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FIRST VERSION

Abstract

I shall focus, in this presentation of Deformation Quantization, to some math-

ematical aspects of the theory of star products.

The first lectures will be about the general concept of Deformation Quan-

tisation, with examples, with Fedosov’s construction of a star product on a

symplectic manifold and with the classification of star products on a symplectic

manifold.

We will then introduce the notion of formality and its link with star products,

give a flavour of Kontsvich’s construction of a formality for R
d and a sketch of

the globalisation of a star product on a Poisson manifold following the approach

of Cattaneo, Felder and Tomassini.

The last lectures will be devoted to the action of a Lie group on a deformed

product.

The notes here are a brief summary of those lectures; I start with a Fur-

ther Reading section which includes expository papers with details of what is

presented.

I shall not mention many very important aspects of the deformation quan-

tisation programme such as reduction procedures in deformation quantisation,

states and representations in deformed algebras, convergence of deformations,

index theorems, extension to fields theory; I include a bibliography with many

references to those topics.
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M. Kontsevich, math QA/0003003.

2 A. Cattaneo and D. Indelicato, Formality and star products, in Poisson Geome-

try, Deformation Quantisation and Group Representations, S.Gutt, J.Rawnsley

and D. Sternheimer (eds.), LMS Lecture Note Series 323, 2005

(and math.QA/0403135).

3 A. Cattaneo and G. Felder, On the globalization of Kontsevich’s star product

and the perturbative sigma model, Prog. Theor. Phys. Suppl. 144 (2001) 38–53

(and hep-th/0111028)

4 S. Gutt and J. Rawnsley, Equivalence of star products on a symplectic manifold;
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2 Introduction

Quantization of a classical system is a way to pass from classical to quantum results.

Classical mechanics, in its Hamiltonian formulation on the motion space, has for

framework a symplectic manifold (or more generally a Poisson manifold). Observables

are families of smooth functions on that manifold M . The dynamics is defined in terms

of a HamiltonianH ∈ C∞(M) and the time evolution of an observable ft ∈ C∞(M×R)

is governed by the equation :
d

dt
ft = −{H, ft} .

Quantum mechanics, in its usual Heisenberg’s formulation, has for framework a

Hilbert space (states are rays in that space). Observables are families of selfadjoint

operators on the Hilbert space. The dynamics is defined in terms of a Hamiltonian H ,

which is a selfadjoint operator, and the time evolution of an observable At is governed

by the equation :
dAt

dt
=
i

~
[H,At].

A natural suggestion for quantization is a correspondence Q : f 7→ Q(f) mapping

a function f to a self adjoint operator Q(f) on a Hilbert space H in such a way that

Q(1) = Id and

[Q(f), Q(g)] = i~Q({f, g}).

There is no such correspondence defined on all smooth functions on M when one puts

an irreducibility requirement which is necessary not to violate Heisenberg’s principle.

Different mathematical treatments of quantization appeared to deal with this prob-

lem:

• Geometric Quantization of Kostant and Souriau. This proceeds in two steps;

first prequantization of a symplectic manifold (M,ω) where one builds a Hilbert

space and a correspondence Q as above defined on all smooth functions onM but

with no irreducibility, then polarization to “cut down the number of variables”.

One succeeds to quantize only a small class of functions.

• Berezin’s quantization where one builds on a particular class of Kähler manifolds

a family of associative algebras using a symbolic calculus, i.e. a dequantization

procedure.

• Deformation Quantization introduced by Flato, Lichnerowicz and Sternheimer

in [61] and developed in [12] where they

“ suggest that quantization be understood as a deformation of the structure of

the algebra of classical observables rather than a radical change in the nature of

the observables.”
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This deformation approach to quantization is part of a general deformation approach

to physics. This was one of the seminal ideas stressed by Moshe Flato: one looks at

some level of a theory in physics as a deformation of another level [59].

Deformation quantization is defined in terms of a star product which is a formal

deformation of the algebraic structure of the space of smooth functions on a Poisson

manifold. The associative structure given by the usual product of functions and the

Lie structure given by the Poisson bracket are simultaneously deformed.

The plan of this presentation is the following :

• Definition and Examples of star products.

• Fedosov’s construction of a star product on a symplectic manifold

• Classification of star products on symplectic manifolds.

• Star products on Poisson manifolds and formality

• Group actions on star products.

3 Definition and Examples of star products

Definition 1 A Poisson bracket defined on the space of smooth functions on a
manifold M , is a R- bilinear map on C∞(M), (u, v) 7→ {u, v} such that for any
u, v, w ∈ C∞(M):

- {u, v} = −{v, u};
- {{u, v}, w}+ {{v, w}, u}+ {{w, u}, v} = 0;
- {u, vw} = {u, v}w + {u, w}v.

A Poisson bracket is given in terms of a contravariant skew symmetric 2-tensor P on
M , called the Poisson tensor, by

{u, v} = P (du ∧ dv).

The Jacobi identity for the Poisson bracket Lie algebra is equivalent to the vanishing
of the Schouten bracket :

[P, P ] = 0.

(The Schouten bracket is the extension -as a graded derivation for the exterior product-
of the bracket of vector fields to skewsymmetric contravariant tensor fields; it will be
developed further in section 6.)
A Poisson manifold, denoted (M,P ), is a manifoldM with a Poisson bracket defined
by the Poisson tensor P .

A particular class of Poisson manifolds, essential in classical mechanics, is the class

of symplectic manifolds. If (M,ω) is a symplectic manifold (i.e. ω is a closed
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nondegenerate 2-form on M) and if u, v ∈ C∞(M), the Poisson bracket of u and v is

defined by

{u, v} := Xu(v) = ω(Xv, Xu),

where Xu denotes the Hamiltonian vector field corresponding to the function u, i.e.

such that i(Xu)ω = du. In coordinates the components of the corresponding Poisson

tensor P ij form the inverse matrix of the components ωij of ω.

Duals of Lie algebras form the class of linear Poisson manifolds. If g is a Lie

algebra then its dual g∗ is endowed with the Poisson tensor P defined by

Pξ(X, Y ) := ξ([X, Y ])

for X, Y ∈ g = (g∗)∗ ∼ (Tξg
∗)∗.

Definition 2 (Bayen et al. [12]) A star product on (M,P ) is a bilinear map

N ×N → N [[ν]], (u, v) 7→ u ∗ v = u ∗ν v :=
∑

r≥0

νrCr(u, v)

where N = C∞(M) [we consider here real valued functions;the results for complex
valued functions are similar], such that

1. the law ∗ is formally associative, with the map ∗ extended Rν-linearly to N [[ν]]×
N [[ν]],

(u ∗ v) ∗ w = u ∗ (v ∗ w);

2. (a) C0(u, v) = uv, (b) C1(u, v) − C1(v, u) = {u, v};

3. 1 ∗ u = u ∗ 1 = u.

When the Cr’s are bidifferential operators on M , one speaks of a differential star
product; when each Cr is of order maximum r in each argument, one speaks of a
natural star product.

Remark 3 A star product can also be defined not on the whole of C∞(M) but on any
subspace N of it which is stable under pointwize multiplication and Poisson bracket.

Requiring differentiability of the cochains is essentially the same as requiring them
to be local [30].

In (b) we follow Deligne’s normalisation for C1: its skew symmetric part is 1
2
{ , }.

In the original definition it was equal to the Poisson bracket. One finds in the literature
other normalisations such as i

2
{ , }. All these amount to a rescaling of the parameter

ν.
One assumed also the parity condition Cr(u, v) = (−1)rCr(v, u) in the earliest

definition.
Property (b) above implies that an element in the centre of the deformed algebra

(C∞(M)[[ν]], ∗) is a series whose terms Poisson commute with all functions, so is an
element of R[[ν]] when M is symplectic and connected.
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Properties (a) and (b) of Definition 2 imply that the star commutator defined
by [u, v]∗ = u ∗ v − v ∗ u, which obviously makes C∞(M)[[ν]] into a Lie algebra, has
the form [u, v]∗ = ν{u, v}+ . . . so that repeated bracketing leads to higher and higher
order terms. This makes C∞(M)[[ν]] an example of a pronilpotent Lie algebra. We
denote the star adjoint representation ad∗u (v) = [u, v]∗.

3.1 The Moyal star product on R
n

The simplest example of a deformation quantization is the Moyal product for the

Poisson structure P on a vector space V = Rm with constant coefficients:

P =
∑

i,j

P ij∂i ∧ ∂j , P
ij = −P ji ∈ R

where ∂i = ∂/∂xi is the partial derivative in the direction of the coordinate xi, i =

1, . . . , n. The formula for the Moyal product is

(u ∗M v)(z) = exp
(ν

2
P rs∂xr∂ys

)
(u(x)v(y))

∣∣∣
x=y=z

. (1)

Definition 4 When P is non degenerate (so V = R2n), the space of polynomials in
ν whose coefficients are polynomials on V with Moyal product is called the Weyl
algebra (S(V ∗)[ν], ∗M).

This example comes from the composition of operators via Weyl’s quantization. Weyl’s

correspondence associates to a polynomial f on R2n an operator W (f) on L2(Rn)in

the following way:

Introduce canonical coordinates {pi, q
i; i ≤ n} so that the Poisson bracket reads

{f, g} =
n∑

i=1

(
∂f

∂qi

∂g

∂pi

−
∂f

∂pi

∂g

∂qi

)
.

Assign to the classical observables qi and pi the quantum operators Qi = qi· and

Pi = −i~ ∂
∂qi acting on functions depending on qj’s. One has to specify what should

happen to other classical observables, in particular for the polynomials in qi and pj

since Qi and Pj do no longer commute. The Weyl ordering is the corresponding totally

symmetrized polynomial in Qi and Pj , e.g.

W (q1(p1)2) =
1

3
(Q1(P 1)2 +Q1P 1Q1 + (P 1)2Q1).

Then

W (f) ◦W (g) = W (f ∗M g) (ν = i~).

In fact, Moyal had used in 1949 the deformed bracket which corresponds to the com-

mutator of operators to study quantum statistical mechanics. The Moyal product first

appeared in Groenewold.
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In 1978, in their seminal paper about deformation quantization [12], Bayen, Flato,

Fronsdal, Lichnerowicz and Sternheimer proved that Moyal star product can be defined

on any symplectic manifold (M,ω) which admits a symplectic connection ∇ (i.e. a

linear connection such that ∇ω = 0 and the torsion of ∇ vanishes) with no curvature.

3.2 The standard *-product on g∗

Let g∗ be the dual of a Lie algebra g. The algebra of polynomials on g∗ is identified

with the symmetric algebra S(g). One defines a new associative law on this algebra by

a transfer of the product ◦ in the universal enveloping algebra U(g), via the bijection

between S(g) and U(g) given by the total symmetrization σ :

σ : S(g) → U(g)X1 . . .Xk 7→
1

k!

∑

ρ∈Sk

Xρ(1) ◦ · · · ◦Xρ(k).

Then U(g) = ⊕n≥0Un where Un := σ(Sn(g)) and we decompose an element u ∈ U(g)

accordingly u =
∑
un. We define for P ∈ Sp(g) and Q ∈ Sq(g)

P ∗Q =
∑

n≥0

(ν)nσ−1((σ(P ) ◦ σ(Q))p+q−n). (2)

This yields a differential star product on g∗ [66]. Using Vergne’s result on the multi-

plication in U(g), this star product is characterised by

X ∗X1 . . . Xk = XX1 . . .Xk

+
k∑

j=1

(−1)j

j!
νjBj[[[X,Xr1

], . . . ], Xrj
]X1 . . . X̂r1

. . . X̂rj
. . .Xk

where Bj are the Bernouilli numbers. This star product can be written with an integral

formula (for ν = 2πi) [51]:

u ∗ v(ξ) =

∫g×g û(X)v̂(Y )e2iπ〈ξ,CBH(X,Y )〉dXdY

where û(X) =
∫g∗ u(η)e−2iπ〈η,X〉 and where CBH denotes Campbell-Baker-Hausdorff

formula for the product of elements in the group in a logarithmic chart (expX expY =

expCBH(X, Y ) ∀X, Y ∈ g).

We call this the standard (or CBH) star product on the dual of a Lie algebra.

Remark 5 The standard star product on g∗ does not restrict to orbits (except for
the Heisenberg group) so other algebraic constructions of star products on S(g) were
considered (with Michel Cahen in [33], with Cahen and Arnal in [4], by Arnal, Ludwig
and Masmoudi in [8] and by Fioresi and Lledo in [58]). For instance, when g is
semisimple, ifH is the space of harmonic polynomials and if I1, . . . Ir are generators of
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the space of invariant polynomials, then any polynomial P ∈ S(g) writes uniquely as a
sum P =

∑
a1...ar

Ia1

1 . . . Iar
r ha1...ar

where ha1...ar
∈H . One considers the isomorphism

σ′ between S(g) and U(g) induced by this decomposition

σ′(P ) =
∑

a1...ar

(σ(I1)◦)
a1 . . . (σ(Ir)◦)

ar ◦ σ(ha1...ar
).

This gives a star product on S(g) which is not defined by differential operators. In
fact, with Cahen and Rawnsley, we proved [36] that if g is semisimple, there is no
differential star product on any neighbourhood of 0 in g∗ such that C ∗ u = Cu for
the quadratic invariant polynomial C ∈ S(g) and ∀u ∈ S(g) (thus no differential star
product which is tangential to the orbits).

In 1983, De Wilde and Lecomte proved [45] that on any symplectic manifold there

exists a differential star product. This was obtained by imagining a very clever gener-

alisation of a homogeneity condition in the form of building at the same time the star

product and a special derivation of it. A very nice presentation of this proof appears

in [44]. Their technique was used by Masmoudi to prove the existence of a differential

star product on a regular Poisson manifold [86].

In 1985, but appearing only in the West in the nineties [52], Fedosov gave a recur-

sive construction of a star product on a symplectic manifold (M,ω) constructing flat

connections on the Weyl bundle. In 1994, he extended this result to give a recursive

construction in the context of regular Poisson manifold [53].

Independently, also using the framework of Weyl bundles, Omori, Maeda and Yosh-

ioka [95] gave an alternative proof of existence of a differential star product on a

symplectic manifold, gluing local Moyal star products.

In 1997, Kontsevich [79] gave a proof of the existence of a star product on any

Poisson manifold and gave an explicit formula for a star product for any Poisson

structure on V = Rm. This appeared as a consequence of the proof of his formality

theorem. Tamarkin [108] gave a version of the proof in the framework of the theory

of operads.
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4 Fedosov’s construction of star products

Fedosov’s construction [52] gives a star product on a symplectic manifold (M,ω), when

one has chosen a symplectic connection and a sequence of closed 2-forms on M . The

star product is obtained by identifying the space N [[ν]] with an algebra of flat sections

of the so-called Weyl bundle endowed with a flat connection whose construction is

related to the choice of the sequence of closed 2-forms on M .

4.1 The Weyl bundle

Let (V,Ω) be a symplectic vector space; recall that we endow the space of polynomials

in ν whose coefficients are polynomials on V with Moyal star product (this is the Weyl

algebra).

The formal Weyl algebra W is the completion in a suitable grading of this

algebra which can be viewed as the universal enveloping algebra of the Heisenberg Lie

algebra h = V ∗⊕ Rν with Lie bracket

[
yi, yj

]
= (Ω−1)ijν.

One defines a grading on W assigning the degree 1 to the yi’s and the degree 2 to the

element ν. An element of the formal Weyl algebra is of the form

{
a(y, ν) =

∞∑

m=0

( ∑

2k+l=m

ak,i1,...,ilν
kyi1 . . . yil

)}
.

The product in U(h) is given by the Moyal star product

(a ◦ b)(y, ν) =

(
exp

(
ν

2
Λij ∂

∂yi

∂

∂zj

)
a(y, ν)b(z, ν)

)∣∣∣∣
y=z

with Λij = (Ω−1)ij and the same formula also defines the product in W .

Definition 6 The symplectic group Sp(V,Ω) of the symplectic vector space (V,Ω)
consists of all invertible linear transformations A of V with Ω(Au,Av) = Ω(u, v), for
all u, v ∈ V . Sp(V,Ω) acts as automorphisms of h by A · f = f ◦ A−1 for f ∈ V ∗ and
A · ν = 0. This action extends to both U(h) and W and on the latter is denoted by ρ.
It respects the multiplication ρ(A)(a ◦ b) = ρ(A)(a) ◦ ρ(A)(b). Choosing a symplectic
basis we can regard this as an action of Sp(n,R) as automorphisms of W . Explicitely,
we have:

ρ(A)(
∑

2k+l=m

ak,i1,...,ilν
kyi1 . . . yil) =

∑

2k+l=m

ak,i1,...,ilν
k(A−1)i1

j1
. . . (A−1)il

jl
yj1 . . . yjl.
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If B ∈ sp(V,Ω) we associate the quadratic element B = 1
2

∑
ijr ΩriB

r
j y

iyj. This is

an identification since the condition to be in sp(V,Ω) is that
∑

r ΩriB
r
j is symmetric

in i and j. An easy calculation shows that the natural action ρ∗(B) is given by:

ρ∗(B)yl =
−1

ν
[B, yl]

where [a, b] := (a ◦ b) − (b ◦ a) for any a, b ∈ W . Since both sides act as derivations

this extends to all of W as

ρ∗(B)a =
−1

ν
[B, a]. (3)

Definition 7 If (M,ω) is a symplectic manifold, we can form its bundle F (M) of
symplectic frames. Recall that a symplectic frame at the point x ∈ M is a linear
symplectic isomorphism ξx : (V,Ω) → (TxM,ωx). The bundle F (M) is a principal
Sp(V,Ω)-bundle over M (the action on the right of an element A ∈ Sp(V,Ω) on a
frame ξx is given by ξx ◦ A).

The associated bundle W = F (M)×Sp(V,Ω),ρW is a bundle of algebras on M called
the bundle of formal Weyl algebras, or, more simply, the Weyl bundle.

Sections of the Weyl bundle have the form of formal series

a(x, y, ν) =
∑

2k+l≥0

νkak,i1,...,il(x)y
i1 · · · yil

where the coefficients ak,i1,...,il define ( in the i′s) symmetric covariant l–tensor fields
on M .

The product of two sections taken pointwise makes the space of sections into an
algebra, and in terms of the above representation of sections the multiplication has
the form

(a ◦ b)(x, y, ν) =

(
exp

(
ν

2
Λij ∂

∂yi

∂

∂zj

)
a(x, y, ν)b(x, z, ν)

)∣∣∣∣
y=z

.

Note that the center of this algebra coincide with C∞(M)[[ν]].

4.2 Flat connections on the Weyl bundle

Let (M,ω) be a symplectic manifold. A symplectic connection on M is a connection
∇ on TM which is torsion-free and satisfies ∇Xω = 0.

Remark 8 It is well known that such connections always exist but, unlike the Rie-
mannian case, are not unique. To see the existence, take any torsion-free connection
∇′ and set T (X, Y, Z) = (∇′

Xω)(Y, Z). Then

T (X, Y, Z) + T (Y, Z,X) + T (Z,X, Y ) = (dω)(X, Y, Z) = 0

Define S by

ω(S(X, Y ), Z) =
1

3
(T (X, Y, Z) + T (Y,X, Z))
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so that S is symmetric, then it is easy to check that

∇XY = ∇′
XY + S(X, Y )

defines a symplectic connection, and S symmetric means that it is still torsion-free.

A symplectic connection defines a connection in the symplectic frame bundle and

so in all associated bundles. In particular we obtain a connection in W which we

denote by ∂.

In order to express the connection and its curvature, we need to consider also W -

valued forms on M . These are sections of the bundle W ⊗ ΛqT ∗M and locally have

the form ∑

2k+p≥0

νkak,i1,...,il,j1,...,jq
(x)yi1 . . . yip dxj1 ∧ · · · ∧ dxjq

where the coefficients are again covariant tensors, symmetric in i1, . . . , ip and anti-

symmetric in j1, . . . , jq. Such sections can be multiplied using the product in W and

simultaneously exterior multiplication a⊗ω ◦ b⊗ ω′ = (a ◦ b)⊗ (ω ∧ ω′). The space ofW -valued forms Γ(W ⊗ Λ∗) is then a graded Lie algebra with respect to the bracket

[s, s′] = s ◦ s′ − (−1)q1q2s′ ◦ s

if si ∈ Γ(W ⊗ Λqi).

The connection ∂ in W can then be viewed as a map

∂ : Γ(W ) → Γ(W ⊗ Λ1),

and we write it as follows. Let Γi
kl be the Christoffel symbols of ∇ in TM . Then with

respect to the il indices we have an element of the symplectic Lie algebra sp(n,R).

If we introduce the W -valued 1-form Γ given by

Γ =
1

2

∑

ijkr

ωkiΓ
k
rjy

iyjdxr,

then the connection in W is given by

∂a = da−
1

ν
[Γ, a].

As usual, the connection ∂ in W extends to a covariant exterior derivative on all

of Γ(W ⊗ Λ∗), also denoted by ∂, by using the Leibnitz rule:

∂(a⊗ ω) = ∂(a) ∧ ω + a⊗ dω.

The curvature of ∂ is then given by ∂ ◦∂ which is a 2-form with values in End(W ). In

this case it admits a simple expression in terms of the curvature R of the symplectic

connection ∇:

∂ ◦ ∂a =
1

ν
[R, a]
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where

R =
1

4

∑

ijklr

ωrlR
l
ijky

ryk dxi ∧ dxj .

The idea is to try to modify ∂ to have zero curvature. In order to do this we need

a further technical tool.

For any a ∈ Γ(W ⊗ Λq), write

a =
∑

p≥0,q≥0

apq =
∑

2k+p≥0,q≥0

νkak,i1,...,ip,j1,...,jq
yi1 . . . yip dxj1 ∧ · · · ∧ dxjq .

In particular

a00 =
∑

k

νkak.

Define

δ(a) =
∑

k

dxk ∧
∂a

∂yk
, δ−1(apq) =

{
1

p+q

∑
k y

ki( ∂
∂xk )apq if p + q > 0;

0 if p + q = 0.

Then:

δ2 = 0, (δ−1)2 = 0, (δδ−1 + δ−1δ)(a) = a− a00.

Note that δ can be written in terms of the algebra structure by

δ(a) =
1

ν

[∑

ij

−ωijy
idxj , a

]

so that δ is a graded derivation of Γ(W ⊗ Λ∗). It is also not difficult to verify that

∂δ + δ∂ = 0.

With these preliminaries we now look for a connection D on W which is flat:

D ◦ D = 0. Such a connection can be written as a sum of ∂ and a End(W )-valued

1-form. The latter is taken in a particular form:

Da = ∂a− δ(a) −
1

ν
[r, a].

Then an easy calculation shows that

D ◦Da =
1

ν

[
R− ∂r + δr +

1

2ν
[r, r], a

]

and [r, r] = 2r ◦ r. So we will have a flat connection D provided we can make the first

term in the bracket be a central 2-form.

Theorem 9 (Fedosov [52]) The equation

δr = −R+ ∂r −
1

ν
r2 + Ω̃ (4)
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for a given series

Ω̃ =
∑

i≥1

hiωi (5)

where the ωi are closed 2-forms on M , has a unique solution r ∈ Γ(W ⊗Λ1) satisfying
the normalization condition

δ−1r = 0

and such that the W -degree of the leading term of r is at least 3.

Proof We apply δ−1 to the equation (4) and use the fact that r is a 1-form so that

r00 = 0, then r, if it exists, must satisfy

r = δ−1δr = −δ−1R+ δ−1∂r −
1

ν
δ−1r2 + δ−1Ω̃. (6)

Two solutions of this equation will have a difference which satisfies the same equation

but without the R term and the Ω̃ term. If the first non-zero term of the difference

has finite degree m, then the leading term of δ−1∂r has degree m+1 and of δ−1(r2/h)

has degree 2m − 1. Since both of these are larger than m for m ≥ 2, such a term

cannot exist so the difference must be zero. Hence the solution is unique.

Existence is very similar. We observe that the above argument shows that the

equation above for r determines the homogeneous components of r recursively. So

it is enough to show that such a solution satisfies both conditions of the theorem.

Obviously δ−1r = 0 . Let A = δr +R− ∂r + 1
ν
r2 − Ω̃ ∈ Γ(W ⊗ Λ2). Then

δ−1A = δ−1δr + δ−1(R − ∂r +
1

ν
r2 − Ω̃) = r − r = 0.

Also DA = ∂A−δA− 1
ν
[r, A] = 0. We can now apply a similar argument to that which

proved uniqueness. Since A00 = 0, δ−1A = 0 and DA = 0 we have

A = δ−1δA = δ−1(∂A−
1

ν
[r, A])

and recursively we can see that each homogeneous component of A must vanish, which

shows that (4) holds and the theorem is proved. 2

Actually carrying out the recursion to determine r explicitly seems very compli-
cated, but one can easily see that:

Proposition 10 [15] Let us consider Ω̃ =
∑

i≥1 h
iωi and the corresponding r in

Γ(W ⊗ Λ1) , solution of (4), given inductively by (6). Then rm only depends on
ωi for 2i+ 1 ≤ m and the first term in r which involves ωk is:

r2k+1 = δ−1(νkωk) + r̃2k+1

where the last term does not involve ωk.
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4.3 Flat sections of the Weyl bundle

In this section, we consider a flat connection D on the Weyl bundle constructed as

above. Since D acts as a derivation of the pointwise multiplication of sections, the

space WD of flat sections will be a subalgebra of the space of sections of W :WD = {a ∈ Γ(W )|Da = 0}.

The importance of this space of sections comes from

Theorem 11 [52] Given a flat connection D, for any a◦ ∈ N [[ν]] there is a unique
a ∈ WD such that a(x, 0, ν) = a◦(x, ν).

Proof This is very much like the above argument. We have δ−1a = 0 since it is a

0-form. The equation Da = 0 can be written

δa = ∂a−
1

ν
[r, a].

Instead of solving this directly we apply δ−1:

a = δ−1δa+ a◦ = δ−1

(
∂a −

1

ν
[r, a]

)
+ a◦.

Unicity follows by recursion for the difference of two solutions. If we solve this equation

recursively for a, then certainly a(x, 0, ν) = a◦(x, ν). The fact that A = Da = 0 follows

as before by showing that δ−1A = 0 and DA = D2a = 0. 2

We define σ : Γ(W ) → N [[ν]], the symbol map, by

σ(a) = a(x, 0, ν).

The theorem tells us that σ is a linear isomorphism when restricted to WD. So it can

be used to transport the algebra structure of WD to N [[ν]]. We define Fedosov’s star

product ∗∇,Ω̃ related to the choice of a symplectic connection ∇ and a series of closed

2-forms Ω̃ by

a ∗∇,Ω̃ b = σ(σ−1(a) ◦ σ−1(b)), a, b ∈ N [[ν]]. (7)

One checks easily that this defines a ∗-product on N . If the curvature and the Ω

vanish, one gets back the Moyal ∗-product.

Proposition 12 Let us consider Ω̃ =
∑

i≥1 h
iωi, the connection DΩ̃ corresponding

to r in Γ(W ⊗ Λ1) given by the solution of (4) and the corresponding star product
∗∇,Ω̃ on N [[ν]] obtained by identifying this space with WD

Ω̃
. Let us write u ∗∇,Ω̃ v =∑

i≥0 ν
rCΩ̃

r (u, v). Then, for any r, CΩ̃
r only depends on ωi for i < r and

CΩ̃
r+1(u, v) = ωr(Xu, Xv) + C̃r+1(u, v)

where the last term does not depend on ωr.
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Proof Take u in N and observe that the lowest term in the W grading of σ−1u

involving ωk is in (σ−1u)2k+1, coming from the term − 1
ν
∂−1[r2k+1, u1] and one has:

(σ−1u)2k+1 = −
1

ν
∂−1[∂−1(hkωk), u1] + u′

where u′ does not depend on ωk. Hence the lowest term in σ(σ−1(u) ◦ σ−1(v)) for

u, v ∈ N involving ωk comes from:

((σ−1(u))2k+1 ◦ (σ−1(v))1 + ((σ−1(u))1 ◦ (σ−1(v))2k+1)(x, 0, h).

2
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5 Classification of star products on a symplectic

manifold

5.1 Hochschild cohomology

Star products on a manifold M are examples of deformations -in the sense of Gersten-

haber [63]- of associative algebras. The study of these uses the Hochschild cohomology

of the algebra, here C∞(M) with values in C∞(M), where p-cochains are p-linear maps

from (C∞(M))p to C∞(M) and where the Hochschild coboundary operator maps

the p-cochain C to the p+ 1-cochain

(∂C)(u0, . . . , up) = u0C(u1, . . . , up)

+

p∑

r=1

(−1)rC(u0, . . . , ur−1ur, . . . , up) + (−1)p+1C(u0, . . . , up−1)up.

For differential star products, we consider differential cochains, i.e. given by differential

operators on each argument. The associativity condition for a star product at order k

in the parameter ν reads

(∂Ck)(u, v, w) =
∑

r+s=k,r,s>0

( Cr(Cs(u, v), w)− Cr(u, Cs(v, w)) ) .

If one has cochains Cj, j < k such that the star product they define is associative to

order k − 1, then the right hand side above is a cocycle (∂(RHS)= 0) and one can

extend the star product to order k if it is a coboundary (RHS= ∂(Ck)).

Theorem 13 (Vey [109]) Every differential p-cocycle C on a manifold M is the sum
of the coboundary of a differential (p-1)-cochain and a 1-differential skewsymmetric
p-cocycle A:

C = ∂B + A.

In particular, a cocycle is a coboundary if and only if its total skewsymmetrization,
which is automatically 1-differential in each argument, vanishes. Also

Hp
diff(C∞(M), C∞(M)) = Γ(ΛpTM).

Furthermore ([34]),given a connection ∇ on M , B can be defined from C by universal
formulas.

By universal, we mean the following: any p-differential operator D of order maxi-

mum k in each argument can be written

D(u1, . . . , up) =
∑

|α1|<k...|αp|<k

D
α1...αp

|α1|,...,|αp|
∇α1

u1 . . .∇αp
up

where α’s are multiindices, D|α1|,...,|αp| are tensors (symmetric in each of the p groups of

indices) and ∇αu = (∇ . . . (∇u))( ∂
∂xi1

, . . . , ∂

∂xiq ) when α = (i1, . . . , iq). We claim that
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there is a B such that the tensors defining B are universally defined as linear combi-

nations of the tensors defining C, universally meaning in a way which is independent

of the form of C. Note that requiring differentiability of the cochains is essentially the

same as requiring them to be local [30].

(An elementary proof of the above theorem can be found in [68].)

Remark 14 Behind theorem 13 above, there exist the following stronger results about
Hochschild cohomology:

Theorem 15 Let A = C∞(M), let C (A ) be the space of continuous cochains andCdiff (A ) be the space of differential cochains. Then

1) Γ(ΛpTM) ⊂ Hp(C∞(M), C∞(M));

2) the inclusions Γ(ΛpTM) ⊂ Cdiff (A ) ⊂ C (A ) induce isomorphisms in cohomol-
ogy.

Point 1 follows from the fact that any cochain which is 1-differential in each argument
is a cocycle and that the skewsymmetric part of a coboundary always vanishes. The
fact that the inclusion Γ(ΛTM) ⊂ Cdiff (A ) induces an isomorphism in cohomology is
proven by Vey [109]; it gives theorem 13. The general result about continuous cochains
is due to Connes [41]. Another proof of Connes result was given by Nadaud in [90].
In the somewhat pathological case of completely general cochains the full cohomology
does not seem to be known.

5.2 Equivalence of star products

Definition 16 Two star products ∗ and ∗′ on (M,P ) are said to be equivalent if
there is a series

T = Id+

∞∑

r=1

νrTr

where the Tr are linear operators on C∞(M), such that

T (f ∗ g) = Tf ∗′ Tg. (8)

Remark that the Tr automatically vanish on constants since 1 is a unit for ∗ and for ∗′.

Using in a similar way linear operators which do not necessarily vanish on constants,

one can pass from any associative deformation of the product of functions on a Poisson

manifold (M,P ) to another such deformation with 1 being a unit. Remark also that

one can write T = expA where A is a series of linear operators on C∞(M).

In the general theory of deformations, Gerstenhaber [63] showed how equivalence

is linked to some second cohomology space.

Recall that a star product ∗ on (M,ω) is called differential if the 2-cochains Cr(u, v)
giving it are bi-differential operators. As was observed by Lichnerowicz [85] and
Deligne [43] :
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Proposition 17 If ∗ and ∗′ are differential star products and T (u) = u+
∑

r≥1 ν
rTr(u)

is an equivalence so that T (u ∗ v) = T (u) ∗′ T (v) then the Tr are differential operators.

Proof Indeed if T = Id +νkTk + . . . then ∂Tk = C ′
k − Ck is differential so C ′

k − Ck

is a differential 2-cocycle with vanishing skewsymmetric part but then, using Vey’s

formula, it is the coboundary of a differential 1-cochain E and Tk−E, being a 1-cocycle,

is a vector field so Tk is differential. One then proceeds by induction, considering

T ′ = (Id +νkTk)
−1 ◦ T = Id +νk+1T ′

k+1 + . . . and the two differential star products ∗

and ∗′′, where u ∗′′ v = (Id +νkTk)
−1((Id +νkTk)u ∗

′ (Id +νkTk)v), which are equivalent

through T ′ (i.e. T ′(u ∗ v) = T ′(u) ∗′′ T ′(v)). 2

A differential star product is equivalent to one with linear term in ν given by
1
2
{u, v}. Indeed C1(u, v) is a Hochschild cocycle with antisymmetric part given by

1
2
{u, v} so C1 = 1

2
P + ∂B for a differential 1-cochain B. Setting T (u) = u + νB(u)

and u ∗′ v = T (T−1(u) ∗T−1(v)), this equivalent star product ∗′ has the required form.

In 1979, we proved [64] that all differential deformed brackets on R2n (or on any
symplectic manifold such that b2 = 0) are equivalent modulo a change of the parameter,
and this implies a similar result for star products; this was proven by direct methods
by Lichnerowicz [84]:

Proposition 18 Let ∗ and ∗′ be two differential star products on (M,ω) and suppose
that H2(M ; R) = 0. Then there exists a local equivalence T = Id +

∑
k≥1 ν

kTk on
C∞(M)[[ν]] such that u ∗′ v = T (T−1u ∗ T−1v) for all u, v ∈ C∞(M)[[ν]].

Proof Let us suppose that, modulo some equivalence, the two star products ∗ and ∗′

coincide up to order k. Then associativity at order k shows that Ck−C
′
k is a Hochschild

2-cocycle and so by (13) can be written as (Ck − C ′
k)(u, v) = (∂B)(u, v) + A(Xu, Xv)

for a 2-form A. The total skewsymmetrization of the associativity relation at order

k + 1 shows that A is a closed 2-form. Since the second cohomology vanishes, A is

exact, A = dF . Transforming by the equivalence defined by Tu = u + νk−12F (Xu),

we can assume that the skewsymmetric part of Ck −C
′
k vanishes. Then Ck −C

′
k = ∂B

where B is a differential operator. Using the equivalence defined by T = I + νkB we

can assume that the star products coincide, modulo an equivalence, up to order k+ 1

and the result follows from induction since two star products always agree in their

leading term. 2

It followed from the above proof and results similar to [64] (i.e. two star products

which are equivalent and coincide at order k differ at order k + 1 by a Hochschild 2-

cocycle whose skewsymmetric part corresponds to an exact 2-form) that at each step

in ν, equivalence classes of differential star products on a symplectic manifold (M,ω)

are parametrised by H2(M ; R), if all such deformations exist. The general existence

was proven by De Wilde and Lecomte. At that time, one assumed the parity condition
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Cn(u, v) = (−1)nCn(v, u), so equivalence classes of such differential star products were

parametrised by series H2(M ; R)[[ν2]]. The parametrization was not canonical.

In 1994, Fedosov proved the recursive construction explained in section 4: given any

series of closed 2-forms on a symplectic manifold (M,ω), he could build a connection

on the Weyl bundle whose curvature is linked to that series and a star product whose

equivalence class only depends on the element in H2(M ; R)[[ν]] corresponding to that

series of forms.

In 1995, Nest and Tsygan [92], then Deligne [43] and Bertelson-Cahen-Gutt [15]

proved that any differential star product on a symplectic manifold (M,ω) is equiva-

lent to a Fedosov star product and that its equivalence class is parametrised by the

corresponding element in H2(M ; R)[[ν]].

Definition 19 A Poisson deformation of the Poisson bracket on a Poisson manifold
(M,P ) is a formal deformation { , }ν of the Lie algebra (C∞(M), { , }) so that {u, }ν is
a derivation of the product of functions, for any u ∈ C∞(M); hence it is a deformation
of the form {u, v}ν = Pν(du, dv) where Pν = P +

∑
νkPk is a series of skewsymmetric

contravariant 2-tensors on M such that [Pν , Pν ] = 0.
Two Poisson deformations Pν and P ′

ν of the Poisson bracket P on a Poisson
manifold (M,P ) are equivalent if there exists a formal path in the diffeomorphism
group of M , starting at the identity, i. e. a series T = expD = Id +

∑
j

1
j!
Dj for

D =
∑

r≥1 ν
rDr where the Dr are vector fields on M , such that

T{u, v}ν = {Tu, Tv}′ν

where {u, v}ν = Pν(du, dv) and {u, v}′ν = P ′
ν(du, dv).

For symplectic manifolds, Flato, Lichnerowicz and Sternheimer in 1974 studied
1-differential deformations of the Poisson bracket [61]; it follows from their work, and
appears in Lecomte [82], that:

Proposition 20 On a symplectic manifold (M,ω), the equivalence classes of Poisson
deformations of the Poisson bracket P are parametrised by H2(M ; R)[[ν]].

Indeed, one first show that any Poisson deformation Pν of the Poisson bracket P on

a symplectic manifold (M,ω) is of the form PΩ for a series Ω = ω+
∑

k≥1 ν
kωk where

the ωk are closed 2-forms, and PΩ(du, dv) = −Ω(XΩ
u , X

Ω
v ) where XΩ

u = Xu + ν(. . . ) ∈

Γ(TM)[[ν]] is the element defined by i(XΩ
u )Ω = du.

One then shows that two Poisson deformations PΩ and PΩ′
are equivalent if and

only if ωk and ω′
k are cohomologous for all k ≥ 1.

In 1997, Kontsevich [79] proved that the coincidence of the set of equivalence classes
of star and Poisson deformations is true for general Poisson manifolds :
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Theorem 21 The set of equivalence classes of differential star products on a Pois-
son manifold (M,P ) can be naturally identified with the set of equivalence classes of
Poisson deformations of P :

Pν = Pν + P2ν
2 + · · · ∈ Γ(X,∧2TX)[[ν]], [Pν , Pν ] = 0.

Remark that all results concerning parametrisation of equivalence classes of differ-

ential star products are still valid for star products defined by local cochains or for

star products defined by continuous cochains ([67], Pinczon [100]). Parametrization

of equivalence classes of special star products have been obtained : star products with

separation of variables (by Karabegov [75]), invariant star products on a symplectic

manifold when there exists an invariant symplectic connection (with Bertelson and

Bieliavsky [16]), algebraic star products (Chloup [40], Kontsevich [79])...

5.3 Deligne’s cohomology classes

Deligne defines two cohomological classes associated to differential star products on

a symplectic manifold. This leads to an intrinsic way to parametrise the equivalence

class of such a differential star product. Although the question makes sense more

generally for Poisson manifolds, Deligne’s method depends crucially on the Darboux

theorem and the uniqueness of the Moyal star product on R2n so the methods do not

extend to general Poisson manifolds.

The first class is a relative class; fixing a star product on the manifold, it intrinsical-

ly associates to any equivalence class of star products an element inH2(M ; R)[[ν]]. This

is done in Čech cohomology by looking at the obstruction to gluing local equivalences.

Deligne’s second class is built from special local derivations of a star product. The

same derivations played a special role in the first general existence theorem [45] for

a star product on a symplectic manifold. Deligne used some properties of Fedosov’s

construction and central curvature class to relate his two classes and to see how to char-

acterise an equivalence class of star products by the derivation related class and some

extra data obtained from the second term in the deformation. With John Rawnsley

[68], we did this by direct Čech methods which I shall present here.

5.3.1 The relative class

Let ∗ and ∗′ be two differential star products on (M,ω). Let U be a contractible

open subset of M and NU = C∞(U). Remark that any differential star product on

M restricts to U and H2(M ; R)(U) = 0, hence, by proposition 18, there exists a local

equivalence T = Id +
∑

k≥1 ν
kTk on NU [[ν]] so that u ∗′ v = T (T−1u ∗ T−1v) for all

u, v ∈ NU [[ν]].

Proposition 22 Consider a differential star product ∗ on (M,ω), and assume that
H1(M ; R) vanishes.
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• Any self-equivalence A = Id+
∑

k≥1 ν
kAk of ∗ is inner: A = exp ad∗ a for some

a ∈ C∞(M)[[ν]].

• Any ν-linear derivation of ∗ is of the form D =
∑

i≥0 ν
iDi where each Di corre-

sponds to a symplectic vector field Xi and is given by

Diu =
1

ν
(fi ∗ u− u ∗ fi)

if Xiu = {fi, u}.

Indeed, one builds a recursively; assuming A = Id +
∑

r≥k ν
rAr and k ≥ 1, the

condition A(u ∗ v) = Au ∗ Av implies at order k in ν that Ak(uv) + Ck(u, v) =

Ak(u)v + uAk(v) + Ck(u, v) so that Ak is a vector field. Taking the skew part of

the terms in νk+1 we have that Ak is a derivation of the Poisson bracket. Since

H1(M ; R) = 0, one can write Ak(u) = {ak−1, u} for some function ak−1. Then

(exp − ad∗ ν
k−1ak−1) ◦ A = Id +O(νk+1) and the induction proceeds. The proof for

ν-linear derivation is similar.

The above results can be applied to the restriction of a differential star prod-

uct on (M,ω) to a contractible open set U . Set, as above, NU = C∞(U). If

A = Id +
∑

k≥1 ν
kAk is a formal linear operator on NU [[ν]] which preserves the dif-

ferential star product ∗, then there is a ∈ NU [[ν]] with A = exp ad∗ a. Similarly, any

local ν-linear derivation DU of ∗ on NU [[ν]] is essentially inner: DU = 1
ν

ad∗ dU for some

dU ∈ NU [[ν]].

It is convenient to write the composition of automorphisms of the form exp ad∗ a

in terms of a. In a pronilpotent situation this is done with the Campbell–Baker–

Hausdorff composition which is denoted by a ◦∗ b:

a ◦∗ b = a+

∫ 1

0

ψ(exp ad∗ a ◦ exp t ad∗ b)b dt

where

ψ(z) =
z log(z)

z − 1
=
∑

n≥1

(
(−1)n

n+ 1
+

(−1)n+1

n

)
(z − 1)n.

Notice that the formula is well defined (at any given order in ν, only a finite number

of terms arise) and it is given by the usual series

a ◦∗ b = a+ b+
1

2
[a, b]∗ +

1

12
([a, [a, b]∗]∗ + [b, [b, a]∗]∗) · · · .

The following results are standard (N. Bourbaki, Groupes et algèbres de Lie, Éléments

de Mathématique, Livre 9, Chapitre 2, §6):

• ◦∗ is an associative composition law;
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• exp ad∗(a ◦∗ b) = exp ad∗ a ◦ exp ad∗ b;

• a ◦∗ b ◦∗ (−a) = exp(ad∗ a) b;

• −(a ◦∗ b) = (−b) ◦∗ (−a);

•
d

dt

∣∣∣∣
0

(−a) ◦∗ (a+ tb) =
1 − exp (− ad∗ a)

ad∗ a
(b).

Let (M,ω) be a symplectic manifold. We fix a locally finite open cover U =

{Uα}α∈I by Darboux coordinate charts such that the Uα and all their non-empty

intersections are contractible, and we fix a partition of unity {θα}α∈I subordinate toU . Set Nα = C∞(Uα), Nαβ = C∞(Uα ∩ Uβ), and so on.

Now suppose that ∗ and ∗′ are two differential star products on (M,ω). We have

seen that their restrictions to Nα[[ν]] are equivalent so there exist formal differential

operators Tα : Nα[[ν]] → Nα[[ν]] such that

Tα(u ∗ v) = Tα(u) ∗′ Tα(v), u, v ∈ Nα[[ν]].

On Uα ∩ Uβ, T−1
β ◦ Tα will be a self-equivalence of ∗ on Nαβ[[ν]] and so there will be

elements tβα = −tαβ in Nαβ [[ν]] with

T−1
β ◦ Tα = exp ad∗ tβα.

On Uα ∩ Uβ ∩ Uγ the element

tγβα = tαγ ◦∗ tγβ ◦∗ tβα

induces the identity automorphism and hence is in the centre R[[ν]] of Nαβγ [[ν]]. The

family of tγβα is thus a Čech 2-cocycle for the covering U with values in R[[ν]]. The

standard arguments show that its class does not depend on the choices made, and

is compatible with refinements. Since every open cover has a refinement of the kind

considered it follows that tγβα determines a unique Čech cohomology class [tγβα] ∈

H2(M ; R)[[ν]].

Definition 23
t(∗′, ∗) = [tγβα] ∈ H2(M ; R)[[ν]]

is Deligne’s relative class.

It is easy to see, using the fact that the cohomology of the sheaf of smooth functions

is trivial:

Theorem 24 (Deligne) Fixing a differential star product ∗ on (M,ω), the relative
class t(∗′, ∗) in H2(M ; R)[[ν]] depends only on the equivalence class of the differen-
tial star product ∗′, and sets up a bijection between the set of equivalence classes of
differential star products and H2(M ; R)[[ν]].

If ∗, ∗′, ∗′′ are three differential star products on (M,ω) then

t(∗′′, ∗) = t(∗′′, ∗′) + t(∗′, ∗). (9)
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5.3.2 The derivation related class

The addition formula above suggests that t(∗′, ∗) should be a difference of classes
c(∗′), c(∗) ∈ H2(M ; R)[[ν]]. Moreover, the class c(∗) should determine the star product
∗ up to equivalence.

Definition 25 Let U be an open set of M . Say that a derivation D of (C∞(U)[[ν]], ∗)
is ν-Euler if it has the form

D = ν
∂

∂ν
+X +D′ (10)

where X is conformally symplectic on U (LXω|U = ω|U) and D′ =
∑

r≥1 ν
rD′

r with
the D′

r differential operators on U .

Proposition 26 Let ∗ be a differential star product on (M,ω). For each Uα ∈ U
there exists a ν-Euler derivation Dα = ν ∂

∂ν
+Xα +D′

α of the algebra (Nα[[ν]], ∗).

Proof On an open set in R2n with the standard symplectic structure Ω, denote the

Poisson bracket by P . Let X be a conformal vector field so LXΩ = Ω. The Moyal

star product ∗M is given by u ∗M v = uv +
∑

r≥1
νr

2rr!
P r(u, v) and D = ν ∂

∂ν
+ X is a

derivation of ∗M .

Now (Uα, ω) is symplectomorphic to an open set in R
2n and we can pull back D and

∗M to Uα by this symplectomorphism to give a star product ∗′ on Uα with a derivation

of the form ν ∂
∂ν

+Xα. Since any differential star product on this open set is equivalent

to ∗′ denote by T an equivalence of ∗ with ∗′ on Uα. Then Dα = T−1 ◦ (ν ∂
∂ν

+Xα) ◦ T

is a derivation of the required form. 2

We take such a collection of derivations Dα given by Proposition 26 and on Uα∩Uβ

we consider the differences Dβ −Dα. They are derivations of ∗ and the ν derivatives

cancel out, so Dβ − Dα is a ν-linear derivation of Nαβ[[ν]]. Any ν-linear derivation is

of the form 1
ν

ad∗ d, so there are dβα ∈ Nαβ[[ν]] with

Dβ −Dα =
1

ν
ad∗ dβα (11)

with dβα unique up to a central element. On Uα∩Uβ∩Uγ the combination dαγ+dγβ+dβα

must be central and hence defines dγβα ∈ R[[ν]]. It is easy to see that dγβα is a 2-cocycle

whose Čech class [dγβα] ∈ H2(M ; R)[[ν]] does not depend on any of the choices made.

Definition 27 d(∗) = [dγβα] ∈ H2(M ; R)[[ν]] is Deligne’s intrinsic derivation-
related class.

• In fact the class considered by Deligne is actually 1
ν
d(∗). A purely Čech-theoretic

accounts of this class is given in Karabegov [75].

• If ∗ and ∗′ are equivalent then d(∗′) = d(∗).
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• If d(∗) =
∑

r≥0 ν
rdr(∗) then d0(∗) = [ω] under the de Rham isomorphism, and

d1(∗) = 0.

Consider two differential star products ∗ and ∗′ on (M,ω) with local equivalences Tα

and local ν-Euler derivations Dα for ∗ . Then D′
α = Tα ◦Dα ◦ T−1

α are local ν-Euler

derivations for ∗′. Let Dβ − Dα = 1
ν

ad∗ dβα and T−1
β ◦ Tα = exp ad∗ tβα on Uα ∩ Uβ .

Then D′
β −D′

α = 1
ν
ad∗′d

′
βα where

d′βα = Tβdβα − νTβ ◦

(
1 − exp (− ad∗ tαβ)

ad∗ tαβ

)
◦Dαtαβ.

In this situation

d′γβα = Tα(dγβα + ν2 ∂

∂ν
tγβα).

This gives a direct proof of:

Theorem 28 (Deligne) The relative class and the intrinsic derivation-related classes
of two differential star products ∗ and ∗′ are related by

ν2 ∂

∂ν
t(∗′, ∗) = d(∗′) − d(∗). (12)

5.3.3 The characteristic class

The formula above shows that the information which is “lost” in d(∗′) − d(∗) corre-

sponds to the zeroth order term in ν of t(∗′, ∗).

Remark 29 In [65, 47] it was shown that any bidifferential operator C, vanishing on
constants, which is a 2-cocycle for the Chevalley cohomology of (C∞(M), { , }) with
values in C∞(M) associated to the adjoint representation (i.e. such that

+�
u,v,w

[{u, C(v, w)} − C({u, v}, w)] = 0

where +�
u,v,w

denotes the sum over cyclic permutations of u, v and w) can be written as

C(u, v) = aS3
Γ(u, v) + A(Xu, Xv) + [{u,Ev} + {Eu, v} − E({u, v})]

where a ∈ R, where S3
Γ is a bidifferential 2-cocycle introduced in [12] (which vanishes on

constants and is never a coboundary and whose symbol is of order 3 in each argument),
where A is a closed 2-form on M and where E is a differential operator vanishing on
constants. Hence

H2
Chev,nc(C

∞(M), C∞(M)) = R ⊕H2(M ; R)

and we define the # operator as the projection on the second factor relative to this
decomposition.
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Proposition 30 Given two differential star products ∗ and ∗′, the term of order zero
in Deligne’s relative class t(∗′, ∗) =

∑
r≥0 ν

rtr(∗′, ∗) is given by

t0(∗′, ∗) = −2(C ′−
2 )# + 2(C−

2 )#.

If C1 = 1
2
{ , }, then C−

2 (u, v) = A(Xu, Xv) where A is a closed 2-form and (C−
2 )# = [A]

so it “is” the skewsymmetric part of C2.

It follows from what we did before that the association to a differential star product

of (C−
2 )# and d(∗) completely determines its equivalence class.

Definition 31 The characteristic class of a differential star product ∗ on (M,ω) is

the element c(∗) of the affine space −[ω]
ν

+H2(M ; R)[[ν]] defined by

c(∗)0 = −2(C−
2 )#

∂

∂ν
c(∗)(ν) =

1

ν2
d(∗)

Theorem 32 The characteristic class has the following properties:

• The relative class is given by

t(∗′, ∗) = c(∗′) − c(∗) (13)

• The map C from equivalence classes of star products on (M,ω) to the affine

space −[ω]
ν

+H2(M ; R)[[ν]] mapping [∗] to c(∗) is a bijection.

• If ψ : M → M ′ is a diffeomorphism and if ∗ is a star product on (M,ω) then
u ∗′ v = (ψ−1)∗(ψ∗u ∗ ψ∗v) defines a star product denoted ∗′ = (ψ−1)∗∗ on
(M ′, ω′) where ω′ = (ψ−1)∗ω. The characteristic class is natural relative to
diffeomorphisms:

c((ψ−1)∗∗) = (ψ−1)∗c(∗). (14)

• Consider a change of parameter f(ν) =
∑

r≥1 ν
rfr where fr ∈ R and f1 6= 0

and let ∗′ be the star product obtained from ∗ by this change of parameter, i.e.
u ∗′ v = u.v +

∑
r≥1(f(ν))rCr(u, v) = u.v + f1νC1(u, v) + ν2((f1)

2C2(u, v) +

f2C1(u, v))+. . .. Then ∗′ is a differential star product on (M,ω′) where ω′ = 1
f1
ω

and we have equivariance under a change of parameter:

c(∗′)(ν) = c(∗)(f(ν)). (15)

The characteristic class c(∗) coincides (cf Deligne [43] and Neumaier [94]) for

Fedosov-type star products with their characteristic class introduced by Fedosov as

the de Rham class of the curvature of the generalised connection used to build them

(up to a sign and factors of 2). That characteristic class is also studied by Weinstein

and Xu in [111]. The fact that d(∗) and (C−
2 )# completely characterise the equivalence

class of a star product is also proven by Čech methods in De Wilde [44].
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5.4 Automorphisms of a star product

The above proposition allows to study automorphisms of star products on a symplectic
manifold ([101], [68]).

Definition 33 An isomorphism from a differential star product ∗ on (M,ω) to a
differential star product ∗′ on (M ′, ω′) is an R-linear bijective map

A : C∞(M)[[ν]] → C∞(M ′)[[ν]],

continuous in the ν-adic topology (i.e. A(
∑

r ν
rur) is the limit of

∑
r≤N A(νrur) ),

such that
A(u ∗ v) = Au ∗′ Av.

Notice that if A is such an isomorphism, then A(ν) is central for ∗′ so that A(ν) =

f(ν) where f(ν) ∈ R[[ν]] is without constant term to get the ν-adic continuity. Let us

denote by ∗′′ the differential star product on (M,ω1 = 1
f1
ω) obtained by a change of

parameter

u ∗
′′

ν v = u ∗f(ν) v = F (F−1u ∗ F−1v)

for F : C∞(M)[[ν]] → C∞(M)[[ν]] :
∑

r ν
rur 7→

∑
r f(ν)rur.

Define A′ : C∞(M)[[ν]] → C∞(M ′)[[ν]] by A = A′◦F . Then A′ is a ν-linear isomorphism

between ∗′′ and ∗′:

A′(u ∗′′ v) = A′u ∗′ A′v.

At order zero in ν this yields A′
0(u.v) = A′

0u.A
′
0v so that there exists a diffeomorphism

ψ : M ′ →M with A′
0u = ψ∗u. The skewsymmetric part of the isomorphism relation at

order 1 in ν implies that ψ∗ω1 = ω′. Let us denote by ∗′′′ the differential star product

on (M,ω1) obtained by pullback via ψ of ∗′:

u ∗′′′ v = (ψ−1)∗(ψ∗u ∗′ ψ∗v)

and define B : C∞(M)[[ν]] → C∞(M)[[ν]] so that A′ = ψ∗ ◦ B. Then B is ν-linear,

starts with the identity and

B(u ∗′′ v) = Bu ∗′′′ Bv

so that B is an equivalence – in the usual sense – between ∗′′ and ∗′′′. Hence [68]

Proposition 34 Any isomorphism between two differential star products on symplec-
tic manifolds is the combination of a change of parameter and a ν-linear isomorphism.
Any ν-linear isomorphism between two star products ∗ on (M,ω) and ∗′ on (M ′, ω′) is
the combination of the action on functions of a symplectomorphism ψ : M ′ →M and
an equivalence between ∗ and the pullback via ψ of ∗′. In particular, it exists if and
only if those two star products are equivalent, i.e. if and only if (ψ−1)∗c(∗′) = c(∗),
where here (ψ−1)∗ denotes the action on the second de Rham cohomology space.
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In particular, two differential star products ∗ on (M,ω) and ∗′ on (M ′, ω′) are

isomorphic if and only if there exist f(ν) =
∑

r≥1 ν
rfr ∈ R[[ν]] with f1 6= 0 and

ψ : M ′ →M , a symplectomorphism, such that (ψ−1)∗c(∗′)(f(ν)) = c(∗)(ν). In partic-

ular [64]: if H2(M ; R) = R[ω] then there is only one star product up to equivalence

and change of parameter.

Omori et al. [96] also show that when reparametrizations are allowed then there is

only one star product on CP n.

A special case of Proposition 34 gives:

Proposition 35 A symplectomorphism ψ of a symplectic manifold can be extended
to a ν-linear automorphism of a given differential star product on (M,ω) if and only
if (ψ)∗c(∗) = c(∗).

Notice that this is always the case if ψ can be connected to the identity by a path

of symplectomorphisms (and this result was in Fedosov [53]).
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6 Star products on Poisson manifolds and Formal-

ity

The existence of a star product on a general Poisson manifold was proven by Kont-

sevich in [79] as a straightforward consequence of the formality theorem. In fact he

showed that the set of equivalence classes of star products is the same as the set of

equivalence classes of formal Poisson structure. As we already mentioned, a differen-

tial star product on M is defined by a series of bidifferential operators satisfying some

identities; on the other hand a formal Poisson structure on a manifold M is completely

defined by a series of bivector fields P satisfying certain properties; to describe the

correspondence between these objects, one introduces the algebras they belong to.

6.1 DGLA’s

Definition 36 A graded Lie algebra is a Z-graded vector space g =
⊕

i∈Zgi

endowed with a bilinear operation

[ , ] : g ⊗ g → g

satisfying the following conditions:

a) (graded bracket) [ a , b ] ⊂ gα+β

b) (skewsymmetry) [ a , b ] = −(−1)αβ [ b , a ]

c) (Jacobi) [ a , [ b , c ] ] = [ [ a , b ] , c ] + (−1)αβ [ b , [ a , c ] ]

for any a ∈ gα, b ∈ gβ and c ∈ gγ

Remark that any Lie algebra is a graded Lie algebra concentrated in degree 0 and

that the degree zero part g0 and the even part geven :=
⊕

i∈Zg2i of any graded Lie

algebra are Lie algebras in the usual sense.

Definition 37 A differential graded Lie algebra (briefly DGLA) is a graded Lie
algebra g together with a differential, d : g → g, i.e. a linear operator of degree 1
(d : gi → gi+1) which satisfies the compatibility condition (Leibniz rule)

d[ a , b ] = [ d a , b ] + (−1)α[ a , d b ] a ∈ gα, b ∈ gβ

and squares to zero (d ◦ d = 0).

The natural notions of morphisms of graded and differential graded Lie algebras are

graded linear maps which commute with the differentials and the brackets (a graded

linear map φ : g → h of degree k is a linear map such that φ(gi) ⊂ hi+k ∀i ∈ N).

Remark that a morphism of DGLA’s has to be a degree 0 in order to commute with

the other structures.
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Any DGLA has a cohomology complex defined byH i(g) := Ker (d : gi → gi+1)
/
ℑ(d : gi−1 → gi).

The set H :=
⊕

iH i(g) has a natural structure of graded vector space and inherits

the structure of a graded Lie algebra, defined by:

[ |a| , |b| ]H :=
∣∣∣[ a , b ]g∣∣∣ .

where |a| ∈H denote the equivalence classes of a closed elemnt a ∈ g. The cohomol-

ogy of a DGLA can itself be turned into a DGLA with zero differential.

Any morphism φ : g1 → g2 of DGLA’s induces a morphism (φ) : H1 → H2. A

morphism of DGLA’s inducing an isomorphism in cohomology is called a quasi-

isomorphism.

6.1.1 The DGLA of polydifferential operators

Let A be an associative algebra with unit on a field K; consider the complex of mul-

tilinear maps from A to itself:C :=
∞∑

i=−1

C i C i := HomK (A⊗(i+1), A)

remark that we shifted the degree by one; the degree |A| of a (p+ 1)–linear map A is

equal to p.

The Lie algebra structure on the space of linear maps arises from the underlying

associative structure given by the composition of operators. One extends this notion

to multilinear operators: for A1 ∈ Cm1 , A2 ∈ Cm2 , define:

(A1 ◦ A2)(f1, . . . , fm1+m2+1) :=
m1∑

j=1

(−1)(m2)(j−1)A1(f1, . . . , fj−1, A2(fj, . . . , fj+m2
), fj+m2+1, . . . , fm1+m2+1)

for any (m1 +m2 + 1)- tuple of elements of A.

Then the Gerstenhaber bracket is defined by

[A1, A2]G := A1 ◦ A2 − (−1)m1m2A2 ◦ A1

and gives C the structure of a graded Lie algebra.

The differential dD is defined by

dDA = −[µ,A] = −µ ◦ A+ (−1)|A|A ◦ µ
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where µ is the usual product in the algebra A. Hence dA = (−1)|A|+1δA if δ is the

Hochschild coboundary

(δA)(f0, . . . , fp) =

p−1∑

i=0

(−1)i+1A(f0, . . . , fi−1, fi · fi+1, . . . , fp) + f0 · A(f1, . . . , fp)

+ (−1)(p+1)A(f0, . . . , fp) · fp+1.

Proposition 38 The graded Lie algebra C together with the differential dD is a dif-
ferential graded Lie algebra.

Here we shall consider the case where A = C∞(M), and we shall deal more pre-

cisely with the subalgebra of C consisting of multidifferential operators Dpoly(M) :=⊕D i
poly(M) with D i

poly(M) consisting of multi differential operators acting on i + 1

smooth functions on M and vanishing on constants. It is an easy exercise to verify

that Dpoly(M) is closed under the Gerstenhaber bracket and the differential dD so it

is a DGLA.

Proposition 39 An element C ∈ νD1
poly(M)[[ν]] (i.e. a series of bidifferential opera-

tor on the manifold M) yields a deformation of the usual associative pointwize product
of functions µ:

∗ = µ+ C

which defines a differential star product on M if and only if

dDC −
1

2
[C,C]G = 0.

6.1.2 The DGLA of multivector fields

A k- multivector field is a section of the k-th exterior power
∧k TM of the tan-

gent space TM ; the bracket of multivectorfields is the Schouten-Nijenhuis bracket

defined by extending the usual Lie bracket of vector fields

[X1 ∧ . . . ∧Xk, Y1 ∧ . . . ∧ Yl]S =
k∑

r=1

l∑

s=1

(−1)r+s[Xr, Xs]X1 ∧ . . . X̂r ∧ . . . ∧Xk, Y1 ∧ . . . Ŷs ∧ . . . ∧ Yl.

Since the bracket of an r- and an s- multivector fields on M is an r + s − 1- mul-

tivector field, we define a structure of graded Lie algebra on the space Tpoly(M) of

multivector fields on M by setting T i
poly(M) the set of skewsymmetric contravariant

i+ 1-tensorfields on M (remark again a shift in the grading).

We shall consider here

[T1, T2]
′
S := −[T2, T1]S.

The graded Lie algebra Tpoly(M) is then turned into a differential graded Lie algebra

setting the differential dT to be identically zero.

30



Proposition 40 An element P ∈ νT 1
poly(M)[[ν]] (i.e. a series of bivectorfields on the

manifold M) defines a formal Poisson structure on M if and only if

dTP −
1

2
[P, P ]′S = 0.

If one can construct an isomorphism of DGLA between the algebra Tpoly(M) of

multivector fields and the algebra Dpoly(M) of multidifferential operators, this would

give a correspondence between a formal Poisson tensor on M and a formal differential

star product on M . We have recalled previously that the cohomology of the algebra

of multidifferential operators is given by multivector fieldsH i(Dpoly(M)) ≃ T i
poly(M).

This bijection is induced by the natural map

U1 : T i
poly(M) −→ D i

poly(M)

which extends the usual identification between vector fields and first order differential

operators, and is defined by:

U1(X0 ∧ . . . ∧Xn)(f0, . . . , fn) =
1

(n+ 1)!

∑

σ∈Sn+1

ǫ(σ) X0(fσ(0)) · · ·Xn(fσ(n)).

Unfortunately this map, which can be easily checked to be a chain map, fails to preserve

the Lie structure, as can be easily verified already at order 2.

However the defect of this map in being a Lie algebra morphism is closed inDpoly(M) so we shall extend the notion of morphism between two DGLA to con-

struct a morphism whose first order approximation is this isomorphism of complexes.

To do this one introduces the notion of L∞-morphism.

6.2 L∞-algebras, L∞-morphism and formality

Definition 41 A graded coalgebra on the base ring K is a Z–graded vector space
C =

⊕
i∈ZCi with a comultiplication, i.e. a graded linear map

∆: C → C ⊗ C

such that
∆(Ci) ⊂

⊕

j+k=i

Cj ⊗ Ck

and such that (coassociativity):

(∆ ⊗ id)∆(x) = (id⊗∆)∆(x)

for every x ∈ C. A counit (if it exists) is a morphism

e : C → K
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such that e(Ci) = 0 for any i > 0 and

(e⊗ id)∆ = (id⊗e)∆ = id .

The coalgebra is cocommutative if

T ◦ ∆ = ∆

where T : C ⊗ C → C ⊗ C is the twisting map:

T (x⊗ y) := (−1)|x||y| y ⊗ x

for x, y homogeneous elements of degree respectively |x| and |y|.

Additional structures that can be put on an algebra can be dualized to give a dual

version on coalgebras.

Example 42 (The coalgebra C(V )) If V is a graded vector space over K, V =⊕
i∈ZV i, one defines the tensor algebra T (V ) =

⊕∞
n=0 V

⊗n with V ⊗0 = K, and two
quotients: the symmetric algebra S(V ) = T (V )/ < x ⊗ y − (−1)|x||y|y ⊗ x > and
the exterior algebra Λ(V ) = T (V )/ < x ⊗ y + (−1)|x||y|y ⊗ x >; these spaces are
naturally graded associative algebras. They can be given a structure of coalgebras
with comultiplication ∆ defined on a homogeneous element v ∈ V by

∆v := 1 ⊗ v + v ⊗ 1

and extended as algebra homomorphism.
The reduced symmetric space is C(V ) := S+(V ) :=

⊕
n>0 S

n(V ); it is the cofree
cocommutative coalgebra without counit constructed on V . (Remark that ∆v = 0 iff
v ∈ V .)

Definition 43 A coderivation of degree d on a graded coalgebra C is a graded linear
map δ : Ci → Ci+d which satisfies the (co–)Leibniz identity:

∆δ(v) = δv′ ⊗ v” + ((−1)d|v′|v′ ⊗ δv”

if ∆v =
∑
v′ ⊗ v”. This can be rewritten with the usual Koszul sign conventions

∆δ = (δ ⊗ id + id⊗δ)∆

Definition 44 A L∞–algebra is a graded vector space V over K and a degree 1
coderivation Q so that Q ◦ Q = 0 defined on the reduced symmetric space C(V [1]).
[Given any graded vector space V , we can obtain a new graded vector space V [k]
by shifting the grading of the elements of V by k, i.e. V [k] =

⊕
i∈ZV [k]i where

V [k]i := V i+k.]

Definition 45 A L∞–morphism between two L∞–algebras, F : (V,Q) → (V ′, Q′),
is a morphism

F : C(V [1]) −→ C(V ′[1])

of graded coalgebras, so that F ◦Q = Q′ ◦ F .
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Any algebra morphism from S+(V ) to S+(V ′) is uniquely determined by its restric-
tion to V and any derivation of S+(V ) is determined by its restriction to V . In a dual
way, a coalgebra–morphism F from the coalgebra C(V ) to the coalgebra C(V ′) is
uniquely determined by the composition of F and the projection on π′ : C(V ′) → V ′.
Similarly, any coderivation Q of C(V ) is determined by the composition F ◦ π where
π is the projection of C(V ) on V .

Definition 46 We call Taylor coefficients of a coalgebra-morphism F : C(V ) →
C(V ′) the sequence of maps Fn : Sn(V ) → V ′ and Taylor coefficients of a coderiva-
tion Q of C(V ) the sequence of maps Qn : Sn(V ) → V .

Proposition 47 Given V and V ′ two graded vector spaces, any sequence of lin-
ear maps Fn : Sn(V ) → V ′ of degree zero determines a unique coalgebra morphism
F : C(V ) → C(V ′) for which the Fn are the Taylor coefficients. Explicitely

F (x1 . . . xn) =
∑

j≥1

1

j!

∑

{1,...,n}=I1⊔...⊔Ij

ǫx(I1, . . . , Ij)F|I1|(xI1) · · ·F|Ij|(xIj
)

where the sum is taken over I1 . . . Ij partition of {1, . . . , n} and ǫx(I1, . . . , Ij) is the
signature of the effect on the odd xi’s of the unshuffle associated to the partition
(I1, . . . , Ij) of {1, . . . , n}.

Similarly, if V is a graded vector space, any sequence Qn : Sn(V ) → V, n ≥ 1 of
linear maps of degree i determines a unique coderivation Q of C(V ) of degree i whose
Taylor coefficients are the Qn. Explicitely

Q(x1 . . . xn) =
∑

{1,...,n}=I⊔J

ǫx(I, J)(Q|I|(xI)xJ .

A coderivation Q of C(V [1]) of degree 1 has for Taylor coefficients linear maps

Qn : Sn(V [1]) → V [2].

The equation Q2 = 0 is equivalent to

• Q2
1 = 0 and Q1 is a linear map of degree 1 on V .

• Q2(Q1x.y+ (−1)|x|−1x.Q1y) +Q1Q2(x.y) = 0 (Remark that |x| − 1 is the degree

of x in V [1])

• Q3(Q1x.y.z + (−1)|x|−1x.Q1y.z + (−1)|x|+|y|−2x.y.Q1z) +Q1Q3(x.y.z)

+Q2(Q2(x.y).z) + (−1)(|y|−1)(|z|−1)Q2(x.z).y + (−1)(|x|−1)(|y|+|z|−2)Q2(y.z).x = 0

• ....

Introduce the natural isomorphisms

Φn : Sn(V [1]) → Λn(V [n]) Φn(x1 . . . xn) = α(x1 . . . xn)x1 ∧ · · · ∧ xn,

33



where α(x1 . . . xn), for homogeneous xi’s, is the signature of the unshuffle permutation

putting the even xi’s on the left without permuting them and the odd ones on the

right without permuting them.

Define Qn := Qn ◦ (Φn)−1 : Λn(V ) → V [−n + 1] and

dx = (−1)|x|Q1x [x, y] := Q2(x ∧ y) = (−1)|x|(|y|−1)Q2(x, y).

Then d is a differential on V , [ , ] is a skewsymmetric bilinear map from V × V → V

satisfying

(−1)(|x|)(|z|)[[x, y], z] + (−1)(|y|)(|x|)[[y, z], x](−1)(|z|)(|y|)[[z, x], y] + terms in Q3 = 0

and d[x, y] = [dx, y] + (−1)|x|[x, dy]. In particular, we get:

Proposition 48 Any L∞–algebra (V,Q) so that all the Taylor coefficients Qn of Q
vanish for n > 2 yields a differential graded Lie algebra and vice versa

A morphism of graded coalgebras between C(V [1]) and C(V ′[1]) is equivalent to a

sequence of linear maps (the Taylor coefficients)

Fn : Sn(V [1]) → V ′[1];

it defines a L∞–morphism between two L∞–algebras (V,Q) and (V ′, Q′) iff F ◦ Q =

Q′ ◦ F and this equation is equivalent to

• F1 ◦ Q1 = Q′
1 ◦ F1 so F1 : V → V ′ is a morphism of complexes from (V, d) to

(V ′, d′).

• F1([x, y]) − [F1x, F1y]
′ = expression involving F2

• ....

So, for DGLA’s, there exist L∞–morphisms between two DGLA’s which are not

DGLA–morphisms. The equations for F to be a L∞–morphism between two DGLA’s

(V,Q) and (V ′, Q′ (with Qn = 0, Q′
n = 0 ∀n > 2) are

Q′
1Fn(x1 · . . . · xn) +

1

2

∑

U⊔J={1,ldots,n}
I,J 6=∅

ǫx(I, J)Q′
2(F|I|(xI) · F|J |(xJ))

=

n∑

k=1

ǫx(k, 1, . . . k̂ . . . , n)Fn(Q1(xk) · x1 · . . . x̂k . . . · xn)

+
1

2

∑

k 6=l

ǫx(k, l, 1, . . . k̂l . . . , n)Fn−1(Q2(xk · xl) · x1 · . . . x̂kx̂l . . . · xn)
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Definition 49 Given a L∞ algebra (V,Q) over a field of characteristic zero, and
given m = νR[[ν]], a m– point is an element p ∈ νC(V )[[ν]] so that ∆p = p ⊗ p or,
equivalently, it is an element p = ev − 1 = v + v2

2
+ · · · where v is an even element in

V [1] ⊗ m = νV [1][[ν]].
A solution of the generalized Maurer-Cartan equation is a m–point p where

Q vanishes; equivalently, it is an odd element v ∈ νV [[ν]] so that

Q1(v) +
1

2
Q2(v · v) + · · · = 0.

If g is a DGLA, it is thus an element v ∈ g so that dv − 1
2
[v, v] = 0.

Remark that the image under a L∞ morphism of a solution of the generalised

Maurer-Cartan equation is again such a solution. In particular, if one builds a L∞

morphism betwwen the two DGLA we consider, F : Tpoly(M) → Dpoly(M), the

image under F of the point eα − 1 corresponding to a formal Poisson tensor, α ∈

νT 1
poly(M)[[ν]] so that [α, α]S = 0, yields a star product on M , ∗ = µ+

∑
n Fn(αn).

Definition 50 Two L∞–algebras (V,Q) and (V ′, Q′) are quasi-isomorphic if there
is a L∞–morphism F so that F1 : V → V ′ induces an isomorphism in cohomology.

Definition 51 Kontsevich’s formality is a quasi isomorphism between the (L∞–
algebra structure associated to the) DGLA of multidifferential operators, Dpoly(M),
and its cohomology, the DGLA of multivector fields Tpoly(M).

6.3 Kontsevich’s formality for R
d

Kontsevich gave an explicit formula for the Taylor coefficients of a formality for Rd,

i.e. the Taylor coefficients Fn of an L∞–morphism between the two DGLA’s

F : (Tpoly(R
d), Q) → (Dpoly(R

d), Q′)

where Q corresponds to the DGLA of (Tpoly(R
d) , [ , ]′S , DT = 0) and Q′ corresponds

to the DGLA (Dpoly(R
d) , [ , ]G , dD) as they were presented before, with the first

coefficient

F1 : Tpoly(R
d) → Dpoly(R

d)

given by (U1) with, as before

U1(X0 ∧ . . . ∧Xn)(f0, . . . , fn) =
1

(n+ 1)!

∑

σ∈Sn+1

ǫ(σ) X0(fσ(0)) · · ·Xn(fσ(n)).

The formula writes as follows

Fn =
∑

m≥0

∑

~Γ∈Gn,m

W~ΓB~Γ
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• where Gn,m is a set of oriented admissible graphs;

• where B~Γ asoociates a m–differential operator to an n–tuple of multivectorfields;

• where W~Γ is the integral of a form ω~Γ over the compactification of a configuration

space C+
{p1,...,pn}{q1,...,qm}.

For a detailed proof of this formality, we refer the reader to [9].

6.3.1 The set Gn,m of oriented admissible graphs

An admissible graph ~Γ ∈ Gn,m has n aerial vertices labelled p1, . . . , pn, has m ground

vertices labelled q1, . . . , qm. From each aerial vertex pi, a numer ki of arrows are

issued; each of them can end on any vertex except pi but there can not be multiple

arrows. There are no arrows issued from the ground vertices. One gives an order

to the vertices:(p1, . . . , pn, q1, . . . , qm) and one gives a compatible order to the arrows,

labeling those issued from pi with (k1 + . . . + ki−1 + 1, . . . , k1 + . . . + ki−1 + ki). The

arrows issued from pi are named Star(pi) = {−−→pia1, . . . ,
−−→piaki

} with −−−−−−−−→vk1+...+ki−1+j = −−→piaj .

6.3.2 The m–differential operator B~Γ(α1, . . . , αn)

Given a graph ~Γ ∈ Gn,m and given n multivectorfields (α1, . . . , αn) on Rd, one defines

a m– differential operator B~Γ(α1 · . . . · αn); it vanishes unless α1 is a k1–tensor, α2 is

a k2–tensor,..., αn is a kn–tensor and in that case it is given by:

B~Γ(α1 · . . . · αn)(f1, . . . , fn) =
∑

i1,...,iK

Dp1
α

i1···ik1

1 Dp2
α

ik1+1···ik1+k2

2 . . .Dpn
α

ik1+...+kn−1+1···iK
n Dq1

f1 . . .Dqm
fm

where K := k1 + · · · + kn and where Da := Πj|−→vj=−→·a∂ij .

6.3.3 The configuration space C+
{p1,...,pn}{q1,...,qm}

Let H denote the upper half plane H = {z ∈ C|Im(z) > 0}. We define

Conf+
{z1,...,zn}{t1,...,tm} := {z1, . . . , zn, t1, . . . , tm

∣∣∣∣
zj ∈H ; zi 6= zj for i 6= j;

tj ∈ R; t1 < t2 · · · < tm

}

and C+
{p1,...,pn}{q1,...,qm} to be the quotient of this space by the action of the 2-dimensional

group G of all transformations of the form

zj 7→ azj + b ti 7→ ati + b a > 0, b ∈ R.

The configuration space C+
{p1,...,pn}{q1,...,qm} has dimension 2n + m − 2 and has an ori-

entation induced on the quotient by

Ω{z1,...,zn;t1,...,tm} = dx1 ∧ dy1 ∧ . . . dxn ∧ dyn ∧ dt1 ∧ . . . ∧ dtm
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if zj = xj + iyj .

The compactification C+
{p1,...,pn}{q1,...,qm} is defined as the closure of the image of

the configuration space C+
{p1,...,pn}{q1,...,qm} into the product of a torus and the product

of real projective spaces P 2(R) under the map Ψ induced from a map ψ defined on

Conf+
{z1,...,zn}{t1,...,tm} in the following way: to any pair of distinct points A,B taken

amongst the {zj , zj , tk} ψ associates the angle arg(B−A) and to any triple of distinct

points A,B,C in that set, ψ associates the element of P 2(R) which is the equivalence

class of the triple of real numbers (|A−B|, |B − C|, |C − A|).

6.3.4 The form ω~Γ

Given a graph ~Γ ∈ Gn,m, one defines a form on C+
{p1,...,pn}{q1,...,qm} induced by

ω~Γ =
1

(2π)k1+...+kn(k1)! . . . (kn)!
dΦ−→v1

∧ . . . ∧ dΦ−→vK

where Φ−→pja =Arg(
a−pj

a−pj
).

6.3.5 sketch of the proof

Remark that W~Γ 6= 0 implies that the dimension of the configuration space 2n+m−2

is equal to the degree of the form = k1 + . . .+ kn = K(=the number of arrows in the

graph).

We shall write

Fn =
∑

m≥0

∑

~Γ∈Gn,m

W~ΓB~Γ =
∑

F(k1,...,kn)

where F(k1,...,kn) corresponds to the graphs ~Γ ∈ Gn,m with ki arrows starting from pi.

The formality equation reads:

0 = F(k1,...,kn)(α1 · ·αn) ◦ µ− (−1)
P

ki−1µ ◦ F(k1,...,kn)(α1 · ·αn)

+
∑

U⊔J={1,ldots,n}
I,J 6=∅

ǫα(I, J)(−1)(|kI |−1)|kJ |F(kI)(αI) ◦ F(kJ )(αJ)

−
∑

i6=j

ǫx(i, j, 1, . . . îj . . . , n)F(ki+kj−1,k1,... ˆkikj ...,kn)((αi • αj) · α1 · . . . α̂iα̂j . . . · αn)

where

α1 • α2 =
k1

(k1)!(k2)!
α

ri1...ik1−1

1 ∂rα
j1...jk2

2 ∂i1 ∧ · · · ∧ ∂ik1−1
∧ ∂j1 ∧ · · · ∧ ∂jk2

so that [α1, α2]S = (−1)k1−1α1•α2−(−1)k1(k2−1)α2•α1. Recall that, for multidifferential

operators

(A1 ◦ A2)(f1, . . . , fm1+m2−1) =
m1∑

j=1

(−1)(m2−1)(j−1)A1(f1, . . . , fj−1, A2(fj , . . . , fj+m2−1), . . . , fm1+m2−1).
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The right hand side of the formality equation can be written as
∑
−→
Γ′

C−→
Γ′B−→

Γ′(α1 · ·αn)

for graphs
−→
Γ′ with n aerial vertices, m ground vertices and 2n+m− 3 arrows.

To a face G of codimension 1 in the boundary of C+
{p1,...,pn}{q1,...,qm} and an oriented

graph
−→
Γ′ as above, one associates one term in the formality equation (or 0).

• G = ∂{pi1
,...,pin1

}{ql+1,...,ql+m1
}C

+
{p1,...,pn}{q1,...,qm} if the aerial points {pi1, . . . , pin1

}

and the ground points {ql+1, . . . , ql+m1
} all collapse into a ground point q. We

associate to G B′
−→
Γ′ ,G

(α1 · ·αn) which is the term in the formality equation of

the form B−→
Γ′ obtained from

B−→
Γ2

(αj1 · ·αjn2
)(f1, . . . , fl, B−→

Γ1
(αi1 · ·αin1

)(fl+1, . . . , fl+m1
), fl+m1+1, . . . , fm)

where
−→
Γ1 is the restriction of

−→
Γ′ to {pi1 , . . . , pin1

} ∪ {ql+1, . . . , ql+m1
}, where

−→
Γ2

is obtained from
−→
Γ′ by collapsing {pi1 , . . . , pin1

} ∪ {ql+1, . . . , ql+m1
} into q and

where {j1 < . . . < jn2
} = {1, . . . , n} \ {i1, . . . , in1

}.

• G = ∂{pi,pj}C
+
{p1,...,pn}{q1,...,qm} if the aerial points {pi, pj} collapse into an aerial

point p. if the arrow −−→pipj belongs to
−→
Γ′ , we associate B′

−→
Γ′,G

(α1 · ·αn) which is

the term in the formality equation of the form B−→
Γ′ obtained from

B−→
Γ2

(αi • αj) · α1 · α̂iα̂j · αn)

where
−→
Γ2 is obtained from

−→
Γ′ by collapsing {pi, pj} into p, discarding the arrow

−−→pipj.

If −−→pipj is not an arrow in
−→
Γ′ , we set B′

−→
Γ′,G

(α1 · ·αn) = 0.

• G = ∂{pi1
,...,pin1

}C
+
{p1,...,pn}{q1,...,qm} if the aerial points {pi1, . . . , pin1

} all collapse

with n1 > 2. We associate to such a face G, the operator B′
−→
Γ′ ,G

= 0.

The right hand side of the formality equation now writes
∑
−→
Γ′

C−→
Γ′B−→

Γ′(α1 · ·αn)

=
∑
−→
Γ′

∑

G⊂∂C+

B′
−→
Γ′ ,G

(α1 · ·αn)

=
∑

−→
Γ′∈Gn,m

(
∑

G⊂∂C+

∫

G

ω−→
Γ′)B−→

Γ′(α1 · ·αn)

= 0

by Stokes theorem on the manifold with corners which is the compactification of C+.
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Theorem 52 Let α be a Poisson tensor on Rd (thus α ∈ T 1
poly(R

d) and [α, α]S = 0),

let X be a vector field on Rd, let f, g ∈ C∞(Rd) Then

• P (α) := µ+ C(α) := µ+
∑∞

j=1
νj

j!
Fj(α · ·α) is a star product on Rd;

• A(X,α) =
∑∞

j=0
νj

j!
Fj+1(X · α · ·α) satisfies

A(X,α)f ∗ g + f ∗ A(X,α)g − A(X,α)(f ∗ g) =
d

dt |0
P (ΦX

t∗
α)(f, g)

where ΦX
t is the flow of X

6.4 Star product on a Poisson manifold

Kontsevich builds a formality for any manifold M . Here, we shall sketch the approach

given by Cattaneo, Felder and Tomassini [38], which gives a globalization of Kontsevich

local formula. For a detailed proof we refer to [39].

Remark that given a Poisson bivector field α on Rd, the star product P (α)(f, g)(x)

on Rd only depends on the Taylor expansion at x of f, g and α.

If (M,P = α) is any Poisson manifold, we shall use a torsion free connection and

the exponential map associated to it to lift smooth functions and multivectorfields from

M to U ⊂ TM and we shall consider their Taylor expansions in the fiber variables.

The lift of P allows to define a fiberwize Kontsevich star product on sections of the

jetbundle. One then defines a bijection between C∞(M)[[ν]] and a sublagebra of those

sections.

6.4.1 Formal exponential maps and ⋆–product on the sections of the jet
bundle

Consider a smooth map Φ : U ⊂ TM → M where U is a neighborhood of the zero

section; denoting Φx := Φ|TxM , we assume that Φx(0) = x and that (Φx)∗0 = Id. Here

we shall look at the exponential map for a torsion free connection.

Define an equivalence relation on such maps, defining Φ ∼ Ψ if all partial deriva-

tives of Φx and Ψx at y = 0 coincide.

A formal exponential map is an equivalence class of such maps. In a chart, we

can write a formal exponential map [Φ]∼ as a collection of formal power series

Φi
x(y) = xi + yi −

1

2
Γi

jk(x)y
iyj + · · · .

Consider the jet-bundle E: the fiber is the space of formal power series in y ∈ Rd

with real coefficients, R[[y1, . . . , yd]]; if F (M) is the frame bundle of TM

E = F (M) ×Gl(m,R) R[[y1, . . . , yd]].
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Given a formal exponential map, one associates to any f ∈ C∞(M), the Taylor

expansion fΦ of the pullback φ∗
xf ; it is a section of E and is given by

fΦ(x; y) = f(x) + ∂rfy
r +

1

2
∇2

rsfy
rys + · · ·

with ∇2
rsf = ∂2

rsf − Γi
rs(x)∂if . Remark that any section of E is of the form

σ(x, y) =
∑

ai1...ip(x)y
i1 · · · yip

where the ai1...ip define covariant tensors on M .

To any polyvectorfield α ∈ Tpoly(M), one associates the Taylor expansion αΦ of

the pullback (φx)
−1
∗ α. For instance, if X is a vector field on M one gets:

X i
Φ(x, y) = expansion of(Xj(Φ(x))((

∂Φx

∂y
)−1)j = xi(x) + (∇rX)iyr + · · ·

and for a Poisson bivector α one gets

αij
Φ(x, y) = αij(x) + · · · .

Given a formal exponential map, Kontsevich formula for a star product on Rd

yields an associative algebra structure on the space of formal power series of sections

of the jet bundle. Indeed, if E := E[[ν]] define

σ ⋆ τ := P (αΦ)(σ, τ)

for sections σ, τ of E .

To define a star product on (M,α) we shall try to find a subalgebra of this algebra

of sections (Γ(E ), ⋆) which is in bijection with C∞(M)[[ν]]. The idea is to look at flat

sections for a flat covariant derivative which acts as a derivation of ⋆.

6.5 Grothendieck connection

Let us recall that a section σ of the jet–bundle E is the pullback of a function, i.e.

σ = fΦ if and only if

DXσ = 0 ∀X ∈ Γ∞(TM)

where

DX = X −X i((
∂Φx

∂y
)−1)k

j

∂Φj
x

∂xi

∂

∂yk
=: X + X̂.

Remark that D2 = 0.

Introducing δ := dxi ∂
∂yi and defining the total degree of a form on M taking

values in sections of E as the sum of the form degree and the degree in y (i.e.

ai1...ip,j1...jq
yi1 · · ·yipdxj1 ∧ · · · ∧ dxjq is of degree p+ q), on can write

D = −δ + D̃

where D̃ is of order ≥ 1. This allows to show that the cohomology of D is concentrated

in degree 0.
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6.6 Flat connection

The above shows that there is a connection D on the bundle E which is flat and so

that the subspace of D–flat sections is isomorphic to the algebra of smooth functions

on M . Remark that D is a derivation of the usual product of sections of E (extending

the product of polynomials in y to formal power series) but D is not a derivation of ⋆.

The aim is to modify the connection D in order to have a flat connection which is

a derivation of ⋆, then to build a bijection between the space of formal power series of

smooth functions on M and the space of flat sections of E for that new connection.

One first defines

D′
X := X + A(X̂, αΦ)

where A is defined as before using the formality on Rd. It is a derivation of ⋆ but in

general it is not flat:

D′2σ = [FM , σ]⋆

where FM is a 2–form onM with values in the sections of E defined using the formality

as

FM(X, Y ) = F (X̂, Ŷ , αΦ) :=
∞∑

j=0

νj

j!
Fj+2(X̂, Ŷ , αΦ, . . . , αΦ).

One then modify D′ so that the new covariant derivative is again a derivationD = D′ + [γ, ]⋆

where γ is a 1– form on M with values in the sections of E and so that its curvature

vanishes. One hasD2σ = [F
′M , σ]⋆ whereF

′M = FM +D′γ + γ ⋆ γ

and one can find a solution γ proceeding by induction using the fact that the D–

cohomology vanishes.

6.7 Flat sections and star productsD is a flat connection on E which is a derivation of ⋆ so the space of flat sections ofE is a ⋆–subalgebra. To identify this space of flat sections with the space of formal

power series of smooth functions on M , one builds a map

ρ : Γ∞(E)[[ν]] → Γ∞(E)[[ν]] with ρ = id +O(ν) and ρ|y=0
= id

so that D ρ(σ) = ρ(Dσ).

This is again possible by induction using the results on the cohomology of D.
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The image under ρ of the space of D–flat sections of E (which is isomorphic to the

space of formal series of functions on M) is the ⋆–subalgebra of D–flat sections of E .

The star product of two formal series f, g of smooth functions on M , is defined

as the formal series of functions h so that ρ(hφ) = (ρ(fΦ) ⋆ (ρ(gΦ)); hence the star

product is given by:

f ∗ g = [ρ−1(ρ(fΦ) ⋆ (ρ(gΦ))]y=0.
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7 Group actions on star products

7.1 Symplectic connections and natural star products

The link between the notion of star product on a symplectic manifold and symplectic

connections already appears in the seminal paper of Bayen, Flato, Fronsdal, Lich-

nerowicz and Sternheimer [12], and was further developed by Lichnerowicz [85] who

showed that any Vey star product (that is, a star product defined by bidifferential

operators whose principal symbols at each order coincide with those of the Moyal star

product) determines a unique symplectic connection. As we recalled above, Fedosov’s

construction yields a Vey star products on any symplectic manifold starting from a

symplectic connection and a formal series of closed two forms on the manifold. Fur-

thermore any star product is equivalent to a Fedosov star product and the de Rham

class of the formal 2-form determines the equivalence class of the star product.

On the other hand, many star products which appear in natural contexts (for

example, cotangent bundles or Kähler manifolds) are not Vey star products.

The class of natural class of star products includes all of these as special cases.

(Recall that a natural star product on (M,P ) is a star product u∗v :=
∑

r≥0 ν
rCr(u, v),

where each Cr is a bidifferential operator on M of order at most r in each argument).

Proposition 53 Two natural star products ∗ and ∗′ on (M,P ) are equivalent if and
only if there is a series

E =
∞∑

r=1

νrEr

where the Er are differential operators of order at most r + 1, such that

f ∗′ g = ExpE ((Exp−E) f ∗ (Exp−E) g)), (16)

where Exp denotes the exponential series.

Let us denote by Dp
q the space of (p + 1)–differential operators of order at most

q in each argument, and consider the Gerstehaber bracket on those multidifferential

operators.

Given any torsion free linear connection ∇ on (M,P ), the term of order 1 of a

natural star product can be written

C1 = { , } − ∂E1 = { , } + (adE1)m where E1 ∈ D0
2

and the term of order 2 can be written in a chart

C2(u, v) =
1

2
((adE1)

2m)(u, v) + ((adE1) { , })(u, v)

+
1

2
P ijP i′j′ ∇2

ii′u∇
2
jj′v

+ 1
6
(P rk∇rP

jl + P rl∇rP
jk)(∇2

klu∇jv + ∇ju∇
2
klv)

−∂E2(u, v) + c2(u, v)

43



where E2 ∈ D0
3 and where c2 ∈ D1

1 is skewsymmetric.

Remark that E1 is not uniquely defined; two choices differ by an element X ∈ D0
1 .

Observe that the first lines in the definition of C2 for two such different choices only

differ by an element in D1
1 .

Changing the torsion free linear connection gives a modification of the terms of the

second line of C2; writing ∇′ = ∇ + S, this modification involves terms of order 2 in

one argument and 1 in the other given by

(
−

1

2
P rkP

slSj
rs + 1

3
(P rkSj

rsP
sl + P rkSl

rsP
js)

)
(∇2

klu∇jv + ∇ju∇
2
klv) =

− +�
jkl

1
6
P rkP slSj

rs(∇
2
klu∇jv + ∇ju∇

2
klv)

as well as terms of order 1 in each argument, where +� denotes a cyclic sum over the

indicated variables.

Notice that the terms above coincide with the terms of the same order in the

coboundary of the operator E ′ = 1
6

+�
jkl

P rkP slSj
rs∇

3
jkl.

If the Poisson tensor is invertible (i.e. we are in the symplectic situation), the

symbol of any differential operator of order 3 can be written in this form E ′, hence we

have:

Proposition 54 A star product ∗ =
∑

r≥0 ν
rCr on a symplectic manifold (M,ω),

such that C1 is a bidifferential operator of order 1 in each argument and C2 of order at
most 2 in each argument, determines a unique symplectic connection ∇ = ∇(∗) such
that

C1 = { , } − ∂E1 C2 =
1

2
(adE1)

2m+ ((adE1) { , }) +
1

2
P 2(∇2·,∇2·) + A2 (17)

where A2 ∈ D1
1 and the bidifferential operator which is given by P ijP i′j′ ∇2

ii′u∇
2
jj′v in

a chart is denoted by P 2(∇2u,∇2v).
In particular, any natural star product ∗ =

∑
r≥0 ν

rCr on a symplectic manifold
(M,ω) determines a unique symplectic connection; moreover the map ∗ 7→ ∇(∗) is
equivariant under the symplectomorphism group.

The formula above, when E1 = 0 can be found in Lichnerowicz [85] who only

considered star-products with a parity condition which implies that C1 is the Poisson

bracket.

Theorem 55 [69] Any natural star product on a symplectic manifold (M,ω) deter-
mines uniquely

• a symplectic connection ∇ = ∇(∗);

• a formal series of closed 2-forms Ω = Ω(∗) ∈ νΛ2(M)[[ν]];
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• a formal series E = E(∗) =
∑

r≥1 ν
rEr of differential operators with

Eru =
r+1∑

k=2

(E(k)
r )i1...ik∇k

i1...ik
u

where the E
(k)
r are symmetric k-tensors

such that
u ∗ v = exp−E ((expEu) ∗∇,Ω (expEv)) . (18)

If τ is a diffeomorphism then the data for τ ·∗ is τ ·∇, τ ·Ω, and τ ·E.

Corollary 56 A vector field X is a derivation of a natural star product ∗ if and only
if LXω = 0, LXΩ = 0, LX∇ = 0, LXE = 0.

Definition 57 We denote by ∗∇,Ω,E the star product given by equation (18) in The-
orem 55.

7.2 Symmetries

Symmetries in quantum theories are automorphisms of an algebra of observables. In

our framework where quantisation is defined in terms of a star product, we define a

symmetry σ of a star product ∗ =
∑

r ν
rCr as an automorphism of the R[[ν]]-

algebra C∞(M)[[ν]] with multiplication given by ∗:

σ(u ∗ v) = σ(u) ∗ σ(v), σ(1) = 1,

where σ, being determined by what it does on C∞(M), will be a formal series

σ(u) =
∑

r≥0

νrσr(u)

of linear maps σr : C∞(M) → C∞(M). We denote the group of such automorphisms

by AutR[[ν]](∗). In the general Poisson context, we have:

Lemma 58 If ∗ is a star product on a Poisson manifold (M,P ) and σ is an automor-
phism of ∗ then it can be written σ(u) = T (u◦τ−1) where τ is a Poisson diffeomorphism
of (M,P ) and T = Id +

∑
r≥1 ν

rTr is a formal series of linear maps. If ∗ is differ-
ential, then the Tr are differential operators; if ∗ is natural, then T = ExpE with
E =

∑
r≥1 ν

rEr and Er is a differential operator of order at most r + 1.

If σt is a one-parameter group of symmetries of the star product ∗, then its generator

D will be a derivation of ∗: D =
∑

r≥0 ν
rDr with D0 = X, a Poisson vector field

(LXP = 0), and if ∗ is natural then each Dr for r ≥ 1 is a differential operator of

order at most r + 1. Denote the Lie algebra of ν-linear derivations of ∗ by Der(M, ∗).
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If ∗ is a star product on a Poisson manifold (M,P ), an action of a Lie group

G on ∗ is a homomorphism σ : G → AutR[[ν]](∗); then σg = (τg)
−1∗ + O(ν) and there

is induced Poisson action τ of G on (M,P ).

The infinitesimal automorphisms will give a homomorphism of Lie algebrasD : g →

Der(M, ∗) from its Lie algebra g into the R[[ν]]-linear derivations of the star product.

For each ξ ∈ g, Dξ = ξ∗ +
∑

r≥1 ν
rDr

ξ where ξ∗ is the fundamental vector field on

M defined by τ (hence ξ∗(x) = d
dt
|0τ(exp−tξ)x). Such a homomorphism D : g →

Der(M, ∗) is called an action of the Lie algebra g on ∗.

Proposition 59 [7] Given a homomorphism D : g → Der(M, ∗) so that for each ξ ∈
g, Dξ = ξ∗ +

∑
r≥1 ν

rDr
ξ where the ξ∗ are the fundamental vector fields on M defined

by an action τ of G on M and where the Dr
ξ are differential operators, then there exists

a local homomorphism σ : U ⊂ G→ AutR[[ν]](∗) so that σ∗ = D

Definition 60 A star product ∗ = m +
∑

r≥1 ν
rCr on a Poisson manifold (M,P ) is

said to be invariant under a diffeomorphism τ of M if u 7→ u ◦ τ is a symmetry of ∗.

Remark that ∗ is τ -invariant if and only if τ preserves each cochain Cr and hence

invariance preserves the Poisson bracket.

7.3 Invariance, Covariance and Generalised moment maps

We have seen that an action of a Lie group by symmetries in our quantum framework

yields derivations associated to the elements of the Lie algebra; if we want the ana-

logue in our framework to the requirement that operators should correspond to the

infinitesimal actions of this Lie algebra, we should ask the derivations to be inner so

that functions are associated to the elements of the Lie algebra. More precisely:

A derivation D ∈ Der(M, ∗) is said to be essentially inner or Hamiltonian if

D = 1
ν

ad∗ u for some u ∈ C∞(M)[[ν]]. We denote by Inn(M, ∗) the essentially inner

derivations of ∗. It is a linear subspace of Der(M, ∗) and is the quantum analogue of

the Hamiltonian vector fields.

Definition 61 We call an action of a Lie group almost ∗-Hamiltonian if each Dξ

is essentially inner, and call a linear choice of functions λξ satisfying

Dξ = 1
ν

ad∗ λξ, ξ ∈ g

a (quantum) Hamiltonian. An almost ∗-Hamiltonian action, at the level of the Lie
algebra, is equivalent to the knowledge of a linear map

λ : g → C∞(M)[[ν]] ξ 7→ λξ

so that

ad∗
1

ν
[λξ, λη]∗ = ad∗ λ[ξ,η].
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Definition 62 We say the action is ∗-Hamiltonian if λξ can be chosen to make

g → C∞(M)[[ν]] ξ 7→ λξ

a homomorphism of Lie algebras, where C∞(M)[[ν]] is endowed with the bracket 1
ν
[ , ]∗.

Such a homomorphism is called a quantization in [7] where it first appeared and is
called a generalised moment map in [24].

Given a linear map

µ : g → C∞(M)[[ν]] ξ 7→ µξ = µ0
ξ +O(ν)

the homomorphism condition reads:

1

ν
(µξ ∗ µη − µη ∗ µξ) = µ[ξ,η],

so that in particular

{µ0
ξ, µ

0
η} = µ0

[ξ,η].

Such a homomorphism µ defines an action of the Lie algebra g on the star product:

Dξ = 1
ν

ad∗ µξ = {µ0
ξ, ·} +O(ν)

so that the corresponding infinitesimal action of g on M is Hamiltonian.

Definition 63 When a map µ0 : g → C∞(M) is a generalised moment map, i.e.

1

ν
(µ0

ξ ∗ µ
0
η − µ0

η ∗ µ
0
ξ) = µ0

[ξ,η],

the star product is said to be covariant under g [7].

Such covariant star products have been considered to study representations theory

of some classes of Lie groups in terms of star products. In particular, an autonomous

star formulation of the theory of representations of nilpotent Lie groups has been given

by Arnal and Cortet [5, 6].

Definition 64 A star product ∗ = m +
∑

r≥1 ν
rCr on a Poisson manifold (M,P ) is

said to be invariant under an action τ of G on M if each diffeomorphism τg is a
symmetry of ∗, i.e;

(τg)
∗u ∗ (τg)

∗v = (τg)
∗(u ∗ v).

Similarly, the star product is said to be invariant under an action of g on M (i.e. a
homomorphism g → Γ(TM) : ξ 7→ ξ∗) if each ξ∗ is a derivation of ∗.

Definition 65 When a map µ : g → C∞(M)[[ν]] is a generalised moment map, so
that Dξ has no terms in ν of degree > 0, thus Dξ = ξ∗, this map is called a quantum
moment map [112]. Clearly in that situation the star product is invariant under the
action of g on M .
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Lemma 66 ( [112]) Let G be a Lie group of symmetries of a star product ∗ on (M,ω)
and dσ : g → Der(M, ∗) the induced infinitesimal action. If H1(M,R) = 0 or [g, g] ⊂ g

then the action is almost ∗-Hamiltonian.

Indeed, by definition, the action is almost ∗-Hamiltonian if dσ(g) ⊂ Inn(M, ∗).

This is the case under either of the two conditions.

7.4 Moment Maps for a Fedosov Star Product

We describe here the necessary and sufficient conditions for a Fedosov star product to

have a moment map (following [69] building on work of Kravchenko [81]).

Having chosen a series of closed 2-forms Ω ∈ νΛ2(M)[[ν]] and a symplectic con-

nection ∇ on a symplectic manifold (M,ω), we consider the Fedosov star product

associated to these data.

One has, for any smooth vector field X on M :

δ ◦ i(X) + i(X) ◦ δ = 1
ν

ad∗(ωijX
iyj)

ad∗ r ◦ i(X) + i(X) ◦ ad∗ r = ad∗(i(X)r)

and

∂ ◦ i(X) + i(X) ◦ ∂ = LX − (∇iX)jyi∂yj

which can be rewritten as

∂ ◦ i(X) + i(X) ◦ ∂ = LX + 1
ν

ad∗

(
−1

2
(∇i(i(X)ω))jy

iyj
)

+ 1
2
(di(X)ω)ipy

iΛjp∂yj .

This gives the generalised Cartan formula (Neumaier [94])LX = D ◦ i(X) + i(X) ◦D + 1
ν

ad∗(ωijX
iyj) + 1

ν
ad∗(i(X)r) (19)

+ 1
ν

ad∗

(
1
2
(∇i(i(X)ω))jy

iyj
)
− 1

2
(di(X)ω)ipy

iΛjp∂yj . (20)

The last term obviously drops out when X is a symplectic vector field.

If X is a symplectic vector field preserving the connection and preserving the series

of 2-forms Ω, then LXr = 0 so

−Di(X)r = i(X)Dr + 1
ν

[
ωijX

iyj + 1
2
(∇i(i(X)ω))jy

iyj + i(X)r, r
]

Using equation (4), this gives

−Di(X)r = i(X)R− i(X)Ω + 1
ν

[
ωijX

iyj + 1
2
(∇i(i(X)ω))jy

iyj, r
]
.

On the other hand, using the fact that Da = ∂a− δ(a) − 1
ν
[r, a] one has

D(ωijX
iyj) = −i(X)ω + ∂(ωijX

iyj) + 1
ν
[ωijX

iyj, r]
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and

D

(
1

2
(∇i(i(X)ω))jy

iyj

)
= −∇i(i(X)ω))jdx

iyj + ∂

(
1

2
(∇i(i(X)ω))jy

iyj

)

+ 1
ν

[
1
2
(∇i(i(X)ω))jy

iyj, r
]
.

Since X is an affine vector field, one has (i(X)R)(Y )Z = (∇2X)(Y, Z) so that

∂

(
1

2
(∇i(i(X)ω))jy

iyj

)
= −

1

2
((∇2X)p

kiω)jpy
iyjdxk = i(X)R.

Hence

D

(
−i(X)r − ωijX

iyj −
1

2
(∇i(i(X)ω))jy

iyj

)
= i(X)ω − i(X)Ω.

So, for any vector field X so that LXω = 0,LXΩ = 0 and LX∇ = 0, one hasLX = D ◦ i(X) + i(X) ◦D + 1
ν

ad∗(T (X))

with T (X) = i(X)r + ωijX
iyj + 1

2
(∇i(i(X)ω))jy

iyj and

DT (X) = −i(X)ω + i(X)Ω.

In particular, if there exists a series of smooth functions λX so that

i(X)ω − i(X)Ω = dλX (21)

one can write LX = D ◦ i(X) + i(X) ◦D + 1
ν

ad∗(λX + T (X))

with

D(λX + T (X)) = 0.

Thus λX + T (X) is the flat section associated to the series of smooth function on M

obtained by taking the part of λX +T (X) with no y terms hence λX (notice that i(X)r

has no terms without a y from the construction of r). If Q denotes the quantisation

map associating a flat section to a series in ν of smooth functions, the above yieldsLX = D ◦ i(X) + i(X) ◦D + 1
ν

ad∗(Q(λX)).

Since in those assumptions the map Q commutes with LX one has

Q(Xf) = LXQ(f) = 1
ν
[Q(λX), Q(f)]

so that for any smooth function f , one has

Xf = 1
ν
(ad∗ λX)(f).
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This proves Proposition 4.3 of [81].
We now aim to show that the condition (21) is not only sufficient, but also neces-

sary. Observe that any Fedosov star product has the Poisson bracket for the term of
order 1 in ν and has a second term which is of order at most 2 in each argument so
it is natural. Thus it uniquely defines a symplectic connection (which is the connec-
tion used in the construction) so that invariance of ∇ is a necessary condition for the
invariance of ∗∇,Ω. Setting E = 0 in Corollary 56 we have the following Lemma:

Lemma 67 A vector field X is a derivation of ∗∇,Ω if and only if LXω = 0, LXΩ = 0,
and LX∇ = 0.

We have seen above that such a vector field X is an inner derivation if i(X)(ω−Ω)

is exact. We shall show now that this is also a necessary condition.

Assume X is a vector field on M such that there exists a series of smooth functions

λX with

X(u) = 1
ν
(ad∗ λX)(u) (22)

for every smooth function u on M . Then X is a derivation of ∗ so LXω = 0,LXΩ = 0,LX∇ = 0 and

Q(Xf) = LXQ(f) = 1
ν
[T (X), Q(f)]

with T (X) = i(X)r + ωijX
iyj + 1

2
(∇i(i(X)ω))jy

iyj and

DT (X) = −i(X)ω + i(X)Ω.

Taking a contractible open set U in M , there exists a series of smooth locally defined

functions λU
X on U so that

(i(X)ω − i(X)Ω)|U = dλU
X

and, everything being local, we have on U

D(λU
X + T (X))|U = 0,

thus λU
X + T (X) is the flat section on U associated to the series of smooth functions

on U obtained by taking the part of λU
X + T (X) with no y terms (which is λU

X) and

Q(X(u))|U = LXQ(u)|U = 1
ν
[Q(λU

X), Q(u)]
∣∣
U

so that

X(u)|U = 1
ν
(ad∗∇,Ω

λU
X)(u)

∣∣
U

for any smooth function u. Comparing this with equation (22) shows that

λU
X − λX

is a constant on U and hence that

i(X)ω − i(X)Ω = dλX .

Thus we have proved the converse of Kravchenko’s result. In summary:
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Theorem 68 [69] A vector field X is an inner derivation of ∗ = ∗∇,Ω if and only ifLX∇ = 0 and there exists a series of functions λX such that

i(X)ω − i(X)Ω = dλX .

In this case
X(u) = 1

ν
(ad∗ λX)(u).

See also [89, 71, 72, 73] for other variants of this result.

7.5 Moment Maps for an invariant Star Product

Let (M,ω) be endowed with a differential star product ∗,

u ∗ v = uv +
∑

r≥1

νrCr(u, v).

Consider an algebra g of vector fields on M consisting of derivations of ∗ and assume

that there is a symplectic connection ∇ which is invariant under g (i.e. LX∇ = 0,

for all X ∈ g). This is of course automatically true if the star product is natural and

invariant.

It was proven in [16] that ∗ is equivalent, through an equivariant equivalence

T = Id+
∑

r≥1

νrTr

(i.e. LXT = 0), to a Fedosov star product built from ∇ and a series of invariant closed

2-forms Ω which give a representative of the characteristic class of ∗.

Observe that

X(u) = 1
ν
(ad∗ µX)(u)

for any X ∈ g if and only if

X(u) = T ◦X ◦ T−1(u) = T ( 1
ν
(ad∗ µX)(T−1u)) = 1

ν
(ad∗∇,Ω

TµX)(u).

Hence the Lie algebra g consists of inner derivations for ∗ if and only if this is true

for the Fedosov star product ∗∇,Ω and this is true if and only if there exists a series of

functions λX such that

i(X)ω − i(X)Ω = dλX .

In this case

X(u) = 1
ν
(ad∗ µX)(u) with µX = T−1λX .

In particular, this yields
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Theorem 69 [69] On a symplectic manifold (M,ω), a vector field X is an inner
derivation of the natural star product ∗ = ∗∇,Ω,E if and only if LX∇ = 0, LXE = 0
and there exists a series of functions λX such that

i(X)ω − i(X)Ω = dλX .

Then X = 1
ν

ad∗ µX with µX = ExpE−1λX.

For an arbitrary star product we immediately have:

Theorem 70 [69] Let G be a compact Lie group of symplectomorphisms of (M,ω)
and g the corresponding Lie algebra of symplectic vector fields on M . Consider a
star product ∗ on M which is invariant under G. The Lie algebra g consists of inner
derivations for ∗ if and only if there exists a series of functions λX and a representative
1
ν
(ω − Ω) of the characteristic class of ∗ such that

i(X)ω − i(X)Ω = dλX .
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d’algèbres de Lie attachées à une variété symplectique ou de contact, C. R. Acad.

Sci. Paris Sér. A 279 (1974) 877–881 and Compositio Math. 31 (1975) 47–82.

[61] M. Flato, A. Lichnerowicz and D. Sternheimer, Crochet de Moyal–Vey et quan-

tification, C. R. Acad. Sci. Paris I Math. 283 (1976) 19–24.

[62] C. Fronsdal, Some ideas about quantization, Reports On Math. Phys. 15 (1978)

111–145.

[63] M. Gerstenhaber, On the deformation of rings and algebras. Ann. Math. 79 (1964)

59–103.

[64] S. Gutt, Equivalence of deformations and associated ∗ products, Lett. in Math.

Phys. 3 (1979) 297–309.

[65] S. Gutt, Second et troisième espaces de cohomologie différentiable de l’algèbre de
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