorem 2.1.9 can be applied, showing that the Cauchy
problem is well posed. However, it does not give the optimal results : the
smoothing properties of the heat equation can be also deduced from the
explicit formula (2.2.3), using the exponential decay of e~ ag €] — oo,
while Theorem 2.1.9 only uses that it is uniformly bounded.

2.2.2  Schrodinger equation
A basic equation from quantum mechanics is:
(2.2.4) Ou —ilAzu = f, wuy—g=h.

Note that this equation is also very common in optics and in many other
fields, as it appears as a canonical model in the so-called parazial approxi-
mation, used for instance to model the dispersion of light along long propa-
gations.

The Fourier transform of (2.2.4) reads

(2.2.5) Ot —ilgPa = f, g = h.

The solution is

(2.2.6) a(t, €) = e () + / N (€t

0

Since ‘eit‘ﬂz‘ =1, the Theorem 2.1.9 can be applied, both for ¢ > 0 and
t <0, showing that the Cauchy problem is well posed in Sobolev spaces.
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2.2.3 The wave equation

It is second order, but the idea is similar.

(2.2.7) OPu — Agu = f, up—o = ho, Orup—o = ha.
By Fourier
(2.2.8) Fa+ |¢PPu=Ff, do=ho, Ol—o=hi.
i1, = cos(reDho(e) + i (e
(2.2.9) . /t sin((t — t/)m)f(t’ Ot
0 €] ’

Theorem 2.2.2. For hg € H**1(R?), hy € H*(RY) and f € L*([0,T); H*(RY)),
(2.1.16) defines u € C°([0, T]; H*+1(R?) such that Oyu € CO([0, T); HST1(RY),
w is a solution of (2.2.7) and

lu(®)]

Hs+1 + 2(1 + t)th H

+2(1+1) /O | £(t)

t
s+ 156

Preuve. The estimates (2.2.10) follow from the inequalities

|sin(t\§|)
€l

Hs+1 < Hho‘
(2.2.10)

/
yedt.

(22.11)  ||Opu(t), Oz;u(t)]

e < [|Pol

o1 T th

/
yedt.

V2(1+1)
VIHIEPE

(2.2.12) | cos(t¢])| < 1

}gmin{t |§’}_

Moreover,

it §) = —[¢] Sin(t|5|)ﬁ0(£)+COS(t|§|)ﬁ1(£)
(2.2.13) t |
+/0 cos((t — t/)‘ﬂ)f(t/,f)dt’,

Bounding |sin | and |cos| by 1 implies the estimates (2.2.11) for dyu. Simi-
larly, the Fourier transform of v; = 0 ;u is

£J Sl‘ng(’ﬂﬂ) hl(é)

/§]SIH ‘5’) ( ,f)dt/

B;(t, &) = i&; cos(t|€] ) ho(€)+i
(2.2.14)
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Since |sin|, | cos| and % are bounded by 1, this implies that J,;u satisfies

(2.2.11). 0

2.3 First order systems: hyperbolicity

2.3.1 The general formalism

Consider a N x N systems

(2.3.1) Oput Y Ajdpu=f,  wpo=h,
j=1

where u(t,z), f(t,z) et h(x) take their values in R (or CV). The coordi-
nates are denoted by (u1,...,un), (fi,...,f~n), (h1,...,hn). The A; are
N x N constant matrices.

After Fourier transform the system reads:

(2.3.2) i +iAu=f, Qo= h,
with
(2.3.3) A) =) A

j=1

The solution of (2.3.2) is given by

(2.3.4) a(t, &) = e Oh(E) + /t DA f(¢! €)ar'.
0

2.3.2 Strongly hyperbolic systems

Following the general discussion, the problem is to give estimates for the

exponentials e~ #A4©) = A=) The next lemma is immediate.

Lemma 2.3.1. For the exponential ¢“A4®) to have at most a polynomial
growth when |€| — oo, it is necessary that for all ¢ € R the eigenvalues of
A(§) are real.

In this case, the system is said to be hyperbolic.

From Theorem 2.1.9 we know that the problem is easily solved when the
condition (2.1.17) is satisfied. Taking into account the homogeneity of A(¢),
leads to the following definition.
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Definition 2.3.2. The system (2.3.1) is said to be strongly hyperbolic if
there is a constant C' such that

(2.3.5) vEeRY,  [€49)] <.

The norm used on the space of N x N matrices is irrelevant. To fix ideas,
on can equip CV with the usual norm

N 1

2

(2.3.6) Ju| = (Z \uk\Q) :
k=1

The associated norm for N x N matrices M is

(2.3.7) ‘M‘ = sup |Mu’
{ueCN |u|=1}

By homogeneity, (2.3.5) is equivalent to
(2.3.8) Vt € R, V¢ € RY, |t 4®)] < C.

Lemma 2.3.3. The system is strongly hyperbolic if and only if

i) for all ¢ € RY the eigenvalues of A(E) are real and semi-simple,

i) there is a constant C such that for all ¢ € RY the eigenprojectors
of A(§) have a norm bounded by C.

Proof. Suppose that the system is strongly hyperbolic. If A(¢) has a non
real or real and not semi-simple eivengalue then ¢“4&%) is not bounded as
t — oo. Thus A satisfies ). Moreover, the eigenprojector associated to the
eigenvalue A is

1 /T
II= lim — e isX gtA(sE) g
T—oo 2T -7

Thus (2.3.8) implies that |II| < C.
Conversely, if A satisfies ) then

(2.3.9) AE) =D N1
j

where the \;’s are the real eigenvalues with eigenprojectors IL;(§). Thus

(2.3.10) et A — Z eMOTL (¢).
j

Therefore, 4i) implies that |4 < NC. O
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2.3.3 Symmetric hyperbolic systems

A particular case of matrices with real eigenvalues and bounded exponentials
are real symmetric (or complex self-adjoint). More generally, it is sufficient
that they are self- adjoint for some hermitian scalar product on C¥.

Definition 2.3.4. i) The system (2.3.1) is said to be hyperbolic symmetric
if for all j the matrices A; are self adjoint.

ii) The system (2.3.1) is said to be hyperbolic symmetrizable if there exists
a self-adjoint matriz S, positive definite, such that for all j the matrices SA;
are self adjoint.

In this case S is called a symmetrizer.

Theorem 2.3.5. If the system is hyperbolic symmetrizable it is strongly
hyperbolic.

Proof. a) 1If S is self-adjoint, there is a unitary matrix € such that
(2.3.11) S=Q7'DQ,  D=diag\,...,\y)
with A\ € R. Therefore,

(SO 16itD Q). ¢l = diag(el™, ..., V),

Because the \; are real, e®? and hence ™
¢it] = 1.

b) If the system is symmetric, then for all £ € R?, A(€) is self adjoint.
Thus

are unitary. In particular,

(2.3.12) |e4©)] = 1.

c) Suppose that the system is symmetrizable, with symmetrizer S. Since
S is definite positive, its eigenvalues are positive. Using (2.3.11), this allows
to define

(2.3.13) Sz =Q7'D2Q, D2 =diag(v/ 1, ...,V N).
There holds

(2.3.14) A(€) = ST25725A(6)S 252 = ST2B(£)Se.
Thus A(§) is conjugated to B(§) and

(2.3.15) A = §73¢BO) g3,
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Since SA(€) is self-adjoint, B(§) = S_%SA(QS_% is also self-adjoint and
’eiB(5)| = 1. Therefore,

(2.3.16) 4| < 572 |57
implying that (2.3.5) is satisfied. O

Ezxample 2.3.6. Maxwell equations, linearized Euler equations, equations of
acoustics, linearized MHD introduced in Chapter 1 are hyperbolic symmetric
or symmetrizable.

2.3.4 Smoothly diagonalizable systems, hyperbolic systems
with constant multiplicities

Property i) in Lemma 2.3.3 says that for all £, A(£) has only real eigenvalues
and can be diagonalized. This does not necessarily imply strong hyperbol-
icity: the existence of a uniform bound for the eigenprojectors for |{] = 1
is a genuine additional condition. For extensions to systems with variable
coefficients, an even stronger condition is required :

Definition 2.3.7. The system (2.3.1) is said to be smoothly diagonalizable
is there are real valued \;(§) and projectors I1;(§) which are real analytic

functions of & on the unit sphere, such that A(&) = X\;(&)IL;(€).

In this case, continuity of the II; implies boundedness on S 4=1 and there-
fore:

Lemma 2.3.8. If (2.3.1) is smoothly diagonalizable, then it is strongly hy-
perbolic.

Definition 2.3.9. The system (2.3.1) is said to be strictly hyperbolic if for
all € #0, A(E) has N distinct real eigenvalues.

It is said to be hyperbolic with constant multiplicities if for all £ # 0, A(§)
has only real semi-simple eigenvalues which have constant mutliplicities.

In the strictly hyperbolic case, the multiplicities are constant and equal
to 1. Standard perturbation theory of matrices implies that eigenvalues of
local constant multiplicity are smooth (real analytic) as well as the corre-
sponding eigenprojectors. Therefore:

Lemma 2.3.10. Hyperbolic systems with constant multiplicities, and in par-
ticular strictly hyperbolic systems, are smoothly diaganalizable and therefore
strongly hyperbolic.
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2.3.5 Existence and uniqueness for strongly hyperbolic sys-
tems

Applying Theorem 2.1.9 immediately implies the following result.

Theorem 2.3.11. If (2.3.1) is strongly hyperbolic, in particular if it is hy-
perbolic symmetrizable, then for all h € H*(RY) and f € L'([0,T]; H*(R%)),
(2.3.4) defines u € C°([0,T); H*(R?) which satisfies (2.3.1) and the esti-
mates

t
(2.3.17) lu(®)],. < C||h],. + C/o 17 )],

2.4 Higher order systems

The analysis of Section 1 can be applied to all systems with constant coef-
ficients. We briefly study two examples.

2.4.1 Systems of Schrodinger equations
Extending (2.2.4), consider a N x N system

(2.4.1) Opu— i Ajple; O u+ Y BiOpu=f,  upg=h
3k J

On the Fourier side, it reads:
(2.4.2) Ot +iP(E€)ia=f,  dyg=h
with
(2.4.3) P() = &&Ajn+ Y &B; = A(€) + B(8).
Jk J
The Assumption 2.1.8 is satisfied when there are C' and y such that for ¢ > 0
and ¢ € R%:
(2.4.4) ‘e_itp(f)‘ < Ce.

Case 1: B =0. Then P(&) = A(§) is homogeneous of degree 2 and the
discussion can be reduced to the sphere {|¢| = 1}. Again, a necessary and
sufficient condition is that the eigenvalues of A(&) are real, semi-simple and
the eigenprojectors are uniformly bounded.
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Case 2 : B # 0. The discussion of (2.4.4) is much more delicate
since the first order perturbation B can induce perturbations of order O(|¢|)
in the spectrum of A. For instance, in the scalar case (N = 1), P(§) =
A(€) + B(§) € C and a necessary and sufficient condition for (2.4.4) is that
for all £, A(€) and B(§) are real.

When N > 2, a sufficient condition is that A and B are real symmet-
ric (or self-adjoint), since then ¢*F(€) is unitary. In the general case, |¢]
large, the spectrum of P(&) is a perturbation of the spectrum of A(§) and
therefore a necessary condition is that the eigenvalues of A(£) must be real.
Suppose the eigenvalues of that A(§) have constant multiplicity so that A(&)
is smoothly diagonalizable:

(2.4.5) A©) =Y X (O()

where the distinct eigenvalue \; are smooth and homogeneous of degree 2
and the eigenprojectors II; are smooth and homogeneous of degree 0. Then,
for £ large, one can block diagonalize P : with

(2.4.6) Q=Id+Y (A — X)L BI, = Id + O(|¢] )
itk

there holds

(2.4.7) Q7'PQ =) " N\II; + I BIL; + O(1).

Therefore, for (2.4.4) to be valid, it is necessary and sufficient that for all j:
i) Aj is real,

ii) e™iB; is bounded.

This discussion is made in more details in Part III and extended to
systems with variable coefficients.

2.4.2 Elasticity

Consider a second order system

(2.4.8) OFu— " Ajp0pOnu=f,  ugo=ho, Ouy_g=Dh.
7,k
On the Fourier side, it reads
(2.4.9) Ofi+ A)u=f,  dp_o=ho, Opiy—o=ha.
with A(§) := > €&k A k. The analysis performed for the wave equation can

is easily extended to the case where
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Assumption 2.4.1. For all £ # 0, A(&) has only real and positive eigen-
values \j(§) and the eigenprojectors 11;(§) are uniformly bounded.

For instance, this assumption is satisfied when A () is self-adjoint definite
positive for all £.
Under the assumption above, the square root

K(€) = Y A2 (O16)

is well defined and homogeneous of degree 1 in {. Moreover, K (&) is invert-
ible for ¢ # 0 and K~! is homogeneous of degree —1. The matrices

6itK(f) — Z eit)\j(f)l—[j (5)

uniformly bounded as well as the matrices cos(tK) and ~ (¢tK). The solution
of (2.4.9) is

~

a(t,€) = cos(tK (€))ho(€) + sin(tK (€))K ™ (€)ha(€)

2.4.10 t .
(2410 +/0 sin((t — /) K (€)) K1) f (', §)at"

This implies that that Cauchy problem for (2.4.8) is well posed in Sobolev
spaces, in the spirit of Theorem 2.2.2.
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Chapter 3

The Method of Symmetrizers

In this chapter, we present the general principles of the method of proof of
energy estimates using multipliers. To illustrate the method, we apply it
to case of constant coefficient hyperbolic systems, where the computations
are simple, explicit and exact. Of course, in this case, the estimates for
the solutions were already present in the previous chapter, obtained from
explicit representations of the solutions using Fourier synthesis. These ex-
plicit formula do not extend (easily) to systems with variable coefficients,
while the method of symmetrizers does. In this respect, this chapter is an
introduction to Part III. The constant coefficients computations will serve
as a guideline in the more complicated case of equations with variable coef-
ficients, to construct symbols, which we will transform into operators using
the calculus of Part II.

3.1 The method
Consider an equation or a system

o+ Alt)yu = f on [0,T] x R,
U= = h on RZ.

(3.1.1) {
where A(t) = A(t, z, ;) is a differential operator in z depending on time:
(3.1.2) A(t,2,0,) = Y Aalt, 2)0%u

The “method” applies to abstract Cauchy problems (3.1.1) where u and

f are functions of time t € [0,00[ with values in some Hilbert space H
and A(t) is a C! family of (possibly unbounded) operators defined on D,
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dense subspace of H. Typically, for our applications H = L2(R% C") and
D = H™(R?) where m is the order of A.

Definition 3.1.1. A symmetrizer is a family of C* functions t +— S(t)
with values in the space of bounded operators in H such that there are real
numbers C > ¢ > 0, Cy and X such that

(3.1.3) Vte 0,77, S(t)=S5()" and cId <S(t)<CId,
(3.1.4) vt € 0,77, 0:S(t)| < Cy,
(3.1.5) vVt €[0,7], ReS(t)A(t) > —Ad.
In (3.1.3), S*(t) is the adjoint operator of S(t). The notation ReT =
(T +T) is used in (3.1.5) for the real part of an operator 7. When T

is unbounded, the meaning of ReT" > ), is that all u € D belongs to the
domain of T and satisfies

(3.1.6) Re (Tu,u),, > —Aul?,

where (-)y is the scalar product in H. The property (3.1.5) has to be
understood in this sense.

For u € C*(]0, T]; D), taking the scalar product of Su with the equation
(3.1.1) yields:

(3.1.7) %(S(t)u(t),u(t))H + (K (t)u(t), u(t)),, = 2Re (S(t) f(t), u(t)),,,

where

(3.1.8) K(t) = 2Re S(H)A(t) — 0,S(t).
Denote by
(3.1.9) E(u(t)) = (St)ult), u(t)),,

the energy of u at time ¢. By (3.1.3),

(3.1.10) clut)|3, < E(u(t)) < Cllu®)|3,
Moreover, by Cauchy-Schwarz inequality,

(3.1.11) Re (S(1)f (1), u(t)),, < E(u(t))? E(f(1))?.
Similarly, by (3.1.5) and (3.1.4), there holds

(3.1.12) (K (t)u(t),u(t)),, > —(C1 + 2)\)Hu(t)H3{ > —27&(u(t))
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with

(3.1.13) V= %(szx)-

Therefore:

(3.1.14) %5(u(t)) < 29E(u(t)) + 26 (u(t))? E(f(t))?.
Hence:

Lemma 3.1.2. If S is a symmetrizer, then for all u € C([0,00[;H) N
C°([0, c0[; D) there holds

N|=

(3.1.15) E(u(t)? < E(u(0))? + /O teﬂt*t’)g(f(t'))%dt'

where f(t) = Opu + A(t)u(t) and ~y is given by (3.1.13).

3.2 The constant coefficients case

3.2.1 Fourier multipliers

Consider a constant coefficient system

Ou~+ A(Oy)u = f on [0,7] x RY,
P on o
where
(3.2.2) A(0y) =) Aadu

After spatial Fourier transform, the system reads

Oyt 4 A(i€)i = f on [0, 7] x R,
2.
(3:23) { Up—g = h on R

It is natural to look for symmerizers that are defined on the Fourier side.

Proposition 3.2.1. Suppose that p(€) is a measurable function on R¢ such
that for some m € R:

(3.2.4) (1+ €)% p e L¥RY).
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Then the operator
(3.2.5) p(Dy)u = 7! (pad)
is bounded from H*(R?) to H*~™(R?) for all s and

(3.2.6) |p(D2)ul

[ [l

This extends immediately to vector valued functions and matrices p.

goom <A+ 1ER) 2

Hs*

Definition 3.2.2. A function p satisfying (3.2.4) is called a Fourier multi-
plier of order < m and p(D;) is the operator of symbol p(§).

The definition (3.2.5) and Plancherel’s theorem immediately imply the
following.

Proposition 3.2.3 (Calculus for Fourier Multipliers). i) If p and q are
Fourier multipliers, then

(3'2'7) p(Da:) ° Q(Dx) = (pQ)(D;r)

ii) Denoting by p*(§) the adjoint of the matriz p(§), then the adjoint of
p(Dy) in L? is

(3.2.8) (p(D2))" = p*(Dy).

ii1) If p is a self adjoint matriz of Fourier multipliers, then p(D,) > cld
in the sense of self adjoints operators in L* if and only if for all £ p(¢) > cld
i the sense of self-adjoint matrices.

An immediate corollary of this calculus is the following

Proposition 3.2.4. For S(D) to be a symmetrizer of (3.2.1) it is necessary
and sufficient that there exist constants C' > ¢ > 0 and A such that

(3.2.9) VEERT, S(€6)=S8(&)* and cld< S(€) <CId,
(3.2.10) Ve e RY, ReS(€)A(i€) > —Id.

3.2.2 The first order case

Consider a N x N first order system:

d
(3.2.11) Lu:= 0+  Ajdpu
j=1
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Theorem 3.2.5. i) The system L has a symmetrizer S(D,,) associated to a
Fourier multiplier S(&) homogeneous of degree 0 if and only if it is strongly
hyperbolic.

ii) The symbol S can be taken constant independent of & if and only if
the system is symmetrizable.

Proof. If S(&) satisfies (3.2.10), then by homogeneity and evenness
(3.2.12) Im (S(£)A(E) =0 e (S(©A)" = S(OA().

This means that A(¢) is self-adjoint with respect to the scalar product as-
sociated to S(£). Thus the eigenvalues of A(€) are real and semi-simple and
the eigenprojectors are of norm < 1 in this hermitian structure. By (3.2.9),
they are uniformly bounded.

Conversely, if L is strongly hyperbolic then

(3.2.13) A =D MO,  Id=) M)

where the )\; are real and the II; are uniformly bounded projectors such
that Hij = 5j,kHj- The matrix

(3.2.14) S(€) = ITIL(E)
is self-adjoint and

(3215)  S(OAE) =D N(OUIILOILI(E) = > MO (OIL;(E)

Jk J
is self-adjoint. Moreover, since |u| < > |IT;ul,
1
N|u|2 < Z ITul?* = Su - u < N max |TT;|?|ul?

thus S satisfies (3.2.9).
Property i) is just a rephrasing of the definition of symmetrizability. [

3.3 Hyperbolic symmetric systems

In this section, we briefly discuss the case of symmetric hyperbolic systems,
as a first application of the method of symmetrizers.
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3.3.1 Assumptions

Consider a first order N x N linear system:

d
(3.3.1) Ou + Z Aj(t,2)0p,u+ B(t,x)u = f, Ujp—o = h,
j=1

Assumption 3.3.1. The coefficients of the matrices A; are of class C*,
bounded with bounded derivatives on [0,T] x R, The coefficients of B are
bounded on [0,T] x RZ.

Assumption 3.3.2. There is a matriz S(t,x) such that

- its coefficients are of class C', bounded with bounded derivatives
on [0,T] x R,

- for all (t,x) € [0,T] x RY, S(t,x) is self-adjoint and positive defi-
nite,

- 871 is bounded on [0,T] x R,

- for all j and all (t,x) € [0,T] x R?, the matrices SA; are self-
adjoint.

S is called a symmetrizer.

Maxwell equations or equations of acoustics presented in Chapter 1 are
examples of symmetric systems.

Until the end of this section, the Assumptions 3.3.1 and 3.3.2 are sup-
posed to be satisfied.

3.3.2 Existence and uniqueness

We give here without proof the classical existence and uniqueness theorem
concerning hyperbolic-symmetric systems (see [Frl, Fr2]). For a proof, we
refer to Chapter 6.

Theorem 3.3.3. For h € L2(R%) and t f € L*([0,T]; L3(R?)), the Cauchy
problem (3.3.1) has a unique solution u € C°(]0, T]; L?>(R%).

Moreover, there is C' independent of the data f and h, such that for all
tel0,T]:

t
(332 a2 < Cplla+ € [ 170 e
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3.3.3 Energy estimates

We use the method of symmetrizers to prove energy estimates for the (smooth)
solutions of (3.3.1). Asshown in Chapter 6, these estimates are the key point
in the proof of Theorem 3.3.3.

For simplicity, we assume that the coefficients of the equations and of
the symmetrizer are real and we restrict ourselves to real valued solutions.
We denote by u - v the scalar product of u and v taken in RY.

In many applications, for a function u with values in RY, the S(t, z)u(t, z))-
u(t, z) often corresponds to an energy density. It satisfies:

Lemma 3.3.4. For u € C', there holds

d
(3.3.3) 6t(Su-u)+Zaz].(SAju-u) =25f-u+2Ku-u
j=1
with
d
(3.3.4) f=0m+Y SA;0;u+ Bu
j=1
d
(3.3.5) K =015+ 0.,(SA;) - SB.
j=1

Proof. The chain rule implies
I(Gu-u) = (Gou) - u+ Gu - (Ou) + (0G)u - u.

When G is real symmetric, the first two terms are equal. Using this identity
for G =5, 0 =0 and G = SAj;, 0 = 0,; implies (3.3.4). O

Consider a domain Q C [0,7] x R%. Denote by €, the truncated sub-
domain Q, = QN {t < 7} and by w; the slices wy = {z : (t,x) € Q}. The
boundary of 2, is made of the upper and lower slices w, and wy and of a
lateral boundary ...

For instance when 2 is a cone

(3.3.6) Q={(t,z): 0<t<T, |z|+ put <R},
for t <min{T, R/u} the slices are the balls

(3.3.7) wr = {x:|z| <R - pt},
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and the lateral boundary is
(3.3.8) Sr={(tz): 0<t <1, |2|+pt =R}
Integrating (3.3.3) over €,, Green’s formula implies that

Lemma 3.3.5. With notations as in Lemma 3.3.4, there holds

Su'udm:/ Su-ud:n—/ Gu-udo
wo X

(3.3.9) “r
+2/ (Sf-u+ Ku-u)dtdz
Q,

where do is the surface element on X and for (t,z) € ¥;,

n
(3.3.10) G =15+ Z viSA;.
j=1
where v = (v, V1, . ..,Vy) is the unit outward normal to ¥;.

In the computation above, one can take Q = [0,7] x R%. In this case
there is no lateral boundary >, but integrability conditions at infinity are
required. They are satisfied in particular when u has a compact support in
x. Therefore

Lemma 3.3.6. For u of class C* with compact support in [0,T] x R?, there
holds

(3.3.11) / (Su-u)|t7dx:/ (Su-u)|t0d:c—|—2/ (Sf-ut+Ku-u)dtde
R4 R4 [0,7] x R4

This is indeed a particular case of the identity (3.1.7) integrated between
0 and 7. Introduce the global energy at time t of u:

(3.3.12) E(t:u) = /R St ult, o) - ult, x)de

Theorem 3.3.7. There is a constant C' such that for all u of class C* with
compact support in [0,T] x R, there holds for t € [0,T):

t
(3.3.13) E(tiu)s < eClE(0:u)} + / g .
0
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Proof. This is indeed a particular case of Lemma 3.1.2.
Since S(t,z) is symmetric definite positive, bounded with bounded in-
verse there are constants m > 0 and M > m such that

(3.3.14) VY(t,z) € [0,T]xRY, Vh e RV : m|h|* < S(t,x)h-h < M|h|>.
Therefore:
(33.15) Ve [0,T] xR mfut)]7. < Etu) < M|ju®)][..

The Cauchy-Schwarz inequality implies that for all (¢,2) and all vectors k
and h :

(3.3.16) ISt ) k| < (S(t2)h - h)® (S(t,2)k - k)2

Taking h = f(t,z) and k = u(t,z), integrating = and using the Cauchy-
Schwarz inequality for the integral implies that

l\.’:\»—‘

(3317)  wte[0,1]: / (S u)(t, z)dz < E(t F)E(t:u)3.
R4

The assumptions imply that the matrix K defined in (3.3.5) is bounded.

With (3.3.14), we conclude that there is a constant C such that for all u € C°

with compact support in [0, 7] x R?, the following estimate is satisfied:

(3.3.18) vt e [0,T] / (Ku-u)(t, z)dz < CE(t: ).
]Rd

N[

Introduce p(t) = E(¢; u)% and (t) = E(t; f)
the estimates above imply that

. The identity (3.3.11) and

t t
(3.3.19) P(t)* < p(0)* + 2/ V() p(t')dt' + C/ o(t")?dt’
0 0
This integral inequality implies
t
(3.3.20) o(t) < e%thp(O) -|-/ e%C(t—t’)w(t’)dt'
0

that is (3.3.13) with the constant 1C. O

Proof of (3.3.20). Let y(t) denote the right hand side of (3.3.19). This is a

nonnegative nondecreasing function of ¢. It is differentiable and
Y (t) = 20(6)p(t) + Co(t)? < 20(1)\/y(1) + Cy(t)
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Thus z(t) = e~Cty(t) satisfies

Therefore
Vz(t) < \/z(O)—i—/O e~ 20" (¢ dt .
and
o) < V0 < A (V0 + [ A uar).
O

Next we turn to local estimates. The key remark is that the boundary
integral over X, occurring in (3.3.9) can be made > 0 by choosing properly
the domain . For instance:

Lemma 3.3.8. Consider a cone Q as in (3.3.6). There is po such that for
w > po the symmetric boundary matriz G given in (3.3.10) is nonnegative.
Proof. The outward unit normal at (¢,z) € X is
7 1 x;

—, V= ——.

itz T Azl

Since S is uniformly definite positive and the SA; are uniformly bounded, it
is clear that G = 1S + Z;LZI vjSA; is nonnegative if i is large enough. [J

vy =

Assuming that g > po, the equality (3.3.9) implies the inequality

(3.3.21) Su - udzr < Su'ud:z—i—Q/ (Sf-u+ Ku-u)dtdz

wr wo T
From here, one can repeat the proof of Theorem 3.3.7 and show that the
local energy

(3.3.22) Ealt,u) = / S(t,z)u(t,x) - u(t,z) dz

satisfies

Theorem 3.3.9. There is a constant C' such that if Q0 is the cone (3.3.6)
with > po and u is of class C' there holds for t € [0,T):

t
(3.3.23) Salt;u)? < e“1Eg(0;u)? + / S eq (' fdt!
0

In particular, if f = 0 on 2 and uj;—¢g = 0 on wy, then u = 0 on 2. This is
the key step in the proof of local uniqueness and finite speed of propagation
for hyperbolic symmetric systems.

48



Part 11

The Para-Differential
Calculus

49



Chapter 4

Pseudo-differential operators

This chapter is devoted to a quick presentation of the language of pseudo-
differential operators, in the most classical sense. The important points in
this chapter are

- the notion of operators and symbol, with the exact calculus when the
symbol are in the Schwartz class;

- the notion of symbols of type (1, 1) as this is the class where the para-
differential calculus takes place;

- Stein’s theorem for the action of operators of type (1, 1);

- the crucial notion of spectral condition for the symbols as this is the
key feature of the para-differential symbols;

- the extension of Stein’s theorem to such operators.
One key idea, coming from harmonic analysis, is to use in a systematic
way the Littlewood-Paley decomposition of functions and operators. In
particular, we start with a characterization of classical function spaces using
the Littlewood-Paley analysis.

4.1 Fourier analysis of functional spaces

Notations: Recall that .# denotes the Fourier transform acting on temper-
ate distributions .#/(R?). We use its properties listed in Theorem 2.1.2.
The spectrum of u is the support of u.

Fourier multipliers are defined by the formula

(4.1.1) p(Dy)u = Z 1 (pFu)

provided that the multiplication by p is defined at least form . to .. p(D,)
is the operator associated to the symbol p(&).
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Function spaces. Recall the following definitions.

Definition 4.1.1. For s € R, H*(R?) is the space of distributions u €
S'(R?) such that their Fourier transform is locally integrable and

@12 ol = o O+ IR

Definition 4.1.2 (Lipschitz and Hélder spaces). i) For m € N we denote by
Wm2(R%) the space of functions u € L>®(R%) such that all their derivatives
0%u of order || < m belong to L™= (RY).

ii) For u €]0,1[, we denote by WH>(R%) the space of continuous and
bounded functions on R such that

a(6)[*de < +oo.

|u(z) — u(y)]
(4.1.3) [u]# = Supw < +00.

iii) for p >0, p ¢ N, denoting by [u] the greatest integer < i, the space
W2 (R®) is the space of functions in WH:2(R®) such that their derivatives
%u of order |a| = [u] belong to Wr—Hoo,

w) For m € N, C"(R?%) denotes the space of functions in W™ (R%)
such that all their derivatives of order < m are continuous.

Remarks 4.1.3. W™ is the space of bounded and Lipschitz functions on
R9, that is which satisfy (4.1.3) with p = 1.

When p ¢ N, the notations W#° is not quite standard for Holder spaces.
However, it is convenient for us to use the unified notations W for p € N
and p ¢ N.

The definition of spaces W > will be extended to u < 0 (u ¢ Z) after
Proposition 4.1.16

All these spaces are equipped with the obvious norms.

4.1.1 Smoothing and approximation.

We list here several useful lemmas concerning the approximation and the
regularization of functions.
We consider in this section families of functions y, € .#(R?) such that

V(e B) € N¢ x N%, 3C, 5 :
(4.1.4) { (.5) 7

YA>1, VeEeR?: \gaagx,\(g)‘ < Oy pAel=18l,

Ezample 4.1.4. Take x € . and x)(§) = x(A71).
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Remark 4.1.5. The condition (4.1.4) is equivalent to the condition that
the family v, (&) := xa(AE) is bounded in .. In the example above y\ = x
is fixed.

Let ) = .7 1y € Z(RY). Then
(4.15) o (Da)ulz) = / u( — y)oa()dy.

The remark above implies that ¢y (z) = M@y(A\z) where Py = .ZF71y, is
bounded in .. Therefore, there are constants C, g such that

(4.1.6) /\xaagw(g;)]dx < Oy NIl

Lemma 4.1.6. Suppose that the family {x,} satisfies (4.1.4). For all o €
N9, there is a constant C, such that for all X > 0, the operators 0% xx(Dx)
are bounded from LP(R?) to LI(R?) for 1 < p < q < 400 with norm less

d_d
than or equal to C’a)\‘aH_E_?.

Proof. 0%xx(Dx)u is the convolution operator by 0%y (z) = A (92@ (Ax).
Since ¢, is bounded in .7,

al+d(1-1
LTSCQ)\\| (1-3)

195
and the lemma follows from Young’s inequality. O

Corollary 4.1.7 (Bernstein’s inequalities). Suppose that a € LP(R?) has its
spectrum. contained in the ball {|¢] < \}. Then a € C* and for all a € N4
and q > p, there is Cq p 4 (independent of ) such that

d

aled

(41.7) 188 all o) < CapaX™ 4 llall o)

In particular,

@18)  [alm < CoXllallg.  p=2 p=oc,
d

(4.1.9) |all oo (ray < CAZ|al| p2(ra)

Proof. Let x € C§°(RY) supported in {|¢| < 2} and equal to 1 for [¢] < 1.
Then @ = xxa where x\(&) = x(A7¢). Thus a = x\(D;)a and (4.1.7)
follows from the previous Lemma. O
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Lemma 4.1.8. Suppose that the family {x\} satisfies (4.1.4) and that each
X vanishes on a neighborhood of the origin. For p > 0, there is a constant
Cy such that :

for all u € WH>(R?), one has the following estimate :

(4.1.10) XA (Da)u]] ;oo < Cpul|wlyymee A7

Proof. Note that the estimate follows from Lemma 4.1.6 when A < 1.
Since x) vanishes in a neighborhood of the origin, there holds

/y“m(y)dy = DgxA(0) = 0.

Therefore, (4.1.5) implies that

(4.1.11)  xa(Dy)u(z) = / CEEDEDS (_Ci)aag“tL(x))%(y)dy.

When i <1 we use that
(4.1.12) |u($—y) —u(x)‘ < CHUHWMOM“.

When p > 1, we use Taylor’s formula at order n = y — 1 when p € N and
at order n = [u| when p ¢ N. It implies that

(4.1.13)

_ o 1
= Z ) n/ (1—t)~ 1t (02u(x — ty) — Ofu(x))dt
0
Thus the the integrand in (4.1.11) is O(|y[* va(y)|ul|wn) and therefore

(4.1.14) [a(Dy)ulx)| < CHuHWu,m/yl“lw(y)ldy-

Together with (4.1.6) this implies (4.1.10). O

Lemma 4.1.9. Suppose that the family {x} satisfies (4.1.4) and that each
X s equal to 1 on a meighborhood of the origin. For p > 0, there is a
constant C,, such that for all u € WH :

(4.1.15) [u = Xa(Da)ul| oo < O] e A7
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Proof. The proof is quite similar. The inverse Fourier transform ¢y now
satisfy

/90A<Z/)du =1 and /yo‘goA(y)dy =0 when |a| > 0.

Therefore,

(4.1.16) xa(Dy)u(x) —u(x) = / (u(:c —y) — Z (_j!)aagu(x»@)\(y)dy

o] <pe
The end of the proof is identical. O

Corollary 4.1.10. For all i > 0, there is a constant C such that for all
A > 0 and for all a € W™ with spectrum contained in {|{| > A}, one has
the following estimate :

(4.1.17) lall o < Cllallyuo A7

Proof. a =a — x(A\"1Dy)a if x is equal to 1 near the origin is supported in
the ball of radius 1. O

4.1.2 The Littlewood-Paley decomposition in H°.
Let y € C3°(RY) satisfy 0 < x < 1 and

(4.1.18) x(&) =1 for|¢] <1.1, x(§) =0 for|¢ >1.9.
For k € Z, let
(4.1.19) Xe(©) = x(27%€), vk = xr — xh-1-

Introduce the operators acting on .7
(4.1.20) Spu =7 (x(27"¢)a(9))

and Ay = S — Sg_1. In particular

(4.1.21) u=Sou+ > Agu
k=1
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Proposition 4.1.11. Consider s € R. A temperate distribution u belongs
to H*(RY) if and only if
i) ug == Sou € L2(R?) and for all k > 0, u := Agu € L*(R?)
ii) the sequence 0 = QkSHUkHL2(Rd) belongs to /*(N).
Moreover, there is a constant C, independent of u, such that

1 1/2
(4.1.22) Sl < (3208) 7 < Clulh
k
Proof. In the frequency space there holds

(4.1.23) =Y
k=1

Let 6y = xo and 0, = ¢ for k > 1. Because 0 < 0, < 1, there holds

S ja©) =S ©a©] <3 on©)]ae) = |a)|

On the other hand, every ¢ belongs at most to the support of 3 functions
0i.. Therefore

2

@) = | X me)| <3 |ame
Summing up, we have proved that
(4.1.24) S la@©)* < a©))* <33 [ar©)]”.
Multiplying by (1 + |£])*, integrating over RY, and noticing that
(4.1.25) %2% <1462 <42% on the support of 0,

the proposition follows. O

Proposition 4.1.12. Consider s € R and R > 0. Suppose that {u}ren is
a sequence of functions in L?>(R%)such that
i) the spectrum of ug is contained in the ball {|{| < R} and for k > 0
the spectrum of uy is contained in {%Qk <l < R2k}.
ii) the sequence 0 = QkSHU/kHLQ(Rd) belongs to £*(N).
Thenu =Y uy belongs to H*(R?) and there is a constant C, independent
of the sequence such that

iz <c (S 07)"
k

When s > 0, it is sufficient to assume that the spectrum of uy is contained

in the ball {|¢| < R2*}.
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Proof. Define the 6; as in the previous proof. By Lemma 4.1.6,
HQJ'(DJU)UkHLg < CHuka < 02—168(5]{.

Moreover, the spectral assumption in ¢) implies that 6;( Dy )us, = 0if |[k—j| >
a=In(2R)/In2. Thus

(4.1.26) 165(Da)ull . < C277%8;, 8= ) 2207V,
lk—jl<a

When the spectrum of wuy, is contained in the ball {|¢| < R2*}, then
0;(Dg)ur, = 0 when j > k+a. Thus the estimate in (4.1.26) is satisfied with

5= 3 2R

k>j—a

When s > 0, we see that this sequence (SJ) still belongs to ¢2 as a conse-
quence of Young’s inequality for the convolution of sequences, one in £2, the
other in /! O

We will also use another version where the spectral localization is re-
placed by estimates which mimic this localization.

Proposition 4.1.13. Let 0 < s and let n be an integer, n > s. There is a
constant C such that :

for all sequence (fi)r>0 in H™(RY) satisfying for all o € N¢ of length
lal <n

(4.1.27) 195 fiell oy < 2500 en with (1) € £,
the sum f =" fi belongs to H*(RY) and
9 oo
(4.1.28) 115y < C Y e
k=0
Proof. Since s > 0, the series Y fi converge in L?(R?) and f= > 5. There

holds

H‘%(Da:)kaLg < CkaHLQ < 027 ksgy,
0;(Dy) fil| 12 < C27|| fi |y < C27F520 00Dy,
H J L H

We use the first estimate when j < k and the second when j > k. Therefore,

(4.1.29) 10;(D2) |, < C2775(e + &)
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with ‘ '
g} = Z 2Ui=k)sg, ef = Z 2(n=s)(k=i)g, .

k>j k<j

Because s < n, (¢]) belongs to ?? and because s > 0, (€}) belongs to

¢? Moreover, their norms are dominated by the ¢? norm of the sequence
(Ek). L]

The restriction s > 0 can be dropped when the fj, satisfy an appropriate
spectral condition.

Proposition 4.1.14. Let s € R, kK > 0 and let n > s be an integer. There
is a constant C such that :
for all sequence (fi.)k>0 in H"(R?) satisfying (4.1.27) and

(4.1.30) suppfi C {€ ¢ 1+ 4] > w2¥},
f =3 fx belongs to H*(R?) and satisfies (4.1.28)

Proof. The spectral condition implies that there is IV such that §;(D,) fi = 0
when j < k — N. Therefore the estimate (4.1.29) is satisfied with €} now

defined by
J+N

= 3 g
k=j

Noticing that this sequence (53) belongs to ¢? when (g;) € £2, implies the
proposition. ]

The estimates of |Agul|;2 can be combined with Lemma 4.1.6. In par-
ticular, for u € H*(R?) there holds

(4.1.31) Akt o < ex27F2)
with {ex} € 2. Summing in k immediately implies the following results.

Proposition 4.1.15 (Sobolev embeddings). i) If s > %, then H*(RY) C

L®(R?) and there is a constant C' such that for v € H*(R?):
(4.1.32) lell oo < Clfel] -

i) If s < %, there is a constant C' such that for v € H*(R?) and all k

[ee)
(4.1.33) ISkl oo <ex2¥E79 N7 < Oljul.
k=0
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4.1.3 The Littlewood-Paley decomposition in Holder spaces.

Proposition 4.1.16. Consider > 0, p ¢ N. A temperate distribution u
belongs to WH>(R?) if and only if
i) ug := Sou € L™ and for all k > 0, uy := Apu € L®(R?)
ii) the sequence 0 = 2k#HUkHLoc(Rd) belongs to (*°(N).
Moreover, there is a constant C, independent of u, such that

(4.1.34) < sup & < C|u|ypee
k

1
Ll
Proof. By Lemma 4.1.6
[Soull poe < Cllu] -

The estimate of Apu is a particular case of Lemma 4.1.10.
Conversely, if ||ug||z < C27%# then Lemma 4.1.7 implies that for |a| <
t, [|0%ug|| e < C27FW=lal) " This shows that the series > d%uy converges

uniformly an thus u =) uy € CIEM. Next, we use that for |a| = [u]

|0%ug () — 0%uk(y)| < C’Q—/f(u—[u})7
|0%up () — 0ur(y)| < |z — Yl VO ur]| z (y)| < Clar — y| 2P 711D,

We use the first estimate when 27% < |z —y| and the second when |z —y| <
27%, Using that 0 < p— [u] < 1, the estimates sums in k and we obtain that

|0%ur () — 0%up(y)| < C'fa — y| 1D,
which proves that u € C. O

For p < 0, p ¢ Z, we can take the properties i) and ii) as a definition of
the space W#°:

Definition 4.1.17. Consider p < 0, p ¢ Z. A temperate distribution u
belongs to WH>(RY) if and only if

i) ug := Sou € L™ and for all k > 0, uy, := Apu € L®°(R?)

i1) the sequence O = 2k“\|ukl|Lw(Rd) belongs to £>°(N).

Using Lemma 4.1.6, one can check that the space does not depend on
the particular choice of the cut-off function defining the Littlewood-Paley de-
composition. There are results analogous to Propositions 4.1.12 and 4.1.13,
but be omit them.
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Remark 4.1.18. The characterization above does not extend to the case
1 € N. However, the second inequality in (4.1.34) is still true. The next
proposition collects several useful results concerning the spaces W™ (R9),
m € N.

Proposition 4.1.19. There is a constant C such that :
i ) for allu € L™ and all k € N, one has

ISkullzee < Cllullze-,
ii) for allu € W™ and all k € N, one has
1Akullzoe < C27 Jullwree s flu = Spullpe < C275"|Jullro

Proof. i) has already been stated in (4.1.8). The estimates of Aju and
u — Syu are particular cases of Lemmas 4.1.6 and 4.1.9. O

Finally, we quote the following estimates which will be useful later on.

Proposition 4.1.20. Given a real number r > 0 and an integer n > r,
there is a constant C' such that for all k, w € W™ and o € N¢ of length
la| = n:

105 Sl o = €257 [ty

Proof. When r ¢ N, we write Spu = Sou+ > 1 < j < kAju and use the
estimates

(4.1.35) 109 Sou|| oo < C|lul|

02 Agull e < C2O

which follows directly from Proposition 4.1.16 and the Bernstein’s inequali-

ties (4.1.8).
When r € N and |a] = n > r, there are o/ and o such that a =
o' + " and |&¢/| = r. Then, from the Bernstein’s inequalities (4.1.8) and

Proposition 4.1.19, we see that

102 S| oo < C277||S50S 1
< 2|99

|
< CQk(n—r

‘LOO )H“HWWO'
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4.2 The general framework of pseudo-differential
operators

4.2.1 Introduction

Recall that the Fourier multiplier p(D;) is defined by (4.1.1). It is defined
as soon as the multiplication by p acts from .7 to .#/. The main properties
of Fourier mulitpliers are that

hd p(D:r) © Q(Dx) = (pQ)(Dz)a

o (p(D2))" = )(Dy),

e if p > 0, then p(D,) is nonnegative as an operator,

The goal of pseudo-differential calculus is to extend the definition (4.1.1)
to symbols p(z, ), by the following formula:

(4.2.1) (p(w, Da)u) (z) = (27) / e (i, €)A(E)dE |

and to show that the properties above remain true, not in an exact sense
but up to remainder terms which are smoother.

4.2.2 Operators with symbols in the Schwartz class

As an introduction, we first study the case of operators defined by symbols
in the Schwartz class. The results will be extended to more general symbols
in the following sections.

For p € Z(R? x RY) and u € . (R%), p(z,£)0(¢) and e ip(x, £)TU(€)
belong to .7 (R? x R?) so that the integral in (4.2.1) is convergent and defines
a function in the Schwarz class . (R?). Substituting the definition of @ yields
the convergent integral

(2m) / T (e ) uly)de dy,
so that

(1.2.2) (ple. D) (@) = [ (7 D)~ y) ulw)dy,

where Fe 1p e #(R? x RY) denotes the inverse Fourier transform of p with
respect to the variables €. Thus the kernel K(z,y) = (ﬂ‘glp)(m,x )
belongs to .#(R? x R?) and this clearly implies :
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Lemma 4.2.1. If p € .#(R? x RY), the operator p(x, D) extends as a
continuous operator from .'(R%) to .#(R?) and for u and v in .'(R9):

(4.2.3) (p(z,0x)v,u) , # (R4 x.#' (R = (K,u@v), #(R"xR4) x 7! (R" xRY)"
Conversely, for any K € .7 (R% x RY) the symbol p = .Z, K (x, 2z — z), that
is

(4.2.4) p(z, &) = /e_iz'gK(x,m —2)dz,

belongs to .(R% x R%). Thus the theory of pseudo-differential operators
with symbols in the Schwarz class . is nothing but the theory of operators
with kernels in the Schwarz class.

On the Fourier side, for v € . the Fourier transform of (4.2.1) is given
by the absolutely convergent integral

(2m) / ¢ E (2, €)2(E)dE da,
and therefore
(4.2.5) 7 (p(, D)) (1) = (2m) / (1) (0 — €,)E)dE

where Z,p € .Z(R? x R?) denotes the Fourier transform of p with respect
to the variables x.

Lemma 4.2.2. If p and q belong to .#(R% x RY), then p(x, D;)oq(z, D,) =
r(x, Dy) with

(4.2.6) r(z,§) = (2;)(1/6”'%(3«35 +n)q(z +y,§)dydn.
Equivalently
(427)  r(,€) = e (pla, D)ie) (), Gel€) = ¢ Eq(x,€).

Proof. By (4.2.5),

p(@, Dz) © gz, Dy Ju(

2d/ " p(x,m)(Fq)(n — &, )0(E)dEdn

Ry P
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with

= (271T)d /ei(xz)(p(x,g—i— Q)q(z,&)dzdC.

The change of variables z = x4y yields (4.2.6) while the change of variables
¢ = & — ¢ yields (4.2.7). Note that all the integrals above are absolutely
convergent and that r € (R x RY). O

We define (p(z, D,))* as the adjoint of p(z, D,) acting in L?, that is as
the transposed of p(x,d;) for the anti-duality (u,v):

(428) <(p($7 D%))*uﬂﬁ>5pxy1 = <U,p($, D.’E)U>y/><y'
For v and v in . this means that
(4.2.9) / (p(x,Dm))*u,W dr = /u,p(w, D,)vdx.

Lemma 4.2.3. If p belongs to ./ (R? x RY), then (p(:v,Dx))* = r(x,Dy,)
with

(4.2.10) r(z,&) = (2711_)0[ /eiy'” p(z +y,& + n)dydn
and
(4.2.11) (Far)(n,€) = (Z2D)(n, € + ).

Proof. By (4.2.2), p(x, D) is defined by the kernel K (z,y) = (ﬂglp)(x, x—
y) which belongs to the Schwartz class. Its adjoint is defined by the kernel
K*(z,y) = K(y,z) = (9‘{1]5)(31,35 —y). By (4.2.4) it is associated to the
symbol

r(z,€) = / e (F P (@ — 2, 2)de
Thus

1 .
.6 = G / &= — 2, )dzdn

and (4.2.10) follows. Similarly,
(FZan.9) = [ (S ) o 2,2

= / e =D (FZ N Z,p) (1, 2)dzde = (F4p) (1, € + 1)
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4.2.3 Pseudo-differential operators of type (1, 1)

Definition 4.2.4. For m € R, ST is the space of functions p, C* on
R? x R? such that for all (o, B) € N? x N%, there is Ca,p such that

(4.2.12)  Y(z,€) € R x RY,

020 p(, )| < Cay (14 JglyH1el-1A1,

ST 1s the subspace of symbols p such that for all (o, ) € N x N?, there
is Co g such that

(4.2.13) V(z, &) € R? x RY,

020 pl,€)| < Coys (1 -+ [l 191.

The best constant in (4.2.12) and (4.2.13) define semi-norms, to that
ST and ST are equipped with natural topologies. In particular, a family
of symbols py, is said to be bounded in ST [resp. S7] if they satisfy the
estimates (4.2.12) [resp. (4.2.13) | with constants C, g independent of k.

Ezamples 4.2.5. o Smooth homogeneous functions of degree m, h(§) , are
symbols of degree m for [§| > 1. Thus x(§)h(§) € ST} if x € C>®(R?) is
equal to 1 outside a ball and vanishes near the origin.

o If x € C5°(R?) | then for all A > 1, xA(€) := x(A71€) is a symbol of
degree 0 and the family {x,} is bounded in S7.

For such symbols and for u € .#(R?%), the integral in (4.2.1) converges
and can be differentiated at any order. Multiplying it by z® and integrating
by parts, shows that the the integral is rapidly decreasing in x. Therefore:

Proposition 4.2.6. For p € ST', the relation (4.2.1) defines p(x, D;) as a
continuous operator from &(R?) to itself.

To make rigorous several computations below, we need to approximate
symbols in the classes ST or ST{) by symbols in the Schwartz class. Of
course, this cannot be done in the topology defined by the semi-norms asso-
ciated to the estimates (4.2.12) or (4.2.13). Instead we use a weaker form.

Lemma 4.2.7. Giwen p € ST, there are symbols py, € Z(R* x RY) such
that
i) the family {py} is bounded in ST,
i) pr — p on compact subsets of R x RY,
For any such family and for all u € . (R?), pp(z, Dy)u — p(x, Dy)u in
7 (RY).

63



Proof. Let

(4.2.14) pr(x, ) = (27 z)x(277)p(x, €)

where ¢ € . with ¢(0) = 0 and x € C§° equal to 1 on the unit ball. Then
the family py satisfies i) and i) (Exercise).

If the family {ps} is bounded in ST and u € #(R%), then the family
{pr(x, Dgy)u} is bounded in .#; moreover, ii) implies that if v has compact
spectrum, then pg(z, D;)u — p(x, Dy)u on any given compact set Thus
pk(x, Dg)u — p(x, Dy)u in .. By density of C§° in . and uniform bounds
of the pr(z, D;), the convergence holds for u € .7. O

4.2.4 Spectral localization

Localization in the space of frequencies is a central argument in the anal-
ysis developed in this chapter. In particular, the action pseudo-differential
operators on spectra is a key point.

Proposition 4.2.8. If p € ST and u € 7 (RY) then the spectrum of
p(z, Dy)u is contained in the closure of the set

(4.2.15) {¢+n, ¢&esuppd, (,€) € suppFup}.

Proof. The formula (4.2.5) extends to symbols p € ST, in the sense of
distributions: v = p(z, D)u satisfies for all p € .7:

(,0) = (2m)" U Fup, o(n + £)a(£))

If  vanishes on a neighborhood of the set (4.2.15), then ¢(n+&)a(§) vanishes
on neighborhood of the support of .%,p and the proposition follows. O

We now introduce important subclasses of ST .

Definition 4.2.9. Let A symbol o(x,&) € ST is said to satisfy the spectral
condition if

(4.2.16) Je<1: Fpo(n,&) =0 for |n] >e(|§]+1).
The space of such symbols is denoted by (.

Remark 4.2.10. The Bernstein inequalities of Corollary 4.1.7 show that
the estimates

(4.2.17) V(z, &) € RY x RY, ’850(37,5)) < Cy(1+ g 1A

and the spectral property (4.2.16) are sufficient to imply that o satisfies
(4.2.12), thus that o € STY.
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Lemma 4.2.11. For all 0 € X', there is a sequence of symbols o, €
7 (R? x RY) such that

i) the family {on} is bounded in ST,

i1) the oy, satisfy the spectral property (4.2.16) for some € < 1 inde-
pendent of k,

i) o, — o on compact subsets of R? x R,

Proof. For instance, consider

(4.2.18) on(2,§) = (27" 2)x (27" p(x, €)

with x € C§° equal to 1 on the unit ball and ¢ € .# such that 1(0) = 0 and
¢ is supported in {In| < 1}.

The Fourier transform of 1, () = (27 ") is contained in the ball {|n| <
27"}, Thus the support of Z,0,(-,&) which is the convolution of @n and
Fpo(+,€) is contained in the ball of radius (1 + |£]) + 27" < /(1 4 [¢]) if
n is large enough and &’ > ¢ is fixed. O

A key property of operators with symbols in X7 is that they do not
extend too much the spectrum of functions. Proposition 4.2.8 immediately
implies the following property:

Lemma 4.2.12. If p € X' satisfies the spectral property with parameter
e <1 and if f € #(R?) has compact spectrum, then the spectrum of Pf =
p(x, Dy)f is contained in the set

(4.2.19) {¢+n, ¢esuppf, [n| <e(1+[¢))}

In particqlar: .
- if suppf C {[¢] < R}, then supp(Pf) C {|¢] < e+ (1+ )R},
- if suppf C {|§| > R}, then supp(Pf) C {|¢| > (1 —¢)R — ¢},

4.3 Action of pseudo-differential operators in Sobolev
spaces

4.3.1 Stein’s theorem for operators of type (1, 1)

Theorem 4.3.1 (E. Stein). If s >0 and g > 0 with p ¢ N and p+m ¢ N,
then for allp € STy, p(x, Dy), extends as a bounded operator from Hs(RY)
to H*(RY) and from W™mTHo(RY) to WH>(RY).
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Consider first the case of Sobolev spaces H*. We wan to prove that there
is a constant C such that for all u € . (R%):

(4.3.1) [p(@, Da)ul| o < Cllul| grosm-

By Lemma 4.2.7, we see that it is sufficient to prove such an estimate when
p € .Z(R? x R%) with a constant C' which depends only on a finite number
of semi-norms on S7.

To prove this inequality, we split p into dyadic pieces and use the dyadic
analysis of Sobolev spaces. For each dyadic piece, the key estimate follows
from the next lemma.

Lemma 4.3.2. There are constants C and C' such that :
for all A >0 and q € C®(R? x RY) satisfying

suppg CR? x {[¢| <A}, M = sup A||9fq] .. < o0,
1Bl<n

with d = [4] + 1, then the function

Q) = / e gy, €)d

satisfies

(43.2) [+ Py Q) dy < oxtare,
and

(4.3.3) Q| 1 gy < C'M.

Proof. For |a| < d, there holds
¥ Q(y) = /6”"5D?q(y,§)d€-
Hence, by Plancherel’s theorem

110w dy < oxt2el?.

Multiplying by A\2®l and summing in «, implies (4.3.2). Since d > %, the
second estimate (4.3.3) follows. O
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We now start the proof of Theorem 4.3.1. Consider p € ST and intro-
duce the semi-norms

(43.4)  Mp(p):=sup sup sup|(1+ [¢))/FTm020 p(x, ¢)],
lal<n |g|<[]+1 @€

To prove Theorem 4.3.1, we split p into dyadic pieces :

(4.3.5) p(e,&) = po(e, &) + Y pr(x,8),

k=1

using y as in (4.1.18) and defining

pQ(ZL’,f) = p(x7§)X(§) ’ pk(ﬂf7€) = p(ﬂf,f) (X(27k£)_X(2lik£)) fork>1.

Lemma 4.3.3. For k >0, P, = pi(z, D) maps L? to H®. Moreover, for
all o € N", there is Cy such that for allp € ST, k> 0 and all f € L? :
(4.3.6) 102 Pefllz2 < CaMin ()1 £ 225D

laf

Proof. Since py is compactly supported in &, one immediately sees that Py f
is given by the convergent integral:

Pof(z) = / Pu(z,y) f(y)dy

where the kernel Py (z,y) is given by the convergent integral

Py(z,y) = (2m) / ¢V, (4, €)de.

Moreover, on the support of py, 14 |¢| &~ 2¥. Therefore Lemma 4.3.2 can be
applied with A = 25*1_ implying that

[+ 24— gy P ) dy < PP (M)

Hence, for f € .7(R?), Cauchy-Schwarz inequality implies that

22| £ (y) 2
1+ 22|z — y|2)d

437) (P < C(MP(p)? / :

Since d > d/2, the integral 2kd/(1 + 22| — y>)"4dx = C' is finite and

independent of k. Therefore, with a new constant C' independent k and p:

|Pf][52 < CMEm)2" £
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This proves (4.3.6) for a = 0.
The symbol of 0% Py, is (i§+0;)“pr(x, £). Thus there is a similar estimate,

involving the semi norms MG’LHO"(@%p) and the lemma follows. O

End of the proof of Theorem 4.3.1 in the scale H®. For f € .#(R?), consider
the dyadic decomposition (4.1.21):

f="rf+> fe,
k=1

Note that fj = 0 on the support of pi(z,-) if [j — k| > 4. Thus

Pef= Y DPufj.

li—k|<3

Therefore, Lemma 4.3.3 and Proposition 4.1.11 imply that :

|02 P f|| 2 SCaMy(p) > 2Flelrm|ig
(4.3.8) li—k|<3

< CLM (p)2HIel =g,
with
(4.3.9) > et < fllpeem -
k
By Lemma 4.2.7, Pf = " P, f in .. When s > 0, Proposition 4.1.13

applies to the series Y P f, implying that Pf € H® and that there is a
constant Cy such that

(4.3.10) p(2, D) £ e < CME D) ]| 10s0m

where M]*(p) is the semi-norm (4.3.4) and n > s is an integer. This implies
Theorem 4.3.1 in the scale of Sobolev spaces H®. O

Proof of Theorem 4.3.1 in the scale WH*°. The proof is quite similar and
since we will not use this result we omit the details. The basic point it the
following analogue of the estimates (4.3.6) :

(4.3.11) [Pef || e < CM ()25 1D 1]

This estimate immediately follows from (4.3.3) applied to py. O
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4.3.2 The case of symbols satisfying spectral conditions

For symbols in X" the restrictions s > 0 and g > 0 in Theorem 4.3.1 can
be relaxed. More generally:

Theorem 4.3.4. Consider m € R and s € R [resp. p ¢ N with up+m ¢ N/
Consider next p € ST which satisfies the following condition:

(4.3.12) 30 >0 : suppZp C {(n,€) + 1+ [€+n| > 5|¢]}.

Then p(x, Dy), extends as a bounded operator from HST™(R?) to H*(R?)
and from WHH2(RE) to WH(R?).

Proof. Split the symbol p = > p as in (4.3.5) and consider the dyadic
decomposition f = )" f; of f € .. Taking into account the spectral local-
ization of p and f;, there holds

Ppf = Z Pyf;.

li—k|<3

The estimates (4.3.8) and (4.3.9) for g = Py f are still true. The new point
is that

(4.3.13) suppge C {n : 14 [n| > 62"}

so that Proposition 4.1.14 can be applied. This implies the theorem in the
scale of spaces H®.

The spectral localization (4.3.13) follows from Proposition 4.2.8 and the
assumption (4.3.12) which implies that

supp.Zupr C {(1,€) + 1+16+n| > 8l¢], |¢ > 2571}

when k£ > 1. When k£ = 0, the inclusion (4.3.13) is trivial if 6 < 1, as we
may assume.
The proof in Holder spaces WH° is similar. ]

This theorem applies in particular to symbols p € 37, since the spectral
property (4.2.16) implies (4.3.12) with § = 1—e. Moreover, the spectral con-
dition and Bernstein’s inequalities imply that the semi-norm (4.3.4) M7 (p)
are dominated by Mg'(p). Thus :

Theorem 4.3.5. Consider m € R and s € R [resp. pn ¢ N with p+m ¢ NJ
Ifp € &0, then p(z, D), extends as a bounded operator from H*T™(R?)
to H*(RY) and from W™mTHo(RY) to WH>(RY).
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More precisely, for all e < 1, there is a constant C. such that for all p €
X0 satisfying the spectral condition with parameter € and all f € H*T(RY),
there holds

(4.3.14) Ip(, D) £l 1o < CeME O F] osms

where M{'(p) is the semi-norm (4.3.4).
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Chapter 5

Para-Differential Operators

The paradifferential calculus in R, was introduced by J.M.Bony [Bon] (see
also [Mey], [Hor], [Tay], [Mél]). The para-differential quantization is a way
to associate an operator to a symbol which has a limited smoothness in x.
The first point in this chapter is the definition of the quantization (Defini-
tion 5.1.14) and the action of para-differential operators in functional spaces.
Next we discuss the special case of symbols independent of & which leads to
the definition of para-products (Section 5.2). The main concern is to com-
pare products and para-products, or to split products into para-products
(the key idea from Littlewood-Paley decompositions). This has two conse-
quences of fundamental importance for applications to PDE’s in Part III :
the para-linearization theorems (Theorems 5.2.4 and Theorems 5.2.8 5.2.9)
which allow to replace a nonlinear equation by a para-diffential linear one,
to the price of an acceptable error.

5.1 Definition of para-differential operators

We first introduce classes of symbols and next define the associated opera-
tors.
5.1.1 Symbols with limited spatial smoothness

We first introduce a general definition:

Definition 5.1.1 (Symbols). Given m € R and a Banach space # C
S'(RY), T denotes the space of distributions a(x,&) on R x R?, which
are C with respect to & and such that for all o € N? there is a constant

71



C\y, such that
(51.1) Vet [logat, &), < Ca(l+lghm .

3%, denotes the subclass of symbols o € I, which satisfy the following
spectral condition

(5.1.2) Je < 1: Feo(n, &) =0 for In| >e(|£]+1).

We will use this definition mainly for # = L®(R%) or % = WH>(R9),
and occasionally for # = H*(R?). In the former case, to simplify the
exposition, we use the following special notations:

Definition 5.1.2. i) I'j" denotes the space of locally L> functions a(x,§)
on R% x RY which are C* with respect to & and such that for all o« € N?
there is a constant C,, such that

(5.1.3) V(w,&) : |0fa(x,€)| < Ca(1+ g1

ii) More generally, for r > 0, I'" denotes the space of symbols a € Ty}
such that for all & € N and all € € RY, the function x — 3ga(x,§) belongs
to W™° and there is a constant C,,

G14) Ve s 08y < Call+lEh L.

ii1) X" denotes the subclass of symbols o € T')" which satisfy the spectral
condition (5.1.2).

The spaces 1" are equipped with the natural topology and the semi-
norms defined by the best constants in (5.1.1). In particular, for p € I'}",
we use the notations

(5.1.5) M;™(p;n) = sup sup ||(1+ €)1 p(-, €)]|yr.me-

|Bl<n geR?
Remark 5.1.3. When 7 C L*>, I}, C I'" and X% C X*. Moreover, by
Remark 4.2.10, " C Sf}l. More generally, the spectral condition implies
that symbols in 37} are smooth in x too.

5.1.2 Smoothing symbols

The symbols in the classes I are not smooth with respect to the first
variable . The next step in the construction is to smooth this symbols by
using an appropriate truncation on the Fourier side, which depend on the
frequency variable &.
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Definition 5.1.4. An admissible cut-off function is a C*° function (n, &)
on RY x R such that
1) there are €1 and €3 such that 0 < g1 < e2 < 1 and

Y(n,§) =1 for ] <er(1+[€])
Y(n,§) =0 for |n] > ea(1+[§]) .

2) for all (a, B) € N% x N4, there is Co 5 such that
(BL7)  Y0,6) : (0500 (1,€) < Cap(l+ €)M

Ezample 5.1.5. Consider a cut-off function x € C$°(R?) as in Section 4,
satisfying 0 < x <1 and

(5.1.6)

(5.1.8) x(€) =1 for ¢ <1.1, x(§) =0 for|{] >1.9.
Let :
+o0
(5.1.9) O, E) =D xr-n(m)en(§)
k=0
where
(5.1.10) xi(€) =x(27%¢) forkeZ
(5.1.11) wo=x0 and @p=xkr— Xk_1 fork>1.

Then, for N > 3, ¢y is an admissible cut off function in the sense of the
definition above.

Remark 5.1.6 (Exercise). We leave to the reader to check that for all
€ < 1, there is an admissible cut-off function v such that ¢¥» = 1 on the set

{(n,€), Inl <e(1+[&)}-

Lemma 5.1.7. Let ¢ be an admissible cut-off, and G¥( -, &) be the inverse
Fourier transform of 1(-,€). Then, for all « € N%, there is Cy such that

(5.112) VaeN', VEeR": [08GY(-. 8| me < Call+ €)1

Proof. The estimates (5.1.7) and the support condition (5.1.6) imply that
for all (a, 3) there is a constant C, g such that for all (x,&):
|2°00G¥ (2,€)| < Cap(1 + [€))TloI=IAT.

Thus 4
(1 +[¢])
d+1 "’
(1 + [2](1+[€D)
and (5.1.12) follows. O

10G¥(x,8)] < Ca(1+[¢))
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For a € Ty define

(5.1.13) 0¥ (z,€) = / G — y.€) aly.©) dy,
that is
(5.1.14) ol (+,&) = ¥(Dg, &) al(-,8),

or equivalently on the Fourier side in x,
(5.1.15) Fpol = b Zpa.

Proposition 5.1.8. Let i be an admissible cut-off.
i) For allm € R and r > 0, the operator a — ol is bounded from I'7"

to X". More precisely, for allm € N there is Cy, such that
(5.1.16) M™(o¥:n) < CM™(a;n).

it) If a € T with r > 0, then a—ol € r'g'™". Moreover, for alln € N
there is Cy, such that

(5.1.17) M (a—o¥;n) < C,M™(a;n).

In particular, if 11 and Y9 are two admissible cut-off functions, then for
r >0 and a € I the difference o —o¥2 belongs to X" and for alln € N
there is C,, such that

(5.1.18) M (0¥ — g¥2;n) < CM™(a;n).

a
Proof. For ¢ € L'(R?) and u € W*™>, the convolution ¢ * u belongs to
WH> and

o ullpmee < Nl lullwimee:

This implies ¢) with n = 0 (no derivative in £). The estimate of the 8?
derivatives is similar, using the chain rule.
The second statement immediately follows from Lemma 4.1.9. O

As pointed out in Remark 4.2.10, symbols in X" belong to ST and are

infinitely differentiable in . This applies to symbols o¥. More precisely,

there holds
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Proposition 5.1.9. i) For m € R, r > 0, a € N? of length |a| < r and
acI

(5.1.19) 90 = 0ha, € Tf
ii) Form € R, r > 0 and o € N? of length |a| > r the mapping a +— 8303

is bounded from I']" to Egnﬂakr. More precisely, for alln € N there is Cy,
such that for all a € T}":

(5.1.20) M(?@Ha'_r(@?a}f;n) < CpM™(a;n).

Proof. The relation (5.1.19) immediately follows from the definition (5.1.13)
When |a| > r, we note that the spectral property and (5.1.14) imply
that

(5.1.21) Ful(+,€) = Y(Dy, &) Sk(Dy)a( -, &) if 28 > (1 + [¢)).

Thus, taking k such that (1 + |¢]) < 2% < 2(1 + |¢]), Lemma 4.1.6 and
Proposition 4.1.20 imply that

0208 (- O] oo < C2X T Ja(- €| ypce-

The estimates of the £ derivatives are similar and they imply that 8;“0;/’ €
2m+\c«|77' 0
0 .

For ¢ derivatives, there is an approximate analogue of (5.1.19):

Proposition 5.1.10. Form € R, r >0, 3 € N% anda € '™

By v m—|Bl—r
(5.1.22) Ogoy — s, € 5 :

Proof. By (5.1.14),

Hov —at, = > ()@)€ al-,9),

0<y<B

When v > 0, (5.1.6) implies that 821/1(77,5) = 0 when || > e2(1 + [£]).
Therefore Lemma 4.1.8 implies that for v > 0

(07 (Day €) 8 a( -, )| oo < CA+IENT] 077+, €)oo

This implies (5.1.22). O
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Remark 5.1.11. More generally, the mapping a — aff is bounded from I'%}
to X7, provided that the convolution is bounded from L! x # to #. This
applies in particular when % = H® s > 0. One can also apply Proposi-
tion 4.1.15 and obtain the following result.

m—l—g—s

Proposition 5.1.12. Ifa € '}, with s < %, then o € o

Proof. Use again (5.1.21). Propositions 4.1.15 and Lemma 4.1.6 imply that

d_
HO—ZLZ}( ' 7€>HLoo S C(l + ‘5’)2 sHa( : ’§)HH5
The estimates of the £ derivatives are similar and the proposition follows. [

In the same vein, let W~1°°(R9) denotes the space of distributions u
which can be written u = ug + ) 0y, u; with u; € L>®(RY), equipped with
the norm

(5.1.23) [ i N (1771 P
J

where the infimum is taken over all the decompositions u = ug + > 896]. Uj.
Then :
Proposition 5.1.13. Ifa € I'j,_, ., then ¥ € ES”H.

Proof. For u = ug + ) 0,u;, integrating by parts, implies that

d
16 &) ull oo < GV C O palluoll oo + D 1102,G¥ G Ol o] e

j=1
Since ||8,,G¥(+,€)|| ;1 < C(1+[£]), this implies that
65,6 ul < O+ €D ulhyoo
Applied to u = a(-, ), this implies that

02 (-, | oo < CA+[ED|al, )|y 1.0

The estimates of the £ derivatives are similar and the proposition follows [J
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5.1.3 Operators

Definition 5.1.14. Let ¢ be an admissible cut-off function. For a € I']
the paradifferential operator TV is defined by

1

(5.1.24) TYu(z) = (QW)d/eig'x ol (x, &) U(€) dE .

Thus T = af(w, D,). Since ¥ e 4", we can apply Theorem 4.3.5:

Theorem 5.1.15 (Action). Suppose that 1) is an admissible cut-off.

i) When a(§) is a symbol independent of x, the operator Tf s defined
by the action of the Fourier multiplier a.

i) For alls € R, u ¢ Z with p+m ¢ Z and all a € TT, Ty is a bounded
operator from H*T™(R?) to H*(R?Y) and from WmTH>(R) to WH>(RY).

To simplify the exposition we use the following terminology:

Definition 5.1.16. An operator T is said of order < m € R if it is
bounded from H**™(R?) to H*(R) for all s € R and from WHH2(RY) to
WH(RY) for all i ¢ Z such that p+m ¢ 7.

In particular, with this terminology, TY is an operator of order < m when
a € I'y'. In addition, Theorem 4.3.5 also provides precise estimates: given
s, m and 1, there is a constant C such that for all @ € I'J* and u € H5T™

(5.1.25) |T¢ < OMG (a; [¢]+ 1) [|u]] yorm-

Similarly, Theorem 4.3.5 applied to o' — afo, implies the following

result.

Proposition 5.1.17. If ¢ and o are two admissible cut-off, then for all
a€l™ scRand ¢ Z with p+m ¢ Z , TS — T4 is of order m — 1.
In particular, for all s there is a constant C such that for all a € I']" and

ue Hstm
(5.1.26) (T8 = T ul| s < CM (s [4]4+ 1) [|ul| fosm o

Remark 5.1.18. This proposition implies that the choice of 1) is essentially
irrelevant in our analysis, as long as one can neglect r-smoothing operators.
(see [Bon]). To simplify notations, we make a definite choice of 9, for in-
stance ¢ = ¢y with N = 3 as in (5.1.9) and we use the notation Ty for
T
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5.2 Paraproducts

5.2.1 Definition

A function a(x) € L™ can be seen as a symbol in '), independent of (&,7).
With ¢ given by (5.1.9) with N = 3, this leads to define

(5.2.1) Tou = S_3aSou+ZSk,3aAku.
k=1

with S = Xk(Dx) and Ap = S — Si_1.

Proposition 5.2.1. For all a € L™, T, is of order < 0 and for all s there
1s a constant C' such that

(5.2.2) |Tawl . < Cllall oo |2l

5.2.2 Products

For the para-product T,u, only the L*° norm of a appears. This is in sharp
contrast with the actual product au, which we now analyze. For functions
in ., there holds

o0
(5.2.3) au = Tou + Rya, with Rya := Z Aga Skyou.
k=-2
Proposition 5.2.2. The bilinear operator Rya extends to a € .#" such that

Va e H 1 withs' >0 and u € L®°, in which case Rya € HS/, and there is
a constant C' such that

(5.2 | Rutll o < €IVl s ]
Proof. The sum Rya is quite similar to a paraproduct T,a, except for two
things:

- only terms in Aga appear,

- the term Aga Sy ou has is spectrum in a ball {|¢| < 2k},
Therefore, using that

I1Skr2ull o < Cllull oo,

5.2.5 , =
R N P T O 3

k=-2

and applying Proposition 4.1.12 for positive indices s’ implies the estimate
(5.2.4). O
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Together with the Sobolev embedding H® C L*° when s > %, Proposi-
tions 5.2.1 and 5.2.2 imply the following result:

Corollary 5.2.3. i) For s > g, H?*RY) is a Banach algebra for the multi-
plication of functions.

i) If s > s > %, then for u € H*(R?) and a € H¥ (RY), the difference
au — Tyu belongs to H* (RY).

More generally, the Littlewood-Paley decomposition is a powerful tool
(though not universal) to analyze the products au when a and u are in
Sobolev spaces (or Besov spaces). The results above are just examples of
what can be done, but they are sufficient for our purposes in the next chap-
ters.

5.2.3 Para-linearization 1

A key observation of J.M.Bony ([Bon], see also [Mey]) is that para-differential
operators naturally arise when one perform a spectral analysis of nonlinear
functionals. The main objective of this section is to prove the following
theorem.

Theorem 5.2.4. Let F be a C* function on R such that F(0) = 0. If
u € H*(RY), with p:=s— 4 >0, then

(5.2.6) F(u) = Tprguyu € HSP(RY).
There is an analogous result in the scale of spaces W :

Theorem 5.2.5. Let F be a C* function on R. If u € WH™(R?), with
p>0p¢ 5N, then

(5.2.7) F(u) = Tpr(uyu € WH(R?) .
In a preliminary step we prove the weaker result:

Theorem 5.2.6. Let F' be a C*° function on R such that F(0) = 0. If
u € H5(RY) N L®(RY) with s > 0, then F(u) € H*(RY) and

(5.2.8) I F @) < C (lulloe) ] -

Proof. When s = 0 the result is easy: since F(0) = 0, there is a smooth
function G such that F(u) = uG(u). In this product, u € L? and G(u) € L™
since u € L*°.
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When s > 0 we use the notations up, = Spu and vy = Aj so that

U= Ukl — Uk
There are constants C independent of v and k such that:

(5.2.9) 0%k || 2 < Cu2lel=9)kg,
where " 2 = ||ul|%.. Moreover,
(5.2.10) 10U e < Ca2l®¥|juf| oo .

with other constants C,,.
Because u; — u in L? and the u; and u are uniformly bounded in L,
there holds F(u) — F(u) in L? and thus

(5.211)  F(u)=F(uo) + Y (Flups1) — Flwp)) = F(uo) + Y mywp
k=0 k=0

with
1
(5.2.12) my = / F’(uk + tvk)dt.
0

By (5.2.9) and the chain rule, there are constants C, = Cy(||ul|z~), de-
pending only on « and the L* norm of u such that

109 F" (ug, + tog)|| oo < Ca2l@*
uniformly in ¢. Integrating, this shows that
(5.2.13) 108y || Lo < Cu2121F

Therefore, with (5.2.9) we obtain that

(5.2.14) 0% (mpvg) || 12 < Cou2Uel=9)kg,
with new constants C, = Cy(||ul|z~), and the Theorem follows, using
Proposition 4.1.13. O

To prove Theorem 5.2.4, we first note that there is no restriction in
assuming that F’(0) = 0, since this amounts to add or subtract a fixed
linear term au to F'(u). Next, because p > 0, the Sobolev injection theorem
implies that v € L>®(RY). By definition,

0
(5.2.15) TF/(u)u = ngg ug + Z Sk_gg VE
k=0
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with g = F'(u) (see (5.2.1)). We compare this expression with (5.2.11). The
first terms F'(ug) and S_3g up belong to H*°. Thus it remains to prove that

[e.e]

(5.2.16) D (mi = Sk—ag)vp € H™H
k=0

Using the L? estimates (5.2.9) for the derivatives of vy, the conclusion follows
from Proposition 4.1.13 and the following L estimates for the derivatives
of (my — Sk—_29):

(5.2.17) H@g‘(mk — Sk_29 < o 2el=nk,

(P

To prove these estimates, we split my—S;_og into two terms (mk_F/(Uk_Q)) +
(F’(uk_g) - Sk_gg) and we study them separately.

Lemma 5.2.7. There holds, with constants independent of k:
(5.2.18) 102 (my, — F'(u—2)) || oo < Ca2{@I7P)F.
(5.2.19) 102 (F'(Sku) — SiF' (u)) || o < Ca2(I=P),
Proof. a) Taylor’s theorem implies that
Fl(ug, + tog) — F'(up—2) = prwy

with
1
wi, = (Vg + vp—1 +tvg) and  py = / F"(up—2 + Twy)dr.
0
The py, satisfy estimates similar to (5.2.13)
105 x| e < Co21F
while the wy, satisfy
(5.2.20)  [|8%wk|| 1o < C22(|0%wy|| 2 < Co2elPre, < G 2lol=p)k,
with >~ €2 = ||u/|%.. Thus
109 (rwr) || L < Ca201=PF,

These estimates are uniform in ¢ € [0, 1]. Since

1
mk:/ prwgdt
0

this implies (5.2.18).
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b) To prove (5.2.19) we split the term to estimate into two pieces:
(5.2.21) Glur) — SpG(ug) — Sk (G(u) — Gluy))
with G = F’. There holds
16 Sk (G(w) = G(ur)) [l < 202281y (G () = Glun)) 12
and
19k (G(w) = Glun)) |2 S NG w) = Glu)llz2 S llu = ugllz2 S 275

This implies that the second term in (5.2.21) satisfies (5.2.19).
Next we note that u, € H5V for all N and that

(5.2.22) gl ey < CN2FN lugl|pe < C

with C' and Cy independent of k. Therefore, by Theorem 5.2.6, G(ux) €
H5tN and
|G (ur) | resn < Cn2MY.

We use the following estimate, valid for |a| < 0 — ¢ and a € H7:
(5.2.23) 10%(a — Ska)||e < C2F11=0+2) 1] 1o
Indeed, a — Sga =~ ) Aja and

; d
105 Al < CPU=+2) la]| o

so that the series is converges if |a| < o — 4.
Applied to a = G(ug) and 0 = s+ N with N sufficiently large, this

estimate yields
s Nad
109 (G(ur) = SkG(ur)) [l < 205 NF2) | G ug)) | proce

Together with the estimate of the H**" norm of G(uy), this implies that
the first term in (5.2.21) also satisfies (5.2.19).
This finishes the proof of the Lemma and therefore of Theorem 5.2.4 [

The proof of Therorem 5.2.5 is quite similar and omitted.
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5.2.4 Para-linearization 2

We give here another useful result, which allows to replace a product au by
a para-product T,u, to the price of a smoother term. This was already done
in Corollary 5.2.3 for a € H¥. Here we consider the case where a belongs
to a space W',

Theorem 5.2.8. Let v be a positive integer. There is a constant C' such
that for a € W™, the mapping u — au — Tyu extends from L? to H" and

(5.2.24) |law — Toul| ;. < Cllallwree [Ju]] -

Theorem 5.2.9. Let r be a positive integer. There is C such that for
a € W»™® and a € N¢ of length |a| < r, the mapping u — ad%u — T,0%u
extends from L? to L? and

(5.2.25) |adgu — Tod5ul| . < Cllal e [Ju]l -

Proof of Theorem 5.2.8 . Start from the identity

(o.9]
au — Tyu = Z Aga Sgyou=f+g.

k=-2
with
(5.2.26) f= Z S, fr = Z AgaAju,
k=2 i—kl<2
(5.2.27) 9= Z Gk gk = Aga Sk_3u
k=—2

We prove that f and g belong to H" separately.
We first consider f. Propositions 4.1.11, 4.1.16 and 4.1.19 imply that

Ifellze < C2 Flallwrce pr pro= D [1Azullge.
i—k|<2

Moreover,

Sk <O lIAuli < Cllullis.
k 7

The spectrum of Aya is contained in the ball 28— < [¢| < 2+ and the
spectrum of Aju is containded in -1 < €] < 2J+1 Therefore, the spectrum
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of fi in contained in the ball |¢| < 2¥+4. Hence, Proposition 4.1.12 implies
that f € H" and

1 lleze < Cllallyproe lfull 2

It remains to prove a similar estimate for g: we prove that for |a| < r,
there holds

(52.:28) 1929]l 2 < C lallypmoe [[ul 2 -
The derivative 05 ¢ is a linear combination of terms

(5.2.29) Jap =Y _ D02 Pa S)_,00u,
k

1) Consider the case || > 0. By Proposition 4.1.16 and Corollary 4.1.7,
there holds
1Ak05~Pa] o < C2THTD ],

Moreover,
|Sk-308ullr2 < [|S_s0Pullr2 + > [|A;00ulle <C Y 291e;
j<k—3 j<k—3
with Y77 < [lul[. . Since |8] > 0, note that that
S 2ile; = 2Mlp with Y p7 < ul?e.
J<k—=3
Thus wy = Akagfﬁa Sk_gﬁgu satisfies
w2 < €201 D peal] e

Moreover, its spectrum of is contained in {2F=2 < (1 + [£[2)1/2 < 2k+2),
Hence, Proposition 4.1.12 implies that g, 3 = > wy € L? and
(5.2:30) 19,5112 < Cllallyyree flull 2

2) Finally, consider the case § = 0. Let b = 0%a € L*°. The spectrum
of Apa Sy_su is contained in {252 < (1 + |¢|?)Y/2 < 2842}, Therefore

Hga,OHiz < CZ HAkb Sk—3UHiz
k

To prove that g, o satisfies the estimate (5.2.30), it is therefore sufficient to
prove that

Sl Akb Sksul 72 < Cllallyollul2-

k
This estimate is a consequence of the next two results which therefore com-
plete the proof of Theorem 5.2.8. O
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Theorem 5.2.10. There is a constant C such that for all b € L and all
sequence vy, in L? one has

(5.2.31) [ 3 18000 o) < ol o
E>1

with

(5.2.32) ve(z) == sup sup |ur(y)|.

k>1 |y—z|<2—Fk

Lemma 5.2.11. Consider v € L?, vy = Sypu and define v, by (5.2.32).
Then there is a constant C such that

(5.2.33) vi(x) < Cu*(x)

where u* is the maximal function

N 1
w'(e) = sup o [u(y)ldy
R ly—z|<R

In particular, v, € L* and there is a constant C' such that ||vi||2 < Cllul|f2.

In [CM] it is proved that when b € BMO, >, |Arb(z)]* ® 6;_qk is
a Carleson measure which immediately implies (5.2.31) The fact that the
maximal function u* belongs to L? when u € L? is also a well known result
from Harmonic Analysis (see e.g. [CM, Ste] ). For the sake of completeness,

we include a short proof of the estimate(5.2.31) in the easier case when
be L.

Proof of Theorem (5.2.10).
a) We show that for all open set Q C R? :

(5.2.34) Z HAka%%Qk) < C meas(Q) [|b]| 7 ,
k>0

where €, denotes the set of points = € © such that the ball B(z,27%) :=
{y € R4 : |z —y| < 27F} is contained in .

Write b = b’ + b” with ' = blg. Denote by I(b) the left hand side of
(5.2.34). Then I(b) < 2I(b')+21(b"). Therefore, it is sufficient to prove the
inequality separately for o' and b”. One has

SR ey < S IAY Baa) < 1122 < ]2 meas(€)
k k
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Thus, it remains to prove (5.2.34) for b”.
The kernel of Ay is Gi(z) = 2FGo(2Fz) where G belongs to the
Schwartz’class . (R?). Thus

Ab!(z) = / 25 Gy (28 (x — )b (y) dy

On the support of b, y ¢ Q and for z € Q, the distance |x — y| is larger
than 2. Thus, for z € O

|[Ad” ()] < 17| o /{l s l}2kd|Go(2ky)!dy = (16"l o= g5y
.

with

g/ = / |Go(y)| dy.
{ly>2'}

Let Qf := Qg and for I > 0, let ) = ; \ ©;_;. Then the pointwise estimate
above implies that

% \2
(5.2.35) 1A 17200y < (16l 7 meas(€) (g7_;)"
()

Since U, = U<y, Q,

k
DA e = DD 1Ak [F2qy -

k>1 k>1 1=0

With (2.4.26), this shows that

STIAR 220, < S0 bl (971) "meas(€)

k>0 1>0 k>1

Since Gy € ., the sequence g is rapidly decreasing and thus in 2(N).
Therefore,

D 1A 12, < Clbll7= D meas() = C [|b] 7 meas($2).
k>0 >0

showing that b” also satisfies (5.2.34).
b) Let by = Agb. Then

| bxvk |2 :2/0 Mbell72(0, ay dA s where  Ug(X) = {[ox| > A}

86



For A > 0, let Q(A\) = {|v«| > A}. This is the set of points = such that there
are k > 0 and y such that |z —y| < 27% and |vy(y)| > X. Thus Q()) is open
and if |vg(y)| > A, the ball B(y,27%) is contained in Q()\). This shows that
for all k, Ug(X) C Qx(X), where the ’s are defined as in (5.2.34). Thus

Z ||bk||%2(Uk(,\)) < Z ||bk|\%2(9k(x)) < C'[[b]|70 meas(Q(N))
k>0 k>0

and

> lbworlze < 2C [jb]l7 /0 A meas(Q(A)) dA = C bl 7= osll72
k>0

which is (5.2.31). O

Proof of Lemma 5.2.11. S]Z is the convolution operator with @y, the in-
verse Fourier transform of x(27%¢). Thus there is C' such that

or(@)] < C2W(L + 2¥ )01
Thus
oz — ') < 2% / (1425l — /)~ Ju(z — y)|dy .

Splitting the domain of integration into annuli |y| ~ 27—k 4§ >0 implies that

sup |vg(z —a’)| < C'2% Z 273+ 9dG=R) (1)
|a/|<2-F §>0

and the lemma follows. O

Proof of Theorem 5.2.9.
Use the notation E(a,u) = au — Tyu. We show by induction on |of < r
that for

(5.2.36) 1B, 85| 1ot < Clallyroe [l -

For » > 0 and a = 0 this is Theorem 5.2.8. When r = a = 0, each term
au and T,u belongs to L? when a € L*> and u € L?. Suppose that is proved
for || <1 < r. The definition (5.2.1) of the para-product implies that

a0z ;07U — To0r; 05w =0y, (aag‘u — Taf)g“u)
— (Oy;a)07u + Taxjaafju
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that is
E(a,0:;0yu) = 0y, E(a, 0y u) — E(0y;a,0;u).

By the induction hypothesis, E(a, 9%u) € H"~!*l and 0z, E(a,0gu) € Hr—lal=1,
The induction hypothesis also implies that £(9,,a,0yu) € H r=1=lel Thus
(5.2.36) follows at the order [ + 1, finishing the proof of the theorem. O
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Chapter 6

Symbolic calculus

The symbolic calculus is what makes the theory efficient and useful. The
idea of symbolic calculus is to replace the calculus on operators (composition,
adjoints, inverses...) by a calculus on the symbols. This was done in Lem-
mas 4.2.2 and 4.2.3 for operators with symbols in the Schwartz class, but the
exact formulas (4.2.6) or (4.2.10) involve integrals and Fourier transforms
and are not easily usable. On the other hand, Proposition 3.2.3 answers
exactly the questions for Fourier multipliers : the calculus on operator is
isomorphic to an algebraic calculus on symbols. This is what one wants
to extend. The classical theory of pseudo-differential operators shows that
there are simple and usable, but approximate, formulas, if one allows for
error terms which are of order strictly less than the order of the main term.
This idea is already present in the definition of para-differential operators :
the operator T;ﬁ depends on the choice of ¥, but Proposition 5.1.17 implies
that for a € I']"*, changing the admissible function ¢ would modify 7, which
is of order m, by an operators of order m —r. The main purpose of this chap-
ter is to provide a symbolic calculus for symbols of limited smoothness r,
modulo errors terms which are r-smoother than the main term: composition
(Theorem 6.1.1), adjoints (Theorem 6.2.1). Next we provide applications to
elliptic estimates and Garding’s inequality (Theorem 6.3.4) which will be
also very important in the next part.

6.1 Composition
6.1.1 Statement of the result

Theorem 6.1.1. Consider a € I']* and b € 7 where r > 0.

r o
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i) The symbol

1
(6.1.1) ath == |Z< ¢ alz,€) Db, €)
is well defined in y_;_, F:ljjm/*j

i) To o Ty — Tagp is of order < m+m/ —r.
This extends to matriz valued symbols and operators.

In (6.1.1), Dy = 19,
Because W"*°(R?) is a Banach algebra, we first note that

(6.1.2) ael™ bel™ = abel™™,

For a € I, b € 7" and |a| < r:

(6.1.3) OgacTy el Dipery
so that

m+m’—|a|
(6.1.4) O¢aDgb € F'f—lal .
Therefore

1 -
(6.1.5) aftb = ch, cj = Z a@ga(x,é) € F:lfjm 7.
j<r laj=j

This proves the first part of the theorem.

We will check that the result in ii) does not depend on the choice of the
admissible cut-off function v used to define para-differential quantization 7.
In a first step we study the composition of operators with symbols which
satisfy the spectral condition.

6.1.2 Proof of the main theorem

Lemma 6.1.2. Suppose that p € X' and q € 281/. Let 0 be an admissible
cut-off function such that @ = 1 on a neighborhood of the support of Z.q.
Let

(6.1.6) o(z,€) = / H(y.€) aly. €) dy

with

gt [ €l 0. €) .
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belongs to Sf'ffm/ and

(6.1.7) p(z, Dy) o q(a, Dy) = o(x, Dy)

Moreover, if p and q satisfy the spectral condition (4.2.16) with param-
eters € and € and if € + & + e’ < 1, then o satisfies the spectral property
and o € 7™

Proof. a) Using the approximation Lemma 4.2.11 it is sufficient to prove
(6.1.6) when p and ¢ belong to .(R? x R?). In this case, Lemma 4.2.2
implies that p(x, D,) o q(x, D,) = o(z, D,) where the symbol o is given by
(4.2.7), that is

o(x,€) = e~ (p(z, Dy)pe) (),
(6.1.8) 1

~ (2n) / = p(z, ) pe(n) dn,

with pe(x) := e™g(x, €). Since § = 1 on the support of Z,q, there holds
Pe(n) = Faq(n — &,€) = 0(n — &, Fzq(n — £, §)
= [0 - €. (0. ).

Substituting in (6.1.8) yields (6.1.6).

b) Because |n| < &”’(1 + [£]|) for some €” < 1 on the support of 6, the
function r(x,&,n) = p(z, £ +n)0(n, &) satisfies

(6.1.9) 1020705 1 (,€,m)| < Cpr(1 + [g]ym =181,
Thus, by Lemma 4.3.2, H satisfies estimates of the form
(6110) H@;’@?H(x, : 75)“[/1(1@11) < Ca,ﬁ(l + |§|)m+\oc|—|ﬁ\ .
Together with the estimates

192a( )| oo gy < Ca(1+1€)™ 171,
this implies that o € S{"fr "

¢) The spectrum of ¢(-,€) is contained in {|n| < &'(1+ [£|)}, hence the
spectrum of p¢ which is translated from the previous one by by ¢ is contained
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in K ={n: |£—n| <el+[¢])}. Hence Lemma 4.2.12 implies that the
spectrum of p(x, Dy)pe is contained in

{n+n" lg—nl <A+, 0| <e+n)}
C{¢ [E—dl<(+e@+e)A+IED}

Thus the spectrum of o(-,&) is contained in {n : |n| < §(1 + |£|)} with
d = e+ & + e’ and therefore o satisfies the spectral property (4.2.16) if
0 <1

O

Proof of Theorem 6.1.1.

a) We first check that the result does not depend on the choice of
the admissible cut-off function ¢. Indeed, by Proposition 5.1.17 and Theo-
rem 5.1.15,

(6.1.11) TV o TP — T¥2 o T = (T — TY2) o T + T2 o (T — T,?)
is of order < m +m/ —r and

(6.1.12) Tjﬁz ~ T =T T

a
j<r

where the ¢; are defined in (6.1.5). Since ¢; € F;rf;.m/*j the difference
Téﬁl —TéﬁQ isoforder <m+m'—j—(r—j)=m+m'—r.

Therefore, changing 1 if necessary, we now assume that the quantization
T is associated to an admissible function ¢ whose parameter ¢ in (5.1.6) is
smaller that %.

b) Let 6 be another admissible cut-off function such that § = 1 on
a neighborhood of the support of ¥. Let o, and o, denote the symbols
associated to a and b. Then, Ty = o4(x, D), T:’ = op(z, D) and by the
previous lemma, TY o Tgp = o(x, D) with

o(z,§) = /H(%y,f) op(y, &) dy

and

H(l‘, Y, 57 ) = (27I'>d / ei(x—y)no_a(l,’ g + 77)0(777 5) d77 .

By Taylor’s formula:

(6.1.13) ga(z,E4m) =) éag‘aa(x,f)n“ + > palw, &),

laj<r |a|=T
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where 7 is the smallest integer > r. Substituting, yields

0= ZPQ+ZQO4

lal<r || =7
with
1 i(z—y)n e!
Pal,€) = e i 8au(a, ) / G, )y, €) dydn
= a@?aa(m,f)Dﬁab(x,ﬁ)
and
(2.6) = - /< U, (2, €, )0, €)% (. €) dyd
qa\T, — (2 )d y Sy 1) n,s)n bv\Y, yan
/ Ra(z, — y,€) (D20y)(y. ) dy
with
Ra(z s)—ljeiy" (2.€.0)0(7.€)d
o(:9:8) = v pa(z,&,m)0(n, &) dn

In the computation of p,, we have used that 6(-,£) = 1 on the support of
Z0p(+,&). Summing up, the Taylor expansion (6.1.13) implies the following
decomposition of o:

(6.1.14) o = ogfop + ¢,
with ¢ =" qa.
c) Note that by Proposition 5.1.9
(6.1.15) Doy € X
so that
Haﬁaaab HLoo (R9) < Cq ﬁ(l + ‘5|)m e ‘ﬁl

Moreover, in the Taylor expansion (6.1.13), the remamders Po involve 7 &-
derivatives of o,. Since 6 is supported in || < £(1 + |£[), this implies that
ro(z,&,n) = palz,§,m)0(n,€&) behaves like a symbol of degree m — 7 and
satisfies estimates of the form

|0£0) ra(w,&,m)] < Cap (14 |11,
Thus, by Lemma 4.3.2, R, satisfies estimates

Ha?Ra(fL', . ’g)HLl(Rd) S CO‘HB(]' + ’£|)m7?7|6‘
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and therefore
(6.1.16) 040 lleqay < Cop1+ D™ =81,
d) Next we use the following lemma.

Lemma 6.1.3. If ¢ satisfies (5.1.6) with 1 < %, then for a € I'" and
ber?

(6.1.17) oatioy — Oap € Egn—"_m/_r.

Combining with (6.1.14) and (6.1.16), it implies that o — 044, satisfies
197 (0 = 0ate) (- )| oo ey < C(1+ [y =719

Moreover, since we have chosen @ such that 1 < %, Lemma 6.1.2 implies
that o satisfies the spectral property. Thus o — oy, also satisfies the spectral
property and

(6.1.18) G =0 — oggp € DT
Therefore, T, o Ty, — Togp = 0(x, Dy) is of order < m +m/ —r. O

Proof of Lemma 6.1.3.
Let a € I and b € I'"™. For |a| < r, by Propositions 5.1.9 and (5.1.10)

m—|a|—r
Ogoq — Oo2a € )
a m’

Moreover, these symbols satisfy the spectral property with parameter 1 <
%. Therefore, their products also satisfy the spectral property and

(6119) a?O'aDgéO'b — Ua?aUD%b c 26n+m —|O¢‘—r - 26n+m/_,r,.
Next we note that
ay = aga € F;”_\OII’ by := DSb € F;"l‘al, aiby € F:’TI_ZIL ~laf

Therefore, Proposition 5.1.8 implies that

~lal-r '—r-+lal

m m I
a] — Ogqy € FO , b — Op, € FO , aiby — Oa1by € Fan—&-m .

The first two properties imply that a1by — 04,03, € FSHmI_T and therefore
Tarby — 0a,Ob; € Fg”ml*?". Combining with (6.1.19) implies that
Ofoa Dy oy — Oo2aDgb € Eg”m -

and the lemma follows, completing the proof of Theorem 6.1.1. ]
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6.1.3 A quantitative version

An examination of the proof of Theorem 6.1.1 yields estimates of the norm of
the operator Tp, o Ty, — Tggp in terms of the semi-norms (5.1.5) of the symbols
a and b, for a given quantization 7.

Theorem 6.1.4. For all s € R, there is a constant C such that for a € I},
be I andu e H™H™ —"(RY):

| Ta 0 Tyu — Tagpu| .
< C(M;™(a; ) Mg™ (b no) + Mg (a; ) M (b;10)) ||| oot
with ng = [%] +1andn=mno+T.

Proof. We review the proof of Theorem 6.1.1.

a) In a first step, we may have to change the admissible cut-off so that
the parameter ; is smaller than ;. Applying (5.1.25) and (5.1.26) implies
that the norm of T, o T}, — T, o T} is bounded by

C (M (a;n0) MEY (b; no) + M (a3 m0) MI™ (b5 1))
Consider next for |a| <7, ¢, = 8§‘ang. For s > 0, the inequality

(6.1.20) vl < CClull g [ lws + el

V| o)
implies that for symbols p € T'¥ and ¢q € T'} '
(6.1.21) MY (pg,no) < C (M (p; mo) M§ (g5 m0) + M (p5m0) MY (g3 o))
Moreover, for s’ < s, the interpolation inequality
1-6) 116
(6.1.22) [ullyye < Cllull o llullyy-
with 6 = %’, implies that
(6.1.23) Mli(p,n) < C(Mf (pim)) '~ (ML (pi)”.)

Therefore, by (6.1.21):

Mm+m,_|a|(ca,n0) < C(M™, (asno + |oz|)M‘7g|,(b; no)

r—|al

+ M (a5 o + o) M (5 mo)).
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Using the interpolation inequality (6.1.22) for Mﬁw(a; no+|al) and M (b;mo),
we conclude that

(6.1.24) M1 (e, mo) < C (M (@) MY (b o)
+ M(?l(a; n)M;”/ (b; no))

Therefore, the norm of Ty, — Téﬁb is bounded by
(6.1.25) C (M (a;n) MY (b;no) + M (a; n) M™ (b;n9)).

b) Assuming that the cut-off function satisfies the condition g9 < i,
there holds T, 0Ty = o(z, D) with 0 = o,flop +q and q € Zg”JFm,_T satisfies

(6.1.26) M (g, no) < C MG (a;n) M™ (b ng).

Therefore, the norm of ¢(z, D,) is bounded by (6.1.25).
c) There holds

Mg (0 0a — 092a;n0) < CM™ | (@, no + |ev]).
With the interpolation inequality (6.1.23), this implies that
My ™ (980, Doy — 0920 Dgb; 10)
is bounded by (6.1.25). Similarly, Mg’”‘ml_””(aaaaal)gb — Opeapeb; No) sat-
isfies a similar estimate, as well as r = o,floy, — o4p. Therefore the norm
of r(z, D) is bounded by (6.1.25) and this finishes the proof of the theo-
rem. [

6.2 Adjoints

6.2.1 The main result

When p € ST, the operator P = p(z, D;) maps ¥ to . The adjoint
operator P* is therefore defined from .#’ to .#’, such that

(6.2.1) ((p(z: D2)) w,B) 0, = (w,p(2,Da)v) . -

In general, P* does not act from . to .. However, this is true when
the symbol p satisfies the spectral condition and in particular for para-
differential operators T,.
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Theorem 6.2.1. Consider a matriz valued symbol a € I']*. Denote by (T,)*
the adjoint operator of T, and by a*(x,§) the adjoint of the matrix a(x,§).
Then (T,)* — Ty is of order < m — r where

1 e aYe P m—j
(6.2.2) b= ) —D0ga’ (x,€) € yor
lal<r j<r

It is sufficient to make the proof when a is scalar and from now on, we
restrict ourselves to this case. Note that Dg@g‘a(a:,f)l“ﬁ]clj“, so that the
symbol b is well define.

In a preliminary step, we study the adjoint of operators with symbols in
DU

Lemma 6.2.2. Suppose that p € X', Let g € 7' (R? x RY) be defined by

(6.2.3) (Z20) (1, &) = (F2D)(n,§ +n)-

Then q € ST, satisfies the weak spectral condition (4.3.12) and for all
u e S

(6.2.4) p(z, Dg)*u = q(z, Dg)u.

Moreover, if p satisfies the spectral condition (4.2.16) with parameter e < %,
then q € 2.

Proof. Suppose first that p € .. We have checked in Lemma 4.2.3 that the
adjoint of p(z, D) is ¢(x, D,) with ¢ given by (6.2.3), or equivalently

(Z2q)(n,§) = (Fup)(—n,§ +n).

If p satisfies the spectral condition (4.2.16) with parameter £ < 1, on the
support of Zyq, |n| < e(1+ ¢+ nl), implying that [§] < [§ + [ + [n] <
(14+e)(1+€+n|) and (1 —¢)|n| < e(1 + |£]). Therefore :

suppFaq € {(1,€) :Inl < (1 + €]
(6.2.5)

1
d1 >
an +|§+77\_1+E

€[}

This proves that ¢ always satisfies the weak spectral condition (4.3.12) and
the stronger form (4.2.16) when ¢ < 1.

Let § € C*(R? x R?) be such that for all a and j3 there is C, g such
that

(6.2.6) 05000(n,€)] < Cap(1+ )"V,
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(6.2.7) f=1 on suppZ.q,
and, for some positive constants x and A:
(6.2.8)  6(,€) =0 for [n| = w(1+|¢)) andfor 1+ ¢ +n| < A¢]

For instance, one can choose an admissible cut-off function 1 with param-
eters €1 and e; such that ¢ < g7 < €2 < 1, so that 9 = 1 on the support
of Z;p. Thus, 0(n,&) = 1(n,n + &) satisfies (6.2.6), (6.2.7) and (6.2.8) with
k= 122 and A = 1.

Since # = 1 on the support of .%,q, there holds

o(z,€) = (2m)~ / €0, €)(F2T) (1, € + n)dn

= (2m)~¢ / e @IB(y, € + )0 (n, ) dydn.

Thus,

(6.2.9) 2.6) = [ Qe dy

with

(6.2.10) Qa9.€) = 2n) [ € Mp(a 4,6 -+ (. )

By (6.2.7), 1+ |+ |n| &~ 1+|£| on the support of . Thus, there are estimates
of the form:

(6.2.11) |055(x +y,& +m)0(1,€)| < Ca(1+ €)™
The integral in (6.2.10) is carried over the ball in 1 of radius x(1+ |£]). Thus
Lemma 4.3.2 implies

where we use the notations (5.1.5) for the semi-norms of symbols and d=
[%l] + 1. There are similar estimates for the £ derivatives, implying that

(6.2.12) 10F g, €)]| .1 < CMG (v, 18] + d) (1 + [¢))™ 7.

The estimates of the z-derivatives immediately follow using the spectral
localization of Z,q in {|n| < k|£]}.

Let p € ¥X§'. Consider approximations p, € . of p as indicated in
Lemma 4.2.11. Then the estimates (6.2.12) imply that the symbols g, € .%
of the adjoints p,(x, D;)* are bounded in ST, implying that ¢, — ¢ € ST
and that ¢(x, D;)u = p(x, D,)*u when u € .. O
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Together with Theorem 4.3.4, the lemma implies the following

Corollary 6.2.3. Ifp € X1, the adjoints p(x, D.)* maps . (R%) into itself
and is an operator of order < m.

End of the proof of Theorem 6.2.1.

a) We first check that the result does not depend on the choice of the
cut-off function v used to define the operator T,,. Indeed, if 11 and - are two
admissible cut-off functions, 7" — TY? = p(x, D,), where p = ¥t —o¥? €
X5~ ". Thus, Corollary 6.2.3 implies that (TS — (T;/’Q)* = p(z, Dg)* is of
order < m —r.

Moreover, D“(‘?aa € F |‘O‘é| and thus Tg}laa - Tﬁéa?a is of order <

—|a| = (r — |a]) = m — r. Hence, wal T;Z)2 is of order < m —r.

Therefore, we can assurne that the function 1 satisfies the localization
property (5.1.6) with 9 < 2

b) By Lemma 6.2.2, (T¥)* = q(x, D,) where the symbol ¢ is given by
(6.2.9) (6.2.10) with p = o .

Introduce an admissible cut-off function 0(n,&) equal to 1 on {|n| <
2e(1 + |¢]) and vanishing on {|n| > &5(1 + |¢]) where 2¢ < ¢, < 1. Then, 6
satisfies (6.2.6) and (6.2.8) with k =&}, and \ = ﬁ Moreover,

(6.2.13) =1 onsuppF,0, and on suppZ.q.

We use Taylor expansions:

1
Talw ty & tn) = Y i 0vale + .6+ Y nalr +y,6 0),

laf<r |oo| =T

where 7 is the smallest integer > r. Substituting in (6.2.9) yields

Qy.e) =) ~ anyﬁ > Ra(z,4,6)

|a|<7’ ! |a|=T

with
Qule.y,) = (2m)~° / eI (x4 y, €76 (n, €,

Ro(2,y,8) = (QW)d/eiy”pa(w +y,m,§)n*0(n, §)dn

The pq are given by integrals of 0g' o4 (z+y, {+tn) over t € [0, 1]. The support
condition implies that 1 + |£ + tn| =~ 1 + |£| on the support of 6, so that the
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pab satisfy estimates analogous to (6.2.11), implying by Lemma 4.3.2 that
Ry (z, -€) € L'. There are similar estimates for the y-derivatives, implying
that one can perform integrations by parts and thus

(6.2.14) m@@=/ﬂﬂw@@=/i@%@@
with
Ram%@=w%>{/ewwﬁ%u+ym@wm@mn

By Proposition 5.1.9, for |a| = 7 > r, 0fo, € ym-lel and Dgogo, €
ym=lel=rtlel = $10=" " This implies that D2p,(z + y,1,£)0(n, &) satisfies
estimates of the form

|07 (Dg pa(x + y,m,€)0(n, €))| < Ca(1 + [¢))™ 71,
With Lemma 4.3.2, we conclude that
Ira(z, )| < C(1+ €)™

There are similar estimates for the £ derivatives, and therefore r =  r,
satisfies estimates of the form

(6.2.15) (027 (x,6)| < Ca(1+ [e)ym 1A,

Similarly, since # = 1 on the support of .%,p, there holds

0216 a8 = [ Qulw.y.Ody = DEOFT(s, ).
Summing up, we have proved that
1
(6.2.17) a(,€) = 37 D30T, €) +r(,€).
la|<r

The spectral property is satisfied by ¢ and @,, thus by r, and therefore
(6.2.16) implies that r € X', so that r(z, D,) is of order < m —r.

c) Because Da € [T o> Proposition 5.1.10 implies that r1 = D3 0goq—
opgoga belongs to 26n7|a\7(r7|a|) = Xy ". Thus ri(z, D;) is also of order

< m —r. Adding up, we have proved that (T,)* — Ty, = r1(z, D;) +r(x, D,)
isorder <m —r. O
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Theorem 6.2.1 also admits a quantitative version:

Theorem 6.2.4. For all s € R, there is a constant C such that for all
a €l and uw € H™ ™", there holds

(22"~ T . < OME aim) ] o

withng = [4]+ 1, n=mng +7 and b given by (6.2.2).

6.3 Applications

6.3.1 Elliptic estimates

Definition 6.3.1. A scalar symbol a € I'}" is said to be elliptic if there is
constant ¢ > 0 such that

(6.3.1) V(x,€) = a(z, &) = (1 + €)™

More generally, a N x N matriz valued symbol a € I'y® is said to be
elliptic if deta € Févm is elliptic.

For matrices, the condition is equivalent to the property that a(z,£) is
invertible for all (z,&) and there is a constant C' such that

(6.3.2) V(2,8) + a7 (@, &)l < CO+IEh™™
The following result is elementary:

Lemma 6.3.2. If a is an elliptic symbol in T, then a~! is a symbol in
r.m.
Theorem 6.3.3. Given s and m, there ares constants Cy and C7 such that

for all elliptic symbol a € I'T* and v € H®:

(6.3.3) [ull o < Ko || Tat]| yacn + K1 [|u]

HHS Hs—1»
with

Ky = C()Mo_m(afl; n()),

Ky = Ci(M;™(a™ " yng + 1) M (a;m0) + My ™ (@™ sno + 1) M{"(a; ng)).
and ng = [3] + 1.

Proof. Let b= a~'. For r = 1, the symbolic composition bfa reduces to the
product ba = 1. Therefore u = TT,u + Ru where R is of order —1, and the
precise estimate (6.3.3) follows from (5.1.25) and Theorem 6.1.4. O
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6.3.2 Garding’s inequality

Theorem 6.3.4. There are constants Cy, Cy and Co such that for all N x N
matriz symbol a € I'" satisfying

(6.3.4) V(z,§) : Rea(z,§) > c(1+£)"1d

for some constant ¢ > 0, the positive square root b = (Re a) belongs to T} m/2
and is elliptic and for all u € H™(RY): and

(6.3.5) ;éHuHHmﬂ < Re (Tuu,u) o + (K1 + KD ull s
with
Ko = My ™ (b~ 5 np),
— Oy (M]M(a;no + 1) + M (b g + 1) M (b g + 1))
Ky = %(M{"/Q(b sno + DM (bm0) + My ™ (575 no + 1) M2 (b; no)).

Proof. There holds

Re (Tau, u) (Re T,u, u) ReT, = é(Tau + (To)Y).

2 = 2?

By Theorem 6.2.1, Tpu + (T,)* = 2TReq + R where R is of order m — 1.
The assumption is that Rea is elliptic and definite positive. It implies

that its positive square root b = b* = (Re a)% is an elliptic symbol in T’ 71”/ 2,

Therefore Treq = (T3)*T, + R’ where R’ is of order m — 1. Thus :

Re (T u, u)L2 = HTbuHLQ ( (R+ R')u, u)

We conclude by applying the elliptic estimate of Theorem 6.3.3 to T and
together with the estimate

(B + R ) | < Ol mn

where C is the norm of R + R’ from H 2 T oto H oo O

6.4 Pluri-homogeneous calculus

In applications to PDE’s, the notion of principal symbol plays a crucial
role. This leads to consider very naturally homogenenous symbols, which
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are not C° at £ = 0 except when they are polynomials. In this section,
we briefly indicated how the calculus developed above is easily adapted to
this framework. The main idea is that low frequencies are irrelevant in the
smoothness analysis and only contribute to remainders.

Definition 6.4.1 (Homogeneous symbols). Form € R and r > 0, I'™ is the
set of functions a(x, &) on R? x (RA\{0}) which are homogeneous of degree
m and C™ with respect to € # 0, and such that for all o« € N and € # 0,
d¢a(- &) € W (RY) and

(6.4.1) El‘lp H@ga('7§)er < 4o0.
=1
The following lemma is elementary.
Lemma 6.4.2. Let § € C*®(RY) be such that
(6.4.2) 1 -6 e C&(RY and 0 =0 in a neighborhood of 0.

Then for all a € f;", the symbol a(x,&)0(€) belongs to T,
If 0’ is another function satisfying (6.4.2), then af — af’ € T} for all
w e R.

Then one can define the following quantization for a € I
(6.4.3) Tou = Thou.

Then, T, is of order m, and changing the function # modifies T, by an
operator of order —oo, that is of order < p for all u, and thus infinitely
smoothing. Similarly, if @ € I''"* then T}, — T, is of order —occ

The rules for composition or taking adjoints leads to consider sums of
homogeneous symbols of different degrees.

Definition 6.4.3 (Pluri-homogeneous symbols). For m € R and r > 0, I'™
is the space of sums

(6.4.4) a= Z a;

with a; € FT__JJ

The operator T, = ZTaj is still defined by (6.4.3). Note that Taj is
uniquely defined up to an operator of order < m —j — (r—j) =m —r so
that T, is independent of the cut-off functions modulo operators of order
<m-—r.

Then Theorems 6.1.1 and 6.2.1 have the following extensions:
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Theorem 6.4.4. Consider a = ) aj € I and b = >b € ™ where
r > 0. Then

(6.4.5) ath:=3" S ofan(r,€) Db,

J<r |a|+k+l=j
belongs to T™+™ . Moreover, Ty, o Ty — Tuy is of order < m +m’ —r.

Theorem 6.4.5. Consider a =) a; € I'™. Then

(6.4.6) b=>Y_ Y ‘Daaf al(z, €)

J<r |a|+k=j

belongs to I'™. and (T,)* — Ty, is of order <m —r.
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Chapter 7

Nonlinear Hyperbolic
Systems

In this chapter, we prove the local well posedness of the Cauchy problem for
nonlinear symmetrizable hyperbolic systems. The main result of the chapter
is Theorem 7.3.3. We also prove a blow-up criterion : the life span of the
smooth solution is limited either by a blow up in L* or the apparition of
a singularity in the gradient of the solution. In one space dimension, for
systems of conservation laws, there are global existence theorems in spaces
of functions with bounded variation, and singularities (shocks) do appear
in general. The existence of an analogous result in multi-D is a completely
open question. Possible references for the hyperbolic Cauchy problem are
[Frl, Fr2, Fr3| in the linear case, [Ga, La, Miz, Mal, Ma2, Ma3, Hor, Tay]
for nonlinear equations or systems. In particular, this chapter is clearly
inspired by the work of made by A.Majda ([Mal, Ma2] who applied the
pseudo-differential calculus to nonlinear boundary value problems and shock
waves. As said in the introduction, the present chapter is a preparation for
this kind of developments.

The main step consists in proving a priori energy estimates. The proof
is classical for systems which are symmetric in the sense of Friedrichs, using
integrations by parts as shown in Section 3.3. Here we assume only mi-
crolocal symmetrizability, property which is satisfied for instance for strictly
hyperbolic systems or more generally for hyperbolic systems with constant
multiplicity. As explained ind Chapter 3, for constant coefficient systems,
the symmetrizers are Fourier multipliers. The constant coefficient analysis
also provides us with symbols which symmetrize the symbol of nonconstant
coefficient systems. We use the para-differential calculus to transform these
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symbolic symmetrizers into operators which actually symmetrize the PDE
systems.

7.1 The L? linear theory

7.1.1 Statement of the result

We consider the Cauchy problem

= d
(7.1.1) {Lu_f7 on |0, T[xR

Ujt=0 = h

for a first order N x IN system with variable coefficients

d
(7.1.2) Lu := du + Z Aj(t,x)05u
j=1

Assumption 7.1.1. The matrices A; have WH> coefficients on [0,T] x R?

The symbol of the equation is

d

(7.1.3) A(t,z,€) = &AL x)

j=1
The system is assumed to be hyperbolic in the following sense :

Assumption 7.1.2 (Microlocal symmetrizability). There is a N x N matriz
S(t,x,€), homogeneous of degree 0 in &, with entries C* in & # 0 and WH>
n (t,z) € [0,T] x R? such that:

i) S(t,x,§) is self adjoint and definite positive, and there is ¢ > 0
such that for all (t,z,€), S(t,x,&) > cld;

it) For all (t,x,€), S(t,z,£)A(t,x,§) is self-adjoint.

It means that
i) for all fixed (¢, ), the constant coefficient system 0; + A(t, z, 0;) is
strongly hyperbolic and admits a symmetrizer S(t,z, D),
ii) the symbol S(t,z,¢) is WL in (t, z).
In particular, the case of symmetric systems in the sense of Friedriechs
corresponds to the case where S(t,x, &) can be chosen independent of £ (see
Assumption 3.3.2).
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Theorem 7.1.3. For f € L'([0,T]; L?(R%)) and h € L*(R%)) the Cauchy
problem (7.1.1) has a unique solution u € C°([0,T]; L?(R%)). Moreover, here
are constants C and K such that for all f and h the solution u satisfies :

(7.1.4) Hu(t)HLQ < C'eKtHu(O)HL2 + C/o C’eK(tfs)HLu(s)HLst.

The precise dependence of C' and K on bounds for the coefficients A;
and S is given in (7.1.26) and (7.1.27) below. Knowing this dependence is
crucial for the nonlinear theory.

The proof of this Theorem is in three steps:

- There are constants C' and K such that the estimate (7.1.4) is
satisfied for all u € H'([0,T] x R?). For this, the main idea is to compare
the operator L to its para-differential version 9; + Tj4.

- We show that if u € L?([0,T] x R%) is a solution of the Cauchy
problem, with f € L1([0,T]; L?) and h € L2, then actually u € C°([0,T}]; L?)
and satisfies the energy estimate (7.1.4). This implies uniqueness. The proof
is based on a regularization process (Friedrich’s lemma) which we prove here
using again the para-differential calculus.

- We construct a solution u € L%([0, 7] x R%) of the Cauchy problem,
which by step 2 is actually in C°([0, T]; L?).

7.1.2 Paralinearisation

We use the paradifferential calculus on R% which applies to functions and
symbols on RY. Below, we assume that the quantization is fixed, that is
associated to a fixed admissible cut-off function v and we use the notation
T, for para-products or para-differential operators. We extend this calculus
to symbols and functions which also depend on time : When a and u are
symbols and functions on [0,7] x RY, we still denote by T,u the spatial
para-differential operator (or para-product) such that for all ¢ € [0, T

(7.1.5) (Tou)(t, -) = Ta,yult, -)-
Accordingly, we use the following notations:

Definition 7.1.4. I'""([0, 7] x RY) denotes the space of symbols a(t,z,&)
such that the mapping t — a(t, -) is bounded from [0,T] into the space
I7Y(RY) of Definition 5.1.2.

Similarly, I'“L”([O,T] x RY) denotes the space of symbols a(t,z,€), homo-
geneous of degree m in £ # 0, such that the mapping t — a(t, -) is bounded
from [0,T) into the space T (RY) of Definition 6.4.1.
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In particular, the assumptions on the coefficients of A; imply that the
symbol A(t, z, &) belongs to T'1([0, 7] x RY) and also to I'}([0, T] x R%).

Notations. Introduce

(7.1.6) Mo(A) = Z HAJ'HLoo([o,T}deV
J
(7.1.7) M;(A) = Ztes[%}pﬂ [EVC][——"

J

By definition iA(t, z,&) = > A;(t, z)(i&;) and

d
(7.1.8) Tiav =Y Ta;0u;v.
j=1
Introduce
d
(7.1.9) Rv := A(t,z,0;)v — Tiav = Z (Aj — TAj)(‘?mjv.
j=1

Theorem 5.2.9 implies the following lemma:

Lemma 7.1.5. There is a constant y such that for allu € C°([0,T]; L?(R%))
there holds for almost all t € [0,T]:

(7.1.10) HA(t,x,az)u(t) — TiAu(z‘,)HL2 < *yMl(A)Hu(t)HLQ.

Using Gronwall’s lemma, this lemma implies that the estimate (7.1.4) is
a consequence of similar estimates where Lu replaced by Oyu + T; au.
7.1.3 Symmetrizers

The Assumption 7.1.2 provides us with symbols S such that
(7.1.11) Se Y0, 7] xRY), 9,5 e T9([0,T] x RY).

The general idea is to show that the para-differential operator T is a sym-
metrizer for the equation. However, we have to take care of the singularity
of S at & = 0 and also of remainders which will occur in the symbolic cal-
culus. This leads to technical modifications. First, note that the ellipticity
assumptions on S imply that

(7.1.12) S71, sz e 19([0, 7] x RY).
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Introduce 6 € C*°(R?) such that 0 < 6 < 1, = 0 for |£| > 2 and such
that 6 =1 for all || < 1. With a parameter A > 1 to be chosen let

(7.1.13) V(t,z,€) = 52 (t,,6)(1 — (A €))
(7.1.14) 2(t) = (Ty ) Ty + (B(A1D,))’1d
In particular,

(7.1.15) (Su,u) s = | Tvu] 2 + [0 Do)l

To control the norm of various operators defined with S, we use the following
semi-norms (see (5.1.5)): .
Notations. Forr > 0and P in I')([0,7] x R%) and @ in T'9(]0, T] x R%),let

(7.1.16)  Mo(Pin)=sup  sup  (1+[EDOEPE, -&)|lyprzay.
lo|<n (t,€)€[0,T]x R4

(7.1.17) MT(Q;n) = sup sup OZP(t, )|l virr s
lal<n (t,£)€[0,T]x S4—1 H ¢ HW (RY)
In particular, for k € N,

(7.1.18) My(Psn) = sup sup [[(1+ [€)\YOTOEP(E, . )| oo o 1yxmescre
la|<n |B|<k
There is a similar expression for M (Q;n).

Lemma 7.1.6. There are constants o, y1 and ~y such that for all t € [0,T],
the operator ¥(t) satisfies for all v € L*(R?):

(7.1.19) 1=@)o||,. < Cllo|| -

(7.1.20) [0][7, < Co(2(t)v,0)

where

(7.1.21) C=~(Mo(S%;n))> +1,  Co=n0(Mo(S™%;m))°

with n = [§] + 2, provided that X > max{\1, 2} with

(7.1.22) M =m (MO(S’%; n) My (S%;m) + My (S 3; n)Mo(sé;n)).
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Proof. By (5.1.25),

[Ty (1yv]] 2 < YMo(Vino)[[v]] 2

with ng = [4] + 1. Thus the same estimate is valid for (T%,)* and therefore

1Ty @) Tvoll 2 < 7* (Mo(Vino))Jo]] .
Next, we remark that
Mo(V;no) < +'Mo(S%; o)

with + independent of A. This implies (7.1.19)
Let Vi = S2(1—6) and W = S2(1 — 6). Then, for A > 2:

V=n(1-017%), Wi =(1-6)1d
Therefore Theorem 6.1.1 implies that
Ty, Ty = (Id+ R)(1 - 0\~ D,))

where R is of order < —1. More precisely, with (5.1.25) and Theorem 6.1.4,
we see that

(1 =6(A""D2)) v|| 12 < voMo(Wisn) || Tyo||,» + Cu||(1 = 0(A" Do) || -
with
Ci=m (Mo(Wl;n)Ml(Vl;n) + My (Vi;n)Mo(Wr; n))
< <M0(S_%;n)M1(S%;”) + MI(S_%;N)MO(S%W)) = %)\1.

Because
(1= 0 D)y < AT = 0T D)) 2

this implies that for A > A, there holds
H(l —0(\"'D,)) UHL2 < 2y Mo(Wy;n) HTVUHH
< 3 Mo(S™7;n) | Tvo||,.-
Squaring and this implies
072 < 20(Mo(5™2:m))* [ Toro][ 75 + |6 Dol 7.

Using (7.1.15), the estimate (7.1.20) follows. O
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From now on we suppose that A is fixed and equal to max{2, \;}.
Lemma 7.1.7. There is a constant vy2 such that for all t € [0,T] and v €
H! (Rd):

(7.1.23) —%(@Ev, v)L2 + Re (Z(t)TZ-Av, v)L2 < KH“H;

with

(7.1.24) K = fyg(ma).({2, /\11}MO.(A) —11— Mg(@tS%; ﬁ)Mg(S%;n)

+ Mi(S2;n) Mo(S2 ) Mo(A) + Mo(S;n) My (A)).

Proof. The definition of the quantization 7" implies that 0;Ty = Tp,y. Thus
X = (Ty,v)*Tyv + (T )*Ts,v is of order 0 and contributes to the first term
in K.

The symbolic calculus implies that

(Tv) ' TvTia — Tisa(1-6,)2

is of order < 0, where 6, (&) = §(A71€). Since ReiSA = 0 , it follows that
ReTisa(1-9,)2 is also of order < 0. More precisely, there holds

[Re ((Tv) Ty Tia)ul 2 < Kellull

with
Ky = 2 (N1 (8% m) Mo(S%) Mo(4) + Mo(S: m) My (4)).

In addition,
162 (D) Tia)ul 12 < 2 || Tia) || ;- vs Mo(A) ||| -

This implies (7.1.23). 0

7.1.4 The basic L? estimate

Proposition 7.1.8. There are constants C' and K such that for all u €
L%([0, T); HY(R®)) with dyu € L*([0,T]; L?(R%))

t
(7125)  ju(®)],. < CE u(0)|],. + C / K| Lu(t))||,dt
0

Moreover, there are functions C and K n such that the constants C' and K
are of the form

N[

(7.1.26) C = C(Mo(S™2;n), Mo(S2;m))
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ian K= K((STE ), Mo(Sim), Mo(4)
- (Mo(9:5%;n) + My(S2;n) + My(S™2;n) + My (A))
We first prove a similar estimate for the para-differential equation

Owu + Tiau = f.

Proposition 7.1.9. There are constants C and K as in (7.1.26) and (7.1.27)
such that for all w € L([0,T]; H*(R?)) with oyu € L'([0,T]; L?*(R%)),

t
(7.1.28) |lu(t)||,» < Ce¥|Ju(0)]| ., + C / X (Qpu + Tyau) ()| 2 dt'.
0

Proof. This is an application of the method exposed in Section 3.1. When
u is smooth (for instance in C*([0,T]; H'), there holds

Ot (Eu, u)r2 = 2Re (Ef, u)L2 + Re ((8t2 —2¥T;4)u, u)LQ
with f = 0w+ T;au. Thus € = (Xu, u) 2 satisfies
OE < 262 F7 + 2K Co

where F = (Xf, f)r2 and K and Cy given by (7.1.24) and (7.1.21) respec-
tively. Thus

N

t
E2(t) < 5%(0) _|_/ e(t—t')COK}—(t/)dt/

0
and the estimate follows using again the Lemma 7.1.6.
Since all the terms of the estimates are continuous for the norm of u €
L%([0,T); HY(RY)) with dyu € L'([0,T]; L?(R%)), by density, this implies
that the estimate is true for « in this space. ]

Proof of Proposition 7.1.8.
The para-linearization Lemma 7.1.5 and the estimate (7.1.28) immedi-
ately give an estimate similar to (7.1.25) with an additional term

t
(7.1.29) yMy(A) / K u(t)| ot
0

in the right hand side. Gronwall’s lemma, implies (7.1.25) with a new con-
stant K’ = K + yMj(A) which has the same form as K. O
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7.1.5 Weak= Strong and uniqueness

For u € L?([0,T] x RY), dyu is well defined in 2'(]0, T[xR?) and A;0;u €
L2([0,T]; HY(RY)) ¢ 2'(]0, T[xR?) since the product

(a,v) — av

is well defined from Wh°(R?) x H~Y(R?) s H~1(R?). Therefore, for f €
2'(]0, T[xR%) the equation
(7.1.30) Lu = 0w+ A(t,z,0,)u= f

makes sense. Such a u € L2([0,T] x RY) is called a weak solution of the
equation.

Lemma 7.1.10. If f € L'([0,7]; L>(RY) and v € L%*([0,T] x R%) satisfy
(7.1.30), then
(7.1.31) we C([0,T]; H™ 2 (RY).

Proof. The function v = u—fg f(#")dt' belongs to L*([0, T, L*)+C°([0, T]; L?)
L2([0,T], L?) and 9w € L*([0,T); H~'). Thus v and hence u belong to
CO((0, T} H 2 (RY)). =

N

In particular for a weak solution u € L?([0,T] x R?) of (7.1.30) with
f € LY([0,T); L?(R?), the trace

up—o € H (R

is well defined and the initial Cauchy condition u—o = h makes sense in
2'(R%).

Theorem 7.1.11. Suppose that u € L?([0,T] x (R?) satisfies the equation
(7.1.1) with f € LY([0,T); L*(R?) and h € L*(R?). Thenu € C°([0,T]; L?(R%))
and u satisfies the energy estimates (7.1.25)

Corollary 7.1.12. Ifu € L%([0,T] x (RY)) satisfies (7.1.1) with f =0 and
h =0, then u=0.

Let J. = (1 — z—:A)_%. It is the Fourier multiplier with symbol j. =
(1+ 5|£|2)_%. We use the following facts:
- for fixed € > 0, J. € Si& and J; is of order —1;
- the family {j.;e €]0,1]} is bounded in 5(1),0 and in particular, the
J.. are uniformly bounded in L? and H?;
-forallve H%, Jov —vin H® as € — 0.
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Lemma 7.1.13. Ifu € L%([0, T x (RY) satisfies (7.1.1) with f € L*([0,T]; L*(R%),
then

(7.1.32) LJou = f. € LY([0, T]; L*(R%)

and f. — f in f € LY([0, T]; L>(RY).

Proof. By Lemma 7.1.5, the operators R(t) = A(t,x,0,) — Tja() satisfies
1Bl > < KlJo]| .

Thus, [R(t), J.] = R(t)J. — J-R(t) are uniformly bounded in L.
The symbolic calculus implies that the commutators [T} 4(4), Je| = [Tia, T),]
are uniformly or order 0 thus there is K such that for all ¢:

I(Ta, TeJol| 2 < K o] -
Adding up, we see that there is K such that for all ¢ and all € €]0, 1]:
(7.1.33) (At 2, 04), J2Jo] 2 < K]Jo]) ..

Moreover, for all v € H'([0, T]xR%) and all ¢, the commutator [A(t, z, d,.), J-|v
tends to 0 in L? since each term A(t,z,0,)J.v and J.A(t, z,d;)v converge
to A(t,z,d,)v. Using the uniform bound (7.1.33) and the density of H! into
L2, this shows that for all u € L?(]0, 7] x R9)

ge := [A(t,x,0,), JJu(t) — 0  in L%
In particular
T
/ Hgg(t)Hdet — 0 as € — 0.
Because J; and 0 cofnmute, there holds (in the sense of distributions)
(7.1.34) Ode + A(t,x,05)Je = Jof + g
and the lemma follows. O
Proof of Theorem 7.1.11. Because J.u € C°([0,T]; H') and
OpJou = fo — A(t,x,0,)Jou € LY[0,T]; HY) + C°([0, T); L?)

one can apply Theorem 7.1.3 to J.u — Jou. The corresponding estimate
imply that the J.u form a Cauchy family in C°([0,T]; L?) as € — 0. Thus
Jou converge in C°([0,T]; L?). Since Jou — u in L2([0, T] x R?), this shows
that v € C°([0,7]; L?) and J.u — u in C°([0, T]; L?).

Theorem 7.1.3 can also be applied to J. and passing to the limit in the
estimates satisfied by J.u proves that u satisfies (7.1.4). O
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7.1.6 Existence

To finish the proof of Theorem 7.1.3, it remains to prove the existence of
weak solutions.

Theorem 7.1.14. For f € L'([0,T]; L?(R%)) and h € L?(RY)) the Cauchy
problem (7.1.1) has a unique solution u € L*([0,T] x R%) which therefore
belongs to C°([0, T]; L2(R?)) and satisfies the energy estimate (7.1.25).

Proof. Consider the equation
(7.1.35) Oyus + A(t,x,0y)Jous = f, Ue|t—o = h.

For each fixed ¢ > 0, A(t,z,0,)J. is bounded in L? and the theorem of
Cauchy-Lipschitz implies that there is a solution u € C°([0, T]; L?).

The main point is that all the estimates proved for 9, + A(t,z,d,) are
satisfied for 0, + A(t, x, 0;)Jz, uniformly in €. Indeed:

- Lemma 7.1.5 implies that the errors A(t,z,0,)u — T4, are uni-
formly bounded in L?,

- the proof of Proposition 7.1.9 applies to 0;+Tja,. because S(t,z,&)
symmetrizes A(t, x,)j-(§) and provides us with uniform estimates since the
family of symbols A(t, z,£)7:(€) is bounded in T'y.

The uniform estimates for 9, + A(t, z, 0,)J. imply that the sequence u.
is bounded in C°([0,T); L?(R)). Using the equation, we see that dyu, — f
is bounded in C°([0, T]; H~1(R%)).

Therefore, by Ascoli-Arzela theorem, there is a subsequence, still denoted
bu u., which converges in C°([0,T]; L2 (R%)), where L2 denotes the space
L? equipped with the weak topology. There is no difficulty to pass to the
limit in the equation, and the limit u € C°([0, T]; L2 (R9)) C L?(]0,T] x R%)
is a (weak) solution of the Cauchy problem. O

7.2 The H? linear theory

7.2.1 Statement of the result

We always assume in this section that Assumption 7.1.2 is satified. We now
assume that s > g + 1 is given and that Assumption 7.1.1 is strengthened
as follows:

Assumption 7.2.1. The matrices Aj have coefficients in W1 and for all
ke{l,...,d}, 05, A; € L>([0,T); H~Y(RY)).
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For example, the coefficients can be of the form constant + function in
CO(H*)NCY(H*).

Theorem 7.2.2. For f € L'([0,T); H*(RY)) and h € H*(R%)) the Cauchy
problem (7.1.1) has a unique solution u € C°([0,T]; H*(R%)). Moreover,
here are constants C and K4 such that for all f and h the solution u satisfies:
dt’.

(721)  u(t)||,. < Ce™!

t
o+ C [ €D L)
0

u(0)]

Hs Hs

The constant C' is still of the form (7.1.26). The form of the constant
K is given in (7.2.6) below.

7.2.2 Paralinearisation

Notations. Parallel to (7.1.6), introduce

(7.2.2) Mps(A) =Y sup [|V.A4;(t,")]

J t€[0,T

Hsfl(Rd) .

Proposition 5.2.2 implies that

(7.2.3) || Aj0x,u(t) — Tia,e, ult)]

e S V[ Va4l )|

Hs—1 Hvﬂ»‘“(t) HLOO'
Therefore:

Lemma 7.2.3. There is a constant y such that for u € C°([0,T]; H'):

(7.2.4) |A(t, @, 0z )u(t) — Tau(t)|

s <My (A)Hu(t)‘

Hs*

7.2.3 Estimates

Proposition 7.2.4. There are constants C' and K of the form (7.1.26) and
(7.1.27) such that for all w € C*([0,T); H*) N C°([0, T); H**1) there holds

t
Hs + C/O GK(t_t/)

Proof. Let v=(1-— Ax)%su = T(ng'Q)%su. By the symbolic calculus,

(725) ()], < CEt|u(0)]

O + Tyau(t'))|

/
edt.

O + Tyav = (1 — Ay)2° f + Pou
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with P of order s and of norm O(M;(A)) from H* to L?. Thus the L?
estimate for v implies an H*® estimate (7.2.5) with the additional term

t
CMl(A)/ eK(t—t/)
0

u(t')|| o dt'.

in the right hand side. This implies (7.2.5) with a new constant K’ =
K + CM;(A) which is still of the form (7.1.27). O

Using this estimate together with (7.2.4) and Gronwall’s lemma imme-
diately implies that following;:

Proposition 7.2.5. There are constants C' of the form (7.1.26) and K of
the form

(7.2.6) K, = K' + C'Mpys(A)

with C" and K’ of the form (7.1.26) and (7.1.27) respectively, such that the
energy estimate (7.2.1) is satisfied for allu € C*([0,T]; H*)NC([0, T]; HT)

Remark 7.2.6. Ot is noticeable that for the para-differential equation, the
estimate depends only the Lipschitz norm of the coefficients.
7.2.4 Smoothing effect in time

Using the mollifiers J. as in the proof of Theorem 7.1.11, one obtains the
following similar result.

Proposition 7.2.7. Suppose that u € L?([0,T]; H*(R%)) is a solution of the
Cauchy problem (7.1.1) with f € L*([0,T]; H*(R%)) and h € H*(RY). Then
u € C°([0,T]; H*(RY)) and u satisfies the energy estimates (7.2.1).

7.2.5 Existence

Theorem 7.2.8. For f € L'([0,T]; H*R?)) and h € H*(R%)) the Cauchy
problem (7.1.1) has a unique solution u € L?([0, T); H*(R?)) which therefore
belongs to C°([0,T]; H*(R?)) and satisfies the energy estimate (7.2.1).

Proof. The proof is similar to the proof of Theorem 7.1.3. We consider the
mollified equation

(7.2.7) Opue + A(t,x, 0pJe)ue = f, Ue|y= = h.

For each fixed ¢ > 0, A(t,z,0;)J- is bounded in H* and the theorem of
Cauchy-Lipschitz implies that there is a solution u € C°([0, T]; H*).
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Again, we use that the estimates are uniform in €, so that the se-
quence wu. is bounded in C°([0,T]; H*(R?)) and du. — f is bounded in
Co([0, T); H5~(R%)). Therefore, a subsequence converges in C°([0, T]; H3 (R%)),
where H;, denotes the space H?® equipped with the weak topology. The limit
u € L2([0,T); H*(RY)) is a (weak) solution of the Cauchy problem.

We conclude, using Proposition 7.2.7. 0

7.3 Quasi-linear systems

7.3.1 Statement of the results

We consider a first order N x N quasi-linear system

d
(7.3.1) O+ ; Aj(u)dju = f + F(u),

U‘t:() = h

Assumption 7.3.1. The matrices A; are C* functions of u € RN. Fisa
smooth function of u and F(0) = 0.

For simplicity, we assume here that the coefficients A; do not depend on
the variables (¢,z). The extension to systems with coefficients A;(t, z,u) is
left as an exercise.

The symbol of the equation is

d
(7.3.2) A(u,§) =Y &A;(w)
j=1

Assumption 7.3.2 (Hyperbolicity). There is a N x N matriz S(u,§), ho-
mogeneous of degree 0 in &, with entries C™ in (u,&) when & # 0 and such
that:

i) S(u, &) is self adjoint and definite positive,

ii) For all (u,&), S(u&)A(t,z,&) is self-adjoint.

We consider a Sobolev index s > %l + 1 which is fixed throughout this
section.

Theorem 7.3.3. For f € C°([0,T]; H*(R?) and h € H*(RY), there isT' > 0
and a unique solution u € C°([0,T']; H*(R%)) of the Cauchy problem (7.3.1).

An estimate from below of T” is given in the proof of the theorem.
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Uniqueness allows to define the maximal time of existence :
T* is the supremum of T' € [0, T] such that the Cauchy problem
has a solution u € C°([0, T"]; H*(R?)).
The theorem implies that 7% > 0. By uniqueness, the solution u is
therefore defined for all t < T* and u € CO([0, T*[; H*(R)).

Theorem 7.3.4. Either T* =T or

(7.3.3) thTEPH“HLoo([o,t]de) + Hvt’muHLw([O,t}de) = +oo.

t—

7.3.2 Local in time existence

We consider the iterative scheme defined by ug(t,z) = h(z) and for n >0 :

d
(734 Bytnt1 + ; Aj(un)djuntr = f + Fluy),
Up+1jt=0 = h.

Lemma 7.3.5. The u, are defined for all n and

(7.3.5) u, € CO([0,T); H*(RY),  du, € CO([0,T); H*~HRY)).

Proof. This is true for ug. Suppose that w,, satisfies (7.3.5). Therefore, u,
belongs to W as well as the coefficients A;(uy(t,)). Moreover, applying
Theorem 5.2.6 to A;(u) — A;(0), implies that V,A;(u,) € CO([0,T); H*™1).
Moreover, the linear equation (7.3.4) admitd the symmetrizers S(uy (¢, z),€)
which satisfy the conditions of Assumption 7.1.2. Therefore Theorem 7.2.2
can be applied, and (7.3.5) has a unique solution u,+1 € C°([0, T]; H®). The
property Oy, 1 € C°([0, T); H*~1(RY)) follows from the equation. O

Lemma 7.3.6. There is T' €]0,T], such that the sequences u, and dyu,, are
bounded in CO([0,T"]); H*(R?)) and in C°([0,T"); H*~1(RY)) respectively.

Proof. We prove by induction that there are 7" > 0 and constants m, R and
R; such that

7.3.6 H“nHLoo([o,T']de) < m,

(7.3.7) sup H“n(t)HHs(Rd) <R,
te[0,17]

(7.3.8) sup Hatun(t)HHs—l(Rd) < R.
te[0,77]
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We use the energy estimates (7.2.1) on [0,7”] for the linear problem (7.3.4),
assuming u,, satisfies the estimates above. There are constants C,, and K,
depending on u,, such that

t
\wmmwmpgcwﬁﬁhmp+6@/eK“4WV@U+mewwHﬂﬂ
0

The symmetrizer is Sy (t, z,£) = S(un(t, z),§). If u, satisfies the induction
hypothesis, Assumption 7.3.2 implies that the semi norms occurring in the
definition of the the constants satisfy

Mo(Sy k) < F(m),  Mi(Sy;k) < Fi(R)

where F' and F) are increasing functions of their argument. Therefore, there
are functions C'(m) and K(m, R, R1) such that the constants C,, and K,
satisfy C,, < C(m) and K,, < K(m, R, Ry).

The H® norm of F(uy) is also estimated by K(R), and finally, we see
that there are constants C' = C'(m) and K = K(m, R, R;) such that

(7.3.9) |tns1()]] e < Ce™M|R]| 0 + tCERH (P + K)
where

¢ = sup Hf(t)HHs(Rd)
t€[0,T]

Using the equation, this implies that there is a function D(R)

(7310) H@tun+1(t) HH5*1 < D+ D(R) “un+1(t) HHS
We first choose

(7.3.11) m > ([ oo ey

Next we choose

(7.3.12) R > C(m)||h]| o gay»

(7.3.13) Ry > &+ RD(R).
Therefore, if T” is small enough,
(7.3.14) C(m)e K]

[l ey + T'(@ + K)) < R,
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and the energy estimates (7.3.9) and (7.3.10) imply that u,,41 satisfies (7.3.7)
and (7.3.8)
The estimate of Jyu,1 implies that

(7.3.15) tns1(t) = Rl oo < A||tng1(t) = R yoos < R,

and thus,
Hun+1(t)HLoo < HhHLOO + iR

If 7" is small enough, the right hand side is < m, implying that u,, 1 satisfies
(7.3.6). O

Lemma 7.3.7. The sequence uy, is a Cauchy sequence in C°([0, T']; L?>(R%)).

Proof. Set vy, := tp41 — up. For n > 1, it satisfies

d
atUn + A](un)ajvn = Gn,
(7.3.16) ;
Un+1|t=0 = 0
with

9n = F(ua) = Flun1) +

J

(Aj (un_l) — Aj (un))ajun

d
=1

Using the uniform bounds for u,, and u,+1, we see that there is a constant
R such that for all n and all (t,z) € [0,7"] x R%:

|9n (L, 2)| < Rlvn1(t, )]

The uniform bounds also imply that the L? energy estimates for (7.3.16)
are satisfied with constants independent of n. Therefore, there is a M,
independent of n, such that for all n > 1:

t
Jon®)ll 2 < B [ Jfonca ()]t

Hence -
[oa®ll 2 < == sup oot
n: t'€[0,T7)
Thus the series > v, converges in C°([0, T"]; L2(R?)). O
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Proof. Proof of Theorem 7.3.3 The uniform bounds and the convergence in
CO([0, T"); L*>(R%)) imply that the sequence wu,, converges in C°([0, T"]; H* (R%))
for all s’ < s. Similarly, du, converges in C°([0,T']; H* ~*(R%)) Choosing
s’ > %l + 1, this implies a uniform convergence in C° of w,, and Viztn. Thus
the limit u is solution of the equation. Moreover, u € C°([0,T']; H* (R%))
and u € L*([0,T]; H*) and dyu € L>([0,T]; H*™1).

The next step consists in considering (7.3.1) as a linear equation in
u € L*([0,T"]); H®) with coefficients A; in L°°([0,T”], H*). Proposition 7.2.7
implies that u € CY([0,T]; H®). O

Remark 7.3.8. The proof above shows that the time of existence is uni-
formly estimated from below by a uniform 7”7 when the data f and h remain
in bounded sets.

7.3.3 Blow up criterion

The proof of Theorem 7.3.4 is based on the following a priori estimate:

Theorem 7.3.9. For all M, there are constants C(M) and K (M) such that
for all solution u € C*([0,T]; H*) N C°([0,T]; H**') which satisfies

(7.3.17) H“Hleoo([o,T]de) =M

there holds
t

(73.18)  JJu(®)||,;. < CFY[u(t)]],. +C / CeM | f(5)]] y.ds.
0

Proof. With Aj; = A;(u) the paralinearisation theorem implies that
(7.3.19) HA(u, Oz )u(t) — TiAU(t)HHs < KHu(t)HHé

with K = K(M). Then, the estimates follows from Proposition 7.2.4 for
the para-differential equation and Gronwall’s Lemma to absorb the integral
in [|u(t")|| s which appears in the right hand side. O

Proof of Theorem 7.3.3.
Suppose that T* < T but that there is M such that for all ¢ < T*

[ oo gty + [ Veau®)l] o gy < M

By Theorem 7.3.9, the H® norm of u(t) remains bounded by a constant R.
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Following the Remark 7.3.8, there is 77 > 0 such that the Cauchy prob-
lem (7.3.1) with f in a ball of C°([0,7]; H*) and |||z < R has a solution
in CY([0,T"]; H®). We apply this result for the Cauchy problem with initial
time 77 = T* — T"/2 and initial data u(T7) which satisfies ||u(T})||gs < R.
Therefore this initial value problem has a solution in CO([Ty,Ty]; H®) with
Ty = min(Ty + 7", T). By uniqueness, it must be equal to u on [T1,T*,
and therefore u has an extension @ € C°([0,T3]; H*) solution of the Cauchy
problem. Since T5 > T, this contradicts the definition of T and the proof
of the theorem is complete. ]
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Chapter 8

Systems of Schrodinger
equations

In this chapter, we give another application of the symbolic calculus to the
analysis of the Cauchy problem for systems of Schrédinger equations. The
Schrédinger equation is very classical in optics as it models the propaga-
tion of a coherent beam along long distances. The dispersive character of
Schrondinger equation encounters for the dispersion of light in the direc-
tions transverse to the beam. The coupling of such equations thus models
the interaction of several beams. For an introduction to nonlinear optics
we can refer for instance to to [Blo, Boy, NM] and for examples of coupled
Schrodinger equations, to [CC, CCM].

8.1 Introduction

Motivated by nonlinear optics, we consider systems of scalar Schrodinger
equations:

N
(8.1.1) Opuj + i Ay = > bjp(u,Op)up,  jE{L,...,N},
k=1

where the A; are real and the b; (u, 0,) are first order in 0,. See [CC] and
the references therein. In general, the nonlinear terms depend on u and w:

N
(8.1.2) Ouj +iNjAzuj = Z bjk(u, Oz )ug + ¢ (u, Ox )y
k=1
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where the ¢;(u,0,) are also of first order in 0,. Introducing v and u as
separate unknowns reduces to the form (8.1.1) for a doubled system.
This system can be written in a more condensed form

(8.1.3) O+ A0y )u + B(t,x,u,0,)u =0

with A = diag()\;) second order and B a first order N x N system

d
(8.1.4) B(t,x,u,0;) = ZBj(t,x,u)ﬁzj.
j=1

For the local existence of smooth solutions, the easy case is when the
first order part, B(u, ;) in the right hand side is hyperbolic symmetric, that
is when the matrices B; are self adjoint. In this case, there are obvious L?
estimates (for the linearized equations) followed by H*® estimates obtained
by differentiating the equations as in Section 3.3. They imply the local well-
posedness of the Cauchy problem for (8.1.1) in Sobolev spaces H*(RY) for
s>1+ %.

But in many examples, B(u,d,) is not symmetric and even more 0y —
B(u,d;) is not hyperbolic, implying that the Cauchy problem for dyu —
B(u,d;)u = 0 is ill posed. However, the Cauchy problem for (8.1.1) may be
well posed even if it is ill posed for the first order part. The main objective
of this chapter is to show that under suitable assumptions, one can use the
symbolic calculus to transform nonsymmetric systems (8.1.1) into symmetric
ones.

8.1.1 Decoupling

As an example, consider the Cauchy problem for

Oru + iAgu + 0y, v =0,
(8.1.5) { O — iAzv — Opyu = 0.

On the Fourier side, it reads 9,U + iA(£)U = 0 with
2
A _ _|§ ’ 51 >
©=(T5
The eigenvalues of A are not real for all £, but their imaginary parts are

uniformly bounded, implying that the Cauchy problem for (8.1.5) is well
posed in H%.
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More generally, when B has constant coefficients, the Fourier analysis
leads to consider the matrix

—diag(\;[¢[%) + (bk(8))

When the A; are pairwise distinct, an elementary perturbation analysis
shows that the eigenvalues of this matrix are

—XNjlE1? +b;5(€) + O(1).

Therefore, their imaginary parts are uniformly bounded if Imb; ;(£) = 0 for
all j, in which case the Cauchy problem is well posed in H?.

This analysis can be extended to variable coefficient systems and next
to nonlinear systems, using the symbolic calculus developed in Chapter 6.
For instance, we will prove the following result:

Theorem 8.1.1. If the \; are real and pairwise distinct and if the diagonal
terms b; j(u,0y) have real coeficients, then the Cauchy problem for (8.1.1)
is well posed in Sobolev spaces H*(R?) for s > 1+ %.

Analogously, for systems (8.1.2), we prove the following result:

Theorem 8.1.2. Suppose that

- the \j are real and pairwise distinct

- the diagonal terms bj ;(u,0;) have real coeficients,

- ¢jk(u, 0y) = ¢ j(u, 0) for all pair (j, k) such that \; + A\, = 0.
Then the Cauchy problem for (8.1.2) is well posed in Sobolev spaces H*(R?)
fors>1+ g.

8.1.2 Further reduction

In the scalar case, the lack of symmetry of the first order term is a real
problem: for instance it has been noticed for a long time that the Cauchy
problem for 0 —iA,+1i0,, isill posed in H*°. A more precise result has been
given by S.Mizohata ([Miz]): for 0; — 1Ay + b(z) - V, a necessary condition
for the well posedness of the Cauchy problem in H? is that

(8.1.6) / lw - Imb(z + sw)|ds < C
R

for all z € R? and w € S%1. Moreover, a sufficient condition is that b and
its derivative satisfy (8.1.6). This result is also a consequence of a symbolic
calculus as shown in [KPV] for instance, but the details are out of the scope
of these elementary notes.
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The idea of using pseudo-differential symmetrizers is not very far from
the proof used in [CC] where the symmetry is obtained after differentiation
of the equations and clever linear recombination: this amounts to use dif-
ferential symmetrizers. The idea of using pseudo-differential operators to
reduce oneself to the symmetric case has been used in the literature for a
long time (see e.g. [Ch] and [KPV] and the references therein).

One property which is hidden behind these analyses is dispersive char-
acter of Schrodinger equations. We stress that the results presented in this
chapter do not use the local smoothing properties. Our goal is to use the
easy symbolic calculus to reduce the analysis of systems to the analysis of
scalar equations, where the specific known results can be applied.

8.2 Energy estimates for linear systems

8.2.1 The results

We consider a slightly more general framework and N x N systems
(8.2.1) Lu := 0+ iA(0z)u + B(t,x,0;)u = f

with A second order and B first order :

(8.2.2) A02) = Y20 4oy Aj O, Oy

(8.2.3) B(t,z,0:) = Y1_y Bj(t, )0y,

With the example (8.1.1) in mind, we assume that A is smoothly block-
diagonalizable:

Assumption 8.2.1. For all { € R™\{0}, A(§) = > A; k& is self-adjoint
with eigenvalues of constant multiplicity.

This implies that there are smooth real eigenvalues A,(£) and smooth
self-adjoint eigenprojectors II,(£) such that

(8.2.4) A€ =D AT, (6).

In particular, it means that the system 0;+iA(9,) can be diagonalized using
Fourier mutlipliers.
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The smoothness of the coefficients B; with respect to = is measured in
spaces W (R?). When k > 0, these spaces are defined in Chapter 4. We
will also use the space W~1°°(R?) of distributions u = ug + Y 0, u; with
u; € L®(R%). In applications to nonlinear problems, these conditions will
appear naturally through the Sobolev injection H*~1(R%) c W~1L>(R?)
when s > %l.

We denote by B(t,z,&) := ) &;Bj(t,x) the symbol of %B(t, x,0;). The
diagonalization of A(£) leads to consider the blocks II,(§)B(t, x, &)1, (§).

We first prove energy estimates under the following assumptions for B.

Assumption 8.2.2. i) [Symmetry of the diagonal blocks] For all p, t and
x, the matriz 11,(&) B(t, z, §)I1, (&) is self adjoint.

ii) [Smoothness] The matrices B;(t,z) belong to C°([0, T]; W1 (R4) and
O B;(t, ) belong to CO([0, T]; W—12(R%).
Remark 8.2.3. There is no assumption on the spectrum of B(t, z,u,§).
Only the diagonal blocks II,(£) B(t, , &)1, (&) intervene in ).

The smoothness of the coefficients B; obeys the rule 1-time derivative =
2-space derivatives, which is natural from the equations.

Theorem 8.2.4. Under Assumptions 8.2.1 and 8.2.2, allu € C([0,T]; H*(R%)
satisfies the energy estmate

t
325)  [Jult)ls < oK) (u@)] o+ [ L] )
0
where the constants Cy and C1 depend only on Ko and K respectively with
(8.2.6) Ko= sup HBjHLoo([o,T}de)>
J

(82.7) Ki= Sup HBJ‘HLOO([O,T};WLOO(Rd)) + HatBjHLOO([O,T];W*LOO(Rd))-
j

8.2.2 Proof of Theorem 8.2.4

We use the paradifferential calculus and the notations introduced in the
previous chapters. In particular, following Definition 7.1.4, T7*([0, 7] x RY)
denotes the space of symbols a(t, x,&) which are smooth and homogeneous
of degree m in ¢ and such that for all o € N%;

(8.2.8) sup sup H@g‘a(t, -,f)HW]wO(Rd) < 400
t€[0,T] [£|=1
This definition immediately extends to the case k = —1.
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Suppose that
(8.2.9) B; € C°([0, T, W (R%)).

The paralinearization Theorem 5.2.9 implies that f; := B(t,x,0,)u — T;pu
satisfies

(8.2.10) 11Oz < vEKa[u@)l 2.

Therefore if u satisfies the equation (8.2.1), it also satisfies the paralinearized
equation:

(8.2.11) O+ A0y )u+ Tipu = f + fi.
Consider first the symmetric case:

Proposition 8.2.5. There is a constant v such that for P € T1([0,T] x R%)
satisfying P = —P* and u € C1([0,T); H*(RY)), there holds:

t
(8.2.12) a2 < € [u(0)] > + /0 | £t
where f = Oyu+iA(0z)u + Tpu and
C'z'yMll(P;n), n = [g]+2.

Proof. The operator A(0,) is self adjoint and the symbolic calculus implies
that Tp + (Tp)* is of order 0. Therefore

Ollu(t)|| ;2 < 2Re (f(t), u(t)) 12 + Cllu(®)]| .
and the estimate follows. O

Next, consider the case where only the diagonal blocks are symmetric.

Proposition 8.2.6. There is a constant y such that for P € T1([0,T] x R%)
satisfying O;P € T1([0,T] x RY) and I,Re PII, = 0 for all p, and for all
u € CY([0,T]; H?(RY)), there holds:

t
(8.2.13) [u(®)]| 2 < e“||u0)]|, +/0 elt=t N @) 2t
where f = Oyu + iA(0y)u + Tpu and

(8.2.14) C= fy(Mll(P; n) + Mil(atp;n)>v n= [g

|+2
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Proof. Set

(8215)  V(t,z,8) =) E) e O Pz O ()P ()

p#q P

where 0)(¢) = O(A71¢) and 0 € C°(R?) is such that 6(¢) = 0 for |¢] < 1
and that 0(§) = 1 for |£| > 2. It satisfies the commutation property:

(8.2.16) P—[ViA|=P(1-6))+Q, Q:=)» I,PI0
p

where, by assumption, Re @ = 0.
Moreover, the definition (8.2.15) shows that for A > 1, V' is a symbol of
degree —1 and has the same smoothness in (¢, s) as B:

(8.2.17) Vel H0,T] xRY, 8V e T _4([0,T] x RY).

Furthermore, the semi-norms of V' are bounded by the corresponding semi-
norms of P, uniformly in A > 1.
Thus,

|Tvull 2 < M5 (Pin)|[0x(Da)ul -0 <

In particular, TquL2 < %H@,\(Da;)uHL2 and

1
(8.2.18) slull e < o+ Tvull . < 2fluf,
if

(8.2.19) A > 2y M3 (P;n).

We now suppose that A is chosen so that this condition is satisfied.
The symbolic calculus and (8.2.16) imply that

(0 +1A(02) + To)(Id + Ty) = (Id + Ty) (0, + iA(8x) + Tp) + [0, Tv] + R

where R is of order < 0. By definition, Ty = oy (¢, x, 0,) where the symbol
oy € 21_1. Moreover, since 0,V € Fj, Proposition 5.1.13 implies that

UatV(tv " ) € 28

and therefore [0y, Ty] = 0p,v is of order < 0.
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Thus v = u + Ty u satisfies:
(8.2.20) O +1iA(0z)v +Tou =g,

with
la®ll,> < [|Ad+ Tv) f @ 12 + Cllu®]] 2
with C' as in (8.2.14).

Applying Proposition 8.2.5 to v and equation (8.2.20), and using Gron-
wall lemma once more, implies the estimate of Proposition 8.2.6. O

Proof of Theorem 8.2.4.

If the Bj satisfy the smoothness conditions of Assumption 8.2.2, then the
symbol iB satisfies the assumptions of Proposition 8.2.6. Therefore, there
u satisfies energy estimate (8.2.12) with f = Oyu + iA(9;)u + T;pu. Hence,
using the paralinearized equation (8.2.11) and Gronwall’s Lemma implies
the estimate (8.2.5) of the proposition. O

8.3 Existence, uniqueness and smoothness for lin-
ear problems
In this section, we sketch the linear existence theory which can be deduced

from the energy estimates. Many proofs are similar to those exposed in the
previous chapter and many details are omitted.

8.3.1 L? existence

We always assume that the second order system A(0,) satisfies Assump-
tion 8.2.1.

Theorem 8.3.1. Suppose that Assumption 8.2.2 is satisfied. Then, for
f e LY[0,T]; L*(RY) and h € L*(R?) the Cauchy problem for (8.2.1) with
initial data h has a unique solution u € C°([0,T]; L2(R%)) which satisfies
the energy estimate (8.2.5).

Sketch of proof. a) We use the mollifiers J. = (1 — cA)~!. The Cauchy
problem

(8.3.1) Opue + 1A(0y) Jeue + B(t, x, 0y) Joue = f, Uepp—g = h

has a unique solution u. € C1([0,77]; L?(R%), since the operators iA(d,)J-
and B(t,z,0;)J. are bounded in L.
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The proof of the L? energy estimates extends to the equation above, im-
plying that the u. are uniformly in C°([0,7]; L?(R%)). The equation implies
that the O;u. — f are uniformly bounded in C°([0, T]; H2(R9)).

Therefore, by Ascoli-Arzela theorem, there is a subsequence, still denoted
bu u., which converges in C°([0,7]; L2,(R%)), where L2 denotes the space
L? equipped with the weak topology. There is no difficulty to pass to the
limit in the equation, and the limit v € C°([0,T]; L2,(R%)) c L2([0, T] x R%)
is a (weak) solution of the Cauchy problem

Lu = f, Ujj—o = h.
b) Repeating the proof of Lemma 7.1.13, one shows that
Ljou — f in LY[0,T]; L*(R%)).

Indeed, the commutator [L,J.| reduces to [B(t,z,0;),J:] which can be
treated exactly as in the proof of the above mentioned lemma.

Therefore, the energy estimates applied to J.u — J.u imply that the J.u
form a Cauchy family in C°([0, T]; L?). Thus the limit u belongs L?([0,T] x
R%). Moreover, passing to the limit in the energy estimates applied to J.u,
we see that u also satisfies these estimates. The uniqueness follows. O

8.3.2 H°’ existence
Assumption 8.3.2. The coefficients B;(t, x) satisfy V. B; € L>([0,T], H*~1(R%)).

When this condition is satisfied let

(832) Ns = zj:tGS[l(l)%] Hvaj(t, . )HHS_l(Rd)

Theorem 8.3.3. Suppose that Assumptions 8.2.2 and 8.3.2 with s > % +1
are satisfied. Then for f € L'([0,T]; H*(R?) and h € H*(R?) the Cauchy

problem for (8.2.1) with initial data h has a unique solution u € C°([0, T); H*(R))
which satisfies the energy estimate

339 [l < o ([ + [ 17O )

where the constants Cy depends only on Ky and and Cy depends on (K1, Ns),
with Ko and K, given by (8.2.6). (8.2.7).
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Sketch of proof. a) The key point is to obtain H® energy estimates. If u
solves the equation Lu = f, then the para-linearization Proposition 5.2.2
implies that

(8.3.4) Oyu+iA(0x) + Tip = [’
with
(8.3.5) 1£) = £/ ®)]] o < ONGJJu(®)]| -

Conjugating the equation (8.3.4) by (1 — A,)*/? and using the L? energy
estimate for (1 — A,)%/?u, implies that

539 Ol <o (a] .+ [ 170 )

with constants Cp and C; as in (8.2.5) or (??). Together with (8.3.5), this
implies that v € C°([0,T]; H**2 N C([0, T]; H®) satisfy the energy estimate
(8.3.3).

b) Solutions u € CO([0,T]; HE,) are constructed using the approximate
equations (8.3.1). Asin Proposition (7.2.7), commuting L with .J., one shows
that v € C°([0,T]; H*(R%)) and satisfies the energy estimates (8.3.3). [

8.4 Nonlinear problems

8.4.1 Systems with quasilinear first order part
We consider a N x N nonlinear system
(8.4.1) Oyu + 1A(0x)u + B(u, 0y)u = F(u)

with A(9z) = > Ajx0x, 0, satisfying Assumption 8.2.1 and

(8.4.2) B(u,0;) = Y _ Bj(u)0s,.

The matrices B;(u) and F(u) are supposed to be smooth functions of their
argument u € RY, with F(0) = 0. For simplicity, we suppose that they do
not depend on the space time variables (¢, ) and leave this extension to the
reader.

We still denote by II;(§) the self-adjoint eigenprojectors of A(€).

Assumption 8.4.1. [Symmetry of the diagonal blocks.] For all j and u,
the matriz 11;(§) B(u, §)I1;(€) is self adjoint.
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Theorem 8.4.2. Suppose that Assumptions 8.2.1 and 8.4.1 are satsified.
Then, for s > %Jr 1 and h € H*RY), there is T > 0 such that the

Cauchy problem for (8.4.1) with initial data h has a unique solution u €
CO([0, T]; H*(RY)).

We solve the equation (8.4.1) by Picard’s iteration, and consider the
iterative scheme

(8.4.3)  Owupt1 + 1A(Or)tunt1 + Blup, 0z)unt1 = F(uy), Ujp—o = h,
starting from wug(t, x) = h(x).

Lemma 8.4.3. The u, are defined for all n and

(8.4.4) u, € CO([0,T]; H*(RY)), dyun € CO([0, T]; H¥2(RY)).

Proof. This is true for ug. Suppose that u, satisfies (8.4.4). Therefore, u,
belongs to W as well as the coefficients B;(uy(t,)). Moreover, applying
Theorem 5.2.6 to Bj(u) — B;(0), implies that the Bj(uy) also satisfy the
condition V. Bj(u,) € C°([0,T], H*71).

Assumption 8.4.1 and the condition s > % + 1 imply that
O Bj(un) = (VuB;)(un)dpu, € C°([0,T); H2) c C([0, T), W~1°°).

Moreover, I1; (&) B(un(t,x),)Ix(§) = 0 implying that the linear equation
(8.4.3) satisfies the Assumption 8.2.2.
Therefore Theorem 8.3.3 can be applied, and (8.4.3) has a unique solu-
tion u, 11 € CO([0, T); H®). The equation implies that dyun 1 € C°([0, T]; H5~2(R%)).
Thus the lemma follows by induction. O

Lemma 8.4.4. There is T' €]0,T), such that the sequences u, and Oyu,, are
bounded in CO([0,T']; H*(R?)) and in C°([0,T']); H*~2(RY)) respectively.

Proof. The proof is similar to the proof of Lemma 7.3.6 One proves by
induction that there are 7" > 0 and constants m, R and R; such that

8.4.5 HU”HLOO( (0,77 xRd) = T

(8.4.6) sup Hun )HHS(Rd) <R,
te[0,17]

(8.4.7) sup Hat“”(t)HHH(Rd) < Rj.
te[0,77]
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Assume that wu, satisfies these estimates. Then, the energy estimate (8.3.3)
applied to the linear problem (8.4.3) yields and estimate of the form

(8.4.8) lunr®),0 < CeX¥|n] . + tEXE

where C' = C'(m) depends only on m and K = K(m, R, R1) depends only on
the bounds m, R and R;. The H® norm of F(uy,) is also estimated by K (R),
and finally, we see that there are constants C = C'(m) and K = K(m, R, Ry)
such that Moreover, the equation implies that there is a function D(R)

(8.4.9) 1041 ()| e < Dy RY(1+ {1 ()] ) -

We choose successively

(8.4.10) m > || 2| oo ey
(8.4.11) R > Cm)|[A]l g gay-
(8.4.12) Ry > D(m,R)(1+ R).

Therefore, if T" is small enough,
(8.4.13) C(m)el Km.F.1) (18]l 17+ gy + T'K (m, R, R)) < R,

and the energy estimate imply that w,41 satisfies (8.4.6) and (8.4.7).

Here is the slight modification with respect to the proof of Lemma 7.3.6:
Since s > 4 +1, the bound (8.4.7) for dyu,, in C°(H*2) does not give control
of dyu, in L and thus (7.3.15) is not guaranteed any more. Instead, we

note that (8.4.6) and (8.4.7) imply that u, € Cz([0,T"]; H*"}(R?) with
norm bounded by (R + R1) and therefore

8.4.14)  unr1(t) = bl pw < AlJtns1(t) = ]| gor < VEV(R + R1).

Therefore, if 77 is small enough and ¢t < T”, the right hand side is < m,
implying that u,41 satisfies (8.4.5). O

Lemma 8.4.5. The sequence u,, is a Cauchy sequence in C°([0,T"]; L?(R%)).

Proof. 1t is identical to the proof of Lemma 7.3.7: one writes the equation
for v, := Uny1 — U, and use the L? energy estimates, which imply that the
series > w,, converges in C°([0, T"]; L?(R%)). O
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Proof of Theorem 8.4.2.

The uniform bounds and the convergence in C°([0,T"]; L*(R?)) imply
that the sequence wu,, converges in C°([0,7"]; H* (R%)) for all s’ < 5. Simi-
larly, dyu, converges in CO([0,T"]; H¥ ~2(R%)) This implies that the limit u
belongs to CO([0,T"]; H* (R%)) and to L>([0, T); H®), with d;u belonging to
CO([0,T"); H ~2(R%)) and L>([0; T], H*~2). Moreover, u is solution of the
equation.

The next step consists in considering (8.4.1) as a linear equation for
u € L*([0,T"); H®) with coefficients B; in L>([0,7"], H*). Theorem 8.3.3
implies that u € CY([0, T]; H®). O

8.4.2 Examples and applications
Systems with diagonal second order term

Suppose that A is block diagonal

MOy, 0 ... 0
0 .
(8.4.15) A= ' ' = diag{\;Idn;, }
0 ... 0 My,

with A;(§) second order homogeneous polynomial of degree two with real
coeflicients.
Assumption 8.2.1 is satisfied if the A;(§) # Ap(§) for j # k and £ # 0.
In the block decomposition (8.4.15) write

1,1 1,p
By (u) ... B;'(u)

(8.4.16) Bj(u) = = (BM'w).
B (u) ... BYP(u)

Then Assumption 8.4.1 is satisfied when the diagonal blocks Bjkk(u) are self
adjoint matrices for all u, in particular when they vanish meaning that there
are no self-interaction between the components .

This applies in particular to the systems (8.1.1) mentioned in the intro-
duction and Theorem 8.1.1 is a corollary of Theroem 8.4.2.
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Systems involving u and u

For applications, it is interesting to make explicit the result when the first
order part also depends on w. Consider the system

(8.4.17) O+ 1A(0z)u + B(u, 0z)u+ C(u,0)u =0

where A(§) = diag{\xIdn,} as in (8.4.15). Introducing v = u as a variable
and setting U = !(u,v), the equation reads:

(8.4.18) U +iA(0)U + B(u,0,)U =0
with

_ [A(Or) 0 (B C
(8.4.19) A= < 0 —A(&Q) , B= <C B> )

In this context, the Assumption 8.2.1 for A follows from

Assumption 8.4.6. For all £ € R"\{0}, A(§) is self-adjoint with eigen-
values X;j(§) of constant multiplicity and X\;(§) + A\g(§) # 0 for all j and
k.

Note that for j = k this implies that the quadratic form \;(£) does not
vanish for £ # 0, and therefore is definite positive or definite negative. This
rules out interesting cases of “nonelliptic” Schrodinger equations, which are
considered for instance in [KPV].

The diagonal term of Bj(u) are B]kk(u) and Bfk(u) Therefore, As-
sumption 8.4.1 for B reads

Assumption 8.4.7. For all k and j, Im Bfk(u) =0.

Systems with fully nonlinear first order part

Next we briefly discuss the case of equations with fully nonlinear right hand
side:

(8.4.20) O + 1 A0y )u + F(u, dyu) = 0,

where F(t,x,u,v1,...,v4) is a smooth function of (¢,z, Reu,Imwu) and of
(Rewi,...,Imwvg). For simplicity, we assume that A(§) = diag{A\xIdn,} as
in (8.4.15).
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All the analysis relies on a para-linearization of the first order term. Fol-
lowing the para-linearization Theorem 5.2.4, the analogues of the symbols
B(u, &) and C(u, &) in (8.4.17) are

(8.4.21) B(u,v,§) = Z@V%F u,v)
(8.4.22) C(u,v,§) = Z@V%F U, v)
with

1 ) 1 )
vvj = ivRevj - §VImvja vij = §vRevj + Evlmvj-

Let Bj(u,v) = V,, F(u,v), and let us denote by B;?’k(u, v) its k-th block
diagonal part in the block decomposition of A. If (f!,..., fP) denote the
block components of a vector f, there holds

(8.4.23) B;?’k(u, v) = Vi F*(u,v).
J

The analogue of Assumption 8.4.7 is
Assumption 8.4.8. For all k and j, Im B;-C’k(u,v) =0.

Using the para-linearization Theorem 5.2.4 and the energy estimates of
Sections 2 and 3 for the para-linear equations, one obtains a priori estimates
for the solutions of (8.4.20), provided that the smoothness of the coefficients
remains sufficient. Alternately, one can differentiate the equation and use
that the v; = 0,,u satisfy

(8.4.24) Opvj +iA(0x)vj + B(u,v,0y)vj + C(u,v,0:)0; + Vu F(u,v)v; =0,

The Sobolev a priori estimates are the key point to prove the existence
os solutions. For instance, one can prove the following result:

Theorem 8.4.9. Suppose that Assumptions 8.4.6 and 8.4.8 are satisfied.
Then, for s > %—l— 2 and h € H*(R?), there is T > 0 such that the

Cauchy problem for (8.4.20) with initial data h has a unique solution u €
CO([0, T]; H*(RY)).
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