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A Crash Course in Geometric Mechanics

T.S. Ratiu, R. Tudoran, L. Sbano, E. Sousa Dias & G. Terra

Notes of the courses given by Tudor Ratiu

1 Introduction

These lecture notes are the direct result of presentations held in two consec-
utive years (2000 and 2001) at the Peyresq Conference Center, in the Alpes
de Haute Provence, North of Nice. These summer schools were organized
in conjunction with the Research Training Network MASIE (Mechanics and
Symmetry in Europe) of the Fifth Framework Program of the European Com-
mission and were intended for graduate students and postdocs who needed a
crash course in geometric mechanics. They were also tailored to link with
the other lectures and provide the necessary background for them. There are
already many books on this subject and its links to symplectic and Poisson
geometry (see, e.g. [AbMa78], [Arnold79], [GuSt84], [JoSa98], [LiMa87],
[MaRa9%4], [McDSal95]) and the literature on this subject is overwhelming.
So the goal of these two one-week intensive lectures was to find a quick way
through this subject and give the young researchers enough tools to be able to
sift and sort through the books and papers necessary for their own work. This
is why these lectures present occasionally detailed proofs and sometimes only
quick surveys of more extensive subjects that are, however, explained with
care. The examples, on the other hand, are all carried out with detailed com-
putations in order to show how one applies the theory in concrete cases. There
are, essentially, four main examples that reappear throughout the lectures: par-
ticle dynamics, the free and heavy tops, the motion of a charged particle in a
magnetic field, and ideal incompressible fluid flow as well as related systems
such as the Korteweg-de Vries and the Camassa-Holm equations. Each exam-
ple illustrates several different constructions prevalent in geometric mechanics
and is at the root of many developments and generalizations.
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There is nothing original in these lectures and they are entirely based on
three main sources: [MaRa94], the yet unfinished book [MaRa03], and some
unpublished notes [MaRa95] on the geometric theory of fluid dynamics. When
carrying out reduction, several strong regularity hypotheses will be made. The
singular case is considerably more involved and we refer to [OR04] for an in-
depth analysis of this case. All the missing proofs of results quoted here can
be found in these works as well as the books referred to before.

The reader is assumed to be familiar with calculus on manifolds and the ele-
mentary theory of Lie groups and Lie algebras, as found in e.g. [AbMa78§],
[AMRS8S], [DFNO5], [Jost], [Lang], [MaRa94], [Sp79], [Serre], or [W83].
[Bou71, Bou89] is always helpful when a quick recall of the statement of a
theorem is needed.

1.1 Lagrangian and Hamiltonian Formalism

Let us start with Newton’s equations for N particles q := (qi,...,qn) €
R3N with masses my,...,my € R.If F = (F}, ..., Fiy) are the forces acting
on these particles then Newton’s equations are

ma=F, (1.1)

where a = q is the acceleration of the system. Assuming that the forces are
induced by a potential V : R3YN — R, that is,

F(q) = -VV(q), (1.2)
equations (1.1) become
mlql:_z::’ Z'Zl,...,]\/v7 (13)

where 0V/0q; denotes the gradient relative to the variable q;.
A straightforward verification shows that if one defines the Lagrangian
function L : RY = {(q,¢) | q,¢ € R*N} — R by

1 N
L(a,@) = 5 > millal® = V(a). (1.4)
i=1

and assumes that ¢ = dq/dt, then Newton’s equations (1.2) are equivalent to
Lagrange’s equations

d (0L oL
—_— — = ) = 1 .. LV 1.
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where OL/0q;,0L/dq; € R? denote the gradients in R? of L relative to
a;,q; € R3.

On other hand, the Lagrange equations (1.5) are equivalent with the varia-
tional principle of Hamilton: the solutions of (1.5) are critical points of the
action functional defined on the space of smooth paths with fixed endpoints.
More precisely, let A([a, b], R3Y) be the space of all possible smooth trajecto-
ries q : [a, b] — R*Y with fixed endpoints q, = v(a), g, = Y(b). The action
Jfunctional is defined by:

b
Alg()] = / Lia(t), a(t)) dr, (1.6)

where § = dq(t)/dt. In A([a,b],R?*N) consider a deformation q(t, s), s €
(—e, €), € > 0, with fixed endpoints q,, qp, of a curve qqo(t), that is, q(¢,0) =
qo(t) for all ¢ € [a,b] and q(a, s) = qo(a) = qq, a(b, s) = qo(b) = qp for
all s € (—¢, €). Define a variation of the curve qo(-) in A([a, b], R*Y) by

d

dq(-) == o q(-,s) € qu(.)A([a,b],RSN),

s=0

and the first variation of A at qo(t) to be the following derivative:

d

D Alao()](9a()) = -

Ala(:, s)]- (1.7)

s=0

Note that §q(a) = dq(b) = 0. With these notations, the variational principle
of Hamilton states that the curve qo(t) satisfies the Lagrange equations (1.5) if
and only if qq(+) is a critical point of the action functional, thatis, D.A[qo(+)] =
0. Indeed, using the equality of mixed partials, integrating by parts, and taking
into account that dq(a) = dq(b) = 0, we get

4
ds

d

Ala(,8)] = —-

DAfao()](3a()) .

b
/ L(a(t, s), 4(t, s)) dt
s=0+Ja

s=0
b

oL oL .

[ [gsattr+ o] a

brd /oL L
B 7»/a th <5fli> - 8%} bqudt =0

for all smooth dq;(?) satisfying dq;(a) = dq;(b) = 0, which proves the claim.
Next, introduce the conjugate momenta

)
04

i

p:

=miq; €eR3, i=1,...,N. (1.8)
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Define the change of variables (q,q) — (q,p), called the Legendre trans-
Jorm, and the Hamiltonian

N

1 .

5 S millail® + Via)
i=1

1SN 1, 0,
=3 E EHP I*+V(a) (1.9)
i=1 "

which is the total energy of the system, expressed in the variables (g, p). Then
one has

0H 1, . dq;

op? :Ep U=y

and
8_H_ oV _ OL

da;  dq;  Oq;’

Therefore, by the Lagrange equations (1.5) we have

L dp’ d(@L) oL OH

Tt dt 0q; :3(171__3(17:.

This shows that Lagrange’s equations (1.5) are equivalent to Hamilton’s equa-
tions

_0H
= o0

) oOH
= — 1.10
p o’ (1.10)

i

where, as before, 0H/dq;, 0H/Op® € R3 are the gradients of H relative to
qi,p’ € R®.

Note that, whereas Lagrange’s equations are of second order and concern
curves in the configuration space (the space of q’s), Hamilton’s equations are
of first order and describe the dynamics of curves belonging to phase space,
a space of dimension twice the dimension of the configuration space whose
points are pairs formed by configurations q and conjugate momenta p.

An easy verification shows that Hamilton’s equations (1.10) can be equiva-
lently written as

F={F/H} forall F e F(P), (1.11)

where F(P) denotes the smooth functions on the phase space P := RV, and
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the Poisson bracket is defined by

N
oG 0K 90G 0K
{G,K} = ; <8qi o pt aqi> forall G,K € F(P).

(1.12)
Indeed, from (1.12) and (1.10) we have, for any F' € F(P),

i OF . OF .\ _dF
0q; i Op? P =

i=1

which is equivalent to (1.10) since F' € F(P) is arbitrary.

Summarizing, for classical mechanical systems in Euclidean space describ-
ing particle motion, whose total energy is given by kinetic plus potential en-
ergy, we have shown that Newton’s equations are equivalent to:

e Lagrange’s equations

e Hamilton’s variational principle

e Hamilton’s equations of motion

e Hamilton’s equations in Poisson bracket formulation.

In the course of these lectures we shall focus on each one of these four
pictures and shall explain the geometric structure underlying them when the
configuration space is a general manifold. It turns out that, in general, they
are not equivalent and, moreover, some of these formulations have very useful
generalizations, particularly appropriate for systems with symmetry, the case
we shall consider next by means of an example.

1.2 The Heavy Top

In these lectures we shall discuss the equivalences just described in the context
of systems with symmetry when one can eliminate variables. To see what is
involved in this case, let us consider in detail an example, namely the motion
of a heavy top moving about a fixed point; the exposition below is mostly
based on [MaRa94, MaRaWe84a, MaRaWe84b, HMR98]. In this case, all
computations can be easily carried out explicitly. We shall describe this system
both in the Lagrangian and Hamiltonian picture and shall find two additional
equivalent formulations that take into account the symmetries of this system.
This example will serve then as model for the reduction theory presented in
these lectures.
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The Lie algebra so(3) and its dual. To be efficient in the computations that
follow we briefly recall the main formulas regarding the special orthogonal
group SO(3) := {A | A a3 x 3 orthogonal matrix ,det(A) = 1}, its Lie al-
gebra s0(3) formed by 3 x 3 skew symmetric matrices, and its dual so(3)*. All
these formulas will be proved in §5.1 and §6.3. The Lie algebra (so(3), [, ]),
where [-, -] is the commutator bracket of matrices, is isomorphic to the Lie al-
gebra (R3, x), where x denotes the vector product in R3, by the isomorphism

0 —ud U2
wi=(ulu?u?) eRP = | ¥ 0 —u' | €s50(3). (1.13)
—u?2 ! 0

Equivalently, this isomorphism is given by
av=uxv forall u,veR. (1.14)

The following properties for u, v, w € R? are easily checked:

(uxv) =[a,v| (1.15)
[, V]w = (uxvVv) xw (1.16)
u-v=-—g trace(av). (1.17)

If A € SO(3) and & € s0(3) denote, as usual, by Ads @ := AGA™! the
adjoint action of SO(3) on its Lie algebra s0(3). Then

(Au)” = Ady 4 := AaA” (1.18)
since A~1 = AT the transpose of A. Also
A(u x v) = Au x Av (1.19)

for any u,v € R? and A € SO(3). It should be noted that this relation is
not valid if A is just an orthogonal matrix; if A is not in the component of the
identity matrix, then one gets a minus sign on the right hand side.

The dual so(3)* is identified with R? by the isomorphism IT € R? — IT €
50(3)* given by II(11) := II - u for any u € R3. Then the coadjoint action of
SO(3) on s0(3)* is given by (see §5.1 for the explicit computation)

AdYyo T = (ATT) . (1.20)

The coadjoint action of s0(3) on s0(3)* is given by (see §6.3 for the detailed
computation)

adf I = (TT x u)~. (1.21)
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Euler angles. The Lie group SO(3) is diffeomorphic to the real three dimen-
sional projective space RP(3). The Euler angles that we shall review below
provide a very convenient chart for SO(3).

Let E;, Ey, E3 be an orthonormal basis of R? thought of as the reference
configuration. Points in the reference configuration, called material or La-
grangian points, are denoted by X and their components, called material or
Lagrangian coordinates by (X', X2, X3). Another copy of R? is thought
of as the spatial or Eulerian configuration; its points, called spatial or Eu-
lerian points are denoted by x whose components (!, 22, 23) relative to an
orthonormal basis e;, ey, e3 are called spatial or Eulerian coordinates. A
configuration is a map from the reference to the spatial configuration that will
be assumed to be an orientation preserving diffeomorphism. If the config-
uration is defined only on a subset of R with certain good properties such
as being a submanifold, as will be the case for the heavy top, then it is as-
sumed that the configuration is a diffeomorphism onto its image. A motion
x(X,t) is a time dependent family of configurations. In what follows we
shall only consider motions that are given by rotations, that is, we shall as-
sume that x(X, ¢) = A(t)X with A(t) an orthogonal matrix. Since the motion
is assumed to be smooth and equal to the identity at ¢ = O, it follows that
A(t) € SO(3).

Define the time dependent orthonormal basis &4, &,, &5 by &, := A(H)E;,
for 7 = 1,2,3. This basis is anchored in the body and moves together with
it. The body or convected coordinates are the coordinates of a point relative
to the basis &, &5, &5. Note that the components of a vector V relative to the
basis E1, Eo, E5 are the same as the components of the vector A(¢)V relative
to the basis &, &5, €5. In particular, the body coordinates of x(X,t) = A(t)X
are X', X2, X3,

The Euler angles encode the passage from the spatial basis e, ez, €3 to the
body basis £, €5, £5 by means of three consecutive counterclockwise rotations
performed in a specific order: first rotate around the axis eg by the angle ¢ and
denote the resulting position of e; by ON (line of nodes), then rotate about
ON by the angle 6 and denote the resulting position of es by &5, and finally
rotate about &5 by the angle . Note that, by construction, 0 < ¢,¢ < 27
and 0 < @ < 7 and that the method just described provides a bijective map
between (¢, 1, #) variables and the group SO(3). However, this bijective map
is not a chart since its differential vanishes at ¢ = 1 = 6 = 0. So for 0 <
w, ¥ < 21,0 < 6 < 7 the Euler angles (p, 1), 0) form a chart. If one carries
out explicitly the rotation just described the resulting linear map performing
the motion x(X,t) = A(¢)X has the matrix relative to the bases &, &,, &
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and eq, e2, e3 equal to

A =
cos Y cos ¢ — cos 0 sin @ sin 1 cos v sin p + cos 6 cos p sin 1 sin 0 sin v
—sintycosp —cosfsinpcosy —sinysing + cosfcospcosy sinfcosyp |
sin 0 sin ¢ —sinfcos g cos 0
(122)

this computation is carried out in practically any mechanics book such as
[Arnold79] or [MaRa9%4].

The total energy of the heavy top. A heavy top is by definition a rigid body
moving about a fixed point in R3. Let 3 be an open bounded set whose closure
is a reference configuration. Points on the reference configuration are denoted,
as before, by X = (X1, X2, X3), with X!, X2, X3 the material coordinates
relative to a fixed orthonormal frame E{,E,,E3. The map n : B — R3,
with enough smoothness properties so that all computations below make sense,
which is, in addition, orientation preserving and invertible on its image, is a
configuration of the top. The spatial points x := n(X) € 7(B) have coordi-
nates ', 22, 23 relative to an orthonormal basis e, s, e3. Since the body is
rigid and has a fixed point, its motion 7; : B — R3 is necessarily of the form

(X)) :=x(X,t) = A(t)X

with A(t) € SO(3); this is a 1932 theorem of Mazur and Ulam which states
that any isometry of R? that leaves the origin fixed is necessarily a rotation.
If &, &, &, is the orthonormal basis of R? defined by &, := A(t)E;, for i =
1, 2, 3, then the body coordinates of a vector are its components relative to this
basis anchored in the body an moving together with it.
The material or Lagrangian velocity is defined by
ox(X,t)

VX )= = = At)X. (1.23)

The spatial or Eulerian velocity is defined by
v(x,t) = V(X,t) = A()X = A(t)A(t) " 'x. (1.24)
The body or convective velocity is defined by

V(X,t): = —%?t) = At) LA A() T x

= A()T'V(X,t) = At) " Pv(x,t). (1.25)

Denote by pg the density of the top in the reference configuration. Then the
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kinetic energy at time ¢ in material, spatial, and convective representation is
given by

1
() =3 /B po(X) IV (X, 8)|2X (1.26)
_ 1/ po(A(t) 15[V (x, £)|2d*x (1.27)
2 Jaws
1
_ §/p0(X)||V(X,t)H2d3X (1.28)
B
If we denote
Wg(t) == A(t)A(t)™? (1.29)
Op(t) == A(t)TA(t) (1.30)

and take into account (1.24), (1.25), and (1.14), we conclude that

v(x,t) = ws(t) x x
V(X,t) =wp(t) xX

which shows that wg and wp are the spatial and body angular velocities re-
spectively. Using the Euler angles representation (1.22), the expressions for
wg and wp are

[ 6 cos ¢ + 1 sin psin 0

wg = 9sin<p—¢cos<psin9 (1.31)
@+ 1 cost

écosw—ﬂﬁsinwsinH

wp = | —0siny + ¢cossinh | . (1.32)

@ cos b+

Thus, by (1.28), the kinetic energy in convective representation has the ex-
pression

1

1
/ po(X)|wp () x X|Pd*X = S (ws(t)ws(®).  (133)
B
This is the quadratic form associated to the bilinear symmetric form on R?
{a,b) == / po(X)(ax X)- (b x X)d’X =1Ta-b, (1.34)
B

where I : R? — R3 is the symmetric isomorphism (relative to the dot product)
whose components are given by I;; :=IE; - E; = (E;, E;)), that is,

Hij:—/pg(X)Xindg’X if Q£
B
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and
L = / po(X) (X2 — (X)2) d*X.
B

These are the expressions of the moment of inertia tensor in classical mechan-
ics, that is, I is the moment of inertia tensor. Since I is symmetric, it can be
diagonalized. The basis in which it is diagonal is called in classical mechanics
the principal axis body frame and the diagonal elements I1, I5, I3 of I in this
basis are called the principal moments of inertia of the top. From now on, we
choose the basis E1, Es, E3 to be a principal axis body frame.

Identify in what follows the linear functional {{wz, -)) on R? with the vector
IT := lwp € R3. In Euler angles this equals

I (psinysin g + 0 cos 1))
Il = | L(pcostsind — fsiny) | . (1.35)
I5(¢cosf + 1)

Using (1.33) and (1.34), and noting that wp = I~ 'TI, the expression of the
kinetic energy on the dual of s0(3)* identified with R?, is

1 1 /02 nui 1

KI)=_-II-I"'MI=-(-2t+=2+=-2). 1.36

(11) 2 2([1+12+13 (1.36)

The kinetic energy on R? given by (1.33) can be expressed as a function on
$0(3) using (1.17), namely

1 1
K(wp) = SwB Jwg = -1 trace (0p(Iwp) ")
1
= —Ztrace (wp(wpJ + Jwg)), (1.37)

where J is a diagonal matrix whose entries are given by the relations I; =
J2 + J3, IQ = J3 + Jl, and 13 = J1 + J2, that iS, J1 = (7]1 + IQ + 13)/2,
Jo = (I1 — Iy + I3)/2, and J3 = (I + I — I3)/2. The last equality in
(1.37) follows from the identity (Iwg)” = wpJ + Jwp, proved by a direct
verification. Formulas (1.37) and (1.30) immediately yield the expression of
the kinetic energy on the tangent bundle 7'SO(3):

K(AA) = —itrace((JAflA+A*1AJ)A*1A). (1.38)

Since left translation of SO(3) on itself lifts to the left action B - (A, A) =
(BA, BA) on TSO(3), the expression (1.38) of K (A, A) immediately implies
that K is invariant relative to this action. Thus, the kinetic energy of the heavy
top is left invariant.

Left translating the inner product (-, -)) from the tangent space to the identity
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to the tangent space at an arbitrary point of SO(3), defines a left invariant
Riemannian metric on SO(3) whose kinetic energy is (1.38). Relative to this
metric, the Legendre transformation gives the canonically conjugate variables

. 9K oK _OK
Py = 6@7 Py = 8’(!)’ bo ‘= 89

We shall summarize at the end of this discussion various formulas in terms
of the Euler angles, including this one. Expressing now the kinetic energy
in the variables (@, 1, 8, Dy, Py, Do) Will give thus a left invariant function on
T*50(3).

Next we turn to the expression of the potential energy. It is given by the
height of the center of mass over the horizontal plane perpendicular to the
direction of gravity. Let ¢ denote the length of the segment between the fixed
point and the center of mass and let )¢ be the unit vector supported by this line
segment. Let M = [, B po(X)d?X be the total mass of the top, g the value of
the gravitational acceleration, and k the spatial unit vector pointing in opposite
direction to gravity. Then the potential energy at time ¢ equals

V(t) = Mgk - Alx = Mgtk - X = Mg(T - x (1.39)

where A := Ax and I := A~'k. The three expressions represent the potential
energy in material, spatial, and body representation, respectively. It is clear that
the potential energy is invariant only with respect to rotations about the axis of
gravity, which shows that the total energy

H(AA) = *i trace((JATLA4+ A7YAT) AT A) + Mgtk - Ax  (1.40)

is also invariant only under this circle subgroup of SO(3). In Euler angles and
their conjugate momenta, (1.40) becomes

o 1 [[(pp — pycos) sing + py sin 6 cos 1)

2 I sin? 0
n [(pp — Py cosB) cos i — pg sin O sin ] n p_i
I,sin? 0 I3
+ Mgl cos@, (1.41)

where, without loss of generality, we assumed that x in body coordinates is
equal to (0,0,1).

Since p, = —0H/Jy = 0, it follows that p,, = IT - I" is conserved.

On R? x R3 the expression of the total energy is hence

1
H(ILT) = §H-]I71H+Mgﬂ‘-x. (1.42)



12 V' A Crash Course in Geometric Mechanics

In addition to the conservation of IT - I, we also have ||T'|| = 1. The signif-
icance of these two conserved quantities in body representation will become
clear only after understanding the Poisson geometry underlying the motion
given by (1.42).

For completeness we summarize in Table 1.1 the relationship between the
variables introduced till now.

II; = [(py — puy cos B) sintp + pg sin O cos ¥]/ sin O
= I,($sinfsint + 6 cos 1)
Iy = [(py — pu cos @) cos ) — pg sin O sin )]/ sin O
= I(psinf cosp — O sinp)
s = py = I3(¢cos b + 1))
'y =sinfsiny
I's = sinf cosy
I's = cosf
pp =11-T
= Il(gbsinﬁsini/ﬂrécosz/)) sin 0 sin 1
+ I (psinfcosyp — ésinz/)) sin 6 cos ¥
+ I3(¢ cos 0 + 1) cos O
py =13 = I3(pcos 0 + 3)

Po = (F2H1 — Flng)/\/ 1-— Fg

= I (¢sinfsiny + écosd;) cos Y
— Iy (psinfcosy — ésind)) sin 1)
. 1 IL I, 1 II.Ts
PTh1-12 T hL1-12
. I3 LTI II,T.T 5
YT ThO-T9)  R(1-T9)
H1F2 H2F1

TLVII2 Ly/1ITZ

Table 1.1. Summary of the variables for the heavy top

The equations of motion of the heavy top. In a chart on 7*SO(3) given by
the Euler angles and their conjugate momenta, the equations of motion are

_ OH i _ OH y _ OH
w—apq)v d)—apwa — Ope
. OH . OH . OH

pwz_a_wv pw:_W7 Po = —%p
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with H given by (1.41).
Consider now the map

J: (§07¢707ptpapd)7p9) = (Hv:[‘) (143)

given by the formulas above. This is not a change of variables because ||T'|| =
1. A lengthy direct computation, using the formulas above, shows that these
equations imply the Euler-Poisson equations

M=TIxQ+Mgl'xyx, I'=IxQ (1.44)
where © := wp = 71
These equations can be obtained in two ways.

(i) The canonical Poisson bracket of two functions f,h : T*SO(3) — R in
a chart given by the Euler angles and their conjugate momenta is

__Of oh of oh  Of Oh of oh Of Oh  Of Oh

’hi_—i—_+__7__+_—7__n
{f,n} 0pOp, Op,0p OYOpy OpydY 00 0ps Ope OO

A direct long computation shows that if F, H : R? x R?® — R, then
{Fol,HolJ}={F,H}_oJ,
where J is given by (1.43) and

{(F,H}_(ILT) = —TI- (VuF x VH)
—T - (VpF x VpH + VpF x VH);  (1.45)

Vi F and Vi F denote the partial gradients relative to the variables IT and I'
respectively. An additional long computation shows that this defines a Poisson
bracket, that is, it is bilinear, skew symmetric, and satisfies both the Jacobi and
the Leibniz identities. Finally, if H is given by (1.42), it is easy to see that
the equation F' = {F, H} for any F : R® x R® — R is equivalent to the
Euler-Poisson equations (1.44).

Note that the bracket of any function with an arbitrary function of ||T'||? and
IT - T is zero. The functions ||T'||? and IT - T are the Casimir functions of the
bracket (1.45).

(i) Equations (1.44) can also be obtained from a variational principle. Given
is the Lagrangian

L(Q,T) = %m Q- Mg(T - x (1.46)
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and the second Euler-Poisson equation I' = T' x 2 whose solution is T'(t) =
A(t) 'k, where €(t) = A(t)~1A(t). Consider the variational principle for L

b
5/ L(Q,T)dt =0

but only subject to the restricted variations of the form
N:=34+0xY :=TxX (1.47)
where X(t) is an arbitrary curve vanishing at the endpoints ¢ and b, i.e
¥(a) =3(b) =0. (1.48)

Using integration by parts together with the vanishing conditions at the end-
points, Vo L(2,T) =IQ =TI, and Vi L(2,T') = —Mglx, we get

b b b
o:a/ L(Q,I‘)dt:/ VgL(Q,I‘)-(SQdH—/ VrL(Q,T) - oTdt

b b
:/ H-5th—Mg£/ x - oT'dt

b
/H (X +Q x D)dt — Mgef (T x Z)dt
/H 2dt+/1‘[ ﬂxzdt—Mge/ S(x xT)d

:/ ( H+HxQ+Mg€I‘><x) Sdt.

a

The arbitrariness of 3 yields the first of the Euler-Poisson equations (1.44).

Remark. If g¢ = 0, then the heavy top becomes a free rigid body. In this case
there is only one equation, namely the Euler equation IT = II x ©, the Poisson
bracket of two smooth functions F, H : R® — R is glven by {F, H}(II) =

II- (VF x VH), and the variational principle is § f L(Q2)dt = 0 for vari-
ations 62 = 3 + Q x X where X(a) = X(b) = 0. The Poisson bracket
of any function with an arbitrary smooth function of || II||? vanishes and thus
the motion of the rigid body takes place on II-spheres of constant radius. For
the free rigid body, both the Lagrangian and the total energy coincide with the
kinetic energy L(2) = H(II) = II - /2, where II = I, and thus the
solutions of the free rigid body motion are geodesics on SO(3) relative to the
left invariant metric whose value at the identity is (1.34). The solutions of the
Euler equation IT = II x  are therefore obtained by intersecting concentric
spheres {II | ||TI|| = R} with the family of ellipsoids {IT | IT - 71T = C}
for any constants R, C' > 0. In this way one immediately sees that there are
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six equilibria, four of them stable and two of them unstable. The stable ones
correspond to rotations about the short and long axes of the moment of inertia
and the unstable one corresponds to rotations about the middle axis.

One of the goals of these lectures is to explain the geometry behind all these
phenomena that have appeared here as computational accidents. As we shall
see, none of them are arbitrary occurrences and they all have a symplectic
geometrical underpinning.

2 Hamiltonian Formalism

In this lecture we recall the fundamental concepts on symplectic manifolds and
canonical transformations, as found, for example in, [Arnold79], [AbMa78§],
[MaRa94], [LiMa87], or [McDSal95].

2.1 Symplectic Manifolds

Definition 2.1 A symplectic manifold is a pair (P, {2) where P is a Banach
manifold and €2 is a closed (weakly) nondegenerate two-form on P. If Q is
strongly nondegenerate, (P, ) is called a strong symplectic manifold.

Recall that €2 is weakly, respectively strongly, nondegenerate if the smooth
vector bundle map covering the identity b : TP — T*P given by v — v
Q(v, ) is injective, respectively bijective, on each fiber. If P is finite dimen-
sional, there is no distinction between these concepts and nondegeneracy im-
plies that P is even dimensional.

If the manifold is a Banach space V' and the two-form is constant on V', then
(V,Q) is called a symplectic Banach space. For example, R?" endowed with
the canonical symplectic structure

Q(u,v),(d,v))=u-v —u v,

for u,v,u’, v’ € R", is a symplectic finite dimensional vector space. Another
standard example is a complex Hilbert space with the symplectic form given
by the negative of the imaginary part of the Hermitian inner product. For

example, C" has Hermitian inner product given by z-w := Y _"'_, z,W;, where

j=1
z=(z1,...,2n),Ww = (w1, ...,wy,) € C". The symplectic form is thus given
by Q(z,w) := —Im(z - w) and it is identical to the one given before on R?"

by identifying z = u + iv € C" with (u,v) € R* and w = u’ +iv/ € C"
with (0/,v') € R?",

The local structure of strong symplectic manifolds is given by the following
basic result.
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Theorem 2.2 (Darboux) If (P, ) is a strong symplectic manifold then each
point of P admits a chart in which Q) is constant. If P is finite dimensional
then around each point there are coordinates (q*,...,q",p1,--.,Pn), where
2n = dim P, such that Q = dq* A dp; (with the usual summation convention).

The Darboux theorem for 2n-dimensional symplectic manifolds hence states
that, locally, the two-form {2 is given by the matrix

0 1
=[5
where I denotes the n x n identity matrix, that is, locally the symplectic form
is the one given above on R".

Remark 2.3 (i) The Darboux theorem is false for weak symplectic manifolds.
For a counterexample, see Exercise 5.1-3 in [MaRa94].

(ii) There is a relative version of the Darboux theorem, namely, if S is a sub-
manifold of P and 2y, (2; are two strong symplectic forms on P that coincide
when evaluated at points of S, then there is an open neighborhood V' of .S and
a diffeomorphism ¢ : V' — (V) such that p|g = id and ©*Q; = Q.

(iii) There is a generalization of the Darboux theorem for G-equivariant
forms if G is a compact Lie group. It is still true that every point admits a G-
invariant neighborhood on which the symplectic form is constant. However,
the constant symplectic forms are no longer equivalent under G-equivariant
changes of coordinates and the number of inequivalent symplectic forms de-
pends on the representation type of the compact Lie group G, i.e., if it is real,
complex, or quaternionic; see [DeMe93] and [MD93] for details.

Denote by X(P) the set of vector fields on P and by QF(P) the set of k-
forms on P. The map b induces a similar map between X(P) and Q'(P),
namely

X(P)> X —ixQ:=Q(X,.) = X" € QL(P).
If Q is strongly nondegenerate, this map is an isomorphism, so for any smooth

map H : P — R there exists a vector field X, called the Hamiltonian vector
field defined by H, such that

ix, Q= dH,

where d : QF(P) — QFF1(P) denotes the exterior differential. If P is only
weakly nondegenerate, the uniqueness but not the existence of the Hamilto-
nian vector field is guaranteed. So for weak symplectic manifolds, not every
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function defines a Hamiltonian vector field. See [ChMa74] for an approach to
infinite dimensional Hamiltonian systems.
If P is 2n-dimensional, the local expression of X7 in Darboux coordinates
is
OH 0 OH 0

Xy = 7
T ap; 0¢  dq' ap;

and Hamilton’s equations z = Xy (z) are given by

. OH ) 0H |
¢ ==, Pi=—F%— t=1,...,n

Ip;’ g
The two-form €2 induces the volume Liouville form

(_1)71(71—1)/2

A= QA AQ), @2.1)

n times

where 2n = dim P, which has the local expression
A=dg'A---Adg" Adpy A --- Adp,.

In particular, any symplectic manifold is oriented.

2.2 Symplectic Transformations
Given two symplectic manifolds (P;, 1), (Ps, 22), a C* mapping
¢ (Pr, ) — (P2, )

is said to be a symplectic transformation if ¢*Qs = 1, that is,

Q2(p(2))(T29(v1), T2 p(v2)) = Q1 (2)(v1,v2)

forall z € P, and v1,v9 € T, Py, where T, ¢ : T, P, — T, P> is the tangent
map of ¢ at z € P;. Any symplectic map has injective derivative due to the
weak nondegeneracy of the symplectic forms.

Proposition 2.4 Ler (P,Y) be a symplectic manifold. The flow ¢, of X €
X(P) consists of symplectic transformations if and only if it is locally Hamil-
tonian, that is, £xQ = 0, where £x denotes the Lie derivative operator
defined by X.

Remark 2.5 There is a general formula relating the Lie derivative and the
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dynamics of a vector field. If 7 is an arbitrary (time independent) tensor field
on P and F; the flow of the (time independent) vector field X, then

%Ft*T =F£xT (2.2)

where £ x7 denotes the Lie derivative of 7 along X . We shall use this for-
mula in the proof below.

Proof Note that
50) =0 = L61(9) =0,
which by (2.2) is equivalent to
PiExQ=0+= £x0=0
since ¢; is an isomorphism. ]

The name “locally Hamiltonian vector field” is justified by the following
fact. Since £xQ = ixdQ + dix$? and dQ2 = 0, the condition £ xQ = 0 is
equivalent to dix ) = 0, that is, ix (2 is closed. The Poincaré lemma implies
the existence of a local function H such thatixQ = dH.

Proposition 2.6 (Energy conservation) Let ¢, be the flow of the Hamiltonian
vector field Xyr. Then H o ¢ = H.

Proof Since
d

ﬁ@(z) = Xu (¢:(2))

and
Qz2)(Xp(z),u) =(dH(z),u) forall z€ P and u€T,P,

where (-, -) is the pairing between one-forms and vectors, we have by the chain
rule

) = (aH(6), ) = @H0), X))

= Q(¢1(2)) (X1 (¢1(2)), X (h1(2))) = 0,

which means that H o ¢, is constant relative to t. Since ¢g(z) = z for any
z € P, the result follows. |
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Proposition 2.7 A diffeomorphism ¢ : P, — P, between strong symplectic
manifolds is symplectic if and only if 9* Xy = Xgog for any H : U — R,
where U is an arbitrary open subset of Ps.

Proof For a strong symplectic manifold (P, 2), the tangent space T, P equals
the collection of all vectors of the form X (z), for all smooth functions K :
U — R and all open neighborhoods U of z.

With this observation in mind and using the fact that ¢ is a diffeomorphism
and the symplectic form €5 strong, we have for all V" open in Py, z € V,
v €T, P,and all H : (V) — R the following equivalence

Q2 = M =0(d(2)) (T20(X o (2)), T2 6(v))
= (2) (XHog(2),v) (2.3)

However,

0 (2) (XHop(2),v) (H © ¢)(2),v)
H(4(2)), T-¢(v))
2(0(2)) (Xn(6(2)), T=¢(v)) - 24)

By (2.3) and (2.4) the relation ¢*Qs = €25 is thus equivalent to

Q2(4(2)) (T=p(Xn06(2)), T20(v)) = Qa(9(2)) (Xr (6(2)), Tz ¢(v))

for any smooth function H : U — R, U C P, open, ¢(z) € U,and v € T, P;.
By nondegeneracy of )5 this is equivalent to

=
=W
=0Q

Tz¢oXHo¢:XHO¢<:>¢*XH :XH0¢

which proves the statement. ]

2.3 Poisson Brackets
Given a strong symplectic manifold (P, §2), define the Poisson bracket of two
smooth functions F,G : P — R by

{F,G} :=Q(Xr, X¢q). (2.5)

In this section all symplectic manifolds are assumed to be strong. As a
consequence of Proposition 2.7 and of the Poisson bracket definition we have
the following.



20 V' A Crash Course in Geometric Mechanics

Proposition 2.8 A diffeomorphism ¢ : Py — Ps is symplectic if and only if
{F,G}20¢={Fo0,God}

for all smooth functions F,G : U — R, where U is any open subset of Ps.

Combined with Proposition 2.4 this yields the following statement.

Corollary 2.9 The flow ¢, is that of a locally Hamiltonian vector field if and
only if

O {F, G} ={¢ F,¢; G}
for all smooth functions F,G : U — R, where U is an arbitrary open subset

OfPQ.

Proposition 2.10 The vector space of smooth functions on the strong symplec-
tic manifold (P, Q) is a Lie algebra under the Poisson bracket.

Proof The definition of {F, G} immediately implies that it is bilinear, skew-
symmetric, and it satisfies the Leibniz identity in each factor. To prove the
Jacobi identity, note that

{F,G} = (ix,Q, Xg) = (dF, Xg) = Xq[F]

and so
{{F.G}, H} = X [{F.G}].

Thus the Jacobi identity is equivalent to

Xu [{F, G} ={XulF], G} +{F, Xu[G]} (2.6)
which is obtained by differentiating in ¢ at ¢ = 0 the identity

¢ {F, G} = {o; F, ¢; G},

where ¢, is the flow of Xz (see Corollary 2.9). Indeed,

d * d * *
Xu{F.GY = o| ¢i{F.GY= 2| {6iF.6;G)
t=0 t=0
d
dt —0 ( ¢tF’ ¢'tG)

=Q(Xxum, Xa) + Q(Xr, Xxy0)
= {Xy[F], G} +{F, Xx4|G]}

which proves the derivation identity (2.6). |



V. 2 Hamiltonian Formalism 21

Corollary 2.11 The set of Hamiltonian vector fields on P is a Lie subalgebra
of the set of the vector fields on P because

(Xr, Xc] = X_(ra)-

Proof As derivations,

[(Xr, Xc|[H] = Xp[Xc[H]| = Xa[Xp[H]|] = Xp [{H,G}] - X [{H, F}]
= {{HvG}7F} - {{HaF}vG} - - {H7 {FvG}}
= _X{F,G}[H]a

where we have applied the Jacobi identity in the fourth equality. |

The next corollary gives Hamilton’s equations in Poisson bracket form.

Corollary 2.12 If ¢, is the flow of X and F : U — R is an arbitrary smooth
function defined on the open subset U of P then
d

a(Fqut):{Foqﬁt,H}:{F,H}ogbt. 2.7)

Proof We have

(70 00() = (AF((2), ) = P62, X(on(2))

dt t
= {F, H}(¢:(2))-
As ¢, is symplectic, this is just {F' o ¢y, H o ¢ }(z). Conservation of energy
gives {F o ¢y, H o ¢ }(z) = {F o ¢4, H}(z) which proves (2.7). |

Equation (2.7) is often written in the compact form

F={F H}.

Corollary 2.13 The smooth function F' is a constant of motion for Xy if and
only if {F,H} = 0.

2.4 Cotangent Bundles

In mechanics, the phase space is very often the cotangent bundle 7@ of a
configuration space (). A cotangent bundle has a weak canonical symplectic
structure and so any cotangent bundle is symplectic. The canonical two-form
QonT*( is constructed from the canonical one-form © in the following way.
Define 2 = —dO where O is the one-form given by

60‘4 (waq) = <OéCI7 Taqﬂ(waq)>7 (28)
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where ay € TyQ, wa, € To,(T*Q), 7 : T*Q — @ is the projection, and
Tr: T(T*Q) — TQ is the tangent map of 7. The structure is called “canoni-
cal” because all the elements occurring in the definition are naturally associated
to any cotangent bundle.

In local coordinates (q%, p;) on T*Q the expressions of the canonical one-
and two-forms are

0 = pidq’, Q= —dO = dq¢’ A dp;.

Thus the natural cotangent bundle coordinates are Darboux coordinates for the
canonical symplectic form.

Given a diffeomorphism f : ) — S define the cotangent lift of f as the
map I f : T*S — T™*(Q) given by

T* f(as) (vp-1(5) = s (Tf(v5-1(5))) , (2.9)
where as € TS and vy-1(5) € Ty-1(4)Q.

Theorem 2.14 The cotangent lift T* f of a diffeomorphism f : Q) — S pre-
serves the canonical one-form ©.

Proof For simplicity, we give the proof in finite dimensions. Denote by
(¢%,...,q",p1,...,pn) and (st,...,s", 71,...,7,) canonical coordinates on
T*@Q and T*S, respectively. If (s!,...,s") = f(q*,...,q"), the cotangent lift
T* f is given by

(81,...,Sn,7‘17...7’l"n) — (q17"'>qn7p17"'7pn)7 (210)
where
0s’
pj = a—qj’l“i. (211)

To see that the lift (2.10) of f preserves the one-form is only a matter of using
the chain rule and (2.11), that is,

8S,dqj = p;dg’.

gl — g
r;ds 7“8(]3

Therefore (T f)*©¢g = ©g where O and Og are the canonical one-forms
on @ and S respectively. |

The converse of theorem 2.14 is also true, that is, if ¢ : T*S — T*Q is
a diffeomorphism such that *©¢ = O then there exists a diffeomorphism
f @ — S suchthat ¢ = T™ f. The proof of this fact is more involved; see
Proposition 6.3.2 in [MaRa94].
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2.5 Magnetic Terms
If A € Q1(Q) define the fiber translation map t 4 : T*Q — T*Q by

talag) = aq + A(g) ag, € T;Q.
Proposition 2.15 Let © be the canonical one-form on T*Q and ty : T*Q —
T*Q the fiber translation by A € Q'(Q). Then
th(©)=0+71%A
where  : T*Q) — Q is the canonical projection. Hence
Q=0 —n"dA,
where ) = —dO is the canonical symplectic form on T*Q. Thus t, is a

symplectic transformation if and only if dA = 0.

Proof We do the proof in finite dimensions. In local coordinates we have
ta(d',pj) = (¢',p; + A;(a))
o)
40 = ta(pidg’) = (pi + Ai(9))dq’ = pidg’ + Ai(q)dd’,
which is the coordinate expression of © + 7* A. |

Let € be the canonical two-form on T*Q. If B € Q2(Q) is closed (i.e
dB = 0) then

O =Q—-7*B

is a (weak) symplectic form on 7*(). Indeed, the matrix form of Qg is

-B 1
[ o } , (2.12)

which shows that {25 is nondegenerate since (2.12) is nonsingular. The extra
term — B in the symplectic form Q) p is called a magnetic term.

Proposition 2.16 Let B and B " be closed two-forms on Q) such that B— B =
dA. Then the map

ta: (T*Q7 QB) - (T*Qa QB’)
is a symplectic diffeomorphism of (T*Q,Qp) with (T*Q,Qp).
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Proof As
0 =Q—-7dA=Q-1"B+ 7B
and o t 4 = w we have
th(Q-mB)=Q— "B

which proves the statement. |

Example: A particle in a magnetic field. Consider the motion of a charged
particle in a given time independent magnetic field B := B;i + B,j + Bk,
where i, j, k is the usual orthonormal basis of R3. As customary in electro-
magnetism, we assume that divB = 0. The divergence free vector field B
uniquely defines a closed two-form B on R? by

B :=ig(dz Ady Adz) = Bydy Adz + Bydz Adz + B,dx A dy.

The Lorentz force law for a particle with charge e and mass m is

dv e
— = - B 2.13
" T eV x5 (2.13)

where q = (x,y, z) is the position of the particle, v = (&, y, #) its velocity, e
its charge, m its mass, and c the speed of light. What is the Hamiltonian for-
mulation of these equations? As we shall see, there are two different answers.

First, let (py, py, p-) := p := mv, consider on (q, p)-space, that is, 7*R3,
the magnetic symplectic form

Op =do Adp, +dy Adp, +dz Adp. — SB
&

= m(dz Adi +dy A dg +dz Adz) — B,
&

and the Hamiltonian given by the kinetic energy of the particle
m
2

Let us show that (2.13) is given by the Hamiltonian vector field Xz deter-
mined by the equation

1
H = o pl* = 2@ + 2 + 7).

dH =ix, Q5. (2.14)
If Xp(q,p) = (u,v,w,u,v,w), then (2.14) is equivalent to
m(zdd + ydy + 2d2) = m(udt — 4dx + vdy — 0dy + wdz — wdz)
—S[Bwvdz — B,wdy — Byudz + Bywdz + B,udy — B,vdz].
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Comparing coefficients we get

u=2a
v=1y
w=z
mi = £(B.v — Byw)
mv = £(Byw — B.u)

mw = £(Byu — Byv),

(&

which are equivalent to (2.13). Thus Hamilton’s equations for the Lorentz force
law need to be taken relative to the magnetic symplectic form and the kinetic
energy of the particle.

Second, write B = dA (always possible on R?), or equivalently, B =
Vx A, where A’ = A, thatis A = Azi+Ayj+Akand A = Aydx+A,dy+
A.dz. Thenthemapt, : (x,p) — (x,p+<A), pulls back the canonical two-
form Q of T*R3 to {5 by Proposition 2.15. So, the Lorentz equations are also
Hamiltonian relative to the canonical two-form ) and Hamilton’s function

1 e 2
Halxp) = 5 o~ 24"

(See also [MaRa94] and [Jost]). It is not always possible to write B = d A if
the domain on which one considers these equations is not simply connected,
the magnetic monopole being such a case. We shall return to this example in
the context of the Lagrangian formalism in §3.3.

3 Lagrangian Formalism

This lecture describes the local geometry of the Lagrangian formalism and
ends with some remarks on global Lagrangian variational principles. The ref-
erences for this material continue to be [Arnold79], [AbMa78], [MaRa9%4],
[LiMa87].

3.1 Lagrangian Systems

The Legendre transformation. A smooth function L : TQ — R is called a
Lagrangian. The Legendre transformation FL : T(Q) — T7*(Q) is the smooth
vector bundle map covering the identity defined by

d

(FL(vq), wgq) := 7 . L(vg + ewy).
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In the finite dimensional case, the local expression of FL is
FL(¢",¢") = (q’} g—;) = (¢', i)
Given a Lagrangian L, the action of L is the map A : T(Q) — R given by
A(v) := (FL(v),v), 3.1)
and the energy of L is
E(v) := A(v) — L(v). (3.2)

Let © and €2 be the canonical one and two-forms on 7 (), respectively. The
Legendre transformation FL induces a one-form O, and a closed two-form
Qp on TQ by

O = (FL)*©
Qp =-do, = (FL)*Q.

In finite dimensions, the local expressions are

oL . ,
O = —d¢’
L a4t q
o’L ., N A _
Q) ::fdl/\d'j - Cl’b/\d‘7
L= Gaiag 00 N AT + e rdd Add
The closed two-form {2, can be written as the 2n x 2n skew-symmetric matrix
Q= ( g2y 0T0¥ (3.3)
~agog 0

. . . . 52
where A is the skew-symmetrization of the n x n matrix (%) . The non-

degeneracy of (), is equivalent to the invertibility of the matrix (832—821> If
(3.3) is invertible, the Lagrangian L is said to be regular. In this case, by the
implicit function theorem, FL is locally invertible. If F L is a diffeomorphism,
L is called hyperregular.

Lagrangian systems. Lagrangian systems are special vector fields on the tan-
gent bundle that are naturally associated to a function L : TQ) — R.

Definition 3.1 A vector field Z on T'Q) is called a Lagrangian vector field if
Q1 (v)(Z(v), w) = (dE(v), w),

forallv € T,Q, w € T,(TQ).
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Proposition 3.2 The energy is conserved along the flow of a Lagrangian vec-

tor field Z.

Proof Let v(t) € TQ be an integral curve of Z. Skew-symmetry of Qj,
implies

%E(v(t)) = (dE(v(t)), 0(1)) = (dE(v(t)), Z(v(1)))

= Q1 (v(t)) (Z(v(t)), Z(v(t))) = 0.
Thus E(v(t)) is constant in ¢. |
Second order equations. Lagrangian vector fields are intimately tied to sec-
ond order equations.
Definition 3.3 Let 7 : T'Q) — @ be the canonical projection. A vector field
Z € X(T'Q) is called a second order equation if
TT Q° 7 = idTQ .

If ¢(t) is an integral curve of Z, the curve 7g(c(t)) on @ is called a base
integral curve of Z.

Let V be the model of Q. In a canonical tangent bundle chart U x V of T'Q,
U open in 'V, the vector field Z can be written as

Z(q7 q) = (q7 qa Zl(q7 q)7 Zz(‘]» q))7
for some smooth maps Z;, 75 : U x V — V. Thus,
Ttq(Z(a,q)) = (a4, Z1(q,4))).

Since Z is a second order equation, this implies that Z;(q, q) = q. That is, in
a local chart, the vector field is given by

Z(qa q) = (qa éb Q7 ZZ(qv q))

So the dynamics is determined by

dq
dq _ , N
7 = Zlaa)=q
dq
=_7Z .
dt 2 (qa q)
which is equivalent to the usual second order equation
d*q :
= Z2 (qa q) .

dr?
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The relationship between second order equations and Lagrangian vector fields
is given by the following statement, whose proof is a straightforward (but
somewhat lengthy) computation.

Theorem 3.4 Let Z be the Lagrangian vector field on Q) defined by L and
suppose that Z is a second order equation. Then, in a canonical chart U X
V of TQ, an integral curve (q(t),q(t)) of Z satisfies the Euler-Lagrange
equations

dqi_,i

dt
d 0L oL
%8q7':a—q"7 7,:1,...,7’1.

Furthermore, if L is regular then Z is always second order.

3.2 Geodesics

An important example of a Lagrangian vector field is the geodesic spray of a
pseudo-Riemannian metric. Recall that a pseudo-Riemannian manifold is a
smooth manifold () endowed with a symmetric nondegenerate covariant tensor
g. Thus, on each tangent space T,() there is a nondegenerate (but indefinite,
in general) inner product g(q). If g is positive definite, then the pair (Q, g) is
called a Riemannian manifold.
If (Q, g) is a pseudo-Riemannian manifold, there is a natural Lagrangian on
it given by the kinetic energy K of the metric g, namely,
1
K(v) := EQ(Q)(UW Vg)s
for ¢ € Q and v, € T,Q. In finite dimensions, in a local chart,
. 1 i
K(q".d") = 59:(¢")d'd-

The Legendre transformation is in this case FK (vy) = g(q)(vg, ), for v, €
T,Q. The Euler-Lagrange equations become the geodesic equations for the
metric g, given (for finite dimensional () in a local chart) by

i +Tyi’i* =0, i=1..n,

where

ik — e

ok g8 Oq
are the Christoffel symbols. The Lagrangian vector field associated to K is

rh lghz (3931 4 gk 3gjk)
2
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called the geodesic spray. Since the Legendre transformation is a diffeomor-
phism (in finite dimensions or in infinite dimensions if the metric is assumed
to be strong), the geodesic spray is always a second order equation.

Let us link this approach to geodesics to the classical formulation using
covariant derivatives. The covariant derivative V : X(Q) x X(Q) — X(Q),
(X,Y) — Vx(Y), of the Levi-Civita connection on (@, g) is given in local
charts by

p 0 LI 9

V) = XY o+ X g o

If ¢(t) isa curve on @ and X € X(Q), the covariant derivative of X along ()
is defined by

DX
D_t = VC'X,
or locally,
<l;))t(> = Fék(c(t))éj(t)Xk(c(t)) + %Xi(c(t)),

A vector field is said to be parallel transported along c(t) if DD—)f = 0. Thus
¢(t) is parallel transported along c(t) if and only if

&+ The ¢ =o0.

In classical differential geometry a geodesic is defined to be a curve ¢(t) in @
whose tangent vector ¢(t) is parallel transported along c(t). As the expression
above shows, geodesics are base integral curves of the Lagrangian vector field
defined by the kinetic energy of g.

A classical mechanical system is given by a Lagrangian of the form L(v,) =
K(vq) — V(q), for v, € T,Q. The smooth function V' : @ — R is called the
potential energy. The total energy of this system is given by £ = K 4+ V and
the Euler-Lagrange equations (which are always second order) are

P OV .
ql+F§kq7qk—|—g”a—ql:O, Z:L...?’L,

where g%/ are the entries of the inverse matrix of (g;;). If @ = R? and the
metric is given by g;; = d;;, these equations are Newton’s equations of motion
(1.3) of a particle in a potential field with which we began our discussion in
the Introduction.
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3.3 Hyperregular Lagrangians

We shall summarize here the precise equivalence between the Lagrangian and
Hamiltonian formulation for hyperregular Lagrangians and Hamiltonians. The
proofs are easy lengthy verifications; see [AbMa78] or [MaRa9%4].

(a) Let L be a hyperregular Lagrangian on TQ and H = FE o (FL)™ !,
where F is the energy of L. Then the Lagrangian vector field Z on T'Q)
and the Hamiltonian vector field X 7 on 7 () are related by the identity

(FL)* Xy = Z.

Furthermore, if ¢(t) is an integral curve of Z and d(t) an integral curve
of X with FL(¢(0)) = d(0), then FL(c(t)) = d(t) and their base
integral curves coincide, that is, 7o (c(t)) = mg(d(t)) = ~(t), where
7q : TQ — @ and mg : T*Q — () are the canonical bundle projec-
tions.

(b) A Hamiltonian H : T*Q — R is said to be hyperregular if the smooth
vector bundle map covering the identity, FH : T*Q — T'Q, defined
by

d
<FH(O‘q)7ﬂq> = % H(Oéq + eﬁq)a aqvﬁq € T;Qv
e=0

is a diffeomorphism. Define the action of H by G := (0, Xp). If
H is a hyperregular Hamiltonian then the energies of L and H and the
actions of L and H are related by

E=Ho(FH)™, A=Go (FH)™ .

In addition, the Lagrangian L = A — E' is hyperregular and FL =
FHL.

(c) The constructions above define a bijective correspondence between hy-
perregular Lagrangians and Hamiltonians.

Example. Let us return to the example in §2.5 of a particle of charge e and
mass m moving in a magnetic field B. Recall that if B = V x A is a given
magnetic field on R3, then with respect to the canonical variables (q, p) on
T*R3, the canonical symplectic form dq A dp, and the Hamiltonian
1 e . |2

H(a,p) =5~ Hp— EA‘ ,
Hamilton’s equations coincide with Newton’s equations for the Lorentz force
law (2.13). It is obvious that H is hyperregular since

a=FH(ap)= - (p- A)

(3.4)
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has the inverse
. e
p=mq+ —A.
c
The Lagrangian is given by
L(q,4)=p-4q— H(q,p)

1 2
(o a0 o
c 2m c

. e . 1 .
=mlal’ +-A-q— —|mq|?
c 2m
m ., . & .
= Slal*+-A-q 3.5)
C

Lagrange’s equations for this L can be directly verified to yield mgq = <qx B,
that is, Newton’s equations for the Lorentz force (2.13).

These equations are not geodesic because the Lagrangian is not given by the
kinetic energy of a metric. Can one enlarge the space such that these equations
are induced by some geodesic equations on a higher dimensional space? The
answer is positive and is given by the Kaluza-Klein construction. We shall
return once more to this example after we have presented the basic elements
of reduction theory. The direct construction proceeds as follows. Define the
manifold Qi x := R? x S! with variables (q, #). On Q x i introduce the one-
form A+d6 (a connection one-form on the trivial circle bundle R3 x ST — R3)
and define the Kaluza-Klein Lagrangian

Lirc(a,0,6,0) = Sl + 5| (4 -+ 6, (a,6.0,0)||

N 2

- %mnqn2 + % (A q+ 0) . (3.6)
Note that Ly g is positive definite in (¢, 6) so it is the kinetic energy of a
metric, the Kaluza-Klein metric on @ i . Thus the Euler-Lagrange equations
for L ¢ are the geodesic equations of this metric on R? x S*. (For the readers
who know a little about connections and Lie algebras, it is obvious that this
construction can be generalized to a principal bundle with compact structure
group endowed with a connection; one gets in this way Yang-Mills theory.)
The Legendre transformation for L i i gives the momenta

p=mq+(A-q+0A and T=A-q+06. (3.7)
Since Lk i does not depend on 6, the Euler-Lagrange equation

iaLKK_aLKK_O
dt 96 90
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shows that m = Lk /00 is conserved. The charge is now defined by e :=
cm. The Hamiltonian H g i associated to L x x by the Legendre transformation
(3.7)is

HKK(Cbe?p?ﬂ—) ZPQ+7T9_LKK(q7q7979)

=p - (p—7A) +a(r - Aq)

1 1
- §m||él||2 5772
1
=p *(P—WA)‘F?TQ
—7A- —(p—7A) - —|[lp—7A|?
_ 1 2 1 2
=5 -llp— 7A|* + 57 (3.8)

Since m = e/c is a constant, this Hamiltonian, regarded as a function of only
the variables (q, p), is up to a constant equal to the Lorentz force Hamiltonian
(3.4). This fact is not an accident and is due to the geometry of reduction. This
example will be redone in §7.3 from the point of view of reduction theory.

3.4 Variational Principles

We now sketch the variational approach to mechanics.

Theorem 3.5 (Variational Principle of Hamilton) Let L be a Lagrangian on
TQ. A C? curve c : |a,b] — Q joining q1 = c(a) to go = c(b) satisfies the
Euler-Lagrange equations if and only if

5 / " Le(t). é()d = 0.

Proof The meaning of the variational derivative in the statement is the follow-
ing. Consider a family of C? curves c, (¢) for |A| < € satisfying co(t) = c(t),
ex(a) = q1, and ¢y (b) = g2 forall A € (—¢, ¢). Then

b b
5 / L(clt), é(8))dt = dii / L(ea(t), éx())dt.

Differentiating under the integral sign, working in local coordinates (covering
the curve c(t) by a finite number of coordinate charts), integrating by parts,
denoting

A=0
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and taking into account that v(a) = v(b) = 0, yields

/b aLi+aL-i dt_/b OL _d oL it
o \og” "ot )T T ), \og ~dtag )"

This vanishes for any C*! function v(#) if and only if the Euler-Lagrange equa-
tions hold. ]

The integral appearing in this theorem

A(e()) = / L(c(t), é(t))dt

is called the action integral. 1t is defined on C? curves c : [a,b] — @ with
fixed endpoints, c(a) = ¢; and ¢(b) = g¢o.

The next theorem emphasizes the role of the Lagrangian one- and two-forms
in the variational principle. It is a direct corollary of the previous theorem.

Theorem 3.6 Given a C* Lagrangian L : TQ — R for k > 2, there exists a
unique C*~2 map EL(L) : Q — T*Q, where

.. d2q . .
Q= {dt2(0) € T(TQ) | q(t) isa C? curve in Q}

is a submanifold of T(T'Q) (second order submanifold), and a unique C*~1
one-form O, € QYTQ), such that for all C? variations q.(t) (defined on a
fixed t-interval) of qo(t) := q(t), we have

b

ariat)-sa0) = [ ey (51) saar+ 0, (%) 5

dt u
where
d oood| o da(t)
Sq(t) = — (1), dq(t) = — .
q(t) = - 820(1() q(t) = - L dt

The map £L Q) — T*Q is called the Euler-Lagrange operator and its
expression in local coordinates is

L &)= o~ SO

q dt 0q
where it is understood that the formal time derivative is taken in the second
summand and everything is expressed as a function of (¢7, ¢, ). The one-
form ©p, whose existence and uniqueness is guaranteed by this theorem, ap-
pears as the boundary term of the derivative of the action integral if the end-
points of the curves on the configuration manifold are free; it coincides with
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(FL)*©, where O is the canonical one-form on 7*@Q, defined in §3.1 as an
easy verification in coordinates shows.

Remark. From the variational principle one can recover well-known results
for regular Lagrangians; for proofs of these statements see e.g. [MaRa94],
§8.2.

(i) If F; is the flow of the Lagrangian vector field, then F;Q;, = Qp,
where Q7 = —dOy.

(ii) If L is time dependent, for |t — to| small, and ¢’(s) the solution of
the Euler-Lagrange equation subject to the condition ¢*(ty) = @', the
convex neighborhood theorem guarantees that the action integral

S(q @' 1) = / Lq'(s), §'(s), 5) ds,

to
satisfies the Hamilton-Jacobi equation

oS oS
— +H(q,=,t]=0. 3
o T (q, 8q’t> 0 (3.9)

There is another classical variational principle involving the Hamiltonian,
known under the name of Hamilton’s phase space principle. Denote in what
follows by mg : T*Q — @ the cotangent bundle projection.

Theorem 3.7 Let H : T*Q — R a smooth Hamiltonian. A C' curve z :
[a,b] — T*Q joining z(a) to z(b) satisfies Hamilton’s equations if and only if

b
5/ ((©,4()) — H(2(t)))dt =0,

where the variations ¢z satisfy Tmg(da(a)) = Trg(da (b)) = 0.

Proof One follows the method of proof of Theorem 3.5. The meaning of the
variational derivative is the following. Consider a family of C'! curves z) (t)
for |A| < e satisfying zo(t) = 2(¢), za(a) = 21, and 2, (b) = 2z for all
A € (—¢,¢€). Then

b b
5/(1 (10, 2(t)) — H(=(t)))dt = dii / (10, 21(1)) — H(za(1)))dt.

Differentiating under the integral sign, working in local coordinates (covering
the curve z(t) by a finite number of coordinate charts), integrating by parts,
denoting

A=0
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writing in coordinates 0z(t) = (Jq'(t), dp;(t)), and taking into account that
5q'(a) = §¢*(b) = 0, yields

d ’ Y i
P A0/ ((p2)i(0)(@2)" — H((ax)' () (p2)i(t)) )t
b 7
= [ (it + mo i - DO 5
OHTPO) ) () ) a
P g PH @0
= [ | (a0 - 2RO (5,0
- (i PHEDON) (500 .

This vanishes for any functions éq°, dp; if and only if Hamilton’s equations
hold. |

Critical point theory. We have seen that under appropriate regularity assump-
tions, the vanishing of the first variation of the action integral is equivalent to
the Euler-Lagrange equations. That is, critical points of the action integral
are solutions of the equations of motion. Now, critical points of a function
are connected to the topology of its level sets and are described by Morse
and Ljusternik-Schnirelman theory. For functions on finite dimensional spaces
see e.g. [DFNO5] or [Milnor] for an exposition of this theory. For the action
integral, which is defined on the infinite dimensional manifold of admissible
motions, see e.g. [MawWil989] for the development of the relevant Morse and
Ljusternik-Schnirelman theory.

Here is an example of a strategy for the search of periodic orbits in La-
grangian systems. Let ) be a n-dimensional configuration manifold. We
search a trajectory y(t) € @Q, such that y(¢) = v(T + ¢) for a certain number
T > 0 (the period), where ~(t) is a solution of the Euler-Lagrange equations.
To do this, we study the action integral A, where

T
Alg = / Ld(t). q(t)) dt,

is defined on a space of T-periodic trajectories lying in Q) of a certain differ-
entiability class.

Since we want to consider continuous paths, by the Sobolev Embedding
Theorem, we take

HY([0,T]:Q) :={a(-) : [0.T] — Q | ¢(-) of class H',q(0) = q(T)}
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which is an infinite dimensional Hilbert manifold; it is a simple example of
a manifold of maps from a compact manifold with boundary to an arbitrary
smooth paracompact manifold (see [Palais68] or [EbMa70] for example). How-
ever, in this case, there is simpler more direct construction (see e.g. [Ben86]).
Embed @ into some R” and consider the space of loops H* ([0, T]; R™) of pe-
riod 7" with values in RY, obtained as the completion of the space of smooth
loops C*°([0, T']); R™) relative to the norm

T T
lall? == / la(o)|Pdt + / lat)]2dt.

Therefore, ¢(-) € H'([0,T];R™) is an absolutely continuous loop with L?
derivative; H([0, T]; RY) is compactly immersed in C°([0, T]; RY) (see e.g.
[BIBr92]). Then H' ([0, T)]; Q) is the submanifold of H([0,T]; R™) consist-
ing of all loops with values in Q.

Critical points of the action integral A are trajectories where the homology
of the level sets of .4 changes. For the sake of simplicity we can consider them
to be minimal. Therefore, given a subset M C H'([0,7]; Q) we could look
for v*(-) € M subject to the condition

* = min A[7].
v" = nin A[]

Typical conditions that guarantee the existence of a minimum ~* for A are:

(i) M is weakly closed in H'([0,7T]; Q),
(ii) Ais C' on M and bounded from below,
(i) the set {y € H'([0,7};Q) | A[y] < oo,dA[y] = 0} is compact in
HY([0,T]; Q).

Points (i) and (iii) imply that v* solves the equations of motion, that is,
dAh*](u) =0,

for all u(-) € T, H'([0,77]; Q). We refer, as general references, to [BIBr92],
[Jost], and [MawWil989], and for applications of this theory to the N-body
problem to [AmCZ96].

The judicious choice of the domain M, where one searches for critical
points of A, involves a lot of geometrical, analytical, and physical informa-
tion, intimately tied to the problem under consideration. In fact, the form of
the potential provides severe restrictions; for example, in the /N-body problem
one has to take into account all the trajectories leading to collisions of two
or more bodies. Also, when a system is symmetric then the symmetry group
gives additional structure to M and leads to topological constraints; for exam-
ple, restrictions on the homotopy type for the trajectories enter in this case.
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Regarding the connection between global variational methods and geome-
try we want to mention an interesting problem. We have seen that the Euler
equations II = II x Q for the free rigid body motion can be formulated in
a variational setting assuming a particular class of variations. This construc-
tion can be generalized to any Lie group, as we shall see in Theorem 6.6. It
would be very interesting to exploit the geometrical structure and to extend the
powerful methods of the calculus of variations to formulate results about the
existence of critical points of such types of restricted variational principles.

4 Poisson Manifolds

This lecture quickly reviews the basic theory of Poisson manifolds. Very little
will be proved here and we refer to standard books (such as [GuSt84, LiMa87,
Marsden92, MaRa94, McDSal95, V96]) and [W] for the detailed discussion
of the topics below. Unless otherwise specified, all manifolds in this chapter
are finite dimensional. Whenever infinite dimensional manifolds will be used
the results presented here are formal. A theory for infinite dimensional Pois-
son manifolds generalizing that of strong symplectic manifolds can be found
in [OdzRa03] (for more examples see [OdzRa004] and [BelRa04]). No gen-
eral satisfactory theory for infinite dimensional general Poisson manifolds has
been developed yet, even though there are many significant examples, some
of which will be presented in these lectures. Remarks regarding the infinite
dimensional situation will be made throughout the text.

4.1 Fundamental Concepts

Definition 4.1 A Poisson bracket on a manifold P is a bilinear operation { , }
on the space F(P) := {F : P — R | F is smooth} verifying the following
conditions:

(i) (F(P),{,})is aLie algebra, and
(i) {,} satisfies the Leibniz identity on each factor.

A manifold endowed with a Poisson bracket is called a Poisson manifold and
is denoted by (P, {, }). The elements of the center C(P) of the Poisson algebra
are called Casimir functions.

A smooth map ¢ : (P,{,}1) — (P2, {,}2) between the Poisson man-
ifolds (P1,{,}1) and (P, {, }2) is called a canonical or Poisson map, if
O {F,H}y = {p*F,p*H}q forany F, H € F(P2).



38 V' A Crash Course in Geometric Mechanics

Note that (i) is equivalent to the statement that the Poisson bracket is real, bi-
linear, antisymmetric, and satisfies the Jacobi identity. Furthermore, (ii) states
that the linear map F' — {F, H} (and H — {F, H}) is a derivation, that is,

{FK,HY={F,H}K + F{K,H}

forall F, H, K € F(P).
As in the case of strong symplectic manifolds, we can define Hamiltonian
vector fields on a finite dimensional Poisson manifold.

Definition 4.2 Let (P, {, }) be a finite dimensional Poisson manifold and H €
F(P). The unique vector field Xy on P that satisfies Xy [F] = {F, H}
for all F € F(P), is called the Hamiltonian vector field associated to the
Hamiltonian function H.

Note that the Jacobi identity is equivalent to
(Xr, Xu] = —X(rm

forall F, H € F(P).

Any symplectic manifold (P,€2) is Poisson. First, recall that there is a
Poisson bracket naturally defined on P, namely, {F,H} = Q(Xp, Xg),
where Xy is defined by the identity dH = (X, -). Second, the relation
XglF] = (dF, Xg) = Q(XF, Xg), shows that the Hamiltonian vector field
defined via the symplectic form coincides with the Hamiltonian vector field
defined using the Poisson bracket.

If P is a Poisson manifold, note that F' € C(P) if and only if X = 0.
If ¢; is the flow of X7, then H o ¢ = H, thatis, H is conserved. Indeed,

d d
_(Ho¢t): dH7_¢t :<dH1XH>:{HaH}:0
dt dt
Thus H o ¢; is constant in ¢ and since ¢y is the identity, it follows that H o ¢y =
H, for all ¢.

Hamilton’s equations Z = Xy (z) for the function H € F(P) can be equiv-
alently written as

d . . :

%(F o¢y) ={F,H}o¢; orin shorthand notation, F = {F,H}
for any F' € F(P). To see this, note first that if ¢, is the flow of Xy, we have
¢y Xu = X, or, equivalently, T'¢; o Xy = Xg o ¢;. Thus, forany z € P
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we have

4 000(0) = (AF(6(2). $61(2) ) = @F(61(:)). Xnl61()

dt
= (dF(¢:(2)), T20:(X 1 (2))) = (d(F 0 $1)(2), X (2))
={Fod, H}(z).

Since H o ¢ = H we conclude that Hamilton’s equations on a Poisson mani-
fold can be written as

%(Fogbt) ={F,H}og¢,={Fo¢y, H} ={F oy, Ho ¢} 4.1)

Proposition 4.3 The flows of Hamiltonian vector fields are Poisson diffeomor-
phisms.

Proof Let ¢, be the flow of the Hamiltonian vector field X, that is, %(bt =
Xy o ¢y Weneedto prove {F,K}o¢, = {Fo¢y, Kop}forany F, K €
F(P). To see this, note that for any z € P,

d d
G KN = (AR KN, o))
= (QLF, K} (00(2)), Xn(6(2) = [{F, K}, H}o(2),

that is,

d
%({FaK}Od)t):{{FaK}7H}O¢t:{{FvK}o¢taH} 4.2)
by (4.1). On the other hand, the bilinearity of the Poisson bracket gives

d

d d
E{Fo@vKoﬁbt}:{E(FC’(I%)’KO@}+{F0¢t,%(K0¢t)}~

This equality, the Jacobi identity, and (4.1) imply that

d
E{FofﬁtyKoéﬁt}:{{F0¢t,H},KO¢t}+{F0¢t,{KO¢t,H}}
={{Fo¢,Kog},H}. (4.3)

Comparing (4.2) and (4.3) one sees that both {F, K} o ¢, and { F o ¢+, K o0 ¢ }
satisfy the same equation, namely, L= {L, H}. Since for t = 0, the functions
{F,K} o ¢, and {F o ¢, K o ¢} are both equal to {F, K}, it follows that
{F,K}o¢s={Fo¢s Ko ¢} forall t. |

The same strategy of proof is used to show the following statement.
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Proposition 4.4 A smoothmap ¢ : (P1,{,}1) — (P2, {, }2) is Poisson if and
only if for any H € F(V'), V open in P, we have T o X0y = X 0 ¢ on
(V).

Canonical maps are the key ingredient in the definition of the notion of a
Poisson submanifold.

Definition 4.5 Let (P, {-,-}1) and (P, {-,-}2) be two Poisson manifolds,
P, C P, such that the inclusion ¢ : P, <— P, is an immersion. The Pois-
son manifold (P, {-,-}1) is called a Poisson submanifold of (Ps, {-,-}2) if
is a canonical map.

An immersed submanifold P; of P; is called a quasi Poisson submanifold
of (Py,{:,}2) if for any p € P, any open neighborhood U of p in P», and
any F' € C*°(U) we have

Xr(i(p)) € Tpi(TpPI)a

where X i is the Hamiltonian vector field of /" on U with respect to the Poisson
bracket {, - }2 restricted to smooth functions defined on U.

The proofs of the following statements can be found in, e.g., [OR04], §4.1.

o If (P, {-, -}1) is a Poisson submanifold of (Pz, {-, - }2) then there is no other
bracket {-, -}’ on P; making the inclusioni : P; — P into a canonical map.

e If P, is a quasi Poisson submanifold of (P, {-,-}2) then there exists a
unique Poisson bracket on P; making it into a Poisson submanifold of Ps.

e Proposition 4.4 implies that any Poisson submanifold is quasi Poisson. How-
ever, a quasi Poisson submanifold P; of (P, {-,-}2) could carry a Poisson
structure that has nothing to do with the one induced from P, so it won’t be
a Poisson submanifold of P, relative to this a priori given structure.

o If (P1,9) and (Ps, Q) are two symplectic manifolds such that P; C P,
then P is said to be a symplectic submanifold of P, if i*Qs = 4, where
1 : P — P5 is the inclusion. In this case, the inclusion is necessarily an
immersion (P; and P, are assumed finite dimensional).

e Symplectic submanifolds of a symplectic manifold are, in general, neither
Poisson nor quasi Poisson submanifolds.

e The only quasi Poisson submanifolds of a symplectic manifold are its open
sets which are, in fact, Poisson submanifolds.

4.2 Structure Theorems

The derivation property of a Poisson bracket { , } implies that the value X y(z)
of the Hamiltonian vector field of F' at z € P depends on I’ only through
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dF(z). Thus there is a contravariant antisymmetric two-tensor A on P, called
the Poisson tensor, defined by

A(2)(dF(z),dH(z)) = {F, H} (2)

forany F, H € F(U),U openin P, z € U.

In finite dimensions, if (2!, 22,...,2") are local coordinates, A is deter-
mined by the matrix [A¥], where A% = {2%, 27}, and hence the expression of
the Poisson bracket of the two functions F, H € F(P) is given in terms of A
by
i OF OH

{F,H} = A]é)ziw'
The rank of the Poisson structure at a point z € P is defined to be the rank of
the matrix [Aij }

The Poisson tensor defines a vector bundle map A* : T*P — TP by

A(2)(az, B) = (az, A¥(BL)), s, B. € TLP.

Since
{F.H} (2) = A()(dF(2),dH(2)) = (dF(2), AL (dH(2))),
it follows that the Hamiltonian vector field X g is given by
X (z) = AL(dH(2)),

that is, A% : dH () — Xp(2). Thus the image of A? is the set of all Hamilto-
nian vector fields evaluated at z.

Note that if the Poisson tensor is nondegenerate, that is Af ;P —-T,P
is a isomorphism for all = € P, then P is symplectic with the symplectic
form Q(Xp, Xp) := {F, H} for all locally defined Hamiltonian vector fields
X, Xg (the closeness of € is equivalent to the Jacobi identity of the Poisson
bracket).

The image Im(A*) C TP of A* defines a smooth generalized distribution
on P, i.e., Im(A%) C T,P is a vector subspace for each z € P and for every
point 2y € P and every vector v € Im(AﬁZO ), there exists an open neighborhood
U of zp and smooth vector field X € X(U) such that X (u) € Im(A%) for all
u € Uand X (z) = v.

If the rank of the Poisson tensor is constant then Im(A*) is a smooth vec-
tor subbundle of T'P. Furthermore, the Jacobi identity gives [Xp, Xy] =
X_(F,my which shows that the distribution Im(A*) is involutive. The Frobe-
nius theorem guarantees then its integrability.

If Im(A¥) is not a subbundle then integrability and involutivity (as used in
the Frobenius theorem) are not equivalent. Recall that if D C T'P is a smooth



42 V' A Crash Course in Geometric Mechanics

generalized distribution, an immersed connected submanifold S of P, S C P,
is said to be an integral manifold of D if for every z € S, T.i(T.S) C
D(z), where ¢ : S — P is the inclusion. The integral submanifold S is said
to be of maximal dimension at a point z € S if T,i(T.S) = D(z). The
smooth generalized distribution D is integrable if for every point z € P there
is an integral manifold of D everywhere of maximal dimension containing z.
The smooth generalized distribution D is involutive if it is invariant under the
(local) flows associated to differentiable sections of D. Note that this definition
of involutivity is weaker than the one used in the Frobenius theorem and that it
only coincides with it when the dimension of D(z) is the same for any z € P.

Theorem 4.6 (Stefan-Sussmann) The smooth generalized distribution D on
a finite dimensional manifold P is integrable if and only if it is involutive.

Thus P carries a generalized foliation, all of whose integral manifolds are
injectively immersed.

If P is a Poisson manifold, Im(A¥) is an involutive smooth generalized dis-
tribution so each of its integral submanifolds has its tangent space at every
point equal to the vector space of all Hamiltonian vector fields evaluated at
that point. Thus, these integral submanifolds are symplectic and the Poisson
bracket defined by their symplectic structure coincides with the original Pois-
son bracket on P. These integral manifolds are called the symplectic leaves
of P. It turns out that the symplectic leaves are the equivalence classes of
the following equivalence relation: z;%Rz9 if and only if there is a piecewise
smooth curve in P joining z; and 25 each segment of which is an integral
curve of some Hamiltonian vector field. The following theorem summarizes
this discussion.

Theorem 4.7 (Symplectic Stratification Theorem) Let P be a finite dimen-
sional Poisson manifold. Then P is the disjoint union of its symplectic leaves.
Each symplectic leaf in P is an injectively immersed Poisson submanifold and
the induced Poisson structure on the leaf is symplectic. The dimension of a leaf
through a point z equals the rank of the Poisson structure at that point.

Note that if C' is a Casimir function, then A*(dC) = 0, which shows that
Casimir functions are constant on symplectic leaves. However, one should not
conclude that the symplectic leaves are level sets of Casimir functions. This
is not even true for the maximal dimensional ones, which are generic. For
example, symplectic leaves may be open or they may all have a common ac-
cumulation point. Worse, there are Poisson manifolds with no global Casimir
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functions. Locally, Casimir functions always exist generically as the next local
structure theorem shows.

Theorem 4.8 (Weinstein) Let P be a finite dimensional Poisson manifold and
z € P. There exists a neighborhood U of z and an isomorphism ¢ = ¢pg X ¢ :
U — S x N where S is symplectic, N is Poisson and the rank of N at ¢ (2)
is zero. The factors S, N are unique up to a local isomorphism.

In this theorem S can be chosen to be an open set in the symplectic leaf
through z and N any submanifold of P transverse to it such that SN N = {z}.
While there is no canonical choice of IV in general, the Poisson structure on it
is uniquely determined up to a Poisson isomorphism. This Poisson structure is
called the transverse Poisson structure at z.

Assume that the Poisson structure has rank 0 < 2k < dim(P) = 2k + [ at
the point z € P. Then there are coordinates (¢',...,¢*,p1,..., 08,y ..., y})
in a chart around z such that

{¢', &Y =1{pi,pi} ={d" ¥’} = {pi, ¥’} = 0, {¢", 0} = &}
and the brackets {y’, 4’} depend only on %!, ..., %' and vanish at the point 2.
In this chart, the transverse Poisson structure is given by the subspace defining
these coordinates ', . .., 7. If, in addition, there is a neighborhood of z such
that the rank of the Poisson structure is constant on it then, shrinking if nec-
essary the above chart such that it lies in this neighborhood, the coordinates

y', ...,y can be chosen such that {y*,47} = O forall 4,5 = 1,...,l. In this
case, the yi are the local Casimir functions in a chart about z.

Comments on Banach Poisson manifolds. Definition 4.1 presents several
problems in the infinite dimensional case that will be briefly reviewed here. Let
(P,{,}) be a Banach Poisson manifold. The Leibniz property insures, as in
finite dimensions, that the value of the Poisson bracket at z € P depends only
on the differentials dF'(z), dH(z) € T P which implies that there is a smooth
section A of the vector bundle A\ T** P satisfying {F, H} = A(dFdH).

If the Poisson tensor is strongly nondegenerate, that is A¥ : T*P — T,P
is a isomorphism of Banach spaces for all z € P, then P is strong symplec-
tic with the symplectic form Q(Xp, Xp) := {F, H} for all locally defined
Hamiltonian vector fields X, X (the closedness of {2 is equivalent to the
Jacobi identity of the Poisson bracket). However if Af is one-to-one but not
surjective, that is, the Poisson tensor is weakly nondegenerate, then P is not,
in general, symplectic (see example of page 344 of [MaRa94]). Worse, a weak
symplectic manifold is not a Poisson manifold since not every locally defined
function defines a Hamiltonian vector field.
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On a Banach Poisson manifold the rule X := A*(dF') defines a smooth
section of T** P and hence is not, in general, a vector field on P. In anal-
ogy with the finite dimensional and the strong symplectic case, we need to
require that X be a Hamiltonian vector field. In order to achieve this, we
are forced to make the assumption that the Poisson bracket on P satisfies the
condition A*(T*P) C TP C T**P. The study of such Banach Poisson mani-
folds was begun in [OdzRa03] with special emphasis on the Lie-Poisson case.
See [0dzRa004] and [BelRa04] for further examples of such Banach Poisson
manifolds.

While these manifolds are important in quantum mechanics, most infinite
dimensional examples in classical continuum mechanics do not satisfy this
hypothesis on Af; in fact, most of them have weak symplectic phase spaces.
In this case, the beginning of a systematic theory of weak symplectic man-
ifolds and the associated Hamiltonian dynamics can be found in [ChMa74].
For (weak) Poisson manifolds, not even a proposal of a theory is available to-
day and the rigorous study of several examples coming from fluid dynamics,
elasticity theory, and plasma physics should shed light on the general abstract
case.

4.3 Examples of Poisson Brackets

1. Symplectic Bracket. As we mentioned before, a strong symplectic form 2
on a manifold P gives the Poisson bracket

{F,H} = Q(XF,XH).

If C is a Casimir function on a connected strong symplectic manifold P,
ie., {C,F}=0forall F € F(P), then X = 0. Strong nondegeneracy of
2 implies then that dC' = 0, which in turn shows that C' is constant on the
connected manifold P. Thus, on a connected strong symplectic manifold
the Casimir functions are the constants, i.e., the center of F(P) is R.

2. Lie-Poisson Bracket. Let g be a Lie algebra with Lie bracket [, ] and g* its
dual. Define the functional derivative of the smooth function F' : g* — R at
W € g* to be the unique element ‘;—5 € g given by

e—0 € 6,U,

where (, ) denotes the duality pairing between g* and g. Note that DF'(u)
is the usual Fréchet derivative , i.e., DF(u) € L(g*,R) = g**. If g is finite
dimensional, then g** = g naturally and §F/du € g is the element of g
representing the functional DF'(i1) € g** on g*.
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The Banach space g* is a Poisson manifold for each of the Lie-Poisson
brackets {, }+ and {, }_ defined by

wy =+ (. |5 50) (@)
for all 4 € g* and F, H € F(g*). The bilinearity and skew-symmetry
are obvious from the definition. The derivation property follows from the
Leibniz rule for functional derivatives. For the direct proof of the Jacobi
identity see [MaRa94], pg. 329.

In general, if g is a Banach Lie algebra, g* is not a Banach Poisson man-
ifold that satisfies the condition A¥(T*g*) C Tg* discussed at the end of
64.2. It was shown in [OdzRa03] that a Banach space b is a Banach Lie-
Poisson space (b, {,}) if and only if its dual b* is a Banach Lie algebra
(6%,[,]) satisfying

ad;bCcbCb™ forall ze€b”, 4.5)

where ad, : b* — b* is the adjoint representation ad,. y := [z, y] for any
x,y € b*. Of course, the Poisson bracket of F, H € F(b) is given in this
case by

{F,H}(b) = ([DF(b), DH (b)), b), (4.6)

where b € b and D denotes the Fréchet derivative. If H is a smooth function
on b, the associated Hamiltonian vector field is given by

Note that if the condition ad, b C b does not hold for every = € b*, then
(4.7) does not make sense, in general. We shall encounter below such sit-
uations, in which case formulas (4.6) and (4.7) will be taken formally, or
subject to the condition that only functions for which (4.7) makes sense will
be used.

. Rigid body bracket. As a particular case of the previous example, consider
the Lie algebra g = s0(3) of the rotation group consisting of 3 x 3 skew-
symmetric matrices. This Lie algebra is isomorphic to (R?, x), where x is
the cross product of vectors, via the isomorphism (1.13), thatis (u x v)" =
[@, v] for any u, v € R3.

We identify s0(3)* with R?® using as pairing the Euclidean inner product.
The Fréchet derivative and the functional derivative of a function defined on
R? coincide and are both equal to the usual gradient of the function. Thus
the Lie-Poisson bracket (4.4) or (4.6) take the form

{F,H}, () =+ p - (VF x VH).
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Let us show that C(u) = @ (3||p||?) is a Casimir function, where @ :
R — R is an arbitrary differentiable function. Indeed, since VC(u) =
@' (3||pl*) p. for any F € F(R?) we have

(CF) L) = (VO % TF) =50 (Gl ) - (e VF) 0.

Frozen Lie-Poisson Bracket. Let g be a finite dimensional Lie algebra. For
v € g* define for any F, H € F(g*) the brackets

{F,H};*(u):i<y, B—i,%—if]> (4.8)
A computation almost identical to the one needed to prove the Jacobi iden-
tity for the Lie-Poisson bracket shows that (4.8) also satisfies the Jacobi
identity. This Poisson bracket on g* is called the frozen Lie-Poisson bracket
atv € g*. A discussion similar to that at the end of the second example leads
to a condition on (4.8) (like (4.5)) that makes it into a rigorous functional
analytic Poisson bracket for any smooth functions F' and H.

It is worth noting that {, } + s{, }" is also a Poisson bracket on g* for
any v € g* and any s € R. One says that these two Poisson brackets are
compatible. The verification of this statement is direct, using the previously
alluded proofs of the Jacobi identity for the Lie-Poisson and frozen Lie-
Poisson brackets.

. Ideal Fluid Bracket in Velocity Representation. In this infinite dimen-

sional example we shall work formally or with the understanding that we
restrict the class of functions to those admitting functional derivatives.

Let X4;v (D) be the Lie algebra of smooth divergence free vector fields
tangent to the boundary 0D defined on an oriented Riemannian manifold D
with Riemannian metric g and Riemannian volume form p. Consider the
weakly nondegenerate pairing (, ) : Xqiv(D) X Xqiv(D) — R given by the
L? pairing

() = [ g

Thus, we formally regard X 4;, (D)* as being X4; (D) and apply the formu-
las from the general theory. The plus Lie-Poisson bracket is

0F 6H
FH)} (v) = — o 4.9
wmw=-[o(o|55]) 9
where the functional derivative ‘;—f is the element of X4;, (D) defined by

e—0 € ov

L Flotedv) — Fv) :/ , (5_F’U> N
D
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The minus sign in front of the right hand side of (4.9) appears because
the usual Lie bracket of vector fields is the negative of the left Lie alge-
bra bracket of the diffeomorphism group, whose Lie algebra has underlying
vector space X(D); this will be shown explicitly in Section 5.1, Example 2.
. Ideal Fluid Bracket in Vorticity Representation. We continue the previ-
ous example realizing the dual of X4;y (D) in a different manner; this ap-
proach is due to [MaWei83]. The natural dual of X(D) is the space of one-
forms Q' (D) via the weak pairing (u, a) € X(D) x Q'(D) — [, a(u)p €
R. However, restricted to X4;, (D) this pairing is degenerate. By the Hodge
decomposition theorem, the kernel of the linear map sending o € (D) to
the element of X(D)* given by u € X(D) — [, a(u)p € Ris dF(D) and
thus we can identify, formally, X(D)* with Q' (D)/dF(D).

Next, note that the linear map [o] € Q'(D)/dF (D) — da € dQ!(D)
is well defined and has kernel the first de Rham cohomology group of D.
Assuming that this first cohomology group is zero, the above map becomes
an isomorphism. Thus, under this topological assumption on D, we can
formally identify X(D)* with dQ'(D). Summarizing, the weak pairing
between Xg;, (D) and dQ* (D) is given by

(u,w) € Xgiv(D) x dQY(D) — / alu)p €R, for w:=da.
D

Therefore, the functional derivative § F'//dw € Xqiv (D) of F : X(D)* =
dQY(D) — R is defined by the identity

DF(w) - dw = / e’ (5—F> w, for dw:=d(0a).
D ow

Thus, the plus Lie-Poisson bracket of F, H : d2}(D) — R has the expres-

sion

{F,H}(w) = —/Da ([(;—i’ i—ij}) u, where w =da.
However, since da(u,v) = ula(v)] — v[a(u)] — a([u,v]), this formula
becomes

o= () [ £ ()]
L)

The following argument shows that the last two terms vanish. For u €



48

V' A Crash Course in Geometric Mechanics

Xaiv(D) and f € F(D) we have by the Stokes theorem

[attn= [ £uim = [ aitin = [ st = [ i

The definition of the boundary volume form psp induced by the volume
form p implies that i, = g(u,n)usp, where n is the outward unit nor-
mal to the boundary 0D (see e.g. [AMRS8S8] §7.2). Since u is tangent to
the boundary, this term is zero. Thus the plus Lie-Poisson bracket has the

expression
o0F 0H
F H = —, — | .
{F H}(w) /Dw(é'w7§w)'u

The term “vorticity representation” appears because of the following in-
terpretation of the variable w. Define the vorticity of a vector field u by
Wy = du’, where v’ := g(u,-) € Q'(D). Regard now u — w, as a change
of variables to be implemented in the velocity representation of the Lie-
Poisson bracket. To this end, if F' : d2' (D) — R, define F' : Xqiv (D) — R
by F(u) := F(w,). Then, if dw := d(Ju’) , we get by the chain rule

/ g (M?,tsu) f=DF(u)-6u=DF(w) - bw
D ou

Lo () [ ()
D w D w

and thus § F /ou = 6F/éw which shows that the vorticity representation of
the Lie-Poisson bracket is obtained from the velocity representation of the
Lie-Poisson bracket by the linear change of variables u — w,,.
Poisson-Vlasov Bracket. For a Poisson manifold (P, { , }p) endowed with
a volume form p, the algebra F(P) is also a Lie algebra with Lie bracket the
Poisson bracket. Consider the weak pairing between F(P) and the smooth
densities F(P)* on P given by

(o) = [ efn where fui=feFpy. feF(P)
The plus Lie-Poisson bracket in F(P)* is thus given by

This formal Poisson bracket is known as the Poisson-Vlasov bracket since
the Poisson-Vlasov equations form a Hamiltonian system for it if P = T*R3
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and the Hamiltonian is given by

B =5 [[ 1P s o dados o [ Ve

This system describes the motion of a collisionless plasma consisting of a
single species of particles with mass m and charge e in the electrostatic
limit (that is, one lets the speed of light ¢ — 00). The physical significance
of f > 0 is the plasma density that depends on the position z € R?, the
velocity v € R3, and evolves in time t € R. The charge density is given
by ps(z) := e [ f(z,v)d®v and the electric potential ¢ (z) by the Poisson
equation —A¢y = py.

Let us carry out a formal computation to determine 6 H/J f assuming that
correct decay at infinity conditions are put on the relevant functions so that
all integration by parts below are justified. We have

<(;—§I,6f> :/ ||v||25f(x,v)d3xd311+%/V(bf(m)-V(;ng(x)de
— [[ WiPst@ o@dte - o [ (Boss @)@
— [[ st odado s o [ pp)ssia)as
— [[ WPst@oidtvs £ [[ s @ i,

which shows that

oH e

SF [[ol|* + E¢f-
Thus Hamilton’s equations ' = {F, H} for an arbitrary functional F' of
f become f + {f, %—If} = 0 (where the Poisson bracket is now the one
on T*R3). Replacing here the formula for §H /5 f just found yields the
Poisson-Vlasov equations

(;—J;—&-wvmf— ~V.br - Vof =0.

. Korteweg-de Vries Bracket. Let F(R) be a space of smooth functions on
R that satisfy together with their derivatives all necessary decay conditions
at infinity guaranteeing that all integrals as well as the integrations by parts
that will be carried out below make sense and the boundary terms appearing
in these computations vanish.

The KdV bracket on F(R) is given by

T SF d (6G
{FvG}(U):/_DO Su dr (E) dz,
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where the functional derivatives are taken relative to the L? product on real
valued functions. Let us work out Hamilton’s equations ¥ = {F, H} for
this bracket. We have

ou dt
/+°° SF d 6H

Sudz du'

+oo
[ Srids = DF(() i) = 5 F((0) = {FH}w()

— 00

— 00

so Hamilton’s equation are

W (SHY _ (ol
Tdr \su ) \ou .

where u; := %—’t‘ and u, := %.

In particular, if we take the Hamiltonian function

Hamilton’s equations for the KdV bracket become the one dimensional trans-
port equation u; + uu, = 0. Indeed, since

+oo H 1 +oo
/ % dudr = DHy(u) - du = —3 / u?dudz,

oo OU oo

it follows that 552 L — —% u? and so the equation of motion is

_ 9 (L)
ut_&x 2u = —UUyg.

If one takes the Hamiltonian equal to

Hy(u) = /o; <;u§ - u3) dx

then % = —ug, — 3u? and Hamilton’s equation is the Korteweg-de Vries
(KdV) equation

U + 06U UL + Uz = 0. 4.10)

The KdV equation has infinitely many independent integrals F; in involu-
tion (that is, { F; F;} = 0) and is a completely integrable system in infinite
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dimensions. Here are the first integrals:

Fo(u) = [T u(z) dx

— 00

Fi(u) =3 fjoo u?(z) dz

oo

Fo(u) = Ho(x) = [T (—ud(z) + Lu2(x)) da

— 00

Fy(u) = [ (3u2pn(2) = bula)u (@) + § uj(x)) de.

The existence of such integrals is believed to be closely related to the pres-
ence of solitons, that is, “solitary waves which interact pairwise by passing
through each other without changing shape” (see e.g. [AbMa78] and refer-
ences therein).

Let us look for traveling wave solutions of the KdV equation (4.10), that
is, solutions of the form u(t, z) = ¢(x — ct), for ¢ > 0 and ¢ > 0. Substi-
tuting into (4.10) we get

e —6pd — ¢ = 0.
Integrating once this equation gives
ch—3¢* — ¢ =C, (4.11)
where C' € R is a constant. This equation is equivalent to

%,:¢':§£' (4.12)
G =¢"=cp-3"-C=-3

where
W66) = 3@ — 567 + 6" +Co. (4.13)

Thus (4.12) is Hamiltonian in the variables (¢, ¢') € R? with Hamiltonian
function (4.13). In particular, h can be viewed to be of the form kinetic
energy K (¢, ¢') = 3(¢')? plus potential energy V (¢) = 5¢¢* + ¢ + C.
Since energy is conserved, we have h(¢, ¢') = D, for some constant D € R,
which implies

¢ =+ cd? — 243 + 2C¢ + 2D.
Integrating we have

_ d¢
s_i/ Jed® —24° 120 1 2D

where s = x — ct.
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We seek solutions which together with their derivatives vanish at +oo.
Then D = 0 by (4.13) and C = 0 by (4.11). Thus we get

do 1 Ve—2¢ —/c

s=4 | ———==F+—Flog | ——
N Ve Ve=2¢++/c

The Hamiltonian system (4.12) has two equilibria when C = D = 0,

namely (¢, ¢.) = (0,0) and (¢, ¢L) = (¢/3,0). The matrix of the lin-
earized system at (¢, @) = (0,0) and (de, ¢.) = (¢/3,0) is

0 1 0 1
o] e [50]

respectively. So (0,0) is a saddle point while (¢/3,0) is spectrally stable
(the eigenvalues are on the imaginary axis). To see if (¢/3,0) is stable or
not we can use the second variation of the potential energy criterion. Since

+ K. (4.14)

2
(;7‘2/(0/3,0) =c>0
it follows that (¢/3,0) is a Lyapunov stable point.

Consider (¢(s), ¢’ (s)) to be a homoclinic orbit emanating and ending at
(0,0) to which (¢/3, 0) belongs. Both equilibria belong to the zero level set
of the energy and the homoclinic orbit is given by (4.14). Furthermore when
C = 0 we have h(c/2,0) = 0 thatis (¢/2,0) belongs also to this homoclinic
orbit. Let us take (¢/2,0) as initial condition (¢(0), ¢’(0)). Then by (4.14)
we get K = 0 and the homoclinic orbit is given

Ve —26(s) - /e
Ve—26(s) + /e
As ¢ > 0 the value inside the modulus is negative and the homoclinic orbit
has the expression

+/cs = log

+es __ vV c—2¢(s)—+/c _ 9ce*Ves
etves — _ Vo & o(s) = Trezvey
= § sech’(y/cs/2),

which gives the soliton: u(xz,t) = ¢(z —ct) = § sechz(g(x —ct)).

9. Operator Algebra Brackets. This example is taken from the papers [Bo0O]
and [OdzRa03]. Let H be a complex Hilbert space. Denote by S(H),
HS(H), and B(H) the involutive Banach algebras of the trace class op-
erators, the Hilbert-Schmidt operators, and the bounded operators on H,
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respectively. Recall that () and HS(H) are self adjoint ideals in B (H).
Let R(H) C B(H) denote the ideal of all compact operators on H. Then

S(H) C HS(H) C A(H) C B(H)
and the following remarkable dualities hold:
RA(H)" =2 6(H), H6(H)" =H6(H), and G(H)" =B(H);

the right hand sides are all Banach Lie algebras. These dualities are imple-
mented by the strongly nondegenerate pairing

(x, p) = trace (zp)

where © € G(H), p € R(H) for the first isomorphism, p,z € HS(H)
for the second isomorphism, and = € B(H), p € &(H) for the third iso-
morphism. Thus condition (4.5) holds and hence the Banach spaces G(H),
$HS(H), and R(H) are Banach Lie-Poisson spaces in a rigorous functional
analytic sense (see the discussion at the end of §4.2). The Lie-Poisson
bracket (4.6) becomes in this case

{F, H}(p) = £ trace ([DF(p), DH (p)]p) (4.15)

where p is an element of &(H), HS(H), or &K(H), respectively. The bracket
[DF(p), DH(p)] denotes the commutator bracket of operators. The Hamil-
tonian vector field associated to H is given by

Xu(p) = £[DH(p), pl. (4.16)

4.4 Generalities on Lie-Poisson Structures

We shall collect here some of the most important properties of Lie-Poisson
structures. Let g* be the dual of the finite dimensional Lie algebra g of a Lie
group G, aden := [£,n] for {,n € g, and [, ] the Lie bracket on g.

Proposition 4.9 The equations of motion for the Hamiltonian H : g* — R
with respect to the (+) Lie-Poisson bracket on g* are

dp *
e Xu(p) = Fadsys,p- 4.17)

Proof For an arbitrary function F' € F(g*) and pu € g* we have:

diF ~JoF
E:DF(H)'M—<E’M>- (4.18)
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On the other hand,

(FHY () ==, [35,38]) =+ (u, — ad gy E)

_ * OF
_$<ad§H/5u,:u7 m>
This last equality and (4.18) gives the result. |

Let {&,}, a = 1,2,...,n, be a basis of g and {¢} its dual basis. The
structure constants C'%, of g are defined by [¢,, &) = Z Cheq.
d

For p = Z 1o€® the Lie-Poisson brackets become

a

0F 0G
F =ty O o
{ 7G}i Hd (S,U,a 5,U/b abr

where summation on repeated indices is understood. In particular,

{tas o} = £paCly-
So the equations of motion for H are

0H

.a::F dc:;l_
K 122 b5,ub

Next we study linear Poisson maps.

Proposition 4.10 Ler g and b be Lie algebras and o : g — b a linear map.
Then «is a homomorphism of Lie algebras if and only if its dual o™ : §7. — g7
is a Poisson map.

Proof By definition of the Lie-Poisson bracket on h* we have

(Foa®, Hoa'}, (1) = & <u7 {MF(S;O‘*) : 5(H62a*)}> (4.19)

forany F, H € F(g*), u € b.
By definition of the functional derivative, the chain rule, and the definition
of the dual map one has

<6(Foa*)

- 7<m> D (Foa)- du=DF (a* (1)) - a* (50)

_ <‘;_1; a*(&u)> - <a (i—f) , 6u>,
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where v := a*(1) € g*. Thus equation (4.19) becomes

(b ()] e

If « is a Lie algebra homomorphism then (4.20) is equal to

s (na([5 5] )y == (o |5 50 ]) = 1R i),

which shows that a* is a Poisson map.
Conversely, if a* is a Poisson map, by (4.20) we get

+ <M, {a (‘f’) L <§H)D — {F, H}2 (0" (1)
oo [ o (5 2)

for any F, H € F(g*). In particular, taking F'(p) := (p,&) and H(p) :=
(p,m) for arbitrary £, 1 € g, we get (u, [a(§), a(n)]) = (1, a([§,n])) for any
p € b, which implies [a(&), a(n)] = «([¢,n]), that is, « is a Lie algebra
homomorphism. [ ]

The last key property of Lie-Poisson brackets is that they are the only linear
ones in the following sense. Consider a finite dimensional vector space V', V'*
its dual, and let (, ) be the duality pairing between V* and V. One can then
think of elements of V' to be the linear functionals on V*. A Poisson bracket
in V* is said to be linear if the bracket of two any linear functionals on V* is
a linear functional. Thus, if X', Y” are functionals on V* then, as the pairing
(,) is nondegenerate, there exist unique elements X, Y € V such that

X'(p) = (u, X) and Y'(n) = (1, Y).

The linearity assumption on the Poisson bracket in V* implies the existence of
a unique element of V, say [X, Y], such that

{X/a Y/} (:U‘) - [Xa Y]/(M) = <,LL, [Xa Y]>

It is easy to prove that [,] so defined on V' is a Lie algebra bracket and so the
given linear Poisson bracket is the Lie-Poisson bracket for the Lie algebra V.

In the infinite dimensional case the same proof works if {,) : V* x V — R
is a weak pairing between Banach spaces and one makes the extra hypothesis
that the Poisson bracket of any two linear functionals on V* belongs to the
range of the Poisson tensor A(p) : V' — V* forall y € V*.
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Proposition 4.11 Let V and V* be two Banach spaces, () a weak nondegen-
erate pairing of V* with V, and assume that V'* has a linear Poisson bracket.
If the Poisson bracket of any two linear functionals in V'* belongs to the range
of {u, ) for all p € V*, then V is a Banach Lie algebra and the Poisson
bracket on V'* is the corresponding Lie-Poisson bracket.

5 Momentum Maps

In this lecture we shall introduce the concept of momentum map and study
its properties. We shall address the issue of existence and equivariance of
momentum maps, give an explicit formula for the case of a cotangent bundle,
and present several basic examples. The full power of the momentum map will
appear only in the next chapter when dealing with reduction.

5.1 Actions and Infinitesimal Generators

Let ® : G x P — P be a smooth left action of the Lie group G on the Poisson
manifold P. The action is canonical if the map @, : z — ®(g,2) = P,4(2) is
a Poisson map for all g € P, that is

{Fo®,Go®,} ={F,G}o®, forall F,G e F(P). (5.1)
Denote by g the Lie algebra of G. Let us recall the following standard facts.
(i) AD, : G — G given foreach g € G by
ADy(h) = ghg™" = (Lgo Ry—1)(h) (5.2)

is an inner automorphism. L, and R, denote, respectively, the left and
right translations of G on itself.

(ii) Differentiating AD, with respect to i at h = e we get the adjoint
representation Ad, = T,-1Ly o TR, : g — gof Gong. The
inverse of the dual map defines the coadjoint representation Ad;—l of

G on g*.
(iii) Differentiating Ad, with respect to g at e in the direction { yields
d
TeAd(g) = E Adexpt£ = [57 ] = adf ‘9—6 (5.3)
t=0

the adjoint representation of g on g.

@iv) In these lectures, all Lie algebras are left Lie algebras. This means
that g = T.G as a vector space and the Lie bracket on g is given by
the identity [£,n] = [X¢, X;](e), where X¢, X,, € X(G) are the left
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invariant vector fields whose values at the identity are £ and 7, respec-
tively, that is, X¢(g) = TeLg(§) and X,)(g) = TeLgy(n) forany g € G.
The vector fields X, are complete, that is, each integral curve exists for
all time.

If £ € g, there is a unique integral curve 7 (t) of X, with initial con-
dition v¢(0) = e. Then v¢(s + t) = 7ve(s)ve(¢t) for any s,t € R,
that is, 7¢ : R — G is a one-parameter subgroup of G. Conversely,
any Lie group homomorphism v : R — G is of the form ~y,, where
& =~'(0). The exponential map is defined by exp(¢) := 7¢(1). Then
exp(t€) = 7¢(t) and the flow of X is given by (¢, g) — gexp(t£).

If F: G — H is a homomorphism of Lie groups then T, F' : g — b is
a Lie algebra homomorphism, that is,

TeF([§> 77]) = [TeF(g) ) TeF(n)] : 5.4

In particular, Ad, : g — g is a Lie algebra isomorphism for every
g € G. In addition,

expy o1l = F oexpg, (5.5

where exp : g — G and expy : h — H are the exponential maps. If
one takes G = H and F' = ADy, this identity becomes

exp(Ady€) = ADy(exp&) = gexp(&)g™ . (5.6)

If one takes H = Iso(g), the Lie group of Lie algebra isomorphisms of
g, then its Lie algebra is the Lie algebra Der(g) of derivations relative
to the bracket [+, -]. Choosing in (5.5) F = Ad : G — H = Iso(g), we
getforany € g

e = Adexpe - (5.7)
Given a Lie algebra element £ € g, exp(t£) defines a one-parameter
subgroup in G and hence ¢ +— ®Pcxp1¢ is a flow on the manifold P.

The vector field defined by this flow is denoted by £p and is called the
infinitesimal generator of the action determined by £. Thus we have

d
fP(Z) = E o <I)exp(tﬁ) (Z)

The infinitesimal generator has the following properties

(Adgg)P = (I)ZflgP and [{p, npl=—[¢, 77]13 (5.8)

forany g € Gand ¢, 7 € g.
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Examples 1. We deduce the formulas stated in §1.2. Let G = SO(3) acting
on R? by matrix multiplication. The Lie algebra so0(3) is the set of 3 x 3
skew symmetric matrices with Lie bracket the commutator. It is isomorphic to
(R?, x) via the map u € R — 1 € s0(3) given by (1.13). The adjoint action
is hence

Ad gt = AGA™! = (Au).

Therefore,

(etﬁv)A =(av) =(uxv) .
t=0

0, 9] = adg v = &
[, V] = ada v o

The dual s0(3)* is identified with R? by the isomorphism IT € R3 — IT €
50(3)* given by II(11) := IT - u for any u € R®. Then the coadjoint action of
SO(3) on s0(3)* is given by

(Ad’;,_l H) (@) =T -Adya=T-(A"lu) =11 ATu

= AIl - u = (AI) (d),

that is, Ad%_, IT = (AIT) , thereby recovering formula (1.20) in §1.2.
The infinitesimal generator corresponding to u € R? has the expression

ex = 1x = u X x. 5.9)

t=0

ups (x) = —

2. Let G = Diff,1(D) be the group of volume preserving diffeomorphisms
of the oriented Riemannian manifold (D, g). On D there is a unique volume
form p which equals 1 on all positively oriented g-orthonormal bases of tan-
gent vectors at all points of D; this volume form y is called the Riemannian
volume of (D, g) and we shall assume from now on that the orientation of D
is given by p.

Let us show formally that the Lie algebra of Diff,o; (D) is X4;v (D) endowed
with the negative of the bracket of vector fields. First, as a vector space, the
Lie algebra of the group Diff (D) equals the space X(D) of vector fields on D.
Indeed, the flow of an arbitrary vector field is a smooth path in Diff (D) whose
tangent vector at time equal to zero is the given vector field.

Second, if n; € Diff,(D) is the flow of the vector field v, then 7}y = p,
so taking the derivative of this identity at ¢ = 0 yields (divo)uy = £,u = 0,
that is, v € X4y (D).
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Third, since AD,, o = no @ on~!, letting ¢, be the flow of v, we get
d
dt
:Tno’uon_1 = M.

d
AD77 (,Dt = —

Ad,v=T.AD,(v) = g7

(nogpio 77_1)
t=0

t=0

Fourth, if u, v € Diff,,(D) and ¢ is the flow of u, the Lie algebra bracket
of u and v in X4;y (D) is given by

d d

d
a|,_ e = g = g

Thus the left Lie algebra bracket on the space of vector fields equals the nega-
tive of the usual Jacobi-Lie bracket of vector fields.

Identify the dual X5, (D)* with dQ! (D) (assuming that the first cohomol-
ogy group of D is zero). The coadjoint action of Diff,;(D) on dQ'(D) is
computed in the following way. Let w = da € dQY(D) and u € Xq;v (D).
Then

(u,Ady -+ w) = (Ady-1 u,w) = /D am u)p = /D(n*oz)(u),u = (U, NWw)

by the change of variables formula, taking into account that the Jacobian of 7
is one, and noting that dn,a = n,w. Therefore Ad:,—l W = NyeWw.

(p—t)v=—-£,v=—[u,v].
t=0

t=0

5.2 Momentum Maps

Let the Lie group GG with Lie algebra g act on the Poisson manifold P in a
canonical way, that is, (5.1) holds. Differentiating (5.1) with respect to g at the
identity in the direction of £ € g shows that the infinitesimal generator £p is
an infinitesimal Poisson automorphism, i.e.,

Ep ({F1, Fo}] = {&pF], Fo} + {1, §p[Fa]}

for any Fy, Fy € F(P). Denote by P(P) the set of all vector fields satisfying
this relation and call this Lie subalgebra of X(P) the Lie algebra of Poisson
bracket derivations or of infinitesimal Poisson automorphisms.

If £ € g we ask if the infinitesimal generator {p is globally Hamiltonian.
That is, we seek a Hamiltonian function J¢ € F(P) such that X ;¢ = £p for
every £ € g. Since the right hand side of this equation is linear in &, we shall
require that the map & € g +— J¢ € F(P) be also linear.

Definition 5.1 Let G be a Lie group acting canonically on the Poisson mani-
fold P. Suppose that there is a linear map .J : g — F(P) such that

Xje =&p, (5.10)
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for all £ € g, where {p is the infinitesimal generator corresponding to £ for
then G-action on P. Then the map J : P — g* defined by

(J(2),6) = J*(2),
forall £ € gand z € P, is called a momentum map of the G-action.

One of the first questions that arise is whether or not equation (5.10) deter-
mines J. Note that if J; and J are functions verifying (5.10) then X JS_gs =

0, which is equivalent with the statement that Jf - J§ is a Casimir function.
If P is symplectic and connected then the Casimirs are the constants and so
equation (5.10) determines J only up to an element of g*.

From the definition of J it follows that there is an isomorphism between
the set of maps P — g* and the set of maps g — F(P). The collection of
functions J¢ as £ varies on g are the components of the momentum map.

To give a momentum map is therefore equivalent to specifying a linear map
J : g — F(P) making the following diagram

F(P) == P(P)

\ Té'—’fp
g

commutative. Two natural questions arise:

(A) What are the obstructions to the existence of a momentum map?
(B) If the G-action admits a momentum map, under what conditions is it a Lie
algebra homomorphism?

Let us give some answers to these questions.

(A) The map H : F(P) — P(P) given by F — X is a Lie algebra anti-
homomorphism. Denote by H(P) the Lie algebra of globally Hamiltonian
vector fields. The existence of a momentum map is equivalent to be able to lift
the anti-homomorphism of Lie algebras p : £ € g — £p € P(P) through H
to a linear map J : g — F(P). So consider the following diagram where i is
the inclusion and 7 the projection

0——=C(P) ——= F(P) P(P) —=P(P)/H(P) —=0

N

g
If the linear map J : g — F(P) is such that H o J = p, then m o p =
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mo H o J = 0 by the exactness of the sequence. Conversely, if 7 o p = 0,
then p(g) C H(P), that is, each {p is globally Hamiltonian, so there exists a
function J¢ € F(P) such that ép = X je. Requiring that & — J¢ be linear,
yields the existence of a momentum map. So under what conditions do we
have that 7o p = 0?

®

(i)

(iii)

(iv)

If P is symplectic then P(P) coincides with the Lie algebra of locally
Hamiltonian vector fields and P(P)/H(P) is isomorphic to the first
cohomology group H!(P), which is an Abelian Lie algebra. Thus,
in the symplectic case, m o p = 0 if and only if the induced map
g/lg, 9] — H'(P) vanishes. This happens, for instance, if g is a
semisimple Lie algebra because in that case, [g, g] = g.

If P(P)/H(P) = 0 then clearly w o p = 0. If P is symplectic this is
equivalent to the vanishing of the first cohomology group H'!(P).

If P is exact symplectic, i.e., the symplectic form is {2 = —d©, and ©
is a g-invariant one-form, which means that £,,0 = 0 for all { € g.
Indeed, di¢, © + i, d© = 0, implies that i, = d (i¢, ©), that is,
the momentum map is given by J* = it ©.

An important special case of the previous situation is P = 7™ and
the GG-action on P is lifted from a G-action on @), that is,
g-Ctq = T;qq)g*l (O‘q)a

foray € T;Q, g € G,and ® : G X Q — Q an action. By theorem 2.14
a cotangent lift preserves the canonical one-form © on 7*(). There-
fore, by the previous case, this action admits a momentum map which
is given by (J,§) = i, ©. This expression can be further simplified
using (2.8) and the equivariance of the projection 7 : T*@Q) — @, that
is, moT* P 1 = P omforallg € (. The derivative of this relation rel-
ative to g at the identity in the direction £ € gyields Tmo&p = {go.
Therefore

(J(g), &) = 1, O(ag) = (O(ay), Ep(ay)) = (g, (T 0 Ep)(g))
= (g, (€@ o m)(aq)) = {aq;€0(9)) - (5.11)

(B) To say that J : g — F(P) is a Lie algebra homomorphism is equivalent
to the identity

Jlénl — {Ji’f?} (5.12)
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for all £,n € g. How far are we from such a relation? To see this, note that

Xyen =1&np (by definition of J)
— fepnel by (58)
= — [X ¢, X yn] (by definition of J)
= X{ge gmy (H is an antihomorphism ).

(5.13)

Equation (5.13) shows that Jenl — {Jg, J"} is a Casimir function, which we
shall denote by 3(&, 7). Thus J : g — F(P) is a Lie algebra homomorphism
ifand only if ¥(¢,n) = 0forall §,n € g.

The map ¥ : g x g — C(P) has remarkable properties, easily deduced from
the definition: it is bilinear, antisymmetric, and satisfies the cocycle identity,

X(€, I, ¢))+2(n,[¢, &) +2(¢,[€,n]) =0

for all £,n,( € g, that is, ¥ is a C(P)-valued 2-cocycle of g. So J is a Lie
algebra homomorphism if and only if [X] = 0 in H?(g,C(P)), the second
C(P)-valued Lie algebra cohomology group of g.

When J verifies (5.12) we say that it is infinitesimally equivariant. This
terminology is justified in the following way. The momentum map J : P — g*
is said to be equivariant, if

Ad;71 OJ:JO(Pg

for all ¢ € G. Pairing this relation with n € g, putting g = expt¢, and
taking the derivative of the resulting relation at ¢ = 0, yields (5.12). Thus
equivariance implies infinitesimal equivariance. The converse is also true if G
is connected (see [MaRa94], Theorem 12.3.2).

Here are two classes of equivariant momentum maps that appear often in
applications.

(i) The momentum map in point (A)(iii) is equivariant. Thus momentum
maps of cotangent lifted actions (see (5.11)) are always equivariant. To
see this, use (5.8) and G-invariance of © to get

(J(g-2),§) =i, O(g9-2) =0O(g-2) (Ep(9-2))
=0(g-2) (T-9,(®;p)(2))
= (©;0)(2) ((Adg-1 &) p(2))
=0(2) (Adg-1 &) p(2)) = (J(2),Adg-1 &)
= (Adg-1 J(2),9),

which shows that J(g - z) = Adj-1 J(2).
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(i) For compact groups one can always choose the momentum map to be
equivariant. More precisely, if the canonical G-action on the Poisson
manifold P admits a momentum map J : P — g* and G is a com-
pact Lie group, then J can be changed by the addition of an element
in L(g,C(P)) such that the resulting map is an equivariant momentum
map for the same action. In particular, if P is symplectic, J can be
changed by the addition of an element of g* on each connected compo-
nent of P so that the resulting map is an equivariant momentum map.

To prove this statement, define for each g € G

J9(z) :=Ad} . I(g™" - 2)
or equivalently,
(J9)¢ = Jhds—1 8o Py

Then J9 is also a momentum map for the G-action on P. Indeed, if
z€ P, e€g,and F : P — R, we have by (5.8)

{F.(J9)}(z) = —d(J9)(2)- X ( )
= —dJM (g ) T XF( )
= —dJMe 8 (g2 (<I> XF)( Loz)
= —dJMo (g7 2) Xgup(gT - 2)
R M )
= X aa s (@, F] (g7 2)
— (A Op[®}Fl(g )
(P3P @GF] (97" 2)
= dF(z)-¢p(2)
= {FJ}(2).
Therefore, {F, (J9) — J¢} = 0 forevery F : P — R, thatis, (J9)¢ —

J¢ is a Casimir function on P for every g € G and every £ € g.
Therefore, since J is a momentum map, so is J¢ for every g € G. Now

define
(J) ::/Jgdg
G

where dg denotes the normalized Haar measure on G, that is, the vol-
ume of G is one. Equivalently, this definition states that

7= [ (g
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for every & € g. By linearity of the Poisson bracket in each factor, it
follows that

()} = /G (F.(J9)}dg = /G (F.J¢}dg = {F. T}

for every F' € F(P). Thus (J)¢ — J¢ is a Casimir on P forevery £ € g
which shows that (J) —J € L(g,C(P) and that (J) : P — g* is also
a momentum map for the G-action.

Finally we show that the momentum map (J) is equivariant. Indeed,
begin by noting that

J9(h-z) = Adi . I" 19(z)

for every g, h € G. Using invariance of the Haar measure on G under
translations and inversion, we have for any h € G

<J>(h-z):/GAd;,th’lg(z)dg:Ad;,lLJh’lg(z)dg
= Ad; . / JE(2)dk = Ad; -1 (3)(2),
G

where in the third equality we made the change of variables g = hk.

A crucial property of infinitesimally equivariant momentum maps is given
in the following statement.

Theorem 5.2 If J is an infinitesimally equivariant momentum map for the
canonical G-action on the Poisson manifold P then J is a Poisson map, that
is,

JHAR, o} ={J"Fy, J Ly}
Sforall F1, F» € F(g*), where {, }; denotes the + Lie-Poisson bracket on g*.

Proof For F1,Fy :g* — R,z € P,and u = J(2) € g, let & := % and
n:i= %. Then

TR R (2) = (R R, OG) = (. [58 52])
= (3(2). [e.)) = JE(2)
={J5,J},

where the last equality follows by infinitesimal equivariance.
But, for z € P and v, € T, P, we have

d(Fo)(2)(v:) =dR(p) (TI(.) = (T.(v.), 5

= (T.3(v,), &) = dJ¢(2)(vs).
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Thus d (Fy 0 J) (2) = dJ(2). So, as the Poisson bracket on P depends only
on the point values of the first derivatives, we have

{Fiod, Fyod} () = {577} ()

which proves the theorem. |

Remark 5.3 The same result holds if G acts on the right, provided that we
consider on g* the minus Lie-Poisson structure.

Theorem 5.4 (Noether’s Theorem) Let P be a Poisson manifold, G a Lie
group acting canonically on P admitting a momentum map J and H : P — R

a G-invariant function. Then J is a constant of motion for H. That is, if ¢; is
the flow of X then J o ¢y = J.

Proof If H is G-invariant then £p[H] = 0 which implies
0=¢plH] = Xye[H] = {H,J*} = —Xg[J9].

So J¢ is constant on the flow of X for every ¢ € g. |

5.3 Examples of Momentum Maps

1. The Hamiltonian

The flow ¢, of a complete vector field on a manifold P defines an R-action
on P given by ¢(t, z) := ¢¢(2).

Consider the R-action on a Poisson manifold P given by the flow of a com-
plete Hamiltonian vector field X ;. Since the flow of X is canonical, this
action preserves the Poisson bracket. Let us show that H : P — R is an
equivariant momentum map for this action. Indeed, if s € R, its infinitesimal
generator is

d
sp(x) = | Gel2) = sXu(2) = Xon(2)
€le=0
which shows that J° = sH. Identifying R with R* using the product of el-
ements in R, we get hence J = H. Invariance of H is equivalent to the
conservation of energy.

2. Linear momentum
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Let N € N and consider the N-particle system, with configuration space
Q = R3N. Let R? act on Q by translations, i.e., ® : R? x Q — @ is given by

(xa(qlv"‘qu)) = ((h +x7qu+x)

The infinitesimal generator corresponding to & € R3 is:

d
gQ(qlaan): E q)(t§7(q177qN))
t=0
=% t=0(Q1+tf,-~-,QN+t§)

= (57 cee 75) € T(qhn-ﬁIN)RSN'

Thus, by (5.11), the lifted R3V -action to 7*R>3" admits an invariant momen-
tum map given by

<J(CI17~-~QN7P17~-~7PN)75> = <(P1»PN)7§Q(Q1a7QN)>
:pl.er...erN. :(p1+...pN).§7

thatis, J(q1,...qn, P, ..., pY) = p' +...p", which is the classical linear
momentum.

3. Angular momentum

Let Q@ = R3 and @ : SO(3) x R3 — R3 be the standard action ®(A, q) :=
Aq. Using the isomorphism of the Lie algebras (R3, x) and (s0(3), [, ])
given by (1.13) and the expression (5.9) of the infinitesimal generator, the
equivariant momentum map (5.11) for the lifted action of SO(3) to T*Q is
given by

(J(a,p),§) = ((a,p),¢e(@) =p- ({ xa)=(axPp) &

where ¢ € R3. Thus J(q,p) = q x p which is the classical angular momen-
tum.

4. Momentum map for matrix groups

Denote by GL(n,R) the group of linear isomorphisms of R™ to R", that
is the general linear group. Let G be a Lie subgroup of GL(n,R), with Lie
algebra g C gl(n,R). Consider the action of G on @) := R" to be by matrix
multiplication on the left, that is, ® : (4,q) € G x R" — Aq € R". For
& € g the corresponding infinitesimal generator is given by:

d
{olq) = @, exp(t§)q = £q.

Identify gl(n, R)* with gl(n, R) via the positive definite inner product on gl(n, R)
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given by
(a,b) = trace (aTb), (5.14)

where a” is the transpose of a. By (5.11), the momentum map for the cotan-
gent lifted action is given by:

(J(a,p),&) =p-&qg(a) = p - &q = trace (p” ¢q)
= trace (qp” €) = (pq”, ).

for any ¢ € g. Now write gl(n,R) = g @ g+, where the perpendicular is
taken relative to the inner product (5.14) and let IT; : gl(n,R) — g be the
corresponding orthogonal projection. Then g is identified with g* and we get,
J(a,p) = y(pq").

5. Canonical momentum map on g*

The Lie group G acts on the dual g* of its Lie algebra g by the coadjoint
action. Since Ad, : g — g is a Lie algebra isomorphism for every g € G,
Proposition 4.10 insures that the coadjoint action is canonical relative to the
Lie-Poisson bracket on g*. The infinitesimal generator corresponding to £ € g
for the coadjoint action is, for x € g* and 1 € g, given by:

d N d
<€Q* (/j‘)v 77> = E —o <Adcxp(7t§) My 77> = a ‘t_o <:u7 Adexp(—tf) 7]>
= (u, [=&,m]) = (u, — ade n) = (—adg p,m), (5.15)

50 g« = —adg forevery ¢ € g.
By Proposition 4.9, the Hamiltonian vector field for H € F(g*) has the
expression

Xu(p) = Fadjy s, p-
Therefore, the momentum map for the coadjoint action, if it exists, must satisfy
Fadgssess, p=—ad;p forall {€g, and pue€ g,

which shows that the momentum map for the coadjoint action exists and is
given by (J(p), &) = £(p, §). Therefore J = +idy-.

6. Momentum map for products
Let P, and P, be Poisson manifolds and P; x P; be their product endowed
with the product Poisson structure, that is, if F', H : P; X P, — R, then

{F7H}P1 X Pa (Zlv 22) = {FZ27HZ2}P1 (21) + {FZ17HZ1 }Pz (22)’

where F,, := F(z1,-) : P, — R and similarly for F,, := F(-,2z2) : P, — R.
Let® : G x P, —- Ppand ¥ : G x P, — P, be canonical G-actions
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admitting (equivariant) momentum maps J; : P, — g and J3 : Po — g3
respectively. Then the product action II : G x P, x P, — P; x P, given
by II(g, (21, 22)) := (®(g,21), ¥(g, 22)) admits an (equivariant) momentum
map J : Py x Py — g* given by J(z1, 22) = J1(21) + J2(22).

To prove this statement, we begin by showing that the action II is canonical.
Indeed, for every g € G we get

{F, H}poxp, (g (21, 22)) = {F, H} p s, (9(g, 21), ¥ (9, 22))
={Fy2ns Hgop } P (P(9,21)) + {Fyzrs Hyzy 1, (9, 22))
={Fyz 0Py, Hyzy 0 @glp (21) + {Fyzy 0 Wy, Hyooy 015} p,(22)
={(Folly).,, (Holly):,}p, (21) + {(F olly)z,, (H o Ily)., } p,(22)
={Folly,,Holly}p xp,(21,22).

For £ € g, the infinitesimal generator of II corresponding to £ is given by
I (exp(t), (21, 22))
t=0

= % o (P(exp(t), z1), ¥(exp(t&), z2))

= (§p,(21), €y (22)) = (X e (21), X e (22))

= Xgp (20 22)

Epixpy(21,22) =

dt

where the Hamiltonian vector field in the last line is on P; x P, for the function
(J5,J5) (21, 22) == (J5(21),J5(22)) = (J1(21) + Ja(22),€). This shows
that a momentum map for the product action is given indeed by J(z1, 22) =
J1(21) + J2(22), as stated.

If J; and J5 are equivariant so is J, as an easy computation shows.

7. Momentum maps for the cotangent lift of the left and right translations
of Gto TG

Let G be a Lie group and denote by Ly(h) := gh and R4(h) := hg the left
and right translations of G on itself. Denote by J, and J g the corresponding
equivariant momentum maps of the lifts of these actions to 7*G. To compute
these momentum maps we use (5.11) to get forany ay € T;G and § € g

1006 =0 5

Lexp(tﬁ)g> = <ag7T€Rg£> = <T;R$]a97£>

t=0
(a0 = (o0 5

RCXP(tE)g> = <a97TeLg £> = <T(:Lgag)€>a
t=0
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which shows that

Ji(ag) =T Ryjay and Jg(ay) =T Lgoy. (5.16)

8. Momentum map in Maxwell’s equations

Let A be the space of vector potentials A on R3, that is, smooth functions
A :R?® — R3. Let P := T* A, whose elements are denoted (A, —E) with A
and E vector fields on R3. Let G = F(R?) act on A by

¢- A=A+ grad¢.

The Lie algebra g of G coincides with F(R?) and we formally think of g* as g
via the weakly nondegenerate L? pairing. Thus given ¢ € g, the corresponding
infinitesimal generator is:

Ea(A) = grad .

Assuming that all computations below are justified by imposing the relevant
decay conditions at infinity, the momentum map (5.11) becomes in this case

(J(A, —E),§>:/—E-gradgdsx:/(divE)gd?’x.

Thus the invariant momentum map J : T7* A — F(R?) is J(A, —E) = divE.

9. Clairaut’s Theorem

Let @) be a surface of revolution obtained by rotating the graph of the smooth
function » = f(z) about the z-axis. Pull back the usual Riemannian metric
given by the Euclidean inner product on R3 to @ and identify 7*Q with T'Q
using this induced metric. The circle S acts on @ and the Riemannian metric
on () is obviously invariant under this action. Consider the geodesic flow on
@, so the Hamiltonian of this vector field on 7'Q) is given by the kinetic energy
of the metric; thus it is also S invariant. The infinitesimal generator of £ € R,
the Lie algebra of S, is given by

costé —sint€ 0

d .
€o(q) = 7 sint¢ costé 0 |q=¢&kq=<¢kxq.
=0 0 0 1

Therefore, the momentum map J : TQQ — R, given by (5.11), has the expres-
sion

J(q,v) =v-&k x q=¢&r||v] cosf

since r is the distance of q to the z-axis and where 6 is the angle between v
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and the horizontal plane. Recall that ||v|| is conserved since the kinetic energy
is constant on the geodesic flow. By Noether’s theorem it follows that J is
conserved which then implies that r cos 0 is conserved along any geodesic on
Q. This is the statement of the classical Clairaut’s theorem.

10. Momentum map for symplectic representations

Let (V, Q) be a symplectic vector space and let G be a Lie group acting lin-
early and symplectically on V. This action admits an equivariant momentum
map J : V — g given by

() = (3(0),6) = 59(E - v,0),

where ¢ - v denotes the Lie algebra representation of the element £ € g on the
vector v € V. To verify this, note that the infinitesimal generator £y (v) = &-v,
by the definition of the Lie algebra representation induced by the given Lie
group representation, and that Q(§ - u,v) = —Q(u,& - v) for all u,v € V.
Therefore

dJE (u)(v) = %Q(é o, ) + %Q(g o) = Q€ - u,0).

Equivariance of J follows from the obvious relation g=!-¢-g-v = (Ady-1 &)-v
foranyg € G,£ € g,andv € V.

11. Cayley-Klein parameters and the Hopf fibration

Consider the natural action of SU(2) on C2. Since this action is by isome-
tries of the Hermitian metric, it is automatically symplectic and therefore has
a momentum map J : C? — su(2)* given in example 10, that is,

(3(z,w),€) = SOAE- (z,w), (z,w)),

where z,w € C and £ € su(2). Now recall from §2.1 that the symplectic form
on C? is given by minus the imaginary part of the Hermitian inner product.
The Lie algebra su(2) of SU(2) consists of 2 x 2 skew Hermitian matrices of
trace zero. This Lie algebra is isomorphic to s0(3) and therefore to (R?, x) by
the isomorphism given by

- 1 —ix? —izt — z2
1.2 .3 3
x=(x,z°,2°) e R® — x:= = . . € su(2).
(2% 27) 2| —iz! + 22 iz® (2)

Thus we have [X,y]| = (x x y)~ for any x,y € R3. Other useful relations are
det(2x) = ||x||? and trace(Xy) = —ix - y. Identify su(2)* with R® by the
map i € su(2)* — ji € R3 defined by
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for any x € R®. With these notations, the momentum map J : C2 — R3 can
be explicitly computed in coordinates: for any x € R3 we have

J(z,w) -x==-2(J(z,w),X)

1 —ix? —izt — 22 z z
5 Im 1 2 3 :
2 —ix- +x 1T w w

1
—5(2Re(w§),21m(w§), |22 — |w]?) - x.

Therefore

1
J(z,w) = —5(211127 2]* — |w]?) € R3,

By Theorem 5.2, J is a Poisson map from C2, endowed with the canonical
symplectic structure, to R3, endowed with the + Lie Poisson structure. There-
fore, —J : C2 — R? is a canonical map, if R® has the — Lie-Poisson bracket
relative to which the free rigid body equations are Hamiltonian. Pulling back
the Hamiltonian H (ITI) = II - I7'TI/2 to C? gives a Hamiltonian function
(called collective) on C2. The classical Hamilton equations for this function
are therefore projected by —J to the rigid body equations II=1IIx I 'IL In
this context, the variables (z, w) are called the Cayley-Klein parameters. They
represent a first attempt to understand the rigid body equations as a Hamilto-
nian system, before the introduction of Poisson manifolds. In quantum me-
chanics, the same variables are called the Kustaanheimo-Stiefel coordinates.
A similar construction was carried out in fluid dynamics making the Euler
equations a Hamiltonian system relative to the so-called Clebsch variables.

Now notice that if (z,w) € S := {(z,w) € C? | |2|> + |w|* = 1}, then
| = J(z,w)|| = 1/2, so that —J|gs : S® — S} /9> Where S, is the sphere in
RR? of radius 1/2. It is also easy to see that —J |gs is surjective and that its fibers
are circles. Indeed, given (2!, 2% 23) = (2! + iz? 23) = (re™,2?) € 53/2,
the inverse image of this point is

—J (e, %) =

{ (ew\/% —l—xS,ew\/% - x3> e s? | et0—¢t+¥) — 1} .

One recognizes now that —J|gs : S — S2 is the Hopf fibration. In other
words, the momentum map of the SU (2)-action on C2, the Cayley-Klein pa-
rameters, the Kustaanheimo-Stiefel coordinates, and the family of Hopf fibra-
tions on concentric three-spheres in C? are the same map.
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6 Lie-Poisson and Euler-Poincaré Reduction

In this lecture we shall present the simplest case of reduction, namely the Lie-
Poisson reduction theorem. It states that the quotient of a cotangent bundle
of a Lie group by the lift of the left or right translation is Poisson isomorphic
to the dual of the Lie algebra endowed with the + Lie-Poisson bracket. The
symplectic leaves of this Poisson structure are the connected components of the
coadjoint orbits. The Lagrangian version of this result is a reduced constrained
variational principle that is equivalent to first order equations on the dual of
the Lie algebra, called Euler-Poincaré equations. We shall carry out in detail
several examples both in finite and in infinite dimensions.

6.1 Lie-Poisson Reduction

One way to construct new Poisson manifolds out of known ones is by symme-
try reduction.

Let GG be a Lie group acting canonically on a Poisson manifold P. Assume
that the orbit space P/G is a smooth manifold and the quotient projection
m : P — P/G a surjective submersion. This is the case, for example, if the
G-action is proper and free, or proper with all isotropy groups conjugate. Then
there exists a unique Poisson bracket {-, -} p/¢ on P/G relative to which 7 is
a Poisson map. The Poisson bracket on P/ is given in the following way. If
F,H € F(P/@G), then For, Hor € F(P) are G-invariant functions and, due
to the fact that the action is canonical, their Poisson bracket {F om Ho 7} is
also G-invariant. Therefore, this function descends to a smooth function on the
quotient P/G this is, by definition, {ﬁ‘ , H } p/c: and we have, by construction,
{Fom,Horm} = {F, E[}P/G o . Itis easy to see that {-,-} p/¢ so defined
satisfies all the axioms of a Poisson bracket. This proves in a constructive
way the existence of the Poisson bracket on the quotient. In addition, because
m: P — P/G is a surjective Poisson submersion, the bracket on the quotient
is necessarily unique with the requirement that 7 is a Poisson map.

When the manifold P is the cotangent bundle 7*G of a Lie group G and
the action of G on T*G is by cotangent lift of the left (or right) translation
of G on itself, the reduced space (T*G)/G is naturally diffeomorphic to the
dual g* of the Lie algebra g of G. The goal of this section is to show that the
quotient Poisson bracket is the minus (or plus) Lie-Poisson bracket. To do this,
we follow the presentation in [MaRa94], §13, and we will give two proofs.

First Proof. The left and right translations by g € G are denoted by L, (h) :=
gh and Ry(h) = hg. Let Fr(T*G) be the space of smooth left-invariant
functions on T*G, that is, F, € Fr(T*G) if and only if Ff, o T*L, = F},
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for all g € G, where T*L, is the cotangent lift of L,. Similarly, a right-
invariant function Fr verifies Fr o T* R, = F'r and the space of all smooth
right invariant functions on 7*G is denoted by Fr(T*G). Note that Fr,(T*G)
and Fr(T*@G) are closed under Poisson bracket.

Any F' € F(g*) can be uniquely extended to a left (respectively right) in-
variant function F, (respectively Fig) on T*G by setting

Fr(ag) == F(T; Lgay) = (F o Jg)(ay)

(respectively Fr(ay) := F(Ty Rgag) = (F o Jp)(cy)). Here J, and J are
the momentum maps for the left and right translations given by (5.16).

So, composition with J p (respectively with J ;) defines, by Theorem 5.2, an
isomorphism of Poisson algebras F(g* ) — F(T*G) (respectively, F (g% ) —
Fr(T*G)) whose inverse is the restriction to the fiber TG = g*:

{F,H}ioJR:{FOJR,HOJR}:{FL,HL},
{F,H}+OJL:{FOJL,HOJL}:{FR,HR},

{FaH}—:{FLvHL}|Q*a and {FvH}+:{FR>HR} |E*a

where {-,-}, are the Lie-Poisson brackets on g* and {-,-} is the Poisson
bracket on T*G. [ |

While mathematically correct, this proof is unsatisfactory for it requires to
know a priori that g* is a Poisson manifold. This is why we shall give below
a second proof in which the Lie-Poisson bracket is discovered by carrying out
the identification of (T*G)/G with g* explicitly.

Second Proof. This is done in several steps. We begin by noting that the map
P:XeX(Q)r— (- X) € L(T*Q), where

L(T*Q) :={f € F(T'*Q) | f linear on the fibers }

is a Poisson subalgebra of F(T*(Q), is a Lie algebra anti-isomorphism. To
see this, work in coordinates and note that F, H € L£(T*Q) if and only if

F(q,p) = X'(q)pi, H(q,p) = Y*(¢)p; and hence
_OFOH OHOF (aX i Y Xi>

Thus, {P(X),P(Y)} = —P ([X,Y]). This immediately implies that the lin-
ear isomorphism Y € X(Q) — Xp(y) € {XFr | F € L(T*Q)} preserves the
Lie brackets. Indeed,

(X, Y] = Xpxy) = —Xpx) o) = [Xpx), Xpi]
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forany X, Y € X(Q). Thus Y € X(Q) — Xpry) € {Xr | F € L(T*Q)} is
a Lie algebra isomorphism.

Next we prove that if the flow of X € X(Q) is ¢, then its cotangent lift
T* ¢4 is the flow of Xp(x).

To see this, let 7 : T*Q — @ be the canonical projection. Differentiating at
t = 0 the equation m o T*¢p_; = ¢y 0 T, We get

TroY =Xom where Y(a,) = i

di T* ¢t ().

t=0

So T*¢_, is the flow of Y. As T*¢_; preserves the canonical one-form, it
follows that £y© = 0 and hence iy = d(iy®). This shows that YV is
Hamiltonian with energy iy ©(a,) = (aq, (Tm oY) () = (g, X(q)) =
P(X)(ay), thatis, Y = Xp(x), which proves the statement.

Finally we shall implement the diffeomorphism between (7*G)/G and g*
given by dropping to the quotient the left invariant map Jp : TG — g*.
Concretely, we shall prove that the push-forward by this diffeomorphism of
the quotient Poisson bracket on (7T*G) /G gives the known formula

= (n[35])

To achieve this, we shall show that if F, H € F(g*), we get the identity
{Fr,Hp}|g- ={F,H}_.

This is done in the following way. Since the Poisson bracket of any F', H €
F(g*) depends only on the differentials of F and H, it is enough to prove the
statement for linear functions on g*. So we can replace the general smooth
function F' : g* — R with its linear part

F(u) = <u, §—i>

Then, denoting by &, the left invariant vector field on G whose value at the
identity is & € g, that is, £1,(g) := T. L&, we get

"o

(s () (o (), 0)
() Yo

Fl (o) = F* (T,L: (o) = <TeL;<ag> 5F>
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Therefore if ;1 € g* we have

o= {7 ((5),) 7 ((5),) o
oF 0H
P(1(5), (5), )
oF 0H oF 60H
() o~ 8,0
(|5 B ) = 0 = (7 )

which ends the proof. |

{Ff, HEY

g* (1)

Thus, the identification of the set of real-valued functions on g* with the
left (respectively, right) invariant functions on T* G endows g* with the minus
(respectively the plus) Lie-Poisson bracket.

6.2 Lie-Poisson Reduction of Dynamics

In this section we shall discuss the Lie-Poisson reduction of dynamics. Since
the momentum maps Jr : 7*G — g* and Jp, : TG — g7, are Poisson maps,
they will map integral curves of left and right invariant Hamiltonian vector
fields to integral curves of Lie-Poisson Hamiltonian systems. This immediately
yields the following theorem.

Theorem 6.1 (Lie-Poisson reduction of dynamics) If H : TG — R is a
left (respectively, right) G-invariant function its restriction H~ := H|g- (re-
spectively, HT := H|g4+) to g* satisfies

H=H oJgr (respectively H" =HolJyp),

where Jp = T* Lyag and J;, =T" Ryay for all oy € T, G.

The flow Fy of Xg on T*G and the flow, F,” of X - on g* (respectively,
F of Xy+ on g% ) are related by Jr o Iy = Fy” oJ g (respectively, Jp o Fy =
Ft+ o JL.

As the original Hamiltonian and the reduced Hamiltonian are related by a
momentum map we can get some additional information using the fact that the
momentum map is a conserved quantity.

Proposition 6.2 Let H : T*G — R be left-invariant, H- = H|g4, a(t) €
Ty G an integral curve of Xp, pu(t) = Jr(a(t)), and v = Jp((t)). Then

V= Ad;(t)—l /L(t)
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Proof The curve v(t) := Jp(a(t)) = T Ryy(t) is constant by the Noether
theorem, say equal to v. As u(t) = Jr(a(t)) = T Lyya(t), we get

v =T Rypo(t) = (Té‘ Ry © Tg*a)Lg*l(t)) p(t) = Adg-y pult)
which proves the statement. |

It is interesting to relate the reduced dynamics to its left (right) trivializa-
tion. Explicitly, T*G is diffeomorphic to G x g* via the left trivialization
diffeomorphism

A TG — G xg", Mayg) = (9, T Lg(ag)) = (9, Ir(g)) .

Since J i is equivariant, X is an equivariant diffeomorphism for the cotangent
lift of the left translation and the following action of G on G x g*

g- (ha /J’) = (gh’:u)'

Thus (T*G)/G is diffeomorphic to (G x g*)/G. As G does not act on g*,
it follows that (G x g*)/G is equal to g* and we see again that (T*G)/G is
diffeomorphic to g*.

If X is the Hamiltonian vector field on T*G for a left invariant Hamilto-
nian f, a lengthy but elementary computation (see, e.g. [MaRa94], Proposi-
tion 13.4.3) shows that the left trivialization A\, X g equals

0H~ X %
()\*XH) = <T€ng,u,ad(n{/5# /1,> S TgG X Ty‘g s (61)

which says that Hamilton’s equations on G x g* for the push forward Hamil-
tonian function A, H and the push forward symplectic form A, are

0H~

T 6.2)

,L.l‘: ad;H*/équ g =T.L
Note that the first equation is just the Lie-Poisson reduced Hamiltonian vector
field and hence does not depend on g € G. Once the first equation is solved,
the second one yields a linear equation with time dependent coefficients, that
is, the second equation is what one usually calls a “quadrature”. We summarize
these remarks in the following Reconstruction Theorem.

Theorem 6.3 Let H : TG — R be a left-invariant Hamiltonian, H~ =
H|g-, and p(t) the integral curve of the Lie-Poisson equations

dp .
o adspr— /5, 1
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with initial condition (0) = T Ly, (og,). Then the integral curve a(t) €
Ty G of Xy with initial condition o (0) := o, is given by

a(t) = Ty Lgy-1 (1),
where g(t) is the solution of the equation

dg(t) 0H~

dt = teliyg(t) 51“ ’

with initial condition g(0) = go.

Proof A curve «(t) is the unique integral curve of Xy with initial condition
a(0) = ay, if and only if

Aa(t)) = (g(t), TE Lyyal(t)) = (9(t), Jr(a(t))) = (g(t) , p(t))
is the unique integral curve of A\, Xz with initial condition
AMa(0)) = (g0, T¢ Lgyrgy)-
So, the result follows from equation (6.1). |

A similar statement holds for right invariant Hamiltonians by replacing ev-
erywhere “left” by “right” and — by + in the Lie-Poisson equations.

6.3 Coadjoint Orbits

In §4.2 we studied the internal structure of a Poisson manifold, namely, its
stratification into a disjoint union of symplectic leaves. In this section we shall
see that the symplectic leaves of the Poisson manifold g* endowed with the
Lie-Poisson bracket are the connected components of the coadjoint orbits.
The coadjoint orbit O(p) through p € g* is the subset of g* defined by

O(p) =G - p:={Ad;-1(n) : g€ G}.

Like the orbit of any Lie group, O(y) is an immersed submanifold of g* but
is not, in general, a submanifold of g*. If G is compact then O(p) is a closed
embedded submanifold of g*. This is, in general, not true for an arbitrary Lie
group. Coadjoint orbits of algebraic groups are also embedded submanifolds.

For any smooth Lie group action ® : G x M — M on a manifold M, the
orbit through a point m € M is the set

Om:{@(g’m)|g€G} C M.
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For m € M, the isotropy subgroup of ® at m is
Gmn={9€G|®(g,m)=meG}CQG.

Since the map ®™ : G — M, given by & (g) := ®(g, m), is smooth, G,,, =
(®™)~1(m) is a closed subgroup and hence a Lie subgroup of G. The bijective
map [g] € G/G, — P(g,m) € O, induces a manifold structure on O,, that
makes it diffeomorphic to the smooth homogeneous manifold G/G,,,.

Recall that for § € g the family of diffeomorphisms ¢ — @, (1¢) on M de-
fines a flow and the corresponding vector field £y, € X(M) is the infinitesimal
generator of the action. Thus

d

Em(m) := @, Pexp (1) (M)

This definition shows that the tangent space to the orbit O,, is given by
T O = {fM(m) ‘ f € g} :

We apply these general considerations to M/ = g* and the G-action the
coadjoint action. Then the orbit through p € g* is diffeomorphic to G/G,,
where G, is the isotropy subgroup of

Gu={9e€G|Ad;pn=p}.
We recall that for £ € g, the infinitesimal generator for the coadjoint action
corresponding to £ is given by (5.15), that s,
- (1) = —ad; .
Therefore
1.0, ={-adgu| g} =g,

where g7, := {v € g* | (v,n) =0 forall m € g,.}, 9, = {§ € g | adg u = 0},
and (-,-) : g* x g — R is a strongly nondegenerate pairing (see [MaRa94],
Proposition 14.2.1).

The next theorems show that the symplectic leaves of the Poisson manifold
g* are the connected components of the coadjoint orbits and give explicitly the
symplectic form. The proofs can be found in [MaRa94].

Theorem 6.4 Let G be a Lie group and let O C g* be a coadjoint orbit. Then
O is a symplectic manifold relative to the orbit symplectic form

wE (1) (&g (1), mg= (1)) := £, [€,m]) (6.3)
forall e Oand&,n € g.
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The symplectic form (6.3) is also known as the Kostant-Kirillov-Souriau
symplectic form.

Theorem 6.5 The Lie-Poisson bracket and the coadjoint orbit symplectic struc-
ture are consistent in the following sense: for F, H : g* — R and O a coad-
Jjoint orbit in g*, we have

{F7H}+|O = {F|07H|O}+’

where, {-, -} is the + Lie-Poisson bracket, while {-, -} is the Poisson bracket
defined by the + coadjoint symplectic orbit structure wt on O. Similarly,

{F.H} |o={Flo,H|o}".
We summarize below some results for coadjoint orbits:

e For p,v € g* and H : g* — R, the Hamiltonian vector field for H is
Xpu(v) = adjy s, (v). Therefore, if v € O then Xp(v) is tangent to O.
So the trajectory of X starting at u € O C g* stays in O.

e Recall that a function C' € F(g*) is a Casimir if and only if 0 = X (i) =
adgc/(m . Thus if C'is a Casimir of g* then 6C'/ép € g,, forall 1 € g*.

o (Duflo-Vergne Theorem) Let g be a finite-dimensional Lie algebra with
dual g* and let r := min{dim g, | n € g*}. Theset {y € g* | dimg, =}
is Zariski open and thus open and dense in the usual topology of g*. If
dimg,, = r, then g,, is Abelian.

o If C € F(g*) is Ad"-invariant, i.e C(Adj-. ) = C(u), then the differen-
tiation of this equality with respect to g at g = e shows that C' is a Casimir
function. Thus, a function that is constant on coadjoint orbits is necessarily
a Casimir function.

In general Ad*-invariance of C is a stronger condition than C' being a
Casimir. A theorem of Kostant gives a characterization of which Ad*-
invariant functions are Casimirs. Namely, an Ad*-invariant function C' is
a Casimir if and only if §C'/dp lies in the center of g, for all 4 € g* (see
[MaRa94], Proposition 14.4.4).

The rest of this section is dedicated to working out a few examples.

(1) Rotation group. Recall from §5.1 that the coadjoint action of SO(3) on
50(3)* has the expression Ad%_: II = (AII)”~, where the isomorphism ~ :
R3 — s0(3)* is given by II(1) := IT- u forany u € R3 and " : (R3, x) —
(s0(3),[,]) is the Lie algebra isomorphism (1.13). Therefore, the coadjoint
orbit O = {AII | A € SO(3)} C R3 of SO(3) through IT € R? is a 2-sphere
of radius || IT]|.
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To compute the coadjoint action of s0(3) on its dual, let u, v € R? and note
that

<ad;§fl,\7> = <f[, [ﬁ,\?]> = <l:I,(u><V)A> =II-(uxv)
=M xu)-v=IIxu)",v),

which shows that adj I = (IT x u)~, proving (1.21). Therefore, THO =
{H xulue ]R?’} as expected, since the plane perpendicular to I, that is,
the tangent space to the sphere centered at the origin of radius ||II||, is indeed
givenby {IT x u|u € R3}.

The minus orbit symplectic structure on O is given hence by

w (MMM xu,IIxv)=—-II-(uxv).

How does this exactly relate to the area form on the sphere O? To see this,
recall that the oriented area of a planar parallelogram spanned by two vectors
a, b (in this order) is given by a x b. Thus, the oriented area spanned by IT x u
and IT x v is

(IIxu)x (IIxv)=(II-(uxv))II

The area element d.S on the sphere assigns to each ordered pair of tangent
vectors a, b the number dS(a,b) = n - (a x b), where n is the outward unit
normal. Therefore

dS(II x u,II x v) = (I xu)x (IIxv)) =T (uxv).

II
W .
This shows that

1
w (II) = —mdS.
We have computed in §1.2 the kinetic energy of a heavy top. If the center of
mass is the point of suspension of the top, that is £ = 0, then one obtains the
free rigid body and the total energy is the kinetic energy given by (1.38)

K(A, A) = _% trace(JA™ A+ A VAN A A).

This expression is on 7'SO(3) but using the Riemannian metric on SO(3)
obtained by left translating the inner product (1.34) on so(3) one obtains a
bundle metric on 7*SO(3) whose kinetic energy is the Hamiltonian of the
free rigid body. Its restriction to s0(3)* = R is given by

1
H(IT) = —IT-T7'II.
2
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By (6.2) the geodesic equations in left trivialization are
II=TIxI'IT and A=AI"'II

since VH (IT) = I~ 'I1. The first equation is the Lie-Poisson equation on R?
and the second one is a linear equation with time dependent coefficients and
gives the attitude matrix of the body. Since the concentric spheres centered
at the origin are the coadjoint orbits, the integral curves of the first equation
necessarily lie on them. In addition, the first equation is Hamiltonian on these
spheres relative to the orbit symplectic form and the Hamiltonian /. Thus
the solutions of the Lie-Poisson equation II = II x I~'II are obtained by
intersecting each sphere with the ellipsoids H(II) = constant. This shows
that there are six equilibria four of which are stable (rotation about the long
and short axes) and two of which are saddles (rotation about the middle axis).

(2) Affine group on R. Consider the Lie group G of the transformations 7" :
R — R, T(z) = ax + b with a # 0. We can identify G with the set of pairs
(a,b). As

(TQ [¢] Tl)(.T) = Tg(alil' —+ bl) = (agalx -+ (12(71 + bg)7
then the group multiplication on G = {(a,b) € R? | a # 0} is given by
(az,b2)(a1,b1) = (azar, azby + ba).
The identity element of G is e = (1,0) and the inverse of (a,b) is (a,b) ! =
(1/a,—b/a). The inner conjugation automorphism AD, ;) is given by
1 1 —b
AD (o (c,d) = (a,b)(c,d)(a,b)"" = (a,b)(c,d) | -, —

a’ a
= (¢, —cb+ ad + b).

The adjoint action is obtained differentiating AD, ;)(c, d) with respect to
(¢, d) at the identity e = (1,0) in the direction to (u, v) which gives

d

Ad = —

(a,b) (uv ’U) dt

o d

Cdt

= (u,av — bu).

AD (g0 (¢ + tu,d + tv)
t=0

(c+tu,—(c+tu)b+ a(d + tv) + b)
t=0

Thus, the adjoint orbit through (u,v) is {u} x R if (u,v) # (0,0) and is the
origin if (u,v) = (0,0). We shall see below that the coadjoint orbits are very
different.
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The underlying vector space of the Lie algebra g of G is R? since G is obvi-
ously open in R?. The Lie bracket is obtained by differentiating Ad 4 p) (u, v)
with respect to (a, b) at the identity in the direction of (r, s) which gives

(u, (a+tr)v — (b+ts)u) = (0,7v — su) = [(r,s), (u,v)], (6.4)

dt oy

for (r,5), (u,v) € g = R2.
Consider the pairing between g* and g to be the standard inner product in
R?, that is, g* = R2. So, for (, 3) € g* and (u,v) € g, we have
<Ad2‘a’b) (a, B), (u,v)> = ((o, 8), Ad (4 p) (1, v))
- <(O‘a 6)7 (uv av — bu)) - (0[ - ﬁb)u + Bav,
which shows that
Ad?a,b) (017 ﬂ) = (O[ - ﬁbv 6@)

So, if B = 0, the coadjoint orbit through («, 3) is the single point (c,0), while
if B # 0, the coadjoint orbit through (o, 3) is R? minus the a-axis; this latter
orbit is open in g*. This example shows that the dimensions of the adjoint and
coadjoint orbits can be different.

To compute the coadjoint action of g on g* we use (6.4) and the Euclidean
inner product for the duality pairing to get

(a1 (@.8). (r.)) = (@, B). [(w.2), (8)]) = (et B), (0.5 — )
— suf — 1o = {(~vB, uB), (r,5))
that is,
ady, (. ) = (8, uB).

This shows that T{, 3)O(q,g) equals is {(0,0)} if 3 = 0 or R? if 3 # 0, as
expected.
The minus Lie-Poisson bracket of F, H : g* — R is hence given by

OF OH _OF OH
90 98 98 da )

The orbit symplectic structure (6.3) for the open orbit O, that is, the orbit
passing through («, 8) with 3 # 0, equals

w0, B) ((ad (0, B),adl, (@, 8)) = = (e B), [, ), (w,0)])
= —f(rv — su),

{F,H}(a,) = —f (
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or, in canonical coordinates (o, 3) on O(q gy
1
w™ =—=daAdg.
B

Given a smooth function H : g* = R? — R, the Hamiltonian vector field
relative to the minus Lie-Poisson bracket is given by

Xp(a,B) = B(—0H/0B,0H/da).

As is obvious from this expression, an integral curve whose initial condition
(o, Bo) satisfies By > 0 (respectively 3y < 0) will satisfy the same condition
for all time. This verifies the standard fact that the open symplectic leaves
are invariant under the flow. In addition, all points on the line 5 = 0 are
equilibria, that is, the zero dimensional orbits are also invariant under the flow,
as expected.

(3) The group Diff, (D), vorticity representation. Let G = Diff,, (D) be
the group of volume preserving diffeomorphisms of a k-dimensional oriented
Riemannian manifold (D, g) with smooth boundary dD. The Riemannian vol-
ume form g on D is the unique volume form on D which is equal to 1 on all
positively oriented g-orthonormal bases of tangent vectors at all points of D.

The Riemannian volume g naturally induces a Riemannian volume form
on the boundary 9D (relative to the induced metric) given in the following
way. Leti : 0D — D be the inclusion. If vq...,v5_1 € T,(0D) is a
basis such that u(z)(n,v1,...,v5-1) > 0 for n the outward pointing unit
normal, define pyp(x) (v, ..., v5—1) := p(z)(n,v1,...,vx—1) and extend it
by skew symmetry and multilinearity to any other k-tuple of tangent vectors
in T, 0D. Recall that the normal n is pointing outward if, in a (and hence
any) chart on D intersecting D whose image lies in the upper half space
{(2*,...,2%) € R¥ | 2% > 0}, the vector n is collinear with —9/dx*. The
key relation that relates g, i, and pgp is

i*(iup) = g(v,n)pop (6.5)

for any v € X(D).

As we have seen in §5.1, formally, the Lie algebra of G is the Lie algebra
Xaiv (D) of divergence free vector fields tangent to the boundary 9D, endowed
with minus the usual bracket of vector fields. We have identified the dual
Xaiv(D)* with dQ'(D), assuming that the first cohomology group of D is
zero. The weak pairing (see §4.3) between Xq;y (D) and dQ' (D) was given
by

(u,w) € Xqiv(D) x dQY(D) — / afu)p €R, for w:=da (6.6)
D
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and the plus Lie-Poisson bracket by

0F 6H

forany F, H € F(Xaiv(D)).

The coadjoint action of the diffeomorphism 7 € Diff,1(D) onw € dQ(D)
is given by Adf,_l w = n.w (see §5.1). Therefore, the coadjoint orbit passing
through w equals O = {n.w | n € Diffyo1(D)}. The coadjoint action of
Xaiv(D) on dQY(D) = Xg5,(D)* is hence given by

—ad, w = —£,w. (6.8)

Note the — sign on the right hand side. Normally, one should expect a + sign
since

d
5, * == *"E’U 9
G| e =~ Lo

where 7, is the flow of v. However, all formulas derived abstractly use the
left Lie algebra and, as we have seen in Section 5.1, Example 2, the left Lie
algebra bracket on vector fields is minus the usual Lie bracket. This is why one
needs to change the sign in (6.8). One can easily derive (6.8) directly: for any
u,v € Xqiv(D) and w = da € dQ (D), the identities ad, u = —[v, u] (note
the minus sign), £,(a(u)) = (£,a)(u) + a[v,u]), (6.5), and the Stokes
theorem give

(o w, ) = (w, ady u) = {w, —[o,u]) = - /D ([0, )

:/D(,Bva)(u)u—/va(Oé(u))N
:/[)(,cva)(u)u—/[)£v(a(u)u)

- [ = [ atwi
— (d£y0,0) = (£0,1),

which, by weak non-degeneracy of the pairing, proves (6.8).
Thus, the tangent space to the orbit O is

T.,0 ={£,w=di,w|v € Xaiv(D)}.

The orbit symplectic structure (6.3) has therefore the expression

wH(W)(£uw, £ow) = — a, [u,v or w=da.
(@) (£, £00) /D<[1>uf d
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However, if w = da, for any u, v € Xq;v (D) we have
<O[, [uv U]) + w(u, U) = U[(O{, U>] - UKQ? u>]

so that by the Stokes theorem and (6.5)

/ (e [t ) + (s 0)) e = [l v}l — / ol{or uhl
D D
u)

D

= [ £ultom) - [ £.((o:
di. (e o)~ [ i (e )

D

/BDZ'*(iu(a V) —/ i* (i (o, uhpe)
= [ oo = [0 )it G

:/ (i (e, v))g(u, n)pop —/ g(v,n)usp =0
oD oD

since, by hypothesis, g(u,n) = g(v,n) = 0 on dD. Therefore, the orbit
symplectic structure is given by

1)

Il
S—

w+w o W) = wlu,v . .
(@) L£uw, £,) /D< u 6.9)

Let us compute the plus Lie-Poisson equations for the geodesic flow, that is,
the equations F' = {F, H} for any F' € F(Diff,,1(D)), where

_1 2 1 b 1 b
‘2/[)””” u—24v<v>u—2<dw> (6.10)

by (6.6). Define the vorticity associated to the spatial velocity vector field v
of the incompressible perfect fluid by w := dv”. Note that the pairing (6.6)
satisfies (du’,v) = (dv’,u) for any u,v € Xgiv(D), so that letting dw :=
d(6v)” we get

<5w ‘;f> = DH(w) - dw = (6w, ) ,

that is, 0 H/dw = v. Thus, the plus Lie-Poisson equations (4.17) become

ow
ot
which are the Euler equations for an incompressible homogeneous perfect fluid
in vorticity formulation. Therefore the geodesic 7, € Diff,, (D) is given by
solving the equation 97, /0t = v; o 1, with the velocity v, found after solving

+ £,w=0, where w:=dd’, (6.11)
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for w equation (6.11) and then inverting the relation w = dv” with boundary
condition v - n = 0, where n is the outward unit normal to the boundary 0D.
Equation (6.11) is equivalent to any of the following statements:

(i) The vorticity w, is transported by the flow. Indeed, if wq is an initial
condition at ¢ = 0 of (6.11), then

d
- (M) wwo = — (M)« £owo = —£4(1¢) swo,
t=0

which shows that w; = (1;).wo solves (6.11). By uniqueness, this is
the only solution of (6.11) with wy as initial condition.

(ii) Solution curves of the vorticity equation (6.11) remain on coadjoint
orbits in X}, (D). Indeed, since the solution of (6.11) is w;, = (1) wo,
where 7, is the flow of v, it follows that w; necessarily lies on the
coadjoint orbit containing wy.

(iii) Kelvin’s circulation theorem: For any loop C'in D bounding a surface
S, the circulation

/ vf = constant,
Cy

where Cy := n:(C) and n; is the flow of v. Indeed, by change of
variables and Stokes’ theorem, for S; := n:(S), we have

/ vtbz d’()tb:/ wt:/ (nt)*woz/wozconstant.
Ct St Sf, St S

(4) The group Diff,,; (D), velocity representation. In §4.3 we have also iden-
tified Xq;, (D) with itself by the weak L? pairing (, ) : Xqiy (D) X Xgiv (D) —
R given by

o) = [ atwon

The plus Lie-Poisson bracket is given by (4.9), namely

== [o(o|550]) w

for F, H € F(Diff,,(D)). Using the change of variables formula and the fact
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that 7 is volume preserving, the coadjoint action is computed to be

<Ad;;71 u,v) = (u, Ad, -1 v) = (u,n"v) = /Dg(u,n*v)u

:/ g(u, Ty ovon)u
D

::j;g«TW*UTOUOU’HvML:<P(UW’UTOUOH’U,U%

where (T')' is the pointwise adjoint relative to the metric g of the fiberwise
linearmap T : TD — TD and P : X(D) — Xqiv(D) is the Helmholtz pro-
jector. In defining IP we used the Helmholtz decomposition which is the Hodge
decomposition on forms for the special case of one-forms and formulated in
terms of vector fields: every vector field on D can be uniquely decomposed as
an L? orthogonal sum of a divergence free vector field tangent to the boundary
and the gradient of a function. Thus, since the L? pairing is weakly nondegen-
erate on Xg;y (D), we conclude

Ad;q u=1P ((Tn_l)Jr owuo 17_1)

for any u € Xgiy(D) =2 Xgiv(D)*. Therefore, the coadjoint orbit O passing
through w € Xaiv(D) equals O = {P ((Tn)T cwon) | n € Diffyo(D)}.
Compared to the vorticity representation, the expression of the coadjoint ac-
tion and of the coadjoint orbit are more complicated. This also shows that
different identifications of the dual can give rise to different expressions for
the coadjoint orbits. We shall remark below why it is important to work with
both representations when considering the Euler equations.
The orbit symplectic structure (6.3) has hence the expression

uﬁwmmWme»:—/m%mﬂm 6.12)
D

for any w € O and any u, v € Xqiv (D).
It is interesting to give the expression of the value of the infinitesimal gen-
erator vo (w) atw € O. If 7, is the flow of w, we have (see [MaRa95])

a
dt

[(Tn) cvon] = Vuv + (0 V),
t=0

where v - Vw is the contraction of v with the upper index of Vw, that is, if

C Hw) .
(Vw);, = 2k T ]
then

(v (V)i = Gongo™ (V).
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Thus v - Vw € Q(D) and its associated vector field using the metric is (v -
Vw)* € X(D). This shows that

vo(w) = —adjw = —P (Vv + (v- Vw)). (6.13)

We shall not compute here the plus Lie-Poisson equations for the Hamilto-
nian (6.10) because we shall carry out an identical computation in Section 6.4,
Example 4, when dealing with the Euler-Poincaré equations. We mention only
that they are the classical Euler equations for an incompressible homogeneous
perfect fluid

% + Vv =-Vp
(6.14)
divv=0, v-n=0,

where p is the pressure and n is the outward unit normal to the boundary 0D.
The pressure p exists and is determined up to a constant since it is a solution
of the following Neumann problem

0
Ap=divV,e in D,  with a—p = (Vyv)-n on 8D
n
obtained by taking the divergence and the inner product with n on the boundary
of the Euler equation; here A := — div o grad is the Laplacian on functions.

Thus p is a nonlinear functional of the Eulerian velocity v.

Since the solutions of Lie-Poisson equations always lie on coadjoint orbits,
we can conclude that the solution of the Euler equations with initial condition
vo € Xaiv(D) necessarily lies on the coadjoint orbit {P ((I')T o vg o n) | n €
Diﬁvol (D ) }

6.4 Euler-Poincaré Reduction

A Hamiltonian H on T*() often arises from a Lagrangian L on 7'Q). Namely,
as seen in section 3.3, the two formalisms are equivalent when the Legendre
transform FL : TQ — T*Q is a diffeomorphism. In the previous sections
we saw how to reduce a Poisson bracket on 7*G to one on g* via Lie-Poisson
reduction and how Hamiltonian dynamics on 7*G induces Lie-Poisson dy-
namics on g*. In this section we study the passage from 7'G to g in a context
appropriate for the Lagrangian formalism. As Lagrangian mechanics is based
on variational principles, it is natural that the basic objects to be reduced here
are the variational principles rather than the Poisson bracket or symplectic form
as was the case in Lie-Poisson reduction.
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Euler-Poincaré Reduction starts with a left (respectively right) invariant La-
grangian L : TG — R on the tangent bundle of a Lie group G. Recall that
this means that L(Ty;Ly(v)) = L(v), respectively L(Ty Ry, (v)) = L(v), for
all g,h € G and allv € TyG.

Theorem 6.6 Let G be a Lie group, L : T'G — R a left-invariant Lagrangian,
andl:= L|g : g — R be its restriction to g. For a curve g(t) € G, let {(t) =
g(t)™" - g(t) == TyyLyt)-19(t) € g. Then the following are equivalent:

(i) g(t) satisfies the Euler-Lagrange equations for L on G.
(ii) The variational principle

b
5 / Lg(t). g(t))dt = 0

holds, for variations with fixed endpoints.
(iii) The Euler-Poincaré equations hold:

aol_ 0
dioe Mg

(iv) The variational principle

5/bl(§(t))dt =0

holds on g, using variations of the form 6§ = 1+ (£, )], where n(t) is an
arbitrary path in g that vanishes at the endpoints, i.e n(a) = n(b) = 0.

Proof The equivalence (i) <= (ii) is the variational principle of Hamilton
(see Theorem 3.5). To show that (ii) <= (iv) we need to compute variations
0& induced by §g. We will do it for matrix groups to simplify the exposition.

Let £ = g~'g and g. a family of curves in G such that go(t) = g(¢) and
denote 6¢g := (dgc(t)/de)|c=o. Then we have

_4d
T de

1. _ 1. _, d?
(97 ) =97 6g)g g+ 9" =2

6.15
=0 dtde (6.1

0§

e=0
Let n := g~ 'dg, that is, n(t) is an arbitrary curve in g with the only restriction
that it vanishes at the endpoints. Then we get

dnp _d (1 d
at — at \?  de
Taking the difference of (6.15) and (6.16) we get

8 —n=—g9""(09)g " g+9 g9 (8g) = &n—n& = [£,n],

1 d29

— 6.16
dtde ( )

ge> =—g 997" (69) + 9~
e=0 e=0
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that is, 8¢ = 7 + [€,7].

Left invariance of L together with the formula just deduced prove the equiv-
alence of (ii) and (iv).

To avoid the assumption that G is a matrix group and to do the general case
for any Lie group, the same proof works using the following lemma.

Lemma 6.7 Let g : U C R? — G be a smooth map and denote its partial
derivatives by

dg(t,e g(t,e
&(tye) == 9(t75)Lg(t’€)_1—(8t )» n(t,e) == a(t.e) Lg(t,e)-1 ((96 )
(6.17)
Then
0 0
I = (6.18)

Conversely, if U C R? is simply connected and £,m : U — g are smooth
functions satisfying (6.18), then there exists a smooth function g : U — G
such that (6.17) holds.

Let us show that (iii) <= (iv). We have
ébltdt—b6l6 dt—bél' d dt
[ usonar= [ (06 yae= [ (50 aden

b/sl b /sl
= [ (Geripave [ (Ggraden)e

b
d 8l .0l
= [ (e g ) o

where the last equality follows from integration by parts and because the curve
n(t) vanishes at the endpoints. Thus, § ff 1(¢(t))dt = 0 if and only if the right
hand side of the previous equality vanishes for any 7(t) that vanishes at the
endpoints, which proves that this is equivalent to

-
dt s~ TSee
which are the Euler-Poincaré equations. ]

In case of right invariant Lagrangians on 7'G' the same theorem holds with
the changes that the Euler-Poincaré equations are

ao o
dioe . ese

and the variations are taken of the form 6 = 1 — [£, n].



V. 6 Lie-Poisson and Euler-Poincaré Reduction 91

As was the case for Lie-Poisson dynamics, there is a reconstruction proce-
dure in this case. The goal is to find the solution v(t) € Ty 4)G of the Euler-
Lagrange equations with initial conditions g(0) = g and §(0) = vy knowing
the solution of the Euler-Poincaré equations. To do this, first solve the initial
value problem for the Euler-Poincaré equations:

48 =il

£(0) = & = gg "vo

and then solve the “linear differential equation with time-dependent coeffi-
cients”

9(0) = go-
The Euler-Poincaré reduction theorem guarantees then that v(t) = g(t) =
g(t) - £(t) is a solution of the Euler-Lagrange equations with initial condition
vo = go&o-
A similar statement holds, with obvious changes for right invariant La-
grangian systems on T'G.

The relationship between Lie-Poisson and Euler-Poincaré reduction, similar
to the link between the Hamiltonian and Lagrangian formulations discussed in
Section 3.3, is the following. Define the Legendre transformation F{ : g — g*
by
_al
6

and let h(p) := (i, &) — (). Assuming that F is a diffeomorphism, we get

oh _ 0N /o s\
@£+<u’5u> <5§’5u>£'

So the Euler-Poincaré equations for [ are equivalent to the Lie-Poisson equa-
tions for h:

Fi(£) = i,

d (6l I ol . J
— | = ) =adi— <= = adsn it
dt \ 3¢ tog T M T RARH

There is one more element to be discussed: the reduction of Hamilton’s
phase space principle due to [Cendra et al.], called Hamilton-Poincaré reduc-
tion.

Theorem 6.8 Let G be a Lie group, H : T*G — R a left-invariant Hamil-
tonian, and h = Hl|g- : g* — R be its restriction to g*. For a curve
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a(t) € T*G, let g(t) = n(a(t)) € G, where m : T*G — G is the cotangent
bundle projection, and define ji(t) = g(t)~* - a(t) := T Ly (t) € g*, and
E(t) =g(t)~" - g(t) == TytyLgt)-19(t) € 9. The following are equivalent:
(i) Hamilton’s Phase Space Principle. The curve a(t) € T*G is a criti-
cal point of the action

[ te.a) - ma)a

to
where the variations 0« satisfy Trg(da(t;)) = 0, fori = 0, 1.
(ii) Hamilton’s equations hold on T*G.
(iii) The Hamilton-Poincaré Variational Principle. The curve (u(t),£(t)) €
g* X g is a critical point of the action

/t (), £0) — h(u(t)))dt,

with variations §¢(t) = n(t) + [£(t),n(t)] € g, where n(t) is an ar-
bitrary curve satisfying n(t;) = 0, for i = 0,1, and du(t) € g* is
arbitrary.

(iv) The Lie-Poisson equations hold:

fr=—ads p
S
There is, of course, a similar statement for right invariant systems where one

has the change the sign in front of the Lie-Poisson equation and in front of the
bracket defining 6&.

Proof The equivalence (i) <= (ii) is Hamilton’s phase space variational prin-
ciple which holds on any cotangent bundle (see Theorem 3.7). The equivalence
(i) <= (iv) is the Lie-Poisson reduction and reconstruction of dynamics (see
Theorems 6.1 and 6.3). We now show that (iii) <= (iv). The variation

Y (<()»£()> h(u(t)))dt

to
oh
( op, &) + (1, 66) — <5u, 5u>) dt

<5u §— > + (1,1 + adsn)) dt

oh
! (i ) o)

vanishes for any functions du(t) € g* and 7(¢) € g (vanishing at the endpoints
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to and 1) if and only if £ = dh/0p and 1 = — adZ 1, that is, when the Lie
Poisson equations in (iv) hold. ||

If the Lagrangian L is hyperregular then any of the statements in Theorem
6.8 are equivalent to any of the statements in Theorem 6.6. The link between
the reduced Lagrangian [ and the reduced Hamiltonian h is given by h(u) =
(1, &) — (&), where u = 61/d&, as was already remarked earlier.

Let us work out a few examples in detail.

(1) Free rigid body. As we saw in Example 1 of Section 6.3, the restriction of
the Lagrangian of the free rigid body to R? 2 s0(3) is L(Q2) = Q - 1€2/2 (see
(1.36) with IT = I€2) and hence, using the identity ad, II = (IT x u)~ and
Theorem 6.6, we get the Euler-Poincaré equations

I =10 x Q

and we recognize the Euler equations, this time formulated in terms of the body
angular velocity €2 as opposed to the body angular momentum II. The Leg-
endre transformation is IT = I€2. Looking back at the computations involving
the variational principle carried out at the end of Section 1.2 and setting in
those computations ¢ = 0, one recognizes the variational principle on s0(3)
for the free rigid body Lagrangian.

(2) Lagrangian systems on the affine algebra. Consider the affine Lie al-
gebra introduced in example 2 of Section 6.3 and let L : T'G' — R be a left
invariant Lagrangian. The Euler-Poincaré equations for / : R? — R are

do_ o da_ o
dtou o dtov  “ou

(3) Incompressible homogeneous fluids, vorticity representation. In Sec-
tion 6.3, Example 3, we have studied the motion of an incompressible homo-
geneous fluid in vorticity representation as a Lie-Poisson system. Now we
shall derive the same equations (6.11) as Euler-Poincaré equations. We recall
that ad}, w = £,w (see (6.8)) and

10) = 5 [ ol = 5 (o).

where dv” = w (see (6.10)). Therefore, dl /0v = w and hence the Euler-
Poincaré equations (for a right invariant system on the tangent bundle of a Lie
group) are given by

— + £,w=0.
8t+ w
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(4) Incompressible homogeneous fluids, velocity representation. In Section
6.3, Example 4, we have presented in Lie-Poisson setting the equations of mo-
tion of an ideal incompressible homogeneous fluid in velocity representation.
These are the Euler equations (6.14) which were not explicitly derived there
because this will be done now. To do this, one could proceed by using the
general expression for the Euler-Poincaré equations and formula (6.13) for the
coadjoint action. Even though (6.13) was not proved in these notes, let us do it

first this way. Since
1
1) =5 [ ol
D

is the kinetic energy of the fluid and we use the L? weak pairing to identify
Xaiv(D) with itself, we have §l/dv = v and so the Euler-Poincaré equations
are
v
ot

Write, according to the Helmholtz decomposition,

=—adjv=-P(V,u+ (v-Vv)h).

Vov+ (v- V’U)ti =P (Vq,v + (v- Vv)ﬁ) —Vyq

for some smooth function ¢ : D — R and note that (v - Vo)f = V(||v]|?/2).
The Euler-Poincaré equations become hence

o+ Va0 == (GlolP +4)
which are the Euler equations for the pressure ¢+ ||v||? /2. Therefore, the Euler
equations for an ideal incompressible homogeneous fluid are the spatial rep-
resentation of the geodesic spray on Difl (D) for the right invariant metric
whose value on X qi, (D) is the L? inner product. This proves that the solutions
of the Euler equations are geodesics on Diff o (D).

Even though the computation above proves the claim that the Euler-Poincaré
equations are the Euler equations for an ideal incompressible homogeneous
fluid, it is unsatisfactory since it relies on the unproven formula (6.13). Due to
its importance we shall derive it once more directly.

We begin by recalling that 6//6v = v and hence for any w € Xq;y (D) we

have
. 0l _/adl B
<—adv5,w> = <%,—ade> = (v, [v,w]) . (6.19)

In order to isolate w in (v, [v, w]), let us compute the Lie derivative of v (w)u



V. 6 Lie-Poisson and Euler-Poincaré Reduction 95

along the vector field v in two different ways. We have
£, (v () =iud (v (w)p) + diy (o (w)p)
—d (vb(w)iv,u) . (6.20)
On the other hand, since £, = (
£U(Ub( ) ( b) w4 0° (£,w) p+ 0°(w) £,
= (&) o
Then, from equations (6.20) and (6.21), we get
d (v (w)iop) = (£u0°) @)+ 0’ (v, 0]

and hence by integration

[ a(i) = [ (£2) @w+ [ voohn

The left hand side is zero by Stokes’ theorem and (6.5) and so

(v, [0, w]) = /D 90, [, W) = /D o (v, w])

= J (e wn fo((e) )
A CN DRI

which, using (6.19), shows that

ol #
ad* 2 = p <<£vvb) >
ov
by weak non-degeneracy of the L? pairing on divergence free vector fields
tangent to the boundary. Thus the Euler-Poincaré equations are

ov #

P p (.,ev b) —0.

ot ( v )
Since (£,0°)* = Vv + 2V||v||2, writing V,v = P(V,v) — Vp, for some
smooth function p : D — R, the above equation becomes

divo)u = 0, we get

w)p 4 0°([v, w)) . (6.21)

) 9 !
0= 20+ (Vo 39I0I?) = 2 + B (PT0) - ¥+ 1910l?)

ot ot
Ov Ov
—E—FP(V v) = 8t+v 20+ Vp
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which are the Euler equations (6.14).

(5) KdV equation and the Virasoro algebra. Here we show, following
[OKh87], that the periodic KdV equation is the Euler-Poincaré equation on
the Virasoro algebra v corresponding to the geodesic flow of the L? right in-
variant metric on the Virasoro group.

The Lie algebra X(S') of vector fields on the circle, identified with the
periodic functions of period 1, with Lie bracket given by [u, v] = uv’—u'v, has
a unique central extension by R. This unique central extension is the Virasoro
algebra

v:={(u,a) € X(S") x R},

with Lie bracket
1
[(u,a), (v,b)] := (—uv' + u’v,’y/ o' (z)v" () dm) ,
0

where the first argument is the (left) Lie bracket on X(S?1), the second is the
Gelfand-Fuchs cocycle, and v € R is a constant.
We identify v* with v using the weak L? pairing

{((u,a), (v,b)) =ab+ /o u(z)v(x) de.

We also consider the right invariant weak Riemannian metric whose value on
v is the expression above. We are interested in the geodesic equations for this
metric. To see who they are, we compute the Euler-Poincaré equations for the
kinetic energy of this metric.

We begin by computing the coadjoint action of v on v™*:

(8}, 0y (0,), (w,0) ) = ((,), [(u,0) , (w,0)])

1
= <(v,b), <—uw’ + u’w,v/ o (z)w” () dsr)>
0
1 1 1
zb’y/ u’w”da:—/ vuw’da:+/ vu'wdz
0 0 0

1
= / (byu"" + 2u'v + wv') wdz
0

= ((byu”" + 2u'v + w0, 0), (w, ¢)) ,

where from the third to the fourth equality we have used integration by parts,
twice for the first term and once for the second term, as well as the null condi-
tions on the boundary. So,

ad{, q)(v,0) = (byu”" 4 2u'v + uv', 0) (6.22)



V. 6 Lie-Poisson and Euler-Poincaré Reduction 97

and the Euler-Poincaré equations (for a right invariant system) determined by
l:0— Rare

d (ol ol e (0L ol
dt \ou da) = w54 5a

B o, , 01 AW
o <75au +2u 5u+u Su 0
that is,

d ol d ol o, , 01 o\’
aor_ 22 __[LZ 2u — —) . 23
dt da 0, dt du (7 sa " +eu ou tu du (6.23)

If we are interested in the L2 geodesic flow, then we take

um@:%<f+énﬂ@m>

so that g—é = aand g—i = u. Thus the corresponding Euler-Poincaré equations
are:

d d
d_j =0, d—? = —yau"" — 3u'u.

Hence a is constant and we get
Up + 3UzpU + YAUzzy = 0,

which is one of the forms of the KdV equation (for example by choosing a =
v = 1). To get the expression (4.10), that is,

U + OULU + Ugzr = 0

one needs to rescale time (7(¢) = ¢/2) and make an appropriate choice of the
constants (a = 1/(27)). This shows that the solutions of the KdV equation are
geodesics of the L? right invariant metric on the Virasoro group.

(6) Camassa-Holm equation and the Virasoro algebra. Let us compute the
Euler-Poincaré equations for the kinetic energy of the H! metric

1
«mwduw%:aﬂ+ﬂ(M@Mﬂ*ﬂﬂ@ﬁ@ﬁm

on the Virasoro algebra. As before, we identify v* with v using the L? inner
product. Thus 6//da = a and §l/du = u — u”. The Euler-Poincaré equations
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(6.23) are given by a = constant and

d
%(u —u") = — <'yau’” +2u (u—u") +u(u— u”)/)

= —3uv + 2u'v” + v — yau'".

This is the Camassa-Holm equation:
Up — Uppy = —3UUg + 2Uzlzy + Ulgry — YaUg g -

Shifting u +— w + ~ya brings the Camassa-Holm equation into yet another
form, often used in the literature

Up — Uty = —3UUL + 2UgUgy + Ulggy — 3YAUL.

Thus, the solutions of the Camassa-Holm equation are geodesics of the H"
right invariant metric on the Virasoro group, a result due to [Mis02].
An identical computation shows that the solutions of Hunter-Saxon equation

Utpx = *QUzurx — Ulgge

are geodesics of the right invariant degenerate metric on the Virasoro group
whose value on v is

{(u,a), (v,b)) = ab+ /0 o' (x)v' (z)dx,

a result due to [KhMis03]. Eliminating the degeneracy of the metric means
looking at the Hunter-Saxon equation on the homogeneous space which is the
quotient of the Virasoro group by rotations of the circle.

To see this, note first that if [ is the kinetic energy of this degenerate metric
then 61/du = —u”, so again by (6.23) we get

~Uppr = —2UpUpy — UWlggr — YOUgpz-

Reversing time and shifting u — u — ~ya yields the Hunter-Saxon equation.

7 Symplectic Reduction

In previous lectures we focussed our attention to the particular cases of reduc-
tion of Hamiltonian and Lagrangian systems where the phase space is either
the cotangent space or the tangent space of a given Lie group. In this lec-
ture we shall present the general case of symplectic reduction as formulated
by [MaWei74]. All the hypotheses will require regularity assumptions. The
singular case is considerably more involved and its complete treatment can be
found in [OR04]. We shall present with detailed proofs the Marsden-Weinstein
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theorem, nowadays often called “point reduction”. This will be done at geo-
metric and dynamic level. Then we shall present three important examples
of reduced manifolds with all computations done in detail. The orbit reduc-
tion method and the so-called “shifting trick” will then be presented without
proofs. This chapter ends with a discussion of the semidirect product reduc-
tion theorem and its application to the motion of the heavy top presented in the
Introduction.

7.1 Point Reduction

In this section we shall review the symplectic point reduction theorem and
give its formulation and classical proof due to [MaWei74]. This procedure is
of paramount importance in symplectic geometry and geometric mechanics. It
underlies all the other reduction methods that one can find now in the litera-
ture as well as all the various generalizations that have proved their usefulness
in areas as varied as algebraic geometry and topology, differential and sym-
plectic topology, classical, continuum, and quantum mechanics, field theory,
dynamical systems, bifurcation theory, and control theory.

The setup of the problem is the following. Let (P, §2) be a symplectic man-
ifold on which a Lie group G with Lie algebra g acts in a Hamiltonian fashion
with associated equivariant momentum map J : P — g*. If p € J(P) C ¢*
denote by G, := {g € G | Adj ju = i} the coadjoint isotropy subgroup of .
The Marsden-Weinstein reduction theorem is the following.

Theorem 7.1 (Symplectic point reduction) Assume that p is a regular value
of J and that the coadjoint isotropy subgroup G, acts freely and properly on
J~Y(u). Then the quotient manifold P, := J~* () /G, has a unique symplec-
tic form 8, characterized by the identity v;,) = 7§}, where v, : J ) —
P is the inclusion and m, : J ) — P, the projection. The symplectic
manifold (P,,2,) is called the symplectic point reduced space at [s.

In what follows we shall need the following notations. If (V, Q) is a finite di-
mensional symplectic vector space and W C V a subspace, define its symplec-
tic orthogonal by W = {v € V | Q(v,w) = 0 for all w € W}. An elemen-
tary linear algebra argument, using the identity dim W + dim W% = dim V,
shows that (W®)® = W. If z € P, denote by G - z and G, - 2 the G- and
G ,-orbits through z respectively. It is important to note that the set J = (x) is
G- invariant if and only if G, = G. In general, J=! () is only G ,-invariant.
The key ingredient in the proof of the reduction theorem is the following result
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that we shall state in the setting of Poisson manifolds because of its usefulness
in that general situation (not covered in these lectures).

Lemma 7.2 (Reduction Lemma) Let P be a Poisson manifold and let J :
P — g* an equivariant momentum map of the canonical G-action on P. Let
G - p denote the coadjoint orbit through a regular value p € g* of J. Then

A JNG- =G I Y u)={g-2]g9g€Gand IJ(2) = pu};
(i) G, -2=(G-2)NI~Hp);
(iii) J=1(u) and G - z intersect cleanly, i.c.,

TGy 2) = To(G - 2) NT(I ™ (w));

(iv) if (P, Q) is symplectic, then T.(J 7 (n)) = (T.(G - 2))*.

Proof (i) Since J71(G - 1) is a G-invariant set by equivariance of J and
J=Y(pu) € I7YG - p), it follows that G - I~1 () € J=1(G - p1). Conversely,
z € J7(G - p) if and only if J(z) = Adj-.pu for some g € G, which is
equivalent to u = Ad; 1 J(2) = J(g~' - 2),i.e, g ' -z €I (1) and hence
z=g-(g7"2)e G-I ().

(ii)g-zeIJ () o pn=Jg 2)=Ad)-.J(z) = Ad;_.p & g € G,.

(iii) First suppose that v, € T,(G - 2) N T.(J~(u)). Then v, = &p(2) for
some £ € g and T.J(v,) = 0 which, by infinitesimal equivariance (written
in the form T.J({p(2)) = —adg J(2)) gives adip = 0; ie., § € g, If
v, = Ep(z) for € € g, then v, € T,(G, - z). The reverse inclusion is
immediate since, by (ii), G, -  is included in both G - z and I~ ().

(iv) The condition v, € (T(G - 2))** means that Q(2)(£p(2),v,) = 0 for
all ¢ € g. This is equivalent to (T, J(v.),&) = dJé(2)(v,) = 0 forall £ € g
by definition of the momentum map. Thus, v, € (T,(G - 2))®* if and only if
v, Eker T,J = T, (I~ (u)). |

We are now ready to prove the Symplectic Point Reduction Theorem.

Proof Since m, is a surjective submersion, if €, exists, it is uniquely de-
termined by the condition 7€, = ;€. This relation also defines €2, in
the following way. For v € T.J~*(p), let [v] = T.7,(v) € T}, Py, where
[2] = mu(2). Then m; €2, = ¢} €2 is equivalent to

Qu (D[], [w]) = Q(2) (v, w)

for all v,w € T,J~'(u). To see that this relation defines ©,,, that is, it is
independent of the choices made to define it, let y = ®,(2), v/ = T,P4(v),
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and w’ = T, ®4(w), where g € G,,. If, in addition [v"] = [v'] and [w"] = [w/],
then v” — o', w" —w' € ker Tyy..m, = T,..(G,, - z) and thus

Qy) (", w") = UV =) + 0, (" —w') + )
_ Q(y)(v” _ v/’w// B w/) + Q(y)(v” N v’,w’)
+Qy) (v, w” —w') + Qy) (', w').

The second and third terms vanish by Lemma 7.2 (iv). The first term vanishes
by Lemma 7.2 (iii) and (iv). Thus we have

Qy)(v", w") = Qy) (v, w')
and we conclude

Qy) (", w") = Ay) (v, ') = UPy(2))(T=2(v), ToDg(w))
= (25)(2) (v, w) = Q(2)(v, w)

since the action is symplectic. This proves that 2,,([z])([v], [w]) is well defined
and satisfies the relation in the statement of the theorem. It is smooth since
W;QM = 1,2 is smooth. Thus we have a well defined smooth two-form {2, on
P,

Since df2 = 0, we get

W;dQu = dﬂ';Qu = dLZQ = L;dQ =0.

Since 7, is a surjective submersion, the pull-back map 7, on forms is injective,
so we can conclude that d©2,, = 0.

Finally, we prove that §2,, is non-degenerate. Suppose that Q,, ([2])([v], [w]) =
0 for all w € T,(J~'(u)). This means that Q(z)(v,w) = 0 for all w €
T,(J~Y(u)), which is equivalent to v € (T,(J~*(u)))® = T.(G - z) by
Lemma 7.2 (iv). Hence v € T, (J 7! (1)) N T.(G - 2) = T>(G,, - z) by Lemma
7.2 (iii) so that [v] = 0, thus proving the weak non-degeneracy of €,,. |

There are several important comments related to the Symplectic Point Re-
duction Theorem which will be addressed below.

(1) Define the symmetry algebra at z € Pby g, := {£ € g | {p(2) = 0}. An
element ;1 € g* is a regular value of J if and only if g, = 0 forall z € J =1 (u).

To prove this, recall that z is a regular point if and only if T, J is surjective
which is equivalent to {0} = {{ € g | ({,T.J(v)) = 0, forallv € T,P}.
Since (£, T.J(v)) = Q(2)(£p(2),v) by the definition of the momentum map,
it thus follows that z is a regular point of J if and only if {0} = {£ € g |
Q(2)(€p(z),v) = Oforallv € T,P}. As (z) is nondegenerate, this is in
turn equivalent to g, = {0}.
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(2) The previous statement affirms that only points with trivial symmetry al-
gebra are regular points of J. This is important in concrete examples because
it isolates the singular points easily. Another way to look at this statement is
to interpret it as saying that points with symmetry are bifurcation points of
J. This simple observation turns out to have many important consequences,
for example in the convexity theorems for momentum maps. Another conse-
quence of statement (1) is that if ;1 € J(P) C g* is a regular value of J then
the action is locally free, which means, by definition, that the symmetry alge-
bras of all the points in J~!(x) vanish. In this case the reduction construction
can be carried out locally.

(3) Even if 2 = —dO and the action of G leaves © invariant, €2, need not be
exact. We shall prove in the next section that coadjoint orbits with their orbit
symplectic form are reduced spaces. This immediately gives an example of
a situation where the original symplectic form is exact but the reduced one is
not. The sphere is the reduced space of 7*SO(3). The canonical symplectic
form on T*SO(3) is clearly exact whereas the area form on S? is not.

(4) If one looks at the proof of the theorem carefully, one notices that the hy-
pothesis that 1 is a regular value of J was not really used. What was necessary
is that y is a clean value of J which means, by definition, that J~1(u) is a
manifold and T, (J =1 (u)) = ker T, J.

(5) The freeness and properness of the G, action on J~!(y) are used only to
guarantee that P, is a manifold. So these hypotheses can be replaced by the
requirement that P, is a manifold and that 7, : J~*(u) — P, a submersion.

(6) A point in g* is said to be generic if its coadjoint orbit is of maximal
dimension. Duflo and Vergne have shown that the set of generic points is
Zariski open in g* and that the coadjoint isotropy algebra of a generic point
is necessarily Abelian. Regarding the momentum map, one should be warned
that if p is a regular value of J, it need not be a generic point in g*. As we
shall see in the next section, the cotangent lift of the left (or right) translation
of a Lie group G has all its values regular. However, among those, there are
points that are not generic, such as the origin, in g*.

(7) The connected components of the point reduced spaces P, can be viewed in
a natural way as symplectic leaves of the Poisson manifold (P/G,{-,"}p,¢).
provided that G' acts freely and properly on P. Indeed, the smooth map ,, :
P, — P/G naturally defined by the commutative diagram
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by
I (w) P
T T
Ku
P, P/G

is a Poisson injective immersion. Moreover, the x,-images in P/G of the
connected components of the symplectic manifolds (P,, §2,,) are its symplec-
tic leaves (see e.g. [OR04]). We will return to this in §7.4, where we will
summarize the orbit reduction process and link it with these observations.

Note that, in general, ~,, is only an injective immersion. So the topology
of the image of x,,, homeomorphic to the topology of P,, is stronger than the
subspace topology induced by the ambient space P/G. For example, we can
have a subset of «,,(P,) which is compact in the induced topology from P/G
and not compact in the intrinsic topology of «,(P,) (relative to which it is
homeomorphic to P, endowed with the quotient topology).

(8) We describe how reduction can be carried out for a non-equivariant momen-
tum map J : P — g*. If P is connected, the expression J(g - z) — Ad,-1 J(2)
turns out to be independent of z € P. Setting o'(g) := J(g - 2) — Ad;—1 J(2)
one obtains a group one-cocycle with values in g*, that is, o satisfies the cocy-
cle identity o(gh) = o(g) + Ad,-1 o(h) (see, e.g. [MaRa94]). If this cocycle
is a coboundary, that is, there is some A € g* such that o(g) = A — Ad;_l A,
then the momentum map can be modified by the addition of —\ to become
equivariant. If o is not a coboundary then there is no way one can modify J to
make it equivariant. This g*-valued group one-cocycle o : G — g* is called
the nonequivariance group one-cocycle defined by J.

To carry out reduction, modify the coadjoint action of GG on g* in the follow-
ing way: g- i 1= Adzfl w+o(g). Relative to this affine action the momentum
map J is equivariant and the reduction procedure works by dividing the level
set J71 (i) by the pu-isotropy subgroup for this affine action.

(9) If the regularity assumptions in the Symplectic Point Reduction Theorem
do not hold, then P, is a stratified space, all of whose strata are symplectic
manifolds. This result is considerably more difficult to prove and we refer
to [OR04] and references therein for an exposition of this theory. One could
even further relax the requirements, namely, do not even assume that there
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is a momentum map for a given canonical Lie group action on (P,{2). In
this case there is a generalization of the momentum map due to Condevaux,
Dazord, and Molino, the so-called cylinder valued momentum map, for which
the reduction procedure can be implemented. We refer again to [OR04] and
references therein for a treatment of this subject.

7.2 Reduction and Reconstruction of Dynamics

The geometric theorem presented in the previous section has a dynamic coun-
terpart that will be discussed now. We keep the same conventions and notations
asin §7.1.

Theorem 7.3 (Point reduction of dynamics) Let ® : G x P — P be a free
proper canonical action of the Lie group G on the connected symplectic man-
ifold (P,)). Assume that this action has an associated momentum map J :
P — g*, with nonequivariance one-cocycle o : G — g*. Let i € g* be a
value of J and denote by G, the isotropy subgroup of p under the affine action
of G on g*.

(i) Let H : P — R be a smooth G-invariant function. The flow F; of
the Hamiltonian vector field X leaves the connected components of
J~1(u) invariant and commutes with the G-action, so it induces a flow
F}" on the reduced space P, = I (1) /G,, defined by

— pH
myoFiou, =F om,.

The vector field generated by the flow F}* on (P,, ,,) is Hamiltonian
with associated reduced Hamiltonian function H,, : P, — R defined
by

Hyom,=Hou,.

The vector fields Xy and Xy, are 7,-related.

(ii) Let F : P — R be another smooth G-invariant function. Then {F, H}
is also G-invariant and {F,H}, = {F,, H,}p,, where {-,-}p, de-
notes the Poisson bracket associated to the reduced symplectic form
QuonP,.

Proof (i) By Noether’s Theorem 5.4, the flow F} leaves the connected compo-
nents of J~! (1) invariant. Since H is G-invariant and the G-action is canon-
ical, it follows by Proposition 2.7 that F; commutes with the G-action. Thus
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F induces a flow F}* on P, that makes the following diagram commutative:

Fiouy, _
I p) —= I (n)
Tr,{ lm
P~ P,

The G-invariance of H implies the existence of a smooth function H,, :
P, — R uniquely determined by the identity H, om, = H o, LetY €
%(PI,) be the vector field on P, whose flow is Ft“ . By construction, Y is -
related to X . Indeed, differentiating the relation given by the diagram above
relative to ¢ at ¢ = 0, we obtain

Tr,oXgouy, =Y om,.
Let us check that Y = Xp . For z € J7!(u) and v € T-J (1) we have

(

Qu(ﬂu( ))(Y(W/L(Z)) T (v)) = Qu(mu(2) (Temu (Xa (2)), Tem(v))
Q(2)(Xu(2),v) = dH(z)(v) = d(H, © m,)(2)(v)

= dH,(m(2)) (Temu(v) = Qu(mu(2) (Xn,, (mu(2)), Temu(v) |

which, by nondegeneracy of €2, shows that Y = Xy, .

(ii) The G-invariance of {F, H} is a straightforward corollary of Proposition
2.8. Recall that the function {F', H },, is uniquely characterized by the identity
{F,H}, om, = {F,H} ou,. By the definition of the Poisson bracket on
(P, Q), my-relatedness of the relevant Hamiltonian vector fields, and the
identity 0%, = 77%€,,, we have for any z € J~! (1) denoting [2],, := 7,,(z),

£ Hutp, ([2]) = Qu([],) (XF ([2lu), Xn, ([Z]u))

= Qu([2p) (Temp(Xp(2)), Tomyu (X1 (2)))

= (m.2,)(2) (XF(2), Xu (2)) = (1,)(2) (Xp(2), Xu(2))
=Q(z2) (Xp(2), Xu(2)) = {F, H}(2),

that is, the function { F,, H,, } p, also satisfies the relation { F),, H, }p, o7, =
{F, H} o, which proves the desired equality {F),, H,}p, = {F,H},. H

This theorem shows how dynamics on P descends to dynamics on all re-
duced manifolds P, for any ;. € g*, if the group action is free and proper. For
the singular case see [OR04].

Let us now pose the converse question. Assume that an integral curve c,, (¢)
of the reduced Hamiltonian system Xp, on (P, Q) is known. Let zy €
J~1(u) be given. Can one determine from this data the integral curve of the
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Hamiltonian system Xz with initial condition z? The answer to this question
is affirmative as we shall see below.

The general method of reconstruction of dynamics is the following ([AbMa78]
§4.3, [MaMoRa90], [MaRa03]). Pick a smooth curve d(t) in J~!(p) such that
d(0) = 2o and 7, (d(t)) = c,(t). We shall give later concrete choices for such
curves in terms of connections. Then, if ¢(¢) denotes the integral curve of X g
with ¢(0) = 2o, we can write ¢(t) = g(t) - d(¢) for some smooth curve g() in
G.. We shall determine now ¢(t) and therefore ¢(t). Below, ® : G x P — P
denotes the left action of G on P and ®, : P — P is the diffeomorphism of
P given by the group element g € G. We have

Xia(€(t)) = é(t) = Ta @y d(t) + Tay @) (oo Lo 91 (d(1))
=Taw Py(t) (d(t) + (Tg(t)Lg(t)*lg(t))P(d(t)))
which implies
d(t) + (Tyey Loty 9(8)) p(A(t) = Tyey-ae Pory-1 Xar (e(t)
= Tywy-a) g Xn (g(t) - d(t))
= (@) Xn) (d(t) = Xn(d(2)

since, by hypothesis, H = ®¢ H and thus, by Proposition 2.7, Xy = Xg»pg =
®7 Xy forany g € G. This equation is solved in two steps as follows:

e Step 1: Find a smooth curve £(t) in g, such that
E(t)p(d(t) = X (d(t) — d(t). (7.1)

o Step 2: With £(t) € g,, determined above, solve the nonautonomous differ-
ential equation on G,

g(t) - TeLg(t)g(t)a with 9(0) =€ (7.2)
Here are some useful remarks regarding the solution of each step.

(1) The first step is of algebraic nature. For example, if G is a matrix Lie
group, (7.1) is just a matrix equation. If one is willing to work with more
geometric structure, this equation can be solved explicitly. Typically, one en-
dows the left principal G,-bundle 7, : J~'(u) — P, with a connection.
Recall that a (left) connection on this bundle is given by a g,,-valued one-form
A€ QNI (u); g,) satisfying for all z € J~1 () the relations

A(Z) (6371@)(2)) = €, for all § S+
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and
Alg - 2)(T.@4(v,)) = Ady(A(2)(vs)), forall g€ Gy,v, € T, (p).

Let G, act on P by restriction so that {p = {3-1(,) for any § € g,,. Choose
in Step 1 of the reconstruction method the curve d(t) to be the horizontal lift
of ¢, (t) through z, that is, d(t) is uniquely characterized by the conditions
A(d(t))(d(t)) = 0, m,(d(t)) = c,(t), for all £, and d(0) = z. Then the
solution of (7.1) is given by

§(t) = A(d(t)) (Xm (d(1))).

(2) The second step is the main difficulty in finding a complete answer to the
reconstruction problem; equation (7.2) cannot be solved explicitly, in general.
For matrix groups this is a linear system with time dependent coefficients.
However, if G is Abelian, this equation can be solved by quadratures. To see
how this works, we need the formula of the derivative of the exponential map
at any point in the Lie algebra.

If G is a Lie group and exp : g — G the exponential map then

— (="
Teexp = Ty Lexpe © Z

n=0

n

(n+1!a ¢

for any £ € g. If G is Abelian, then ad¢ = 0 and so T exp = TeLexpe, @
formula that we shall use below.

So let us return to the second step in the reconstruction method for an
Abelian group G. Since the connected component of the p-dimensional Lie
group G is a cylinder R* x TP~*, the exponential map exp(¢y,...,&,) =
(&1, &k, Epy1(mod 2m), . . ., &, (mod 27)) is onto, so we can write g(t) =
exp 7)(t) for some smooth curve 7(t) € g satisfying 1(0) = 0. Equation (7.2)
gives then §(t) = Ty Lyw)—19(t) = n(t) since g(t) = Ty expn(t) =
T, eLeXpn(t)ﬁ(t) by the comments above. Therefore, in this case, the solution

of (7.2) is given by
¢
o) =esp ([ etepas)

This reconstruction method is crucial in the determination of various geo-
metric phases in mechanical problems; see [MaMoRa90] for details.

7.3 Examples of Reduced Manifolds

The projective space. Consider C2" = R*" = T*R?" endowed with the
canonical symplectic structure dq A dp for (q,p) € T*R?". The flow of
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the Hamiltonian vector field given by the harmonic oscillator Hamiltonian
H(q,p) := (|a]|*+]/p||?)/2 is 27-periodic and hence defines the circle action
0-(q,p) — (qcosf + psind, —qsind + pcosf) on R?" or 0 - (q + ip) :=
e %(q + ip) on C". Since the circle is compact this action is necessarily
proper and it is obvious that it is free away from the origin. The infinitesimal
generator of this action is X7, which shows that H : T*R"™ — R is an invari-
ant momentum map for this circle action. All hypotheses of the Symplectic
Point Reduction Theorem hold and therefore H~*(1/2) is a symplectic man-
ifold. However, since H~'(1/2) is diffeomorphic to the unit sphere S?"~1,
we can immediately conclude that H—1(1/2)/S* = §2"~1 /S This suggests
that this reduced manifold is in fact symplectically diffeomorphic to complex
projective space CIP" . We shall prove this below.

Recall that CP™ ! is the space of complex lines through the origin in C™.
Let 7 : C"\ {0} — CP"' be the tautological projection that sends the
vector z # 0 to the complex line it spans, denoted by [z] when thought of as
an element of CP"~". Consider the inclusion ¢; /5 : H~1(1/2) = §?"~1 —
C™ \ {0} and note that it preserves the equivalence relations, that is, the span
of e~z equals the span of z # 0. Therefore, ¢, /2 induces a smooth map
i1/2 1 §?7=1/SY — CP™', uniquely characterized by the relation 7 o ¢/, =
i1/2 0m1 2, Which is easily seen to be bijective. Since the inverse of this map is
the quotient of the smooth map z € C"\ {0} — S*-(z/]|z|) € $?"~1/S! by
the equivalence relation defining projective space, it follows that this inverse
is also smooth and therefore iy /» : S?"~1/S* — CP"~' is a diffeomorphism.
In what follows it is convenient to define the map ¢ : S?*~! — CP"~! by
@ = TmoLy g = i1z 02 Letus record all of these maps in the following
commutative diagram:

L1/2
SQn—l ;/, Cnr \ {O}
T1/2 ¢ T
i1/2

5271,—1/51

- cpnt

Finally, we recall the symplectic form on projective space (see e.g. [MaRa9%4],
§5.3). Let [z] € CP"! be such that ||z|| = 1 and let w1, wy € (Cz)*. Then
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the symplectic form Qg on CP" ™! is given by
Qrs([z]) (Tam(wy), Tym(ws)) = — Im(wy - wa).

This symplectic form is associated to the Fubini-Study Kihler metric on CP" ™,
a subject not discussed in these lectures; it is the negative of its imaginary part.

We need to prove that i} /QQ rs = §21/2. By the characterization of the re-
duced symplectic form €2, /5, this is equivalent to LT/2 (dgndp) = Tf-T/le/Q =
WT/QZT/QQFS = (l1/2 0 T1/2)*Qrs = ¢*Qpg, which is the identity that shall
be verified below. Since ¢ = 7 o 115, we have for any z € S**~! and any
w1, Wy € 1,521 = (Cz)* the identity T,p(w;) = Tym(w;) for j = 1,2,
and hence

(0" Qrs)(z) (Wi, wa) = Qps([z]) (Trp(w1), Tap(W2))
= Qps([2]) (Tum(wi), Tym(w2))
= —Im(w1 - wa) =17 5(dg A dp) (W1, W2)

as was remarked at the beginning of §2.1. This proves that the symplectic
reduced space (H=*(1/2)/S*,Q42) is symplectically diffeomorphic to the
complex projective space ((CIF’"_l, QFs).

Kaluza-Klein construction in electromagnetism. Let us revisit the motion
of a particle with charge e and mass m moving in a given time independent
divergence free magnetic field B := B,i + B,j + B.k, where i, j, k is the
usual orthonormal basis of R3. In §2.5 we have shown that Newton’s equations
(2.13) for the Lorentz force law

md—v = Ev x B,
dt ¢
where v := q is the velocity of the particle, are equivalent to Hamilton’s
equations in T*R? := {(q,p) | x = (z,9,2),p := mv = (mi, my, mz) =
(pz, Py, p-) € R3} endowed with the magnetic symplectic form

Op =dz Adp, +dy Adp, +dz Adp. — B
C

and the Hamiltonian given by the kinetic energy of the particle
IP=3
o2

B denotes the closed two-form on R? associated to the divergence free vector
field B, that is,

1
H= %HP (@ + 22 + °);

B :=ig(dz Ady Adz) = Bydy Adz + Bydz Adz + B,dz A dy.
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In addition, we have shown that writing B = d A, or equivalently, B =V x A,
where A® = A, thatis, A = Azi+Ayj+Akand A = A,dr+A,dy+A.dz,
the same Lorentz force law equations are Hamiltonian on T*R? endowed with
the canonical symplectic structure but the momentum shifted Hamiltonian

1 e |2
Haap) = 5= 24|

In §3.3, writing these equations in Lagrangian form, we remarked that they
are not geodesic, essentially because of the magnetic symplectic form. Then
we used the Kaluza-Klein construction to find a new Lagrangian Lxx (see
(3.6)) on the enlarged configuration space Qx x := R3 x S1 = {(q,0) | q €
R3,0 € S'} which turned out to be the quadratic form of an A-dependent
Riemannian metric on @)k g, called the Kaluza-Klein metric. Thus the Euler-
Lagrange equations for L g i are the geodesic equations of this metric on R3 x
S1. Furthermore, we Legendre transformed L i to get a Hamiltonian (see
(3.8) on T*R3 = {q,0,p,7) | q,p € R3,0 € S*, 7 € R} given by

H 1 1
KK(qap79a7T) = Hp_ﬂ-AHQ‘i‘—ﬂ'Q.
2m 2

Relative to the canonical symplectic form, Hamilton’s equations for H g x are
the geodesic equations for the Kaluza-Klein metric (expressed in Hamiltonian
form). Since H i does not depend on 6, 7 is conserved and setting 7 = e/c,
we noted that Hx g, regarded as a function of only the variables (q, p), is
up to a constant (namely 72 /2), equal to the momentum shifted Lorentz force
Hamiltonian H 4 (see (3.4)). These were just observations obtained by direct
calculations.

Now we shall show how all of this is obtained from reduction theory. We
start from the Hamiltonian system on 7*Q g x = T*(R*x S*) and note that S*
actson Qg by ¥ -(q,0) := (q, 0+ ) where 6 + 1 is taken modulo 1 (so we
normalize the length of the circle to be 1). The infinitesimal generator defined
by £ € R for this action is {g ., (q,0) = (q, 0;0,&). The Hamiltonian Hg
is obviously invariant under this action. The momentum map for this action,
given by (5.11), is in this case

(J(q,0,p,m),¢) = (pdq + wde)fa% =
that is, J(q,0,p, ™) = 7, thus recovering the direct observation that 7 is a
conserved quantity. Moreover, any value of J in R is a regular value and we
have J=1(e/c) = T*R3 x St x {e/c} on which S! acts on the S*-factor only.
Thus the reduced space is (T* Qi i )¢ Je = T*R3. The reduced Hamiltonian is
obviously H 4 + €2/2¢?, so the reduced dynamics is given by H 4. Finally we

&m,
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need to compute the reduced symplectic form €2,..4. We have

9 9 o o, 0 0 )
: X —— Y, X - Y’
(ﬂ-e/ched)(q797p77T) ( aq +a 60 + 6 aq +a 69 + ap)

= Le/c(dQ/\dp-i-dg/\dﬂ') <Xa_q+a% —f—Y%’
0 0] 0
= - /
Xaq+ 89+Y8p>

-X.Y-X"Y.

Since
0 0 0 0 0
T, X—+ Y— | =X—+Y—
(a,0,p,e/c)Te/c ( oq (96‘ + 9 ) aq op
this identity shows that €,..4 is the canonical symplectic form on the reduced
space T*R3, thus recovering the second result in §2.5: the Lorentz force law
equations are Hamiltonian on T*R? relative to the canonical symplectic form
and the Hamiltonian function H 4.
Let us carry out the reduction in a different manner, by insisting that we get
on the reduced space the kinetic energy Hamiltonian ||p||?/2m. To do this,
requires that we project J~!(e/c) — T*R3 by the S*-invariant smooth map

w(q,ﬁ,p, Z) = (q,p— %A).

It is clear from the computation above that the reduced symplectic form will
not be the canonical one anymore, since we are using a different map to iden-
tify (T Qi )e e With T*R®. So what is the symplectic form now?

We compute it by using ¢ as the projection from the reduction theorem and
get as before

0 0 0 0 , 0 o
Q X— — 4+ Y—X Y’
(50 e/C)(qaaapaﬂ-) ( 8q+a69+ 8p7 8q+ 80+ ap)
= 12).(dg A dp + df A dn) ( aﬂ M% +Y%’

DD
Xoat a0 Y op

=X-Y-X"Y.

However,

o o o 9 c P
T((l, 6,p,e/c)¥ (Xa + a% +Y%> = Xaq + (Y — E(X . V)A) il
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so the previous equality yields

Qese (q,p— EA) (Xa%l + (Y . S(X~V)A) %,
x'%+ (Y’f E(X’-V)A) aap)
—X.Y -X'-Y.

Replacing now p by p + <A, noting that the right hand side of this equality
does not depend on p, replacing Y by Y 4 £(X-V)A,and Y' by Y' + £(X’-
V)A, yields

) o o, 0 .0
Qese(a,p) (Xaq+Yap’X aquY 3p)

:X-(Y’+§(X'-V)A) —X’~(Y+Z(X-V)A)
:X-Y’—X’-Y—%(X’-((X~V)A)—X-((X’-V)A))
o _, 0 o

_ _¢ 9 . v9 x 9 O
—(dq/\dp CB) <X3q+Yap7X8q+Y8p>

since

B (xa%,x'a%) =X ((X-V)A) - X - (X' - V)A)

as a straightforward computation in coordinates shows. Thus
e
Qeje =dqAdp — -B =Qp.
C

which proves the first assertion in the example of §2.5 and explains the appear-
ance of the magnetic term B in the symplectic form: the Lorentz force law
equations are Hamiltonian on T*R3 relative to the symplectic form Qp and
the kinetic energy ||p||? /2m as Hamiltonian function.

The phenomenon occurring here is very general and has to do with cotangent
bundle reduction, a topic not covered in these lectures. What is happening here
is the following: one has a principal bundle with a connection and searches for
explicit realizations of the reduced spaces of the cotangent bundle of the total
space by the structure group. It turns out that there are two natural ways to
carry out this reduction, both at Poisson and at symplectic level. For details of
this theory see [MaRa03] and [PRO4]; for a quick summary without proofs see
[ORO4].
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Coadjoint Orbits. For the Lie group G denote by L,, R, : G — G the left
and right translations on G by g € G. The lifts of these actions to T*G,
denoted by L, R : G x T*G — T*G respectively, are proper, free, and have
equivariant momentum maps Jy,,Jr : T*G — g* given by (see (5.16))

Ji(ay) =T Ry(ay), Jr(ag) =T Ly(ay).

Recall that

Lp(ag) = T;th*1 (ag), Rp(ag) = T;]thh71 (ag)

forany h € G and oy € T*G.

Let us compute the point reduced space (I'*G),, for any p € g* relative
to the left action L. Notice that we do not require  to be a generic point in
g"; that is, arbitrarily nearby coadjoint orbits may have a different dimensions.
Since the action L is free, the symmetry algebra of every point in T*G is zero
and thus every ;1 € g* is a regular value of J;. Thus, the hypotheses of the
Symplectic Point Reduction Theorem hold.

The submanifold J;* (1) = {oy, € T*G | T'Ry(ry) = p} = {T; Ry |
g € G} is the graph of the right invariant one-form a;, on G whose value at
the identity is g Thus o, : G — J;'(u) is a diffeomorphism. Let us show
that it is G;-equivariant, that is,

agol, = Ehoau forall he G,
Indeed, for any g € G we have

(L1 0 0,)(9) = M(T; Ry ) = Ty Ly s Ty Ryt = Ty Ry 1 Ty Ly 1
= T;gRg—1T}TRh—1T;RhT;:Lh—1/J = T}th(hg)_l Ad271 M
= T;;gR(hg)flu = Oéﬂ(hg).

Therefore o, : G — J;'(u) induces a diffeomorphism @, : G/G, —
(T*G),, where G/G,, = {GLg | g € G}. Recall now that the map ¢,, :
G/G, — O, givenby ¢,,(G,.g) = Adj p is the diffeomorphism that defines
the smooth manifold structure of the orbit O,,. Define the diffeomorphism
7 (T*G), = I (w)/Gy — O, by @ = ¢, 0 (@,)"! and note that
p:=pom, = JR|J£1(#) : J71 (1) — O, has the expression o(TyRg-1p1) =
Adj p.
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_ Ay
JL1 (1) G
T
* _# Cu
(T*G)p G/G, O,

We claim that ,Q,, = w™, where €1, is the reduced symplectic form and
w™ is the minus orbit symplectic form on O,,. Since ), is characterized by
the identity 7,0, = L;Q = —LZd@, where © is the canonical one-form on
TG, this relation is equivalent to ¢*w™ = —:;;,d©. We shall now prove this
identity. In what follows we shall denote by AD, : G — G the conjugation
automorphism AD,(h) := ghg™*, for any h € G. Thus T. AD, = Ad, :
g — g is the adjoint representation of G on g.

Let

273 (t) = T;exp(tf) ReXP(*tf)971 H

be an arbitrary smooth curve in J;* (1) passing through a¢(0) = TyRg-1p,
where £ € g. Since Reyp(—1g)g-1 = ADy0Rexp(—1e) © Lg—1, we get

1 exp(tﬁ)Re)cp(—ti)sf1 = Ady OTexp(té)Rexp(*tE) © Tgexp(tE)Lgfl’

so letting v = Adj 1, we have

ag(t) = Tgxp(re) Lg—1 Top(re) Rexp(—te)V = LgRexpee) V-

Therefore, an arbitrary tangent vector at Ty R,—1p € J Zl (1) to the submani-
fold J; ' (1) has the expression

a((0) = T, Ly (é7-c(v)), (7.3)

where &£, , is the infinitesimal generator of the right action R on T*G.

*

Now note that p(ag(t)) = Adyexpueytt = Ado e Adgp = Adg ey
so that

I
S
—

Q
oy
—~

~+
~
~—

Il

T (0)p((0)) AdLpueyy = adfv.  (7.4)
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By (7.4), we have for any &,7 € g and v = Ad p,

(" w ™) (Ty Ry-11) (e (0), a7, (0))
= W™ () (Tag0)$(4(0), Ta, (0 p((0)))
= w™ (v) (adf v,ad; v) = — (v, [£,7])
= I8 W) = (IS, T ), (1.5)
since for right actions we have Jg’"] = f{Jf%, JR} (see (5.12) for left ac-
tions).

On the other hand, since Ty Ry-1p = Egy, the expression (7.3) and left
invariance of © give

(t"dO)(Ty Ry-1p)(c(0), a (0))
=dO(Lyv) (T, Ly (&7 (v)), Tu Ly (. (1))
=dO(v) (&), ni-a(v))
= &a[Of-a)l(v) — nf-clO(Ed ¢)l(v) — O([Ef- g nitc]) (V).
If 7 : T*G — G is the cotangent bundle projection, the definition (2.8) of ©
gives for any oy € TG,

G(U%G)(ag) = <a97Tag7T(77¥*G)> = <%ﬂ7§(9))> = Jp(ayg)

since 17{,3*0 and ng are m-related. Thus, using the identity [ﬁ%GWITz*G] =
(&, 7] %G valid for right actions (see (5.8) for left actions), as well as the def-
inition of the momentum map, we can continue the computation above and
write

&-clO7-6))(v) — 0t g[O(E8 &) (v) — O (&, M)F ) (v)
= X, [TR0) = X [T v) = T ()
= {Th T} v) = {5 TR}W) + {5k, TE}W) = —{ TR, TR}().
Thus we have proved the identity

~(1740) (T} Ry1) (0 (0), 0 (0)) = {J5 TR} (0). (16)

Equations (7.5) and (7.6) prove that p*w™ = —¢;,d®©.

7.4 Orbit Reduction

Let us return to Remark (7) in §7.1 where we have commented on the fact
that the inclusion ¢, : J7'(u) < P induces a Poisson injective immersion
Ky @ P, — P/G. So, the x,-images in P/G of the connected components
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of the point reduced symplectic manifolds (P, 2,,) are the symplectic leaves
of P/G. In this section we shall present, without proofs, how this is actually
carried out concretely.

We begin with the easy observation that, as sets, r,(P,) = J71(0,)/G,
where O,, is the coadjoint orbit through p € g*. If the momentum map J :
P — g* is not equivariant then instead of the coadjoint orbit through x one
considers the orbit of the affine action g - 1 := Adj -1 p+ o (g), where o is the
g*-valued nonequivariance group one-cocycle defined by J; we need to assume
here that P is connected (see Remark (8) in §7.1). Recall that o(g) := J(g -
z) — Ady-1 J(2) and that if P is connected the right hand side of this equation
is independent of z € P. The group one-cocycle o induces by derivation a
real valued Lie algebra two-cocycle > : g x g — R which can be shown to
equal $(&,7m) = JIE (2) — {J€, J"}(z) forevery z € P and £, € g. Denote
by g () := —adgv + (€, -) the infinitesimal generator of the affine action
of G on g*, where v € g*. The affine action orbit O,, carries two symplectic
forms given by

wo, W) (- (v), mg- () = £(v, [€, ) F B(E, ), (7.7)

for any £, € g. They are the natural modifications of the usual orbit sym-
plectic forms on coadjoint orbits. For the proofs of the statements above see
[AbMa78], [LiMa87], or [OR04]. From now on we shall not make any equiv-
ariance hypotheses on J and shall work with the affine orbit O,, C g* through
p- The set Po, := J~1 (0,) /G is called the orbit reduced space associated
to the orbit O,,. The smooth manifold structure (and hence the topology) on
Po,, is the one that makes the bijective map ,, : P, — Po,, into a diffeomor-
phism.

The next theorem characterizes the symplectic form and the Hamiltonian
dynamics on Po, .

Theorem 7.4 (Symplectic orbit reduction) Assume that the free proper sym-
plectic action of the Lie group G on the symplectic manifold (P, Y) admits an
associated momentum map J : P — g*.

@ onJ! (Ou) there is a unique immersed smooth manifold structure
such that the projection To,, : J-! (O4) — Po, is a surjective sub-
mersion, where Po,, is endowed with the manifold structure making r,
into a diffeomorphism. This smooth manifold structure does not depend
on the choice of p in the orbit O,,. If 3=' (0,,) is a submanifold of P
in its own right, then the immersed topology by k, and the induced
topology on Po,, coincide.
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(i) Po, is a symplectic manifold with the symplectic form Qg , uniquely
characterized by the relation

* ok >4 * —+
LO“Q = ﬂ-OuQOH + Jouwou’

where Jo, is the restriction of J to J71 (O,), to, : 71 (O,) — P
is the inclusion, and wgu is the +-orbit symplectic form on O, given
by (1.7). The symplectic manifolds P, and Po, are symplectically
diffeomorphic by k,,.

(iii) Let H be a G-invariant function on P and define H : P/G - R
by H = H o w. Then the Hamiltonian vector field X is also G-
invariant and hence induces a vector field on P/G which coincides
with the Hamiltonian vector field X 7. Moreover, the flow of X g leaves
the symplectic leaves Po,, of P/G invariant. This flow restricted to the
symplectic leaves is again Hamiltonian relative to the symplectic form
Q(’Y‘; ., and the Hamiltonian function Ho,, given by

Ho“ °oTp, = HO’L'@“ or H@M = H|Ou'

Moreover, if F : P — R is another smooth G-invariant function, then
{F, H} is also G-invariant and {F, H}o, = {Fo,,Ho,} po,, where
{-,-}o, is the Poisson bracket on the symplectic manifold Po, =
J10,)/G.

The proof of this theorem in the regular case and when O, is an embedded
submanifold of g* can be found in [Marle76], [KaKoSt78], and [Marsden81].
For the general case, when O, is not a submanifold of g* see [OR04]. Here
is the main idea of the proof. Consider for each value p € g* of J the G-
equivariant bijection

s:9,2] € Gxg, I (1) = g- 2 € I7H(Oy),

where G x g, J7' () := (G x I~ (1)) /G, the G ,-action being the diagonal
action. Endow J~1(0,,) with the smooth manifold structure that makes the
bijection s into a diffeomorphism. Then J~*(Q,,) with this smooth structure
is an immersed submanifold of P. This is the manifold structure on J=1(0,,)
used in the statement of Theorem 7.4.

In the particular case when J=!(0,,) is a smooth submanifold of P in its
own right, this manifold structure coincides with the one induced by the map-
ping s described above since in this situation the bijection s becomes a diffeo-
morphism relative to the a priori given smooth manifold structure on J=(O,,).

If 1 is a regular value of J and O, is an embedded submanifold of g*,
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then J is transverse to O, and hence J~*(0O,,) is automatically an embedded
submanifold of P.

The orbit O,, can be used to transform point reduction at an arbitrary 1 € g*
to point reduction at zero for a larger manifold. Suppose that we are in the
hypotheses of the Symplectic Point Reduction Theorem 7.1. Form the point
reduced space P, and consider the G-orbit through p in g* (in general the
orbit under the affine action) endowed with the + orbit symplectic form. The
group G acts canonically on the left on O,, with momentum map given by the
inclusion 7 : O, — g*. Let P © O, denote the symplectic manifold P x O,
endowed with the symplectic structure Q — wg, = {2 — Tw, , where
m:Px0,— Pandm : Px O, — O, are the projections on the first
and second factors respectively. The Lie group G acts canonically on P © O,
by g-(z,v) := (g9- 2, Ady-1 ). As discussed in §5.3, example (6), this action
has the momentum map J —¢ : P © O, — g*. This momentum map is
equivariant if J is, in which case, O,, is taken to be the coadjoint orbit. With
these notations we have the following result.

Theorem 7.5 (Shifting theorem) The reduced symplectic manifolds P, and
(P& 0,)o are symplectically diffeomorphic.

One should not read into this theorem more than it states. It is tempting to
quote it in order to dismiss the reduction procedure at all points p 7 0. This
would be an error, for the price one pays to reduce only at zero is heavy: the
original phase space is enlarged by multiplication with the orbit O,, whose
topology can be quite involved and who is, in general, not an embedded sub-
manifold of g*. Specifically, when dealing with singular reduction it is im-
portant to study reduction at non-zero values of the momentum map carefully.
The Shifting Theorem 7.5 only hides the differential topological difficulties by
burying them into O,,.

7.5 Semidirect Product Reduction

In this section we present the general Semidirect Product Reduction Theorem
as found in [MaRaWe84a, MaRaWe84b]. We do not attempt to give a his-
tory of the subject here since it can be found in many other papers and books.
To avoid any technical complications, all of this section deals only with finite
dimensional objects, even though the range of applicability of the theorems
presented here goes far beyond that to many continuum and quantum mechan-
ical systems.
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Let V be a vector space and assume that o : G — Aut(V) is a repre-
sentation of the Lie group G on V; Aut(V') denotes the Lie group of linear
isomorphisms of V onto itself whose Lie algebra is End(V'), the space of all
linear maps of V' to itself. Denote by ¢’ : g — End(V) the induced Lie
algebra representation, that is,

Evi=Er(v) =0 (v = — o(expté)v

Given G, V, and p define the semidirect product S := GV as the Lie
group whose underlying manifold is G x V" and multiplication

(91,v1)(g2,v2) := (9192, v1 + 0 (g1)v2)

for g1,g2 € G and v1,v2 € V. The identity element is (e, 0) and (g,v) ! =

(7%, —o(g~1)v). Note that V' is a normal subgroup of S and that S/V = G.
Let g be the Lie algebra of G and let s := g®V be the Lie algebra of S

it is the semidirect product of g with V' using the representation o’ and its

underlying vector space is g x V. The Lie bracket on s is given by

[(€1,v1), (€2, v2)] = ([61, 2], 0" (&1)va — 0’ (€2)v1)

for £1,& € g and vy,v9 € V. Identify s* with g* x V* by using the du-
ality pairing on each factor. The following formulas are useful for our next
considerations. They are obtained by straightforward (and sometimes lengthy)
computations:

e the adjoint action of S on s:
Ad(g,u)(§v) = (Adg &, o(g)v — 0'(Adg §)u) , for (g,u) € S, (§,v) € 5;

e the coadjoint action of S on s*:

Adfg-1(r,a) = (Adg-r v+ (07)"0 ()aﬁ*(g)a),
(9~

for (g,u) € S, (v,a) € 5%, where 0.(g9) == 0 ) € Aut(V*), o), 19—
V is the linear map given by o/,(§) := ¢’(§)u and (o,)* : V* — g is its
dual;

e the lift \ of left translation of S on T*S:

/\((g’ u)v (ah’ v, a)) = (T;thflahv U+ U(Q)Ua U*(g)a)

for (g,u) € S, and (an,v,a) € T(j, S = TG x {v} x V*; Ainduces a
canonical S-action on the product Poisson manifold 7*G x V* by ignoring
the third factor (VV* has the trivial Poisson bracket);
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e the lift p of right translation of S on 7S

pl(g,0), (e, v, @) = (Ty Ry rcn = Af2(,-1),(hg), v + o(R)u, )

for (g,u) € S, and (an,v,a) € T(j, )5 = T;G x {v} x V*, and where
f& : G — R is the “matrix element function” f%(g) = (a,o(g)u); p
induces a canonical S-action on T*G x V* by ignoring the third factor (V*
has the trivial Poisson bracket);

e the momentum map Jy, : TS — s7 for the left translation A:
Jr(ag,v,a) = T(‘e’O)R(g’v)(ag, v,a) = (TS Ryay + (0))*a,a);  (7.8)
e the momentum map Ji : T*S — s* for the right translation p:
Jr(ag,v,a) = T(*&O)R(gm)(ag, v,a) = (ITy Lyag,0(g)*a) ; (7.9)

e the + Lie-Poisson bracket of F), H : s* — R:

{F,H}x(p,a) =+ <u, B_Z; i_ﬂ > I <M, (fs_i) (2_[;>

H F
¥ <a,a’ ((;_M> (;_a> forpueg*, acV* (7.10)

o the Hamiltonian vector field determined by H : s* — R:

* SH\™
_ * o /
Xu(p,a) =7F <ad%ﬁ 1 (O'%Z;) a,o (5M> a) ) (7.11)

Now we shall reduce in two steps. We start with the left action of S on 7S
As we already know from general theory, the momentum map J g is invariant
under A\. The normal subgroup V' of S acts on S by left translations and the
lift of this action admits an equivariant momentum map (in this case invariant
since V' is Abelian), given by the second component (g, v,a) — a of Jy. In
addition, the projection 7*S — T™*( is clearly canonical so that the map

Pr: (ag,v,a) € T*S — (ag,a) € TG X V*

is also canonical; 7% G x V* has the product Poisson structure (see §5.3, exam-
ple (6)). It is easy to see that J i factors through Py, that is, there is a smooth
map

Jr:(ag,a) € TG x V* = (T Lya,, 0(g)*a) € s*

such that the following diagram is commutative:
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5

Py I

T*G x V* Ir s* .

*

Since Jg = jR o Pr, all three maps are canonical, and Py, is onto, it follows
that J R 1is also canonical.

The same phenomenon occurs when working with the right action p. Since
there is a lot a asymmetry in the expression of all the maps involved, we shall
repeat the argument. The momentum map J, is right invariant. The normal
subgroup V' of S acts on the right on 7S with momentum map (¢, v, a) —
o(g)*a given by the second component of J . This map is therefore canonical.
Moreover, the map

(ag,u,a) = Qg + dfg(gfl)u(g) = Qy + T;Rg—1(0';)*a

is a projection followed by a translation with an exact differential on the fibers
and is hence a canonical map from 7*5 to 17*G (see Proposition 2.15). There-
fore

Pr: (ag,u,a) € T*S = (ag + Ty Ry-1(0y,) a,0(g)"a) € TG x V*

is a canonical map. Now notice that J;, factors through Pg, that is, there is a
smooth map

Jo: (ag,a) € T*G x V* — (T Ryag, 0(g~ ") *a) € 57
such that the following diagram is commutative:
75

Pr JL

TG x V* st
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As before, this implies that J £, 1s a canonical map.

The origin of the maps Py, and Pk is also transparent. The space TG x V*
is diffeomorphic to the orbit space of 7S by the left or right V-action. The
diffeomorphisms that implement this identification are easily seen to be

lag, u,a] = (ag,a)
for the left V-action and

g, u, a) = (ag +dfF,-1),(9),0(9)"a)

for the right V-action, where ¢y, u, a] denotes the left or right V-orbit through
(g, u, a). Using these diffeomorphisms, the projections onto the orbit spaces
become P, and Pp, respectively.

We summarize these considerations in the following theorem.

Theorem 7.6 The maps jL, Jr:T*Gx V* — s’ given by
jL(ag,a) = (T;Rgag,a(g_l)*a)
Jr(ag,a) = (T7 Lgag, 0(g)"a)

are canonical. These maps are reductions of momentum maps by the action
of the normal subgroup V and are themselves momentum maps for the left,
respectively right, actions of S on the product Poisson manifold T*G x V*,
where V'* carries the trivial Poisson bracket.

The procedure used here to reduce in two steps is very general and can
be applied to many other situations, such as central extensions of groups, for
example. We refer to [Marsden et. al.] and references therein for the general
theory of reduction by stages and many other examples.

Let us study the reduction of dynamics implied by this theorem. So, consider
a Hamiltonian H : T*G x V* — R and assume that it is invariant under the
left action of S on T*G x V*. In particular, for each a € V* the function
H, : T*G — Rgiven by H,(g) := H(ag,a) is invariant under the lift to
T*G of the left action of the stabilizer G, := {g € G | o(g9)*a = a} on
G. Then it follows that H induces a smooth function Hy, : s* — R defined
by Hy o Jg = H, that is, H,(T Ly, 0(g)*a) = H(ag,a). For right
invariant systems, one interchanges, as usual, “left” by “right” and “—" by
“+”. However, in this case, because the maps involved are different we record
Hp, separately: Hp o J;, = H, that is, HR(T:Ryoy,0(971)*a) = H(ay,a).

It turns out that the evolution of a € V'* is particularly simple. We begin
with the left action and work on s*. Let ¢,(t) € T*G denote an integral
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curve of the Hamiltonian system for H, and let g,(t) be its projection on G.
Then t — (¢, (t), a) is an integral curve of H on T*G x V* so that the curve
t > Jg(cq(t), a) is an integral curve of Hy, on s* . Thus, t — o(ga(t))*a is
the evolution of the initial condition a € V* in s .

For right actions the situation is identical, but we shall find another formula.
If ¢4 (£) and g, (£) are as before, the curve t — J 1 (cq(t), a) is an integral curve
of Hr ons* . Hence t — (g, (t)~!)*a is the evolution of @ € V* in s% . This
proves the following theorem.

Theorem 7.7 Let H : T*G x V* — R be a left invariant function relative to
the S-action on T*G x V*. Then H induces a Hamiltonian Hy, : s* — R
defined by Hy (T} Lgcg,0(9)*a) = H(agy,a) which then yields Lie-Poisson
equations on s* . The curve (cq(t),a) € T*G x V* is a solution of Hamilton’s
equations defined by H on the product Poisson manifold T*G x V*, where
V* is endowed with the trivial Poisson bracket, if and only if Jg(co(t), a) is
a solution of the Lie-Poisson system on s* defined by Hy,. In particular, the
evolution of a € V* is given by c(g4(t))*a, where g,(t) is the projection of
cq(t) on G. For right invariant systems one interchanges “left” by “right”,
“—” by “ 47, and defines Hg : s* — R by Hr(TRyag,0(97 " )%a) =
H (o, a). In this case, the evolution of a € V'* is given by o (g, (t)~!)*a.

The combination of these two theorems is quite powerful in examples. Of-
ten, a physical system is given by a Hamiltonian on 7*G x V*, where V*
is usually a space of parameters of the system. This Hamiltonian is left or
right invariant under the G@V -action on 7*G x V*. Then, the theorems just
proved, guarantee that one can reduce the given system to Lie-Poisson equa-
tions on (g@®V)* and one knows already that the second equation has as so-
Iution the “dragging along by the action” of the initial condition. For systems
in continuum mechanics, this appears usually as a “Lie transport” equation,
such as the conservation of mass, of entropy, or the frozen magnetic lines in
the fluid in the magneto-hydrodynamics approximation.

We close these considerations by presenting a symplectic counterpart of
Theorem 7.6. We shall use the Symplectic Orbit Reduction Theorem 7.4 to
determine, up to connected components, the symplectic leaves of (T*G) /G,
for any @ € V*. Fix in all that follows an @ € V* and let g, := {£ € g |
o'(§)*a = 0} be the Lie algebra of G,. The lift to T*G of left translation
of G, on G has the equivariant momentum map J¢ : T*G — g given by
restriction J§ (o) = (TS Ry0)lg,. The map ¢ : T*G — T*S given by
19 (ag) := (g, 0, a) is a Poisson embedding which is equivariant relative to
the left action of G, on T*G and the lifted left action A of S on its cotan-
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gent bundle 7*S. Therefore 7} induces a Poisson embedding on the quotients
iy« (T*G)/G, — T*S/S = s*. From the Symplectic Orbit Reduction
Theorem we know that

I2) ™ (ulg.)/(Gaduly, = (377 (O, )/Ga = (T°G) [Ga

“55 (T*9)/8 5 5*

where the first diffeomorphism is symplectic and given by the Orbit Symplectic
Reduction Theorem and J j, is the quotient of Jp : T*S — s* implementing
the Lie-Poisson reduction theorem (see §6.1). Where does the reduced space
(J¢)"1(Oy,.)/Ga land by this sequence of symplectic and Poisson diffeo-
morphisms and embeddings? To see this, we compute

Troip) (31O, )/Ca) = Troit) (31) " (Op,,)
= {(v,b) € s | there exists g € G such that 0.(g)a = b, Adjv € O, }

= U S'(X,Cl),

Xlga=Hlgq

where S - (x, a) denotes the S-coadjoint orbit through (x, @) in s* . However,
the identity

{(o)alueV}={veg|vl, =0}

shows that S - (x,a) = S - (u,a) for all x € g* satisfying x|g, = plg,-
Therefore the union above is actually one single orbit, namely .S - (i, a), and
we have shown that the reduced space (J¢)~(0,, )/Ga lands in S - (u, a).

For right actions the same thing happens but we need the map ¢%, : TG —
T*S given by i%(ay) := (e, 0,04 (g)a) to embed right (G, S)-equivariantly
T*G into T™*S. We shall also need another notation for the quotients relative to
right actions and we shall adopt here S\7*S and G,\T*G. Similarly, a sign
on a coadjoint orbit signifies the sign in front of the orbit symplectic structure.
We have proved the following theorem.

Theorem 7.8 The map T oy : (J4)71(Oy),.)/Ga — S (n,a) isa
symplectic diffeomorphism thereby realizing this reduced space as a coadjoint
orbit in s*. The map Jp, o i : G \(I%) M (Opy,,) = S (ma)y is a
symplectic diffeomorphism thereby realizing this reduced space as a coadjoint
orbit in s7,. .

In other words, forgetting about the precise maps involved and the orbit
reduction formulation of this result, this theorem states that there is a sym-
plectic diffeomorphism between the coadjoint orbit S - (pu,a) C (g®V)* and
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the reduced space obtained by reducing T*G by the subgroup G, at the point
,u|ga € gq-

There is a Lagrangian version of this theorem, that is, a formulation in
terms of Euler-Poincaré type equations. It is not true that the Euler-Poincaré
equations that we shall deduce below for g®V are simply the general Euler-
Poincaré equations explicitly written out for a semidirect product. The reduced
Lagrangian formulation in the case of semidirect products is more subtle and
was done in [HMRI98]. We present only the situation of left representations and
left invariant Lagrangians. There are clearly three other versions and, unfor-
tunately, they are important because of various relative sign differences in the
equations and the constrained variations. Since in these lectures we shall only
deal with the heavy top, we refer to the above mentioned paper for additional
details and examples.

The set-up of the problem is the following. Given are:

e a left representation o : G — Aut(V) of a Lie group G on a vector space
V' which induces the left action of G on TG x V* given by h - (vg,a) :=
(TyLn(vg),04(g)a), forvy € T,G anda € V*;

e a smooth left invariant function L : TG x V* — R relative to this action;
e in particular, if ap € V* the function Ly, : TG — R given by L, (vg) :=
L(vg, ag) is invariant under the lift to T'G of left translation of G, on G;

e by left G-invariance of L the formula

(TyLg-1vg,0(9) a) = L(vg, a)

defines a smooth function ! : g x V* — R and conversely any such function
l:gxV* — R determines a left invariant function L : TG x V* — R;

e for acurve g(t) € G with g(0) = e, let £(t) := Ty Ly)—19(t) € g and
define the curve a(t) € V* by

a(t) = a(g(t))"ao (7.12)

for some given ag € V*; the unique solution of the linear differential equa-
tion with time dependent coefficients

a(t) = o' (&(t))"a(t) (7.13)
with initial condition ay is this curve a(t).

With these notations we have the following.

Theorem 7.9 The following statements are equivalent:
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(i) With ag € V* fixed, Hamilton’s variational principle

5 / Loy (9(8),4(0))dt = 0

holds, for variations §g(t) of g(t) vanishing at the endpoints.
(ii) The curve g(t) satisfies the Euler-Lagrange equations for L,, on G.
(iii) The constrained variational principle

5/ “U(E), at))dt = 0

ty

holds on g x V*, using variations of the form

65 = 77 + [fﬂ?L da = U/(ﬁ)*a7

where 1)(t) € g is any curve vanishing at the endpoints.
(iv) The semidirect Euler-Poincaré equations

d 4l

ol ;O\ *

6£ &
hold on g x V'*.

Proof The proof follows the same pattern as that of Theorem 6.6. The equiv-
alence of (i) and (ii) is Hamilton’s classical variational principle that holds
for any manifold (see Theorem 3.5). To prove that (iii) and (iv) are equiva-
lent, we compute the variation of [, integrate by parts, and use the conditions

n(t1) = n(t2) = 0 to get

5/: UE), a(t))dt = /tt <<§§55> + <5a, (‘;i>> it
(B (oo
:/: (<—%%+adz§—é,n>+<(o’%)*a,n>> dt

t2 d ol ol *
- _2% el (') ) dt.
/t1<dt6€+a55§+ (J'g_(l1 a,n
Since this is valid for any smooth path 7)(¢) vanishing at the endpoints, the
variation of the integral of [ vanishes subject to the constrained variations of £
and a if and only if the semidirect Euler-Poincaré equations hold.
It remains to be shown that (i) and (iii) are equivalent. We begin by notic-

ing that due to the G-invariance of L and the relation a(t) = o'(g(t))*ao
the integrands in the two variational principles are equal. Now let, 7(t) :=
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TytyLgty-109(t) € g. At this point one could proceed with the proof exactly
as was done in the one for Theorem 6.6 by assuming that we work only with
matrix groups, or use Lemma 6.7 to do the general case. Let us work abstractly
this time around. So, by Lemma 6.7, all variations dg(t) € TG of g(t) with
fixed endpoints induce and are induced by variations 6£(t) € g of £(¢) of the
form 0 = 7 + [£, ] with n(¢) a smooth curve vanishing at the endpoints.
Thus if (i) holds, define 1(t) := Ty(+)Lg)-169(t) € g for a variation dg(t)
vanishing at the endpoints and set 0§(t) = T(;)¢(t). By Lemma 6.7 we have
0¢ = n+[€, n] with n(t) a smooth curve vanishing at the endpoints. In addition,
the variation of a(t) = o’(g(t))*ag is da(t) = o’'(n(t))a(t). Thus (iii) holds.
Conversely, assume that (iii) holds. So if 6§ = 7+ [, n] with 7)(t) a smooth
curve vanishing at the endpoints, define dg(t) = T, Lg)n(t) € TG. Lemma
6.7 guarantees then that this dg(¢) is the general variation of ¢(¢) vanishing
at the endpoints. Finally, the relation da(t) = o’ (n(t))*a(t) shows that the
variation of 0, (g(t))a(t) = ao vanishes, which is consistent with the fact that
L., depends only on g(t) and ¢(t). Thus (i) holds. |

We close this section by showing how the heavy top equations fit into the
semidirect Lie-Poisson and Euler-Poincaré framework. In the process, many of
the remarkable statements in §1.2 that appeared as computational coincidences
will be explained through the theory that was just presented in this section. To
do this, we shall use all the explicit formulas deduced in §1.2. The configu-
ration space is G = SO(3) and it represents the attitude of the heavy top. In
coordinates it is given by Euler angles, as explained in §1.2. The parameter
of the problem is M glx, where M € R is the mass of the heavy top, g € R
is the value of the gravitational acceleration, ¢ € R is the distance from the
fixed point (that is, the point of suspension of the rigid body) to the center
of mass of the body, and x € R? is the unit vector pointing from the fixed
point to the center of mass. Therefore, the parameter space of this problem
is V* := R3. Identifying R® with itself using the usual inner product, gives
V := R3. The representation o : SO(3) — Aut(R3) is usual matrix multi-
plication on vectors, that is, o(A)v := Av, forany A € SO(3) and v € R3.
Dualizing we get o0(A)*T = A*T = A7IT, forany I' € V* = R3. The
induced Lie algebra representation o’ : R? 2 50(3) — End(R?) is given by
o' (Q)v =0, Q = Qxv,forany Q, v € R3. Therefore, (0/,)" T = v xI' and
o' () T =TxQ,foranyv e V2R3 Qe R 250(3),andT € V* = R3.
Recall also that adg, IT = IT x € by using the isomorphism (1.14); see (1.21).

The expressions of the Hamiltonian and Lagrangian functions on se(3)* &
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R3 x R? and se(3) =2 R3 x R? respectively (see (1.42) and (1.46)),
1
H(II,T) = 5H I 4 Mglr - x
1
L(Q,T) = 510 Q@ — MgiT - x

yield 0H/6IT = I7'I1 = Q, 6H/6T = Mglx, 6L/6Q = IQ = II, and
O0L/6T = —Mglx, where, in this case, due to the dot product pairing, the
partial functional derivatives are given by ¢ /6II = Vyy and § /6T = Vr. So
we can immediately write both the semidirect product Lie-Poisson (7.11) and
Euler-Poincaré equations (7.14), (7.13) to get

M=IxQ+MgTxy, I=IxQ

which are the Euler-Poisson equations (1.44). The solution (7.12) of the second
Euler-Poisson equation with initial condition I'(0) = k is I' = A~'k which
was the definition of I" used in the expression (1.39) of the potential energy.
The minus Lie-Poisson bracket (7.10) becomes in this case

{F,H}ILT) = —II.(VF x Vg H)—T- (Vo F x Ve H+VrF x Vi H),

which is formula (1.45). One recognizes in the computations at the end of
§1.2 part of the proof of Theorem 7.9. The remarkable map (1.43) that sends
the Euler angles and their conjugate momenta to the variables (IL, T') is none
other than the momentum map J (see (7.9)) expressed in the chart given by
the Euler angles. So, of course, it will map Hamilton’s equations on 7*SO(3)
to minus Lie-Poisson equations on se(3)*, as the general theory presented in
these lectures stipulates.

Since the Euler-Poisson equations are of Lie-Poisson type, their solutions
must lie on coadjoint orbits. The generic ones are given by the surfaces de-
fined by ||T'|| = constant and IT - I' = constant. Any function of ||T'|| and
II - T is a Casimir function for the Lie-Poisson bracket, as an easy verifica-
tion shows. In particular, the Euler-Poisson equations always have these two
functions as conserved quantities. Restricted to such a generic coadjoint orbit,
the Euler-Poisson equations are Hamiltonian relative to the orbit symplectic
form and have the total energy H conserved. To be completely integrable, one
needs therefore one more conserved quantity, independent of H and commut-
ing with it. It is known that this is possible only in three cases: the Euler case
characterized by £ = 0, that is, the center of mass coincides with the point of
suspension of the rigid body, or equivalently, no forces act on the body and one
has fixed its center of mass, the Lagrange case characterized by x = (0,0, 1)
and I; = I, that is, the body has an additional S 1-symmetry around the line
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connecting the point of suspension of the body with its center of mass, and
the Kowalewski case, characterized by the conditions I; = I, = 2[5 and the
center of mass lies in the plane of the equal moments of inertia, so it can be
assumed to be x = (1,0,0) by simply adjusting the frame of reference. The
last two cases have an additional integral. In the Lagrange top case, this is the
momentum map of the S'-action. In the Kowalewski case, the origin of this
additional integral remains to this day a mystery from the point of view of mo-
mentum maps, that is, it is not known a priori (that is, without solving explicitly
the system) what one-dimensional Lie group action has as its momentum map
this additional quartic integral.

To completely describe the kinematics of this system we shall record here
the coadjoint orbits of the special Euclidean group SE(3); for the proofs of
all the formulas below see [MaRa94], §14.7. Let {e1, es, 3,11, {2, f5} be an
orthonormal basis of se(3) & R3 x R3 such that e; = f;, i = 1,2, 3. The dual
basis of se(3)* via the dot product is again {e1, eq, e3, {1, f>,f3}. There is a
single zero dimensional coadjoint orbit, namely the origin. The other orbits are
two and four dimensional. There is no six dimensional coadjoint orbit since the
Poisson bracket is degenerate having the two Casimir functions given above.
There are three types of coadjoint orbits.

Type I: The orbit O through (e, 0) equals

SE(3) - (e,0) = { (Ae,0) | A € SO(3) } = S, x {0}, (7.15)

llel

the two-sphere of radius ||e||. The tangent space to O at (e, 0) is the tangent
space to the sphere of radius ||e|| at the point e in the first factor. The minus
orbit symplectic form is

w™(e,0)(ad(x y)(e,0),ad(y y(e,0)) = —e - (x x x')

which equals —1/||e|| times the area element of the sphere of radius ||e|| (see
§6.3, example 1).

Type II: The orbit O through (0, f) is given by
SE(3) - (0,f) = { (a x Af,Af) | A € SO(3), ac R?}
={(u,Af) | A €SO(3),u L Af} = TSﬁf”, (7.16)

the tangent bundle of the two-sphere of radius ||f]|; note that the vector part is
the first component. The tangent space to O at (0, f) equals f+ x f+, where
f+ denotes the plane perpendicular to f. Let (u,v) € O, that s, ||v| = ||f||
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and u L v. The symplectic form in this case is
W (u7 v)(adj(kx,y) (u7 V), a‘Cl?)c’,y’) (u7 V))
=-u-(xxx)—v-(xxy —x'xy). (7.17)

It can be shown that this form is exact, namely, w~ = —d6, where

O(u,v) (ad’{x’y)(u, v)) =u-x.

Thus O is symplectically diffeomorphic to 7*S? endowed with the canonical
cotangent bundle symplectic structure (we identify 7*S? with 7'S? using the
natural Riemannian metric on the sphere S2).

Type III: The orbit O through (e, f), where e # 0, f # 0, equals
SE(3)- (e,f) = {(Ae+a x Af,Af) | A€ SO(3),acR*}. (7.18)
To get a better description of this orbit, consider the smooth map

e-f

which is right invariant under the isotropy group
SE(3)(e,sy ={(B,b) | Be+bxf=e, Bf =f}

and induces hence a diffeomorphism ¢ : SE(3)/SE(3)(c.f) — TS\QIfH' The
orbit O through (e, f) is diffeomorphic to SE(3) / SE(3) e,¢) by the diffeomor-
phism

(A,a) = Ad(p 4 -1(e,f).

Composing these two maps and identifying 7'S? and 7% S? by the natural Rie-
mannian metric on S?, we get the diffeomorphism ® : O — T *Sﬁf” given
by
-f
P(Ad(p o)1 (e, 1)) = (Ae +ax Af — ‘TfWAf’ Af) .
Thus this orbit is also diffeomorphic to 7* Sﬁf\l‘ The tangent space at (e, f) to
Ois{(u,v) |[u-f+v-e=0andv-f = 0}. If (@,v) € O, the orbit
symplectic structure is given by formula (7.17), where t = Ae 4+ a x Af and
v = Af, for some A € SO(3),a € R3. Let
-f -f
u=Ae+taxAf— ——Af—u-——v, v=Af=¥v,
[I£]] [I£]]

be a pair of vectors (u, v) representing an element of TSﬁf”. Note that ||v| =
|If|| and u-v = 0. Then a tangent vector to TSﬁf” at (u, v) can be represented
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as ad(y y)(u,v) = (u X x + v X y,Vv x x). The push-forward of the orbit
symplectic form w™ to TSﬁf” is computed then to be

(Q)*wf)(u, v)(ad?x,y) (11, V), a“d’(kx’,y’) (11, V))

=—u-(xxx)-v-(xxy —x'xy) - S(x x x').

e-f
TR
A comparison with (7.17) shows that the first two terms represent the canonical
cotangent bundle symplectic form on T*SﬁfH. The last term is the following
closed two-form on T'S ﬁfl\:

" « e-f
B(u,v) (ad(x,y) (u,v), ad(x’,y’)(uvv)) = _WV - (x % X/)'

This two-form 3 is a magnetic term as in §2.5. Therefore O is the cotangent
bundle of the two-sphere of radius ||f|| endowed with a magnetic symplectic
form. The type II and III coadjoint orbits are diffeomorphic but not symplec-
tomorphic.

The motion of the heavy top always lies on these coadjoint orbits and is
a Hamiltonian system relative to the total energy H and the orbit symplectic
structures presented here.
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