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> A website devoted to Quantitative Finance:
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1 Simulation of random variables

1.1 Pseudo-random numbers

From a mathematical point of view, the definition of a sequence of (uniformly distributed) random
numbers (over the unit interval [0, 1]) should be :

“Definition.” A sequence x,,,n > 1, of [0, 1]-valued real numbers is a sequence of random numbers
if there exists a probability space (2, A,P), a sequence Up,n > 1, of i.i.d. random variables with
uniform distribution U([0,1]) and w € Q such that x,, = U, (w) fo every n > 1.

But this naive and abstract definition is not satisfactory because the “scenario” w € €1 is may
be not a “good” one i.e. not a “generic” ... 7 Many probabilistic properties (like the law of large
numbers to quote the most basic one) are only satisfied P-a.s.. Thus, if w precisely lies in the
negligible set that does not satisfy one of them.

Whatever, one usually cannot have access to an i.i.d. sequence of random variables (U,) with
distribution ([0, 1])! Any physical device would too slow and not reliable. Some works by logicians
like Martin-Lof lead to consider that a sequence (x,,) that can be generated by an algorithm cannot
be considered as “random” one. Thus the digits of 7 are not random in that sense. This is quite
embarrassing since an essential requested feature for such sequences is to be generated almost
instantly on a computer!

The approach coming for computer and algorithmic sciences is not really more tractable since
their definition of a sequence of random numbers is that the complexity of the algorithm to generate
the first n terms behaves like O(n). The rapidly growing need of good (pseudo-)random sequences
with the explosion of Monte Carlo simulation in many fields of Science and Technology (I mean not
only neutronics) after World War II lead to adopt a more pragmatic approach — say — heuristic —
based on a statistical tests. The idea is to submit some sequences to statistical tests (uniform
distribution, block non correlation, rank tests, etc)

For practical implementation, such sequences are finite , as is the accuracy of computers. One
considers some sequences () of so-called pseudo-random numbers displaying as

Yn
n = a7 n 7...7N_1.
x N Y € {0 }

One classical process is to generate the y, by a congruential induction :
Ynt1 = aYp +b mod. N
where ged(a, N) = 1, so that @ is invertible in the multiplicative group ((Z/NZ)*, x) (invertible
elements of Z/NZ for the product).
If b = 0 (the most common case), one speaks of homogenous generator.

One will choose N as large as possible given the computation capacity of the computers (with
integers) (N = 231 —1 for a 32 bits architecture, etc).

Still if b = 0, the length of the sequence will be settled by the period 7 := min{t / o' =
1 mod. N} ofain ((Z/NZ)*,+).

Since card(Z/NZ)* = ¢(N) where ¢(N):=card{1 <k <N -1, tq pged(k, N)=1} is the Euler
function, it follows from Lagrange theorem that:

7 = card(<a@>) | p(N)



(where <@> := multiplicative sub-group of (Z/NZ)* generated by @). Let us recall

e(N)=N ]I (1—1>.

p|N, p prime p
The (difficult) study of ((Z/NZ)*, x) when N is a primary integer leads to the following theorem:

Theorem 1 Let N = p®, p prime, a € N*.

(a) Ifa =1 (i.e. N =p prime), then ((Z/NZ)*, x) (whose cardinality is p — 1) is a cyclic group.
This means that there exists a € {1,...,p — 1} s.t. (Z/pZ)* =<a>. Hence the mazimal period is
T=p-—1.

N
(b) If p=2, a >3, (Z/NZ)*, (whose cardinality is 2°~ = 5), is not cyclic. The maximal period
is then T = 2972 with a = +3 mod. 8.

(c) If p # 2, then (Z/NZ)*, (whose cardinality is p*~'(p — 1)), is cyclic, hence 7 = p*~(p — 1).
It is generated by any element a whose class a in (Z/pZ) spans the cyclic group ((Z/pZ)*, x).

However, one should be aware that the length of a sequence, if it is a necessary asset of a
sequence, provides no guarantee or even clue that a sequence is a good as a sequence of pseudo-
random numbers! Thus, the generator of the FORTRAN IMSL library does not fit in the formerly
described setting: one sets NV := 23! — 1 (which is a prime number), a := 7°,b := 0 (a#0 mod.8).

Another approach to random number generation is based on shift register and relies upon the
theory of finite fields.

1.2 The fundamental principle of simulation

Theorem 2 Let (E,d) be a Polish space (complete and separable) and X : (2, A,P) — (E,) be a
random variable with distribution P . Then there exists a Borel function ¢ : ([0, 1], B([0,1]), Aj,1)) —
(E,Bor(E),P,) such that

P, =Xogp!

where \ o o~ denotes the image of the Lebesgue measure Ao,1] by ».
As a consequence this means that, if U denotes a uniformly distributed random variable on a

probability space, then
d
X =p(U).

The interpretation is that any FE-valued random variable can be simulated from a uniform
distribution. In practice this turns out to be a purely theoretical result which is of no help for
practical simulation.

1.3 The distribution function method

Let 1 be a probability distribution on (R, B(IR)) having a continuous increasing distribution function
F. Then F has an inverse function F~! defined (0, 1).

Proposition 1 If L(U) = U((0,1)), then X := F~(U) £ p..

Proof. : Letz € R, P(X < 2) =P(F~Y(U) < z). Now F~! is increasing, hence {F~Y(U) < z} =
{U < F(x)}. Hence P(X <z) =F(x).



Remark. e If 4 has a probability density f satisfying {f = 0} has an empty interior, then
xX

F(x) = / f(u)du is continuous, increasing.
—00

e One can replace R by any interval [a,b] C R.

e When F' is simply non-decreasing (or discontinuous at some points), one defines the canonical
right continuous inverse F.-! by:

Vu € (0,1), Fl(u) =inf{s/F(s) > u}.

r

One shows that F.~! is non-decreasing, right continuous and

Flu)<z=F(z)>uet F(z) >u= F '(u) <z

r

Hence X £ E7Y(U) since

. = F(z).

ror <o =pie0) <] SEED 20700 )

If X takes finitely many values in a R, on retrieves the standard simulation method.

e One could have considered the left continuous inverse defined by

Yu € (0,1), F*(u) = inf{s/F(s) > u}.
with the same result.

Examples : e Simulation of an exponential distribution.
Let X £ £()\), A > 0. Then

Vze (0,00), FX(:B):/\/ e Ndg=1—e7,
0

Consequently, for every y € (0,1), F~'(u) = —log(1l — u)/A. Now, using that U 41U it
U <L U((0,1)) yields

X = —log(U)/A L £(N).

e Simulation of a Cauchy(c), ¢ > 0, distribution.

We know that Px (dx) = mm&

z c du 1 x 7r
Vo € R, FX(I’) = [m m? = ; (Arctan(c) + ) s
hence Fiy'(z) = c tan(m(u — 1/2)). Tt follows that

X =ctan(n(U — 1/2)) 4 Cauchy(c).

e Simulation of a Pareto(6), # > 0, distribution.

0 —0
We know that Px (dx) = Wl{wzl}d” F,(z) =1—2"" so that

4

X=U""0 Pareto(0).

ot



e Simulation of a purely discrete distribution supported by E C R.
Let B :={z1,...,2,} and X : (2, A, P) — E an E-valued r.v. with distribution P(X = z}) =
pi, 1 <k < N. Then, one checks that

N

Vue (07 1)7 F);l(u) = Z xk1{p1+~“+pk_1<u§p1+'~+pk}
k=1

so that

N
X 4 Zxk1{])1+"'+pk71<U§p1+"'+pk}'

k=1
The yield of the procedure is ¥ = 1 but when implemented naively its complexity — which corre-
sponds to (at most) N comparisons for every simulation — may be quite high. See [17] for some
considerations (in the spirit of quick sort algorithms) which lead to a O(log N) complexity. Fur-
thermore, this procedure underlines that the p; are known (as real numbers) which is not always
the case even in a priori simple situations

e Simulation of a Bernoulli random variable B(p), p€ (0, 1).
This is the simplest application of the previous method since
d
X =1Ly = B
The yield of the method is 1.

e Simulation of a Binomial random variable B(n, p), pe (0,1), 1.
One relies on the very definition of the binomial distribution as the law of the sum of n inde-
pendent B(p)-distributed random variables i.e.

- d
X =3 Ly = Blnp).
k=1

where (Uy,...,Uy,) are ii.d. B(p)-distributed r.v. Note that this procedure has a very bad yield,
namely % and needs n comparisons like the standard method (without any shortcut). Its asset is
that it does not require the computation of the probabilities p;’s.

1.4 The rejection method (Von Neumann)

Let f,g: (R, B(R%) — R, be two probability densities with respect to a nonnegative measure
pon (R4 B(R?)). Assume g > 0 p-a.s. and

Vze RY, f(z) < cg(z).

Proposition 2 Let (Uy,, Y,)n>1 be a sequence of i.i.d. r.v. with distribution U([0,1]) @ Py (inde-
pendent marginals) defined on (2, A, P). Assume Py (dy) = g(y)u(dy)
Let
7 :=min{k > 1|cUrg(Ys) < f(Yi)}.

Then, T has a geometric distribution G*(p) with parameter p := P(cUyg(Y1) < f(Y1))) and

X =Y £ f(z)u(d).



In practice, one needs
— to simulate the distribution of Y,
— to compute the functions f and g,

ms on a computer at a reasonable cost.

The yield of the method is obviously % and its mean yield

1
E-=-__7F logp.
T 1—p

Proof. STEP 1: Let ¢ : R? — R be a bounded Borel test function. By Fubini’s Theorem,

1
E(SO(Y)l{cUg(Y)gf(y)}) = /Rd @(y)/o L cug(y)<f(»)y9(¥)(dy)
1
= /]Rd So(y)/o 1{cug(y)Sf(y)}ﬁ{g(y)>0}g(y)ﬂ(dy)

1
= /Rd sa(y)/o e 100350y 91 (dY)

—cg(y)

_ f(y)
= /{ o0} v(y) Cg(y)g(y)u(dy)
= C/Rdw(y)f(y)u(dy)-

If p=1, then c=PUf(Y) < cg(Y)), hence, elementary conditioning yields
E(p(V){eUs(Y) < SVD) = [ W) fwn(dy)
- LYV eUg(Y) < FV)}) = Fp)u(dy).
STEP 2: Let B€ B(R?). Then
P(X€B) = Y E(Lp=nlien)

n>1

= Y P{cUig(V1) = f(Y1)})" "P{cUg(V1) < f(Y), Y1 € B})

n>1
where we used that the sequence (Up, Y, )n>1 is i.i.d.. Hence
P(XeB) = Y E (1{T:n}1{YneB})
n>1
= Y P({ctigm1) > F()})" 'P({cUg(Y) < f(V1), Y1 € B})
n>1

= P(Ye B|cUg(Y1) < f(Y)).

Combining this with Step 1 yields P, = f.u. o



Corollary 1 Set by induction for everyn > 1
71 :=min{k > 1|cUrg(Yi) < f(Yr)} and Tpt1 :=min{k > 7, + 1| cUrg(Yr) < f(Yx)}.

then the sequence

is an i.i.d. P -distributed sequence of r.v.
The easy proof is left to the reader

Remark. The average yield of the rejection method is defined by 7 := P(cUyg(Y1) < f(Y1)): this
means that in average one needs to simulate % to obtain one Px-distributed number.

APPLICATIONS. > Uniform distributions on bounded domains D. Let D C [-M, M|, \g(D) > 0
and let V' < U([-M, M%) and 7 := min{n |Y,, € D}. Then,

X, 2U(D).
This follows (exercise) from the above proposition with

g(u) = (2M) ™ 1(_pp pna(y)-Aa(dy)

1(dy)
and . "
@) = s prlo@halds) < 2 g(o)

A standard application is to consider the unit ball of R%, D := B4(0;1). When d = 2, this is
involved in the so-called polar method, see below, for the simulation of A/(0; I3) random vectors.

> The y(«)-distribution Let a > 0 and P, (dx) = fo(2)A(dz) where

1 a—1_-—x
falz) = == le 10, 400)(T)-

ING))
(Keep in mind I'(a) = [;"*° u~'e~"du). Note that when a = 1 the gamma distribution is but the
exponential distribution.
—If 0 < @ < 1, one uses the rejection method, based on the probability density

ae

ga(x> = ate ($a711{0<x<1} + 6711{121}) .

First, one checks that fo () < cqga(z) where

a+e
ael'(a)

Coq —

Then, one uses the inverse distribution function to simulate the random variable with distribution
P, (dy) = ga(y)A(dy). Namely, if G, denotes the distribution function of Y, one checks that, for
every u€ (0,1),

1
_ a+e a a-+e
Got(u) = ( U) Lfuc e} — log ((1 —u) ) Liy>_e

e ae ate

8



~If a > 1, Then X = X' + X", with X’ and X” are independent and X’ has a gamma
distribution with parameter [«] and X” has a gamma distribution with parameter {a} = o — [a].
Consequently one may assume that @ = n€ N. Then,

X=&+ - +é

where & are i.i.d. with exponential distribution. Consequently, if Uy,...,U, are i.i.d. uniformly

distributed random variables .
x4 log (H Uk> .
k=1

1.5 The Box-Miiller method for normal vectors
1.5.1 d-dimensional Normal vectors

One relies on the Box-Miiller method, which is probably the most efficient method to simulate
couples of bi-variate normal distributions.

Proposition 3 Let R? et © : (2, A4,P) — R be two independent r.v. with distributions L(R?) =
£(3) and L(©) = U([0,2r]) respectively. Then

X = (Rcos ©, Rsin ©) £ N (0, 1)
where R = v R2.

Proof. : Let f be a bounded Borel function.

x? + 22 dridx . _e dpd?
L far e S8 [ [ (pcos, psind)e La: (0) Lo (0)0 -

2 2 2m

using the standard change of variable: 1 = pcos @, xo = psiné. Setting now p = /7, one has:

drdf

2. 2 s
x] + 5 dridxs . €2
//R2 f(z1, 29)exp(— 5 ) o //f(\/;COSH,\/;Slne)Tlm(P)l]o,zw[(a)?

:E(f(\/ﬁcos@,\/ﬁsin@)) =E(f(X)). o

Corollary 2 One can simulate a distribution N (0; 1) from a couple (Ur,Us) of independent r.v.
with distribution U ([0, 1]) by setting

X = (\/—210g(U1)cos(27rU2), \/—210g(U1)sin(27rU2)> .

The yield of the simulation is p = 1.

Proof. Simulate the exponential distribution using the inverse distribution function and note that
if U ~U([0,1]), then £L(27U) = U([0,27]). o

To simulate a d-dimensional vector N'(0; I;), one may assume that d is even and “concatenate”
the above process using a d-tuple (Uy,...,Uy) of i.id. U([0,1]) r.v..

Exercise (Polar method) Let (Uy, Us) 4 U(B(0;1)). Set

X = (Ury/~2log(R?)/ R?, Up\/—2log(R?2)/ R2).

Show that X £ A/ (0; I2). Derive a simulation method for A/(0; I2) combining the above identity
and some rejection algorithm.



1.5.2 d-dimensional Gaussian vectors (with general covariance matrix)

Let ¥ be a covariance matrix and X < A (0;X). ¥ is a symmetric nonnegative so there exists a

. . . . . . 2
unique symmetric nonnegative matrix commuting with 3, denoted v/ such that VX~ = X. A
straightforward computation shows that if

ZLZN(O;I;) then VEZZN(0:%)

One can compute V'3 by diagonalizing ¥ in the orthogonal group: since if ¥ = P*Diag(\1, ..., \q)P
then V¥ = P*Diag(v/A1,...,v/Aq)P where P stands for the transpose of the orthogonal matrix
P.

However, one will prefer usually rely on the Cholevsky method (see e.g. Numerical Recipes [37]
by decomposing
>=TT"

where T is an lower triangular matrix. Then

TZ L N(0;%).

1.6 Vanilla options pricing in a Black-Scholes model by Monte Carlo
1.7 Premium computation

For the sake of simplicity, one considers a 2-dimensional correlated Black-Scholes model (under its
unique risk neutral probability)but a general d-dimensional can be defined likewise.

dXP = rXPdt, XJ=1,
dX} = Xlerdt+oW}), X} =z},
dX} = XP(rdt+ o W3), X@ =3,

with the usual notations (r interest rate, o1, o2 volatility. In particular, W = (W', W?2) denotes a
correlated bi-dimensional Brownian motion such that < W' W?2>;= pdt. The filtration F is the
augmented filtration of W.
Then, for every t€ [0, T]
XD =et
2
1

X} = gler= P Wl
2
X7 = x%e(r’%)t“’?WE.
A European wvanilla option with maturity 7" > 0 is an option related to a European payoff
hy = h(XT)

which only depends on X at time 7T'. In such a complete market the option premium at time 0 is
given by
Vo = e "TE(h(X;))

and more generally at any time ¢t € [0, 7]
Vi = e "TORWX,) | F).

The fact that W has independent stationary increments implies that X! and X? have indepen-

dent stationary ratios so that if
Vo :=v(x0,T)

10



then

Vi = ¢ TIE((X,)]X)

X .
= ¢ "TIE (1 ( 7;><Xt’> S
Xi i=1,2

o Xi
= e " TIE((( XTét)i:LQ)mi:XZ

= ’U(Xt,T — t)

EXAMPLES. e Vanilla call: h(z!,2?) = (#! — K),. There is a closed form for this option which is
but the celebrated Black-Scholes formula

Call{?s = C(IL‘(), K, T, r, U) = Soq)o(dl) - G_TTK(I)()(CZQ)

with )
_log(ah/K) + (r+ )T
avT ’

(P denotes the distribution function of the N (0; 1)-distribution.

dl ngdl—Ulﬁ.

e Best of call with strike price K:
h, = (max(X;,Xi) —K);.

A quasi-closed form is available involving the distribution function of the bi-variate (correlated)
normal distribution. It may be interesting to price it by MC (although PDFE is also quite appro-
priate).
e Exchange Call Spread:

hy = (X! - X2) — K),.

For this payoff no closed form is available. One has the choice between a PDE approach (quite
appropriate in this 2-dimensional setting) and a Monte Carlo simulation.

We will illustrate on this last example the regular Monte Carlo procedure.

PRICING BY MONTE CARLO : THE REGULAR PROCEDURE A crude Monte Carlo amounts to
writing
T d 1 2 1 g % 1 2 U% 2 T
e hy,=p(Z',727%) = soexp(?T—l—UlﬁZ ) —soexp—?T—i—ag\/TZ )— Ke™"
+

where Z = (Z', Z?) 4 N(0; 1) (the dependence of ¢ in x}, etc is dropped). Then, simulating a
M-sample (Z,)1<m<m of the N(0; I2) distribution using e.g. the Box-Miiller yields the estimate

1 M
EachSpready = e " TB((X} — X2) = K)1) = B(¢(Z%, 7)) » Pas 1= == O ¢(Zm).
m=1

One computes an estimate for the variance using the same sample

1

M
Val9) = srs > ()’ — o
k=1

() ~ Var(e(2))

11



since M is large enough. Then one designs a confidence interval for E ¢(Z) at level a € (0,1) by

setting
IM—|:90M_ Yl (Vs a\/

where a,, is defined by P(IN(0;1)| < a,) = « (or equivalently 2®y(a,) — 1 = a. Some approxima-

—-Ep(Z
tions are hidden in what precedes from a statistical viewpoint, in particular the fact that Pu_ = i( ))
Mm\P

does have a normal distribution, which is in fact only true asymptotically. However, within the usual
range of simulation implemented for numerical purpose, this approximation is quite satisfactory, in
fact more satisfactory than in many statistical applications where it is usually made.

1.8 Greeks (sensitivity to the option parameters: the elementary approach)

The greeks or sensitivities denote the set of parameters obtained as derivatives of the premium of
an option with respect to some of its parameters: the starting value, the volatility, etc. In many
reasonably elementary situations, one simply needs to apply some more or less standard theorem
like

Theorem 3 (Inverting differentiation and expectation) (a) Let ¥ : I x (2, A,P) — R where I
denotes a nonempty interval of R. Let x_ € I. If the function ¥ satisfies

(i) for every x € I, the r.v. W(E,.)€ L(PP),
0

i) Pdw)- —

(i) B(dw)-0.5., O

(1ii) There exists Y € Lﬂh (P) such that for every x € I,

(x,w) exists,

P(dw)-a.s. |¥(z,w) — V(u_,w)| <Y(w)|z—2z_]|,

then, the function (x):=E(¥(x,.)) is defined at every £ I, differentiable at x_, with derivative

V(z.)=E (({;;I:(xoo, .)) .
(b) If U satisfies (i) and
(i1) giop P(dw)-a.s.,

(z,w) exists at every x€ I,

ov
Ox
(74i) giob There exists Y € Lﬁh (P) such that for every x€ I,

P(dw)-a.5. ‘8‘1’(“’)’ <Y(w),

ox -

then, the function ¥ (x):=E(V(z,.)) is defined and differentiable at every & € I, with derivative
ov
"2)=E(=(z,.)]).
V(@) =E(5 (@)

Remarks. e This is a special case of a general result of Integration theory and one can replace
the probability space (€2, .4, P) by any measured space (E, &, u).

e Some variants of the result can be established to get a theorem for differentiability of functions
defined on R? or for holomorphic functions, etc.

12



1.8.1 Working with the random process

To illustrate the different methods to compute the sensitivity, we will consider the 1-dimensional
case of the Black-Scholes and temporarily change our notation by setting

dX} = X[ (rdt+ odW;), X5j=x>0
so that X} = zexp ((r — %Q)t + oW,). Then we consider, for every z € (0,00),
f(@) = E(p(X7)),

where ¢ : (0, +00) — R is in L!'(Pyz). We will first work on the scenarii space (€2, A, P), because
this approach contains the seed of methods that can be developed in much more general settings
in which the SDFE has no explicit solution like in the Black-Scholes model. However, as soon as a
closed form is available for the density of X7, it is more efficient to use the next paragraph.

Proposition 4 (a) If ¢ is differentiable with polynomial growth, then f is differentiable and

X

F@ =E(¢p7E).

(b) If ¢ is simply Borel function with polynomial growth, then f is still differentiable and

fa) =B (p(x0)o 1),

xol

Proof. (a) This straightforwardly follows from the explicit expression for X7 and the above

differentiation Theorem 3.
2

(b) Now, still under the assumption (a) (with p:=r — %),

u? du

flz) = /]R¢’(xexp(uT+a\/fu))exp(uT—i-g\/Tu)_2\/%

_ / dp(xexp (uT + ov/Tu)) exp (—u?/2) du
R ou zoVT V2r

B exp (—u?/2) du
= /Rgo(acexp(,uT+aﬁu))u P ;

where we used an integration by part in the last line. Finally, coming back to €2,

Fa) = — B (oXW, ). (1.1)

When ¢ is not differentiable, let us sketch the extension by density when ¢ has compact support.
Then ¢ can be approximated in every LP(IP) by differentiable functions ¢, with compact support
(use a mollifier and a convolution approximation). Then, with obvious notations, f},(z) converges
uniformly on compact sets of (0,00) to f'(x) defined by (1.1). Furthermore f,,(z) converges toward
f(z). Consequently f is differentiable with derivative f’.

Remark. Using item (a) of Theorem 3 and the fact that P(X* = y) = 0 for every y > 0, one
derives that claim (a) in the proposition may remain true if ¢ is not differentiable at countably
many points. This extends e.g. the first formula to the case of functions p(z) = (¢ — K)+ or
(K —2)+.

13



> Exercise: Application to the computation of the v. As a result

[ (@)

" 220T

E (¢ (XD)W, X7 = p(X)W, )

if o is differentiable with a derivative having linear growth, and

2
F(e) = 5 E (@(Xi) (Z/T W, - i)) -

if ¢ is simply Borel with linear growth.

> Computation of the vega. One shows likewise the expression for the vega i.e. the derivative of
the premium with respect to the volatility parameter ¢ under the same assumptions on , namely
0 1
S E@(XD) = E (¢ (X)W, —oT)X}) = —E (9(X))W,)
if ¢ is differentiable with a derivative with polynomial growth. An integration by part then shows

that
0

2
J E(p(x3) = E (so(X;}”) (ZVT -, - ;)) -

1.8.2 A direct approach based on differentiation on the state space

In fact, one can also carry on the computations directly on the state space of the process without
specifying the Black-Scholes model provided the solution at time ¢, Xj*, has an explicit probability
density pi(z,y)u(dy) with respect to a reference measure p on the real line. If 6 denotes a real
parameter of interest of the structure equation that defines X* (which may turn to be x itself),
one has at least formally

1(0) = E(o(XD) = [ ¢()ps 0.2, 5)uldy)
so that

) = Aw(y)%g(O,x,y)u(dy)
Op

= /Rso(y)pt(e‘:’;y)(G,x,y)pT(H,%y)u(dy)

_ E (gp(x;ﬂ)moggf”(e, x,X;f)> (1.2)

Of course, the above computations need to be supported by appropriate assumptions (domina-
tion, etc).

Exercise (a) Compute the probability density pr(x,y) of X7.
(b) Re-establish all the above formulae using this approach.

A multi-dimensional version of this result can be established the same way round. However,
this straightforward and simple approach to “greek” computation remains marginal outside the
Black-Scholes world since it needs to have access to an explicit form for the probability density of

the asset at time 7. When dealing with path-dependent options (or even worse American options),
this approach already fails even in a Black-Scholes model.
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This is why we are lead to “go back” on the “scenarii” space (2. Then, some extensions of the
first approach are possible: if the function and the diffusion coefficients (when the risky asset prices
follow a Brownian diffusion) are smooth enough, one usually relies on the so-called tangent process.
A more sophisticate method is to introduce some Malliavin calculus methods which correspond to
a differentiation theory with respect to the generic Brownian paths. This second topic is beyond
the scope of the present course.

1.8.3 The tangent process method

In fact if the coefficients of the SDFE are regular enough, one can differentiate directly the processes
with respect to a given parameter. We refer to section 4.

2 Variance reduction

2.1 Static control variate
Let X, X'e L(Q, A, P) satisfying
EX=EX =meR, Var(X), Var(X'), Var(X — X’) >0

> The parameter m is to be computed by a Monte Carlo simulation. Let X, £ > 1 be a sequence
of i.i.d. copies of X. Then (SLLN)

M —oco

M
. = . — 1
m= lim Xy P-as., with X, := i ’;Xk

with a convergence ruled by the Central Limit Theorem (CLT)

\/M(YM —m) i>./\/'(0;Va1r(X)) as M — oo.

so that
— o(X) — o(X) N
P (mE {XM —(ZW,XM +am}> ~ 2Py(a) — 1.
where ¢(X) := y/Var(X) and ®g(z) = [F e_g %.

> QUESTION: Which random vector (distribution...) is more appropriate?

A natural answer is : if both X and X’ can be simulated with an equivalent cost (complexity),
then the one with the lowest variance is the best choice i.e.

X if  Var(X) < Var(X'), X’ otherwise.
provided this is known a priori.

> Practical implementation. Usually, the problem appears as follows: there exists a random
variable Z€ L% (€, A, P) such that

(1) EZ can be computed at a very low cost by a deterministic method (closed form, numerical
analysis method)

(74) the r.v. X — E can be simulated with the same cost (complexity) than X.



(7i7) the variance Var(X — =Z) < Var(X).
Then, the random variable
X =X-Z+E=
can be simulated at the same cost as X, EX’ = E X and Var(X') < Var(X).

> In option pricing the payoffs are usually nonnegative. In that case, any r.v. = satisfying (4)- (i)
and
0<=2<X

can be considered as a good candidate to reduce the variance, especially if = is not too far from
X in some way. However, note that it does not imply (ii7) (if X = 1, then Var(X) = 0 whereas a
uniformly distributed random variable = on [1 — 7, 1] has clearly a nonzero variance... ).

2.1.1 Jensen inequality and variance reduction

Jensen inequality is an efficient tool to design control variate when dealing with path-dependent
exotic option pricing as illustrated by the following examples:

EXAMPLES: e Asian options and Kemna-Vorst control variate in a Black-Scholes dynamics (see [29])
Let h, = ¢ (% fOT Xg’dt) where ¢ is nonnegative and non-decreasing and

2
X =xzexp((r— %)t—i—aWt), x>0

is a Black-Scholes dynamics with volatility o and interest rate . Then, Jensen inequality applied
to the probability measure %1[0,T] (t)dt implies

1 /T 1
— [ XZdt
T/o ¢

x exp (T /OT(r —02/2)t + JWt)dt>

v

= xexp (;(r —o?/2)T + ;/OTWtdt))

Now
T T T
/ W,dt =TW, —/ sdW :/ (T — s)dWs
0 0 0
so that
1 (T d 1 (T T
— | WdtEN(0;— | s%ds|=N(0;=]).
L N(,T2/033> w(0:5)
Hence

;/OT X7 dt > e~ (/24T oy ((r = (6%/3)/2)T + (0 /V3)WWTZ)

for some normally distributed r.v. Z, so that
hy 2 i £ o (we (AT axp (r = (07 /3)/DT + (0/VB)W,)

Rule: If the vanilla option with payoff ¢(X¥) has a closed form, so is the case for the Kemna-Vorst
payoff hf v,

16



e Basket option. One considers a payoff on a basket of options (e.g. an index), say a call

N
hy = (Z apX P — K)
k=1

where (X1, ..., X%) is d-dimensional basket of risky assets and all the weights c;, > 0, d1<k<d Ok =
1. Then the convexity of the exponential implies that

+

d

k,x

log(X .k

621§k§dak og(Xp )S E aka,ﬂfk
k=1

In a d-dimensional Black-Scholes model, > ;<4 ax log(X;f’mk) still has a normal distribution so

k,zp
that the payoff k, := (621§k§d anlog(Xp™) K) gives raise to a closed form. The extension to
more general payoffs of the basket is straightforward provided a closed form is available when the
basket is replaced by a single B-S risky asset.

e Best of call option. The payoff is given by
h, = (max(X}, X?) — K)

Using that vab < max(a,b), a, b > 0, its is clear that

he > by = (\/XEX2 - K)+

and that, still in a 2-dimensional Black-Scholes model, the option with payoff k, has a closed form.
One may improve the procedure by noting that more generally a?b'~? < max(a,b) when € (0,1).

2.2 Negatively correlated variables with the same expectation and variance

When Var(X) = Var(X’), choosing X or X’ seems of little interest. however, it may be possible to
take advantage of this situation to induce a variance reduction.
Assume Var(X) = Var(X’), X and X' can be simulated with the same complexity x. Then set

X+ X
2

It is reasonable (when no further information on (X, X’) is available) to assume that the simulation
complexity of = is twice that of X and X', i.e. 2k. On the other hand

Var(X) 4+ Cov(X, X')
2

The size of the simulation using X (or X') and = respectively to enter a given interval [m —
e,m + €] with the same confidence level 2®¢(a) —1 >0 (a > 0) is
_ a?Var(X)

= a?Var(Z
pX = VI ik X and 0 = YE)
9 9

[1]

Var () =

with =.

Taking into account the complexity, that means essentially the computation C PU time, one should
better use Z if and only iff 2k ME < k MX i.e.

2Var(Z) < Var(X)

which amounts finally to

Cov(X,X') < 0.

To use this remark in practice, one may rely on the following simple result.
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Proposition 5 Let X = ¢(Z) € L&(%, A, P), where ¢ : (R,B(R)) — (R,B(R)) is a monotone
functzon Assume that there exists a non-increasing transform T : (R, B(R)) — (R,B(R)) such

that Z £ T(Z). Then
Cov(f(2), [(T(2))) < 0.

Proof. Without loss of generality one may assume f non-decreasing. Let Z, Z' two independent
random variables defined on the same probability space with distribution P’,. Then T' being non-
increasing

(f(2) = H(Z)(f(T(2)) - {(T(Z") <0

hence its expectation. Consequently
E(f(2)1(T(2))) +E(f(Z2") [(T(2")) - E(f(2)[(T(Z") = E(f(Z") f(T(2))) < 0O
so that using that 7’ 27 and Z 7' are independent

2E(f(2)1(T(2))) <E(f(Z2)E(f(T(Z')) + E(f(Z")E(f(T(2))) = 2E(f(Z2))E(f(T(Z))
that is
Cov(f(2), f(T(2))) = E(f(2)[(T(2))) - E(f(2))E(f(T(Z2)) < 0 o

The classical situation in which such an approach successfully applies is when T'(z) = —z.

EXAMPLE. European option Pricing in BS model. Let h, = h(X7) with h monotone (like for

Calls, Puts, spreads etc). Then h, = h(xexp(r— —T—i— VTZ)), Z _/\/(0; 1). The function
z +— h(zexp(r— —T ++/T%)) is monotone as the composition of two monotone functions and

W, L -w,.
2.3 Adaptive control variate

The situation of two square integrable r.v. X and X', X # X’ having the same expectation
EX=EX' =m
(and nonzero variances Var(X) and Var(X’)) can be reformulated by setting
Vi =X-X with EY =0 and Var(Y') > 0

We saw that if Var(X —Y) <« Var(X), one will choose X — Y to implement the Monte Carlo
simulation and we provided several classical examples in that direction.

However there is a way to optimally use this idea which is to parametrize the problem as follows.
For convenience, set

X' =X - )\Y.

Then
®(N\) = M Var(Y) — 2 Cov(X,Y) + Var(X)

reaches its minimum value at Ay;, with

_— Cov(X,Y) . Cov(X'Y)
T Var(Y) Var(Y)

18



and (if px y denotes the correlation coefficient of X and Y')

ov 2 ov(X'.Y))2
Omnin := Var(X m‘“) = Var(X) — w = Var(X') — w

Var(Y) Var(Y)
Hence
024n < min (Var(X), Var(X"))
and
mln - Var( )(1 - p%(,Y) - Var(X’)(l - p%(’,Y)'
A more symmetric expression for Var(X*min) is
2 Var(X)Var(X')(1 - p% x/)
e (Var(X) — Var(X"))? + 2y/Var(X)Var(X')(1 — px x)
< \/Var )Var X’)M.
- 2
2.3.1 Implementation of the adaptive Variance reduction
Let Xy, X, k> 1, be (simulated...) independent copies of (X, X").
Set, for (a large enough fized) integer M > 1:
1 M M
Vi = 37 2 (Xp = X3)° Z X — X, ) (Xy — Xp)
k=1 k=1

A =

M

C
% [can be updated recursively]

> THE “BATCH” APPROACH (Glasserman, [20])
Then \,, — Amin P-a.s. so that one derives by elementary arguments that

1 M
LS X 2 Ex

Not recursive at all... And what about rates 7. ..

> RECURSIVE APPROACH/IMPLEMENTATION

Theorem 4 If X € LP(P) for any p > 1 and % = 2 € L'"I(P) for some n > 0 then the
expected variance reduction does occur in the following sense:

1 M
/M . X// _
(M kz::l k m) N( mln)
where X;' =X, -2 Y, =0101-X_,)X, + )\kle; and M\ is defined as above.
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The rest of this paragraph can be omitted at the occasion of a first reading.

Proof. e Assume (temporarily) that

2
Ay = % Ljﬁ) Amin as M — oo.

M

Note that (C,,,V,,) can be recursively computed from (C,,_,,V,, ;) and (X,,, X7 ).

M

Let Fj := o(X1,X1,...,X,,, X)), k > 1, denote the filtration of the sunulatlon and set for
every k > 1,

X;i/ =X, - )‘k—1}/k = (1 - )\k—l)Xk + Ak—lX]i'

k

Vk>1, E(X;i/‘fkfl) = E(Xk ’Fkﬂ) - )‘k71]E(Y;€ |fk—1) =m
Var(x!) = E(B(X]-m)*|F, ) =E (Var(X})s-n, )

= E(@\,_,) == ®(A\mn) = min @ (\).

e Now, set for every M > 1,
M i
N, = Z B
k=1
(N, a1 is an L2((Fg)g, P)-martingale since X}/, k > 1 is a sequence of Fj-martingale increments
and

M " m)2 ar //
Bvz) -y B Zm?) V) o5l

k=1 k=1 k>1

Hence N,, — N_ € L?(P) (P-a.s. and in L?(IP)) as M — oo. Consequently, by the Kronecker
Lemma (see below),

Xm0

! :
- XM::—ZX,’;—wn as M — oo.

Lemma 1 KRONECKER LEMMA Let (ay)n>1 be a sequence of real numbers and let (by)n>1 be a
non decreasing sequence of positive real numbers with lim, b, = +o0o. Then

n>1 """ " k=1

1 n
(Z Z—n converges in R as a sem’es) = <b Z ar — 0 as n— oo) .

e (Weak) Rate of convergence: One applies the Lindeberg C LT (see Hall & Heyde) to the array
of martingale increments defined by

X" —m
X
XM,k e
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One checks that

M 1 M
S E(Xig | Fio1) = ZE (X{ —m)?| Fr-1)
k=1 k 1
1 M
= — D\
MZ (Ak—1)
- U?nin = m)\lnCI)()\)

+ Lindeberg condition. . .

which needs sup,; E(A27) < 4-o0. ..

1 M
m(MZXé/_m> —>N( ) mm)
k=1

e Remaining task : a criterion for the assumption sup; E(A2F) < +o0.

V- (X = X)) (X - X))
" Yl (Xk — X})?
M ¥ )2
(X —X
so that A2 < Zkz\jll( a o )2 (Schwarz Inequality)
Zk 1(X1c - X3)
- Z M
=1 o) S (X - X 1)’
M 1 ¥ 1
< =) (Xg— — —_
= Mzz: K M,;(Xk—x,g)ﬂ’
where we used the convexity inequality
M
ZISkSM Qg M 1<k<M ak

By Hélder Inequality with conjugate exponents p, g€ (1, +00)

| M M
2 L N2
Ve >0, H)\ Hl+z—: - M];(Xk Xar) (1+) Z Xk—X/) a(1+2)
- € €
2
< ||X7 —
- H 1 Tl2p(1+€) \X X\ g(1+4e)
2
< 4)x|2 \ .
2p(1+e) ‘X—X" o(142)

2.3.2 Application to option pricing: using parity equations

One often starts form the (intuitive and well-known) Parity equations. Furthermore these relations
are model free so they can be applied for various dynamics for the underlying asset.
We denote in this example by X; the risky asset (with Xo = x¢) and set X! = e".

> VANILLA CALL-PUT PARITY (d = 1):

Cally = e E (X, — K)4) and Putg = e "TE (K — X,)4)
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Callo — Puto =Ty — G_TTK

so that Cally = E(X) = E(X') with X := e "T(X, —K); and X' := e "I (K- X)) +20—e "TK.
As a result on set
Y = e_TTXT — X

which turns out te be the terminal value of a martingale

> ASIAN CALL-PUT PARITY:

At Ty [0,T) starts the averaging interval [Tp, T.

1 T
Callp = e "TE Xidt — K
" < <T —To Jmy ' ) +)

1 T
Puto=e¢ "TE| | K — / X, dt .
’ (( T—Ty To t>+>

Using that X, =e "X, is a P-martingale and Fubini’s theorem yield

1— efr(TfTo)

Cally'® — Putd’® = zq T—To) e TK
so that
Call)* = E(X) = E(X")
with
X = e ( ! TXtdt — K)
T—T Jn .

1— efr(TfTo)

1 T
X = sp—————e TK+e T K - /th :
O (T = Th) T-TyJr, "),

which leads to

1 T 1— —r(T-Tp)
Xtdt — S0 ¢

VY = e—rT - -
T—-"1To J1y 71(,11 - TO)

Remarks. e In both cases, this relies on the P-martingale property of S,.

e Vanilla Call €& Put (model-free): The assumptions of the theorem are satisfied as soon as

1
——— ¢ L'"(P) for some 1 > 0

X, € LP(P), pe [1+ o) and V>0,
X, —z

This is satisfied by the B-S model.

o Asian Call € Put (in any model-free): Same condition involving

1 T
X, dt.
T—Ty Jn, "
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K ---> Call(s_0,K), CallPar(s_0,K), InterpolCall(s_0,K)

o
9
>
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o
S

105
Strikes K=90,...,120

Figure 1: BLACK-SCHOLES CALLS: Error= Reference BS— (MC Premium,). K =90,...,120.
—0-0-0- Crude Call. ———— Synthetic Parity Call. <> Interpolated synthetic Call.

2.3.3 Complexity:

In practical implementation, one often neglects the cost of the computation of Ay, since one only
needs a rough estimate or it: this leads to stop its computation after the first 10% or 20% of the
simulation.

— In the examples derived form “Parity equations” developed in the above subsection, the r.v.
Y is involved in the simulation of X, so the complexity of the simulation process is not increased:
updating A,, and (the empirical mean) YL is (almost) costless. Subsequently, in that setting, the
complexity remains the same!

— WARNING ! This no longer true in general ... When the complexity is doubled, the method
is efficient iff

1
o2 < 3 min(Var(X), Var(X")).

if one neglects the cost of the estimation of the coefficient Apiy,.

2.3.4 Some Simulations

> Vanilla B-S Calls

Model parameters:

T=1, 20=100, r=5%, o =20%, K = 90,...,120.

MC parameter: M = 106.
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Strikes K=90,...,120

Figure 2: BLACK-SCHOLES CALLS: K +— 1 — Apin(K), K = 90,...,120, for the Interpolated
synthetic Call.

), StD_InterpolCall(s_0,K)

s_0,K
o
N
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(s_0,K), StD_CallPar(:

T
O6 R RHHHRATH RN
g e x
n =
z' %O 9‘5 160 165 lﬁ‘lO l]‘.5 1‘20
Strikes K=90,...,120
Figure 3: BLACK-SCHOLES CALLS. Standard Deviation(MC Premium,). K =90,...,120.

—-0-0-0- Crude Call. ———— Parity Synthetic Call. > Interpolated Synthetic Call.
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K-> StD-AsCall(s_0,K), StD-AsCallPar(s_0,K), StD-AslnterCall(s_0,K)
©
8

Figure 4: HESTON ASIAN CALLS. Standard Deviation (MC Premium,). K =90,...,120.
—0-0-0- Crude Call. ———— Synthetic Parity Call. <> Interpolated synthetic Call.
> ASIAN HESTON CALLS

— The dynamics: Let 9, k, a s.t. ¥2/(2ak) < 1.
dXy = Xi(rdt+ /o))dW}, Xo=x0>0, (risky asset)

dvy = k(a—v)dt + 9o dW2, vg >0 with <W' W?>,=pt, pe [-1,1].

— The payoff and the premium: no closed form available for Asian payoffs!

T
AsCallflest — ¢—1TR ((1 / Xsds—K> >
T Jo .

Note however that (quasi-)closed forms do exist for vanilla European options in this model
(see [27]) which is the origin of its success.

— Parameters of the model:
’ xo =100, k =2, a = 0.01, p = 0.5, vg = 10%, ¥ = 20%. ‘

— Parameters of the option portfolio:

| T=1, K=90,---,120 (31 strikes).

Exercise. One considers a 1-dimensional Black-Scholes model with market parameters
r=0, 0c=03, x9=100, T =1

1. One considers a vanilla Call with strike K = 80. The r.v. Y is defined as above. Estimate the
Amin (one should be not far from 0.825). Then compute a confidence interval for the Monte
Carlo pricing of the Call with and without the linear variance reduction for the following sizes
of the simulation: M = 5000, 10 000, 100000, 500 000.

2. Proceed as above but with K = 150 (true price 1.49). What do you observe 7 Provide an
interpretation.
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Figure 5: HESTON ASIAN CALLS. K — 1 — A\pin(K), K = 90,...,120, for the Interpolated
Synthetic Asian Call.

K), InterAsCall(s, k)

ars,

K —==> AsCall(s, K), AsCallP

90 9% 100 105 110 115 120
Strikes K=90....,120

Figure 6: HESTON ASIAN CALLS. M = 10% (Reference: MC with M = 10%). K = 90,...,120.
-0-0-0— Crude Call. —x—x—— Parity Synthetic Call. x> Interpolated Synthetic Call.
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2.4 Multidimensional case

> Let X := (X', ..., X%, V:=(Y'...,Y):(Q ATP) — RY, square integrable random vectors.
EX=meR¢  EY)=0eR?

Let D(X) := [Cov(X", X7)]1<i j<q and D(Y) denote the covariance (dispersion) matrices of X and
Y respectively.
D(X) and D(Y) >0

i.e. positive definite symmetric.

>> PROBLEM Find a matrix A€ M(d, q) solution of the optimization problem
Var(X —AY) =min{Var(X — LY), Le M(d,q)}.

> SOLUTION
A= (D(Y))"HC(X,Y))

where

C(X,Y) = [Cov(X", Y)|i<icd1<j<q-
> ExaMpPLES: Traded assets X; = (X},..., X{), t € [0,T).

— Options on various baskets

d
Xt = (Ze;x;—K) Li=1,....d
j=1

+

Remark. Also produces an optimal asset selection (PCA) which helps for hedging,.
— Portfolio of forward start options

X = (X%L_+1 —Xg,}i)+, i=1,....d

2.5 Importance sampling (introduction to)

The basic principle of importance sampling is the following: let X : (2, A,P) — (E,€) be an E-
valued r.v. . Let p be a o-finite measure on (E, ) satisfying P, < p i.e. there exists a probability
density f: (E,&) — (R, B(R,)) such that

P.=fp

In practice this means that one has to simulate several r.v. , whose distributions are all absolutely
continuous with respect to this reference measure p. For a first reading one may assume that £ = R
and p is the Lebesgue measure but what follows can also be applied on more general measured
spaces like the Wiener space, etc. Then

EN(X) = [ h@)By(do) = [ h(a)f(@)u(do).
Now for any probability distribution g defined on (E, &) (with respect o p), one has

h(z)f(x)

) 9(x)p(dz).

EA(X) = [ h(a)f(a)u(da) = |
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One can always enlarge (if necessary) the original probability space (€2, A,P) to design a random
variable Y : (Q, A, P) — (E, &) having g as a probability density with respect to u. Then, going
back on the probability space yields

Eh(X)=E (W) . (2.3)

So, in order to compute [E h(X) on can also implement a Monte Carlo simulation based on the
simulation of independent copies of the r.v. Y i.e.

h(Y)f(Y 1 Xy
Eh(X):E(()Yf()> = a.s. lim MZ;(;()}{E()E)

M—oo

> Necessary conditions ... to undertake the simulation. To proceed it is necessary to simulate
Y and to compute the ratio of density functions f/g at a reasonable cost (note that only the ratio
is needed which can make useless the computation of some “structural” constants ).

> Sufficient conditions ... to undertake the simulation. Once the above conditions are fulfilled,
the question is: is it profitable to proceed like that? So is the case if the complexity of the simulation
for a given accuracy (in terms of confidence interval) is lower with the second method. If one assume
for simplicity that simulating X and Y on the one hand and computing h(z) and (hf/g)(x) on the
other hand is comparable the question amounts to comparing the variances.

Now
(Y - 5 o
- (M )@;)) (e)a(dz) — (Eh(X))’
-/ <h<wg><f;<)ﬂf>>2ﬂ<dx> ~ ([ hauda?
As a consequence simulating Y'will reduce the variance iff
/ WWZ@ < [ B@) @)
Remarks. e In fact, theoretically, one may reduce the variance of the new simulation to ...0.

Assume Eh(X) # 0 and g(x) > 0 pu(dr)-a.s.. As a matter of fact, using Schwarz Inequality one
gets,

(f, pomtan)? = [ 2D fywuta)
X X 2
[ PO fotwutan) < [ gan
T 2
- [ )
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since ¢ is a probability density. Now the equality case in Schwarz inequality says that the variance
is 0 iff \/g(x) and %\/{7(:;) are pi(dzr)-a.s. proportional i.e. h(x)f(z) = cg(x) p(dx)-a.s. for some
g(x

(deterministic) nonnegative real constant ¢. Finally this leads to

o12) = F(o) s ) s

This condition is clearly impossible to reach, the simplest argument being that if it were, this
would mean that EA(X) is known since it is involved in the formula...and would then be of no
use. A contrario this may suggest a direction to design the (distribution) of Y.

e The intuition that must guide the user when calling upon some importance sampling method is to
replace a r.v. X by another r.v. which is closer to their common mean. When pricing derivatives,
the r.v. is a payoff like (X, — K)4+ which is very often equal to 0 as soon as xo < K i.e. the option
is deep-out-of-the money at the origin of time. So the idea is to change the dynamics of the risky
asset so that, endowed with its new distribution, it turns to be more often larger than K.

As concerns vanilla option in simple models, one usually work on the state space F = R, and
importance sampling amounts to a change of variable in integrals. In a more general framework,
one works on the scenarii space i.e. one sets (in some way) E = Q and use Girsanov theorem.

Example (option pricing). (a) In a 1-dimensional Black-Scholes model
X* =zexp(ut +oW,) = zexp (Ul + ovVTZ), Z L N(0;1).
Then, a standard change of variable, shows
Ep(X?) = Eh(Z)

= /]R h(zexp (T 4+ ovV/'Tz)) exp (—2%/2) &

V2r
= /Rh(wexp (uT + oVT(u+0)) exp (—62/2 — Ou — u?/2)

du
ez
= exp(—62/2)E (exp (—02)h(Z + 6))
= exp (0?/2)E (exp (—0(Z + 0))h(Z + 6)).

This identity is sometimes known as the Cameron-Martin formula. Viewed through the above
notations related to “abstract” importance sampling, it corresponds to switch from X to Y with

X — 7, Y— 7480

in (2.3) (with the related probability densities). It is to be noticed that there is need to know a
numerical value for w. We leave the computations an exercise.

At this stage the underlying idea is to choose a “good” €. This choice highly depends on the
function h as emphasized above.

o If p(x) = (x — K)y ie. h(z) = (zexp (uT + oVTz) — K), with 2 < K (deep-out-of-the-
money), most simulations of h(Z) will produce 0 as a result. So, one idea can be to re-center the
simulation of X7 around K i.e. choose 6 satisfying

E(mexp(uT+0\/T(Z+9)> =K

log(K/x)

which yields 0 :=
Y /T

— pTI'. This choice is not optimal but reasonable.
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Exercise. Set r =0, 0 = 0.2, Xo = 2 = 70, T = 1.0ne wishes to price a Call with strike price
K =100 (i.e. deep-out-of-the-money). The true Black-Scholes price is 0.248.

— Make a “crude” Monte Carlo simulation and then

— apply the above importance sampling

Several methods have been developed to approximate the optimal 6 i.e. solution to the mim-
imization problem

2
min K (exp (0%/2) exp (—0(Z + 0))h(Z + 9)) .

One is based on large deviations techniques (see [20]) seems to be strongly dependent on the regu-
larity of the function h (or say the payoff). Another approach based on stochastic approximation
techniques has been recently introduced by Arouna in [1]. Although quite promising, one faces a
problem: the resulting procedure does not fit (at all) in the regular theory of recursive stochastic
algorithms. Practical implementation then often lead to exploding behaviours. To overcome this
problem, some further developments are needed, like those developed in [1] which are essentially
based on the so-called projection “a la Chen”.

(b) When dealing with path-dependent options, one usually relies on the Girsanov theorem to
modify in an appropriate way the drift of the risky asset dynamics. Of course all this can be
implemented for multi-dimensional models. . .

3 Euler scheme(s) of a Brownian diffusion
One considers a d-dimensional Brownian diffusion process (X¢)c[o, 7] solution of the following S.D.E.
(SDE) = dXt = b(t, Xt)dt + O'(t, Xt)th, (34)

where b : [0,T] x R? - R?, ¢ : [0,T] x R — M(d x q) are continuous functions and (Wt)eelo,r)
denotes a g-dimensional Brownian motion defined on a probability space (£2,.4,P) (the filtration
satisfying the usual conditions). We assume that b and o are Lipschitz continuous in x uniformly
with respect to ¢ i.e., if | .| denotes any norm on R and ||.|| any norm on the matrix space,

Vte [OaT]v vx? ye Rd? ‘b(tvx) - b(tvy)‘ =+ ||U(t7$) - O-(tvy)H < K|x - y‘

The starting random variable X is defined on (2, .4, P), square integrable and independent of .
Let F := (Ft)ejo,r) the (augmented) filtration generated by Xo and o(Ws, 0 < s <t).

Then, one shows that the above SDE has a unique strong solution X with initial value Xy (at
time 0). When X, = 2€ R one denotes the solution of (SDFE) by X*.

Remark. By adding the component t to X i.e. be setting Y; := (¢, X;) one may always assume
that the (SDE) is homogenous i.e. that the coefficients b and o only depend on the space variable.
This is often enough for applications although it induces some uselessly stringent assumption on
the time variable in many theoretical results. Furthermore, when some ellipticity assumptions are
required, this way of considering the equation no longer works since the equation dt = 1dt 4+ 0dW;
is completely degenerate.
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3.1 Euler-Maruyama schemes: stepwise constant and continuous schemes.

Except for some very specific equations, it is impossible to process an exact simulation of the
process X even at a fixed time T' (by exact simulation, we mean writing X, = x(U), U ~ U(]0, 1]))
(nevertheless, when d = 1 and ¢ = 1, see [13]). Consequently, to approximate E(f(X,)) by a
Monte Carlo method, one needs to approximate X by a process that can be simulated (at least at
a fixed number of instants). To this end one first introduces the stepwise constant Brownian Euler
scheme X = (Xir )o<k<n With step % associated to the SDE.

> Stepwise constant Buler scheme. Tt is defined by

_ _ _ T _ T _
th+1 :th +b(t7]z»>XtZ)g+U(t’ZaXtZ) EUk+17 Xo=Xo, k=0,...,n—1, (35>

where ¢ = ]%T, k=0,...,n—1 and (Ug)1<k<n denotes a sequence of i.i.d. N (0;1)-distributed
random vectors given by

n
Uk = \/;(WtZ_WtZ1)’ k‘:l,...,n.

Moreover, set for convenience
. 4N 3 n n
te=ty  ifte [t 1)

The stepwise constant (sometimes called “discrete”) Euler scheme is defined by
X=X,  telo,T)

> Continuous Fuler scheme. At this stage it is natural to extend the definition of the Euler scheme
at every real instant t € [0, 7] by setting

Xi = X+ b(t, Xp)(t = 1) + o (t, Xp) (Wi = W)
This continuous Euler scheme satisfies (SDE) with frozen coefficients, namely
dX; = b(t, Xp)dt + o(t, Xy)dWs,  Xo = Xo
i.e. . .
X, = Xo + /0 b(s, X.)ds + /0 o (s, X,)dW,.

Then, it is classical background that under the above assumptions on the coefficients b and o
mentioned above, sup;cjo 1 [ Xt — X¢| goes to zero in every LP(P), 0 < p < oco. Let us be more
specific on that topic by providing error rates under slightly more stringent assumptions.

How to use this continuous for practical simulation seems not obvious, at least not as obvious as
the stepwise constant Euler scheme. However this turns out to be an important method to improve
the rate of convergence of M C' simulations e.g. for option pricing. Using this scheme in simulation
relies on the so-called diffusion bridge method and will be detailed further on.

3.2 Strong error rate

Theorem 5 Assume b and o satisfies for some index a€ (0,1),
vie [0,T], Vo, ye RY,  [b(s, ) = b(t,y)| + llo(s,2) — o(t,y)| < C(jt —s[* + ]z —y])  (3.6)

and if Xo€ LP (p > 2).
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(a) Then, for everyn > 1,

n

z CoropT T\
I sup X = Killy < Chmpe®or (11Xl (1)
t€[0,T

In particular if b and o are Lipschitz in (t,x) the LP-rate is O(n_%).
(b) Then, for everyn > 1,

~ logn
I sup X — Xelllp < Cpope ™™ (14 (1 Xo]lp)1/ :
te[0,T7] n

Remarks. e Note that the second rate is universal since it holds as a sharp rate for the Brownian
motion itself

| sup [Wy = Willl, = || _max — sup [W;—Wgll,

te[0,7) k=0,..on=Lyefin in )

T
= \/>|| max sup |We — Willlp by scaling
n kzo"“’n_lte[k‘,k+1)

T
\/;Cp\/log n.

e It follows from the above theorem that the continuous Euler scheme (and the stepwise constant
one as well) converge P-a.s. to X. This straightforwardly follows from the Borel-Cantelli Lemma

%

since for large enough p

E sup |X; — XyP) < CZ nP(31e) < 4 oo
n>1 t€0,T] n>1

which implies that
> E sup |X;— Xi’) < +oo P-as.
n>1 te[0,7

. o “(Lpa—
One derives likewise some a.s. convergence n (372=n)_rate or any 7 small enough.

Beyond these rates, it is often useful to have at hand the following bounds for solutions of
(SDE) and its Euler schemes.

Proposition 6 If
Vte [0,T], Vae R, [b(t,z)| + o(t,2)]| < C(1+]al)
then, for every pe (0,400), there exists a real constant Cpp » € (0,00) such that, for every n > 1,

E sup |X; +E sup [XifP < Cppo(1+E|[Xo[P)erooT
t€[0,T7 t€(0,T]

We provide below a partial proof of these results, in the 1-dimensional homogenous case, for
the continuous Euler scheme with p = 2 without optimization of the behaviour of the constants (a
complete proof can be found e.g. in [14]).
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Lemma 2 (Gronwall Lemma) Let f : Ry — R, a Borel non-negative locally bounded function
and ¢ : Ry — R4 a non-decreasing function satisfying

@ =) <a [ fs)ds+ ()

for some a > 0. Then
vt >0, sup f(s) < e™(t).
0<s<t

Proof. It is clear that the non-decreasing (finite) function ¢(t) := supy<<; f(s) satisfies (G)
instead of f. Now the function e~ f(f ©(s) ds has right derivative at every ¢ > 0 and that

/

t t

(e‘at/ @(s)ds) = e “p(t+) - a/ ©(s)ds)

0 r 0
< e (i)

Then, it follows from the fundamental theorem of calculus that

t t
eiat/ p(s)ds —/ e “1(s+) is non-increasing
0 0

so that, applying that between 0 and ¢ yields

t ¢
/ o(s) < eo‘t/ e “Y(s+)ds
0 0

Plugging this in the above inequality implies
t
o(t) < aeat/ e "(s+)ds + P(t)
0
t
= aeo‘t/ e “Y(s)ds + (t)
0

< e*(t)

where we used successively that a monotone function is ds-a.s. continuous and that v is non-
decreasing. o

Now we are in position to prove the theorem. For the sake of simplicity, we will assume that
d =1, p= 2 and that the diffusion is homogenous with Lipschitz coefficients. Furthermore, we will
not try dealing with the constants in an optimal way.

Doob’s Inequality. (see e.g. [33]) Let M = (M;);>0 be a continuous time martingale. Then, for
every T' > 0,

E| sup M7 | <4EM?2 =4E <M >, .
te[0,7)
Proof of Theorem 5 (partial). STEP 1. Let 7, :=€ {t : |X; — Xo| > L}, Le N\ {0}. It is a

positive F-stopping times and ]XZL] < L+ | Xy| for every t€ [0,00). Then, using the local feature
of standard and stochastic integral leads to

- AT, - Ty -
X7t — X0+/ b(XSL)ds+/ o (XTE)dW,.
0 0
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The continuous local martingale Mt(n) = ngTL o(Xs2) XL dW, is a true square integrable martin-

gale since

tAT
<MD, = / " o} (XTM)ds < C(1+ L2 + X2)te LM(P)
0

where we used that |o(x)| < Cy(1+]z|). Consequently, using that b also has at most linear growth,
that t A7, <t, one derives that

tATh 2
sup (XSTL)2 <3 (Xg + </ Cp(1 4 |XsTL|)ds> + sup |M§L)\2> )
s€[0,1] 0 s€[0,t]

Consequently, using Schwarz inequality to make the square “shift down” inside the “time” integral
and Doob Inequality for the stochastic integral yield

t T, NE
E( sup (X5%)?) < Chpor (]EXS +/ (1+E( sup (Xu2)?))ds +E/ e+ \X;L|))2ds> :
s€[0,t] 0 u€(0,s] 0
This can be rewritten (using that 7, At <t),
t
E( sup (X5%)?) < Chorr (1 +EX? —i—/ E( sup (XgL)Z)ds> :
s€[0,1] 0 u€l0,s]
Gronwall Lemma implies that

E( sup (X3°)?) < Cpor(1 +EXZ)eCrott,
s€[0,¢]

This holds or every L > 1 so that Fatou’s lemma implies

E( sup X7) < Chor(1+EXG)eDor = G, p(1+ EXF).
s€[0,7T

The same approach works for the Euler scheme (introduce7, for X and note that SUP,e[0,s] | X, <

SUPye(0,s] | Xul- This yields

sup E( sup (X5)?) < Chor(1 +EX2)eCoorT,
n>1l  s€[0,T]

STEP 2: Combining the equations satisfied by X and its (continuous )Euler scheme yields

X=X = [0~ 6D+ [ (00X~ (X,

Consequently, using that b and gare Lipschitz and Doob Inequality lead to

B t B 2 s B 2
E sup |X,— X,2 < 2F (/ [b]Lip|Xs—Xs|ds> +9E sup (/ (o(X.) — o u))qu>
s€[0,4] 0 N se(0,4] \JO a
t B 2 t _
< 9E (/ [b]Lip|XS—XS|ds> +8E/ (0(Xa) — o(X))2du
0 - 0 -
t o 2 2 t v |2
< 9E (/0 [b]Lip|Xs—Xs|ds> +8[o}m/0 E|X, — X,/2du
t
< Cb,U,T/ ‘Xs - X5’2d8
i s
t _ t _ _
< Cyor | E sup |Xy — Xu?ds + Chor / E|X, — X,|*ds.
0 welo,s] 0 B
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Consequently, it follows from Gronwall Lemma (at ¢t = T) that

_ T
E sup |X,—X,* < Cb,U,T/ E| X, — X [*ds eCorT,
s€[0,7T 0 -

Now
Xy = X = b(X)(s — ) + 0 (X (Ws — W) (3.7)

so that, using Step 1, and the fact that Wy — W, and X s are independent

E|X, — X,|?

IN

Cpo(1+E sup | X ((T/n)2 +E sup W, — Wt}3|2>
t€[0,7] N <u<tn+T/n

= Cpo(1+E sup |X;*) ((T/")2+E( sup Wf))

t€[0,7) 0<u<T/n
= Cpo(l1+E sup \)_(75\2)((T/n)2 +T/n)

te[0,7)
= CyorT/n.

STEP 3: Item (b) of the theorem follows from the following bound

. 1
E sup |X, — X,|> < 028",
t€[0,T - n

It follows from (3.7) that
sup |X¢ — Xi|* < Cpor(1+ sup | X% ((T/n)2 + sup |W; — Wt|2>
t€[0,T) te[0,T) te[0,T)

so that, using Schwarz Inequality,

I sup Xy — Xylll, < Coor(T/n+ || sup [Wy — Will,).
te[0,T] te[0,T]

Now, as already mentioned in the above remark that follows Theorem 5,

T
| sup [W; = Willl, < Cy/ —+/logn
t€[0,7 n

which completes the proof.

Remarks. e The proof in the general LP framework follows exactly the same lines, except that one
replaces Doob’ Inequality for continuous (local) martingale (M;);>o by the so-called Burkholder-
Davis-Gundy Inequality (see e.g. [46]) which holds for every exponent p > 0 (in the continuous
setting)
I sup (Ml < el <M ]
s€[0,t] 2

e In some so-called mean-reverting situations one may even get boundedness over t € (0, 00).
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3.3 Path-dependent options II: Asian, Lookback and barrier options, first ap-
proach

Let
D([0,T],R?) := {¢:[0,7] — R, cadlag}.

(ca dlag is the French acronym for “right continuous with let limits”). The above result shows that
if F:ID([0,7]) — R is a Lipschitz functional for the sup norm i.e. satisfies

|F(&) = F(&)| < Cr sup [£(t) = €'(1)]

t€[0,T]

then

IE(F((X)ieio.11) — B(F(Xe)eepor)] < Cn 7

and

IE(F((X)eepo.1) — E(F(Xoiepom)| < Cn~2/logn.
(keep in mind that X; = X;).

Typical example in option pricing. Assume X = (X;);c[o,r denotes the dynamics of a single
risky asset.
— The Lookback and partial lookback options:

hy = X, — A min X
g <T relo.m t)+

where A = 1 in the regular Lookback case and A > 1 in the so-called “partial lookback” case.
— Vanilla Option on extrema (like Calls and Puts)

hT = (P( sup Xt)'
te[0,7)

1 T
h.,. = Xd
r = P T—TO/TO S

where ¢ is Lipschitz on R. In fact such payoffs are continuous with respect to the pathwise L?-norm

ie. |flls =y f2(s)ds.

— Asian options of the form

3.4 Milshtein scheme

In this section we deal with homogenous diffusion for notational convenience. However the extension
to general non homogenous diffusions is straightforward (in particular it adds no further terms to the
discretization scheme). The Milshtein scheme has been designed to produce a O(1/n)-error (in LP)
like standard schemes in a deterministic framework. This is a higher order scheme. In 1-dimension,
its expression is simple and it can easily be implemented, provided b and ¢ have enough regularity.
In higher dimension some theoretical and simulation problems make its use more questionable,
especially when compared to the results about the weak error in the Euler scheme described below.
The starting idea is the following. For small ¢, one has for the (homogenous) diffusion starting at
x at time 0

t t
XF = a4 / b(XT)ds + / o (XT)dW,
0 0

36



One has in mind that EW? = t i.e. |W;||2 = v/t so that in a scheme a Brownian term is
somewhat equivalent to the square root of dt. Ast — 0, [J b(XZ)ds is O(t). Then by Itd’s Lemma

o(X7) — +/ (XT)(XT) + ;a (X2)o2(X7) du+/ (X2)o! (XE)dW,
so that
/O o (XTVAW, = o)W+ /0 t /0 T (X)o! (XY AW,adW, + “o(t)"
— o(@)W, + 00’ (z) /0 t /0 CWLdW, + “o(t)’
= o)W+ %aa'(w)(Wf — 1)+ “o(t)”.

Using the Markov property of the diffusion, one can reproduce this on each time step [t}}, ] ]
which leads to

1 T /T 1
szl szl (b(szl) 500_ (szl>> (szl) Uk+1 + 200 (szl) Uk+17 szl Xo,
n

where U = \/%(th — th_l), k=0,...,n—1. The following theorem gives the rate of strong
pathwise convergence of the Milshtein scheme.

Theorem 6 Assume b and o are C? on R with bounded derivatives. Then, for every p € (0,00)
such that Xo€ LP(IP), one has

T
max ||X — Xl =0 <n)

0<k<n

In higher dimension, i.e. when the Brownian motion W is ¢-dimensional, the same reasoning
leads to the following scheme

T . . . ~ . ~
szl — mzl+b(szl) Yo ( mzl)Ath + Z k+1 (W;—W;Z)dWSJ aU.io'.j(X?ng)’ XO — XO,
n 1<4,5<q e
k=0,...,n—1 where
d .
Oo;o.i(x)= ——(x)oyi(x).
. ]( ) = aw( ) ZJ( )

If one has a look at this formula when d = 1 and ¢ = 2, that simulating the Milshtein scheme
in a general setting amounts to be able to simulate

t
(th, WZ, / W;dwf) :
0

(at time ¢ = ). No convincing (i.e. efficient) method to achieve that is known so far.

One can of course notice that when the “rectangular” terms commute .e.

. ) Jo ; 00 ;
Vi # g, aingéj = szgﬁi
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then the Milshtein scheme reduces to

X Y ' 1 d ! T ~

X, = X+ | b(Xg) -5 ;80~"U-ith) —to(Xy)AWy, | (3.8)

=1
1 ‘ ‘ _ N
+§ Z AW;Z+1AWIEJE+1 80—.i0-.i(XtZ), Xo = XQ,
1<i,j<q

since, if ¢ # j,
ti

ty ) . ;
| i wiaw
t’n

(Wi — Wi)dW! = AW, AW,
\ k k+1 k+1

n
k k

and . . T
k1 rrri i i_ i 2 4
[ i wipawi =3 (@wg )2 - 1),

3% n

The scheme (3.8) can easily be simulated since it only involves some Brownian increments.

3.5 Weak error for the Euler scheme

Usually, one introduces a discretization scheme X = (Xt)te[O,T] of a diffusion process X = (Xt);e(0,7]
in order to compute by a Monte Carlo simulation an approximation E F(X) of E F(X). This
suggests that the rates of strong convergence established above may turn to be inappropriate.

The special case of the approximation of E(f(X,)) by its counterpart with the Euler scheme
has been extensively investigated in the literature (after being initiated by Talay-Tubaro in[48] and
Bally-Talay in [3], etc), leading to an expansion of the time discretization error at an arbitrary
accuracy. Then the same kind of question has been investigated with some functionals F' of the
path of X with some applications to path-dependent option pricing. These results show that the
resulting weak rate is the same as the strong rate obtained with the Milshtein scheme.

As a second step, Romberg extrapolation methods provide an approach to take optimally ad-
vantage of this weak rate, including in their higher order form.

3.5.1 Main results for E(f(X,)) : Talay-Tubaro Theorem, Bally-Talay Theorems

We adopt the notations of the former paragraph. For notational convenience we assume the diffusion
is homogenous.

Theorem 7 Assume b and o are 4 times continuously differentiable with bounded existing partial
derivatives (this implies that b and o are Lipschitz with at most linear growth). Assume f : R — R
is 4 times differentiable with polynomial growth (as well as its existing derivatives). Then

Ef(X7) - Ef(X%) =0 (;) a5 — 0. (3.9)

Sketch of proof. Assume d = 1 for notational convenience. We also assume T'=1, b =0 and f
has bounded existing derivatives, for simplicity. The diffusion (X),c(0.7] scra is a Markov process
with transition semi-group (F;) given by

Fi(g)(x) := Eg(Xy).

On the other hand, the Euler scheme (Xfiz)ogkgn is a discrete time homogenous Markov (indexed
by k) chain with transition

Pg(z) = Eg(z + b(z)/n+ o(x)Z/vn),  ZZN(0;1).
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Now
and

so that
Ef(X7) -Ef(X;) = Py (PR F)(@) = (Pe—1y (P 7V ) (@)
(k—l)/n((p — Prp) (P70 ) (). (3.10)

Now, Let g : R — R be a four times differentiable function g with bounded existing derivatives.
First, It6’s formula yields

Pi(g)(x) +E/ ') (XE)AW, += IE/ {(XT)o? (X7)ds

where we used that ¢’ has linear growth which ensures that the stochastic integral is a true
martingale. A Taylor expansion then yields for the transition of the Euler scheme

4
Pg)(z) = g(w)+*(9”02)(37)+TE(Q(4)(€)(Z/\/5)4)

O'4$
(5 oe)+ 5

= g(@)+ — 19| en(9)

2n
with |e,(g)| < E|Z?|, where we used that EZ = EZ3 = 0. Consequently

Pulo)e) - Po)) = & [TE( a2 - 6ot @)is + 5 101 (o)
Applying again It6’s formula to the C? function «y := ¢”0?, yields
E(( " 2)(Xa:) ( " 2 2 / x)d

Now elementary computations show that

()] < Cmax(llg?]l, 1970l 19 e, 192 (")) + o))

where C' does not depend on g and ¢. Since we know that sup;cjo ) E[ X7 [P < Cp(1 + |z|P)eCreT
one derives (with p = 3) that

_ , 1
Pyn(9)(@) = Plo)(@)] < Co max(llg™ . 19 197 ) —

In order to plug this estimate in (3.10), we need now to control the first four derivatives of P* f.
Let us consider again the generic function g and its fourth bounded derivatives.

(Pg)(x) =E(g'(z + o(2)Z/V/n)(1 + o' (x) Z/v/n)).
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so that

[(Pg)'(@)] < gl NI+ (x)Z/v/nl|,
< gt + o' (x)Z/vnl,
= g1+ (0")2(x)/n
< gl (1 + (0" (2)/(2n)).
Hence .
(P (@) < 119l (14 (o)) (@)/(20))" < |lg|| 17>
Then B B
(Pg)"(z) = (P)'(¢')(x) + E(¢'(z + o(x)Z/v/n)(0” (x) Z/V/n))
and
(g (z + o(x)Z/v/n)(o" (@) Z/v/m)| < [|g” || loo” || LE(Z?) /n
so that

(Pg)" ()] < 119"[lo (1 + (lo0” || + [l0")?]])/(21))-
which implies the boundedness of |(P?)” f(z)|. The same reasoning finally yields the bounded ness
of [(P*)(i)(g)], i =1,2,3,4,k=0,...,n
Plugging these estimates in each term of (3.10), finally yields

x VT & 1 CU:
EF(XE) = Ef(XD)| < Coy 3° — < =21
=1

9 =
—n
which completes the proof.

If one assumes more regularity on the coefficients or some uniform ellipticity on the diffusion
coeflicient o it is possible to obtain an expansion of the error at any order.

Theorem 8 (see [48])(a) Assume b and o are infinitely differentiable with bounded partial deriva-
tives. Assume f : R® — R is infinitely differentiable with partial derivative having polynomial
growth. Then, for every R > 1

R
(Enar) = Ef(X,) - Z L; o tian)) as n — oo, (3.11)

where the real coefficients cp depend on f, T, b and o.

(b)(see [3]) If b and o are bounded, infinitely differentiable with bounded partial derivatives and if
o is uniformly elliptic i.e.

Ve RY oo*(x) > eoly for some g >0
then the conclusion of (a) holds true for any bounded Borel function.

One method of proof for (a) is to rely on the PDE method i.e. considering the solution of the
parabolic equation

(§t+L)( )(t,x) =0, u(T,.)=f
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where Lg = ¢/(z)b(z) + 39" (z)o*(z) denotes the infinitesimal generator of the diffusion. It follows
from the Feynmann-Kac formula that (under some appropriate regularity assumptions)

u(0,z) = Ef(X;f)

so that

Ef(X;) -Ef(X7) = E(u(0,2) - u(T,X7))

= S Bt XE) - ultf_y, X))

The proof consists in applying It6’s formula to show that

_ _ ]Eﬁb(tZ,an)
E(u(ty, Xi) —u(ti_y, Xap ) = ——5—=+o(n™?).

for some continuous function ¢.

Remark. The last important information about weak error is that the weak error induced by
the Milshtein scheme has exactly the same order as that of the Euler scheme i.e. O(1/n). So
the Milshtein scheme seems of little interest as long as one wishes to compute E(f(X,)) with a
reasonable framework like the ones described in the theorem, since, even when it can be implemented
without restriction, its complexity is higher than that of the standard Euler scheme. Furthermore,
the next paragraph about Romberg extrapolation will show that its is possible to take advantage
of the higher order time discretization error expansion which become dramatically faster than
Milshtein scheme.

3.6 Standard Romberg extrapolation and multistep Romberg extrapolation
3.6.1 Application to Romberg extrapolation (with consistent increments)

Assume that (£)) holds. Let f € V where V denotes a vector space of continuous functions
with linear growth. The case of non continuous functions is investigated in the next section. For
notational convenience we set W) = W and X() := X. A regular Monte Carlo simulation based
on M independent copies (X £1))m7 m=1,..., M, of the Euler scheme X'g) with step T'/n induces
the following global (squared) quadratic error

(X))~ f:lf O = [E(X,) ~ B (D)
HBUERD)-L S fm?
m=1
_ 72%2+Var(]f4 ))+O(n_3). (3.12)

This quadratic error bound (3.12) does not take fully advantage of the above expansion (£,). To
take advantage of the expansion, one needs to make an Romberg extrapolation. In that framework
(originally introduced in [48]) one considers a second Brownian Euler scheme, this time of the
solution X®@ of a “copy” of Equation (3.4) a priori written with respect to a second Brownian
motion W2 defined on the same probability space (Q2, A,P). In fact, one may chose this Brownian
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motion by enlarging €2 if necessary. This second Euler scheme has a twice smaller step % and is
denoted X . Then, assuming (Sg/)to be more precise,

E(f(X,)) = BEAX) ~ FKW) - 32 + o)
Then, the new global (squared) quadratic error becomes
L e o 3 Var(2f(XP) - f(X))
_ (2)ymy _ my2 _ 2 T T 5
IECf(X2)) =45 mzzjl A =F (X)) = 7t % +0(n™?). (3.13)

The structure of this quadratic error suggests the following question: is it possible to reduce the
(asymptotic) time discretization error without increasing the_Monte Carlo error? To what extend
is it possible to control the variance term Var(2f(X§2)) - f(Xg))) ¢

It is shown in [39], that if W) = W) (= W) then

Var(2f (X)) = f(X{) "= Var(2f (X)) — £(X,)) = Var(f(X,.))
and that this choice is optimal among all possible choice of correlated Brownian motions W) and
W2, This result can be extended to Borel functions f when the diffusion is uniformly elliptic (and

b, o bounded, infinitely differentiable with bounded partial derivatives).
From a practical viewpoint, one first simulates an Euler scheme with step % using a white

Gaussian noise (U 22)) k>1, then one simulates an Euler scheme with step % using the white Gaussian
white noise @ @
Ugp + Ugpy E> 1
, k> 1.
V2

Note that if one adopts the “lazy” approach based on independent Gaussian noises U @ and
U®@ the asymptotic variance is

Ut =

Var(2f (X)) — f(X)) = avar(f(XP)) + Var(f(X(V)) = 5Var(f(XM)).

T

3.6.2 Toward a multistep Romberg extrapolation

In [39], a more general approach to multistep Romberg extrapolation with consistent Brownian
increments is developed. Given the state of the technology and the needs, it seems interesting up
to R = 4. We will sketch the case R = 3 which may also work for path dependent options (see
below). Set

9

a1 = -, o = —47 aq = —.

1=35 2 355

(Note that >, a? = % which would correspond to the variance term if the extrapolation is imple-

mented with independent Brownian motions). Then, easy computations show that

E (anf(X) + azf (X)) + a3 f(XP)) = 25+ 0(n").

T T

where X(") denotes the Euler scheme with step %, r =1,2,3, with respect to the same Brownian
motion W. Once again this choice induces a control of the variance of the estimator. However, this
choice is theoretically no longer optimal although natural.
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In practice the three Gaussian white noises can be simulated following the following consistency

rules: We give below the most efficient way to simulate the three whites noises (U, ,gT))lngT on one
time step T'/n. Let Uy, Ua, Uz, Uy be four i.i.d. copies of N'(0;1;). Set

Us + U.

U1(3) — U, U2(3) _ U2+ Us

V2

U@ _ Us +v2Uy
2 \/g )

) U§3) = U47

(2) V2U; + Uy
U, = ——,
V3
2 2
g _ 0y + U ).
! V2

A general formula for the weights a&R), r=1,..., R as well as the consistent increments tables
are provided in [39].

Guided by some complexity considerations,one shows that the parameters of this multistep

Romberg extrapolation should satisfy some constraints. typically if M denotes the size of the MC
simulation and n the discretization parameter, they should be chosen so that

M x n?E,

For details we refer to [39]. The practical limitation of these results about Romberg extrapolation
is that the control of the variance is only asymptotic (as n — 00) whereas the method is usually
implemented for small values of n. However it is efficient up to R = 4 when for Monte Carlo
simulation of sizes M = 10° to M = 103,

Exercise: We consider the simplest option pricing model, the (risk-neutral) Black-Scholes dynam-
ics, but with unusually high volatility. (We are aware that this model used to price Call options
does not fulfill the theoretical assumptions made above). To be precise

dXt = Xt (T’dt + O'th),
with the following values for the parameters
Xo =100, K =100, r=0.15, c = 1.0, T = 1.

Note that a volatility o = 100% per year is equivalent to a 4 year maturity with volatility 50% (or
16 years with volatility 25%). The reference Black-Scholes premium is C&° = 42.96.

e We consider the Euler scheme with step T'/n of this equation.

_ _ T [T _
th+1:th (1+Tn+0 nUk+1), Xo = Xo,

where t;, = "’TT, k=0,...,n. We want to price a vanilla Call option i.e. to compute
Co = e TE((X, — K)s)
using a Monte Carlo simulation with M sample paths, M = 10*, M = 105, etc.

e Test now the standard Romberg extrapolation (R = 2) based on Euler schemes with steps
T/n and T/(2n), n = 246,8, 10, respectively with
— independent Brownian increments
— consistent Brownian increments

Compute an estimator of the variance of the estimator.
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3.7 Weak error for path-dependent functionals: the Brownian bridge method

In this section we will consider some path-dependent (European) options i.e. related to some payoffs
F((Xt)iep,r]) where F is a functional defined on the set ID([0, 7], R?) of right continuous left-limited
functions z : [0,7] — R. It is clear that all the asymptotic control of the variance obtained in the
former section for the estimator Y% | o, f(X ;’”)) of E(f(X,)) when f is continuous can be extended
to functionals F : ID([0,T],R%) — R which are Px-a.s. continuous with respect to the sup-norm
defined by ||z ||, = sup;ejo,r) [2(¢)| With polynomial growth (i.e. |F(z)| = O(Ha:Hfup) for somme
natural integer £ as ||z||,,, — oc). This simply follows from the fact that the (continuous) Euler
scheme X (with step T'/n) defined by

vie [0, ], Xt::v0+/()tb( s)ds+/0ta( X,)dW,, s = |ns/T|

converges for the sup-norm toward X in every LP(P).

Furthermore, this asymptotic control of the variance holds true with any R-tuple o = (ay)1<r<pr
of weights coeflicients satisfying ), -, «p o, = 1, so these coefficients can be adapted to the structure
of the weak error expansion. -

On the other hand, in the recent past years, several papers provided some weak rates of con-
vergence for some families of functionals F'. These works were essentially motivated by the pricing
of path-dependent (European) options, like Asian, lookback or barrier options. This corresponds
to functionals

T
F(x):= <I>(/ z(s)ds), F(x):=®(x(T), sup x(t), inf z(t)), F(x)= @(m(T))l{TD(x)ST}
0 t€[0,T] t€[0,T]
where ® is usually at least Lipschitz and 7, := inf{s€ [0,T], z(s£) € D} is the hitting time of D
by = (1). Let us briefly mention two well-known examples:
— In [23], it is established that if the domain D has a smooth enough boundary, b, o € C3(R?),

o uniformly elliptic on D, then for every Borel bounded function f vanishing in a neighbourhood
of D,

~ 1
B0 50m) ~BU Do) =0 (=) s n—se (14
If furthermore, b and ¢ are C?, then
_ 1
E(f(X)1000m) - B pposm) =0 () a5 n—oe  (319)

Note however that these assumptions are not satisfied by usual barrier options (see below).

— it is suggested in [47] (including a rigorous proof when X = W) that if b, o € C4(R), o is
uniformly elliptic and ® € C*2(IR?) (with some partial derivatives with polynomial growth), then

> L : -~ 1
E(@(XT’O]%}SQ” X)) — E(@(XT,tg[lolEp] X:)) =0 (ﬁ) as n — oo. (3.16)

A similar improvement — O(%) rate — as above can be expected when replacing X by the continuous
FEuler scheme X.

Lwhen x is stepwise constant and cadlag, one can write “s” instead of ”s+”.

44



3.7.1 The Brownian bridge and its application to simulation

To take advantage of the above rates (even in a crude simulation), one needs to simulate the the
continuous Euler scheme or at least some quantities related to this continuous scheme between to
discretization points ¢} and ty ;.

Lemma 3 Let W = (Wy)i>0 be a standard Brownian motion.
(a) Let T > 0. Then, the standard Brownian bridge on [0,T] defined by

t
vy = w, - W (3.17)

15 a (Ftw)ogtggr—measumble centered Gaussian process independent of (Wrys)s>o0 characterized by
its covariance
(sAt)(T —sVt)

E}/S}/t: T 3

0<s,t<T.
(b) Let 0 < Ty < Ty < +oo. Then
L ((Wt)te[To,Tl] | W, ¢ (T07T1)> =L ((Wt)te[To,Tl] \ WT(),WTI)

is independent of o(Ws, s¢ (To,T1)) and

d t—"To w(To) Ty — Ty
£((Wedsetror | Wy = w0, Wy, =1 ) £ o g o = wo) + (53, )

where Wt(T) = Wry — W, t >0 is a standard Brownian motion (independent of .7:;4/)

Proof. (a) Elementary computations based on EW;W; = s A ¢, having in mind that independence
and non correlation are equivalent in a Gaussian space.

(b) This is a consequence of item (a). First note that for every ¢ € [Ty, T1],

TO W( To) T — To
W, — W) + Y

0

Wy =W, +

= (To) . . .
It follows from (a) that the process Y := (Y;WTOO = TO)te[TO,Tl] is a Gaussian process independent

of .7-“;: and of W%TO—)TO 4+s 8 = 0. Since (W, Y) is a Gaussian process, this is equivalent to the

independence of Y with o(Ws, s ¢ (Tp, T1)) since Wr, 15 = WT(,ITO_)TO+S + W o

Proposition 7 Assume that o(t,x) # 0 for every t€ [0,T], x€ R.

The processes (Xt)te[tn 4n k = 0,...,n — 1 are conditionally independent given the o-field

k]’

({th—wk,k:—(),... n}).
Furthermore, the conditional distribution L ((Xt)te et ] | Xin = 2y, th = ka) is given by
t—ty n W, T/n
T+ (@ — @) + ot 2e) Yo
k41~ Uk

where (Y;W’ T/n)se[oyT/n} is a Brownian bridge as defined by (3.17). This formula is sometimes called
a diffusion bridge.

45



Proof. Elementary computations show that for every t€ [t7, ¢}, ],

t—tr . o W) T/n
wi(XtZ+1 - th) + U(tZ, XtZ)}/tftz

A

(with in mind that ¢}, — ¢ = T'/n) Consequently the conditional independence claim will follow

() _
if the processes (YtW g ’T/n)te[ojT/n], k=0,...,n—1, are independent given (X, £ =0,...,n).

Now, it follows from the assumption on o that
O'(Xt?’ g = O,.. . ,n) = O'()(O7 Wt?; E e ]_". . ’n)‘

()
So we have to establish the conditional independence of the processes (Y;W * ’T/n)te[o,T/n], k=
0,...,n — 1, given o(Xp, Win, kb =1,... ,n) or equivalently given O'(Wtz, k=1,...,n) since Xy

and W are independent (note all the above bridges are f;’v -measurable). First note that all the
()
bridges (Y;W g 7T/n)

We know from Lemma 3(a) that each bridge (Y, t€[0,7/n) is independent of both Fin
and U(WtZHJrS — Win,s > 0) hence in particular of all o({Wy, £ = 1,...,n}) (we use here a

tef0,r/n)» K =10,...,n—1 and W live in a Gaussian space.
W(tz),T/n)

specificity of Gaussian processes). On the other hand, all bridges are independent since they are

n ™)
built from independent Brownian motions (Wt(tk))te[O,T/n}‘ Hence, the bridges (Y;W T/ ")

k=0,...,n—1 are i.i.d. and independent of O'(Wtz, kE=1,...,n).
Now th is o({Wip, £ =1,...,k})-measurable consequently o (X, WtZ’Xt” ) Co({Wip, <=

k+1

tel0,T/n]»

(t) _
1,...,n}) so that (Y;W * ’T/n)te[o,T/n] is independent of (Xn, Wir, th+1). The conclusion follows. ¢

Proposition 8 The distribution of the supremum of the Brownian bridge arriving at y at time T,
defined by Yt(o’y) = %y + W — %WT on [0,T] is given by

Vu>y, P(sup Yt(o’y) <wu)=1-—exp <—2u(u - y)>
t€[0,T] T

Proof. The key is to have in mind that Y (%) is the conditional distribution of W given W, =
y. So, we compute we can derive the result from an expression of the joint distribution of
(supyepo,r) We, W), e.g. from
P( sup Wi >wu, W, <vy).
te[0,T)

It is well-known from the symmetry principle that

P( sup Wi >u, W, <y) =P(W, > 2u—y).
te[0,T]

One introduces the hitting time 7, := inf{s > 0| Wy = u}. Then 7, is a.s. finite, W, = u a.s. and
W4+ — W, is independent of F., . As a consequence

P(sup Wi >u, W, <y) = P(r, <T,W,-W,, <y—u)
te[0,T]
= P(r, <T,—(W,-W,,)<y—u)
Plr, <T, W, >2u—y) since u >y
= ]P)(WT > 2u — y)
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Hence, since the involved functions are regular, one has

(PWy > 2u = (y +n)) —PW, > 2u—y))/n

P(sup Wy >u|W,.=y) = lim
(oap, WezulWe=v) = I =B, < y+n) ~ POV, <))/
OP(W . >2u—y)
Jy
8]P’(WT<y)
9y

Elementary computations yield the result. .

Simulation of the maximum of the continuous Euler scheme and application

First we wish to simulate the distribution of the supremum over [0, 7'/n] of some bridges staring
at x and arriving at y, i.e. of the form x + %(y — :c)YtW’T/". In view of the above proposition 8,
we will use the distribution function inverse method to proceed. Elementary computations show

that

su ot — YWY ) L e d
E(te[o,zl“)/n}( +(T/n)(y )Y, )) G.,(U), U=U([0,1])

where

Gl (u) = % <az +y+/(z—y)? - 2To() log(u)/n> .

Now, we derive from Proposition 7 that

Y v, _ _ -1
E(tlerf(?;}%} Xt ‘ {th = T, k= 07 cee 777’}) - E(Og?gr}f—l G:Ek,warl(Uk))

where (Uk)o<k<n—1 are i.i.d. uniformly distributed random variables over the unit interval.

Once one can simulate SUP;e(o, 77 X; (and its minimum, see exercise below), it is easy to price by
simulation the exotic options mentioned in the former section (lookback, options on maximum) but
also the barrier options since one can decide whether or not the continuous Euler scheme strikes or
not a barrier (up or down). Brownian bridge is also involved in the methods designed for pricing
Asian options.

Exercise Using the symmetry W 4 —W, one derives a similar formula holds for the minimum
using now the inverse distribution function

F:;;(u) = % (x +y— \/(a: —y)2 —2To(x) log(u)/n) :

3.7.2 Weak errors and Romberg extrapolation for path-dependent options: results
and experiments

For both classes of functionals (with D as a half-line in 1-dimension in the first setting), the practical
implementation of the continuous Euler scheme is known as the Brownian bridge method.

At this stage there are two ways to implement the (multistep) Romberg extrapolation with con-
sistent Brownian increments in order to improve the performances of the original (stepwise constant
or continuous) Euler schemes. Both rely on natural conjectures about the existence of a higher order
expansion of the time discretization error suggested by the above rates of convergence (3.14), (3.15)
and (3.16).

e Stepwise constant Fuler scheme: As concerns the standard Euler scheme, this means the
existence of a vector space V' (stable by product) of admissible functionals satisfying

R—
VEFeV, E(F(X)) = E(F(f()) + Zl C—’Z + O(n—§
k=1 T2

~—
Il

). (3.18)
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still for some real constant ¢, depending on b, o, F', etc For small values of R, one checks that

1 1
R=2: o =_(1+v2), o =v201+v2)

) V3-V2 (4) V31 (4) V2-1

R=3: =_vo— Ve SN, B S — -3 Y-
1 W2 —3-1 %2 2/2 -3 -1 s W2 -3 -1

Note that these coeflicients have greater absolute values than in the standard case. Thus if

1
R = 4, 21<T<4(a£§))2 ~ 10900! which induces an increase of the variance term for too small
values of the time discretization parameters n even when increments are consistently generated.
The complexity computations of the procedure needs to be updated but grosso modo the optimal
choice for the time discretization parameter n as a function of the MC size M is

M x n't.

e The continuous Euler scheme: The conjecture is simply to assume that the expansion (£,)
now holds for a vector space V of functionals F' (with polynomial growth with respect to the
sup-norm). The increase of the complexity induced by the Brownian bridge method is difficult to
quantize: it amounts to computing log(Uy) and the inverse distribution functions F, yl and G;Zl/.

The second difficulty is that simulating (the extrema of ) some of continuous Euler schemes using
the Brownian bridge in a consistent way is not straightforward at all. However, one can reasonably
expect that using independent Brownian bridges “relying” on stepwise constant Euler schemes with
consistent Brownian increments will have a small impact on the global variance (although slightly
increasing it).

To illustrate and compare these approaches we carried some numerical tests on partial lookback
and barrier options in the Black-Scholes model presented in the previous section.

> PARTIAL LOOKBACK OPTIONS: The partial lookback Call option is defined by its payoff functional

F(z) = e'7 (M) - Asg[lgg]fb(8)>+ . weC(0.T],R),

where A > 0 (if A <1, the (. )+ can be dropped). The premium

Callf®? = e TE((X, — Atg[lg% Xo)4)

is given by

2 , 9
Callbk = X,Call®S (1,\, 0,7, T) + )\;—XOPutBS <A§2, 1,2 T> .
T (o2

We took the same values for the B-S parameters as in the former section and set the coefficient A
at A = 1.1. For this set of parameters Call}*® = 57.475.

As concerns the MC simulation size, we still set M = 10°. We compared the following three
methods for every choice of n:

— A 3-step Romberg extrapolation (R = 3) of the stepwise constant Euler scheme (for which a
O(n_%)—rate can be expected from the conjecture).

— A 3-step Romberg extrapolation (R = 3) based on the continuous Euler scheme(Brownian
bridge method) for which a O(5)-rate can be conjectured (see [23]).
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— A continuous Euler scheme (Brownian bridge method) of equivalent complexity i.e. with
discretization parameter 6n for which a O(2)-rate can be expected (see [23]).

The three procedures have the same complexity if one neglects the cost of the bridge simulation
with respect to that of the diffusion coefficients (note this is very conservative in favour of “bridged
schemes”).

We do not reproduce the results obtained for the standard stepwise constant Euler scheme which
are clearly out of the game (as already emphasized in [23]). In Figure 3.7.2, the abscissas represent
the size of Euler scheme with equivalent complexity (i.e. 6n, n = 2,4,6,8,10). Figure 3.7.2(a)
(left) shows that both 3-step Romberg extrapolation methods converge significantly faster than
the “bridged” Euler scheme with equivalent complexity in this high volatility framework. The
standard deviations depicted in Figure 3.7.2(a) (right) show that the 3-step Romberg extrapolation
of the Brownian bridge is controlled even for small values of n. This is not the case with the 3-
step Romberg extrapolation method of the stepwise constant Euler scheme. Other simulations
— not reproduced here — show this is already true for the standard Romberg extrapolation and the
bridged Euler scheme. In any case the multistep Romberg extrapolation with R = 3 significantly
outperforms the bridged Euler scheme.

When M = 108, one verifies (see Figure 3.7.2(b)) that the time discretization error of the 3-step
Romberg extrapolation vanishes like for the partial lookback option. In fact for n = 10 the 3-step
bridged Euler scheme yields a premium equal to 57.480 which corresponds to less than half a cent
error, i.e. 0.05 % accuracy! This result being obtained without any control variate variable.

The Romberg extrapolation of the standard Euler scheme also provides excellent results. In
fact it seems difficult to discriminate them with those obtained with the bridged schemes, which is
slightly unexpected if one think about the natural conjecture about the time discretization error
expansion.

As a theoretical conclusion, these results strongly support both conjectures about the existence
of expansion for the weak error in the (n"?/2),51 and (n~P),>1 scales respectively.

> Up & ouT CALL OPTION: Let 0 < K < L. The Up-and-Out Call option with strike K and
barrier L is defined by its payoff functional

F(z) = (2(T) = K) 4 Ymax,coms)<ty> ¢ € C([0, T],R).
It is again classical background, that in a B-S model
CallV®O (X, r,0,T) = CallP( Xy, K,r,0,T) — CallP( Xy, L,r,0,T) — e "I (L—K)®(d™ (L))
- <)§0) laéallBS(Xo, K',r,0,T)—Call?*( Xy, L, r,0,T) —e""T(L’—K’)fb(d‘(L’)))

with

2

K=K (?)2 LI'=1L <§°)2 d~(L) = log(XO/L;\J}T(T —2)T P(z) = /x %

2
and p = —Z
o

We took again the same values for the B-S parameters as for the vanilla call. We set the barrier
value at L = 300. For this set of parameters CJ© = 8.54. We tested the same three schemes. The
numerical results are depicted in Figure 3.7.2.

The conclusion (see Figure 3.7.2(a) (left)) is that, at this very high level of volatility, when
M = 10% (which is a standard size given the high volatility setting) the (quasi-)consistent 3-step
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Figure 7: B-S EURO PARTIAL LOOKBACK CALL OPTION. (a) M =105. Romberg extrapolation (R=3)
of the Euler scheme with Brownian bridge: o—o—o. Consistent Romberg extrapolation (R=3): x—x—x.
Euler scheme with Brownian bridge with equivalent complexity: + — — + — — +. Xy = 100, o = 100%,
r=15%, A = 1.1. Abscissas: 6n, n = 2,4,6,8,10. Left: Premia. Right: Standard Deviations. (b) Idem
with M = 108.
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(b)

15 T T T T T T T T T 900

Error = MC Premium - BS Premium
o
o
Std Deviation MC Premium
@ IS @
Q S Q
=] =] S
T T

N
o
<)

-2r ] 100

5 L L L L L L L L L L L L
10 15 20 25 30 35 40 45 50 55 60 10 15 20 25 30 35 40 45 50 55 60
BS-UOCall, S,=K=100, L = 300, sig = 100%, r = 15 %, Consist. Romberg Brownian bridge R = 3 vs Equiv Brownian BS-UOCall, S;=K=100, L = 300, sig = 100%, r = 15 %, CConsist. Romberg & Brownian bridge, R = 3

Figure 8: B-S EURO UP-&-0UT CALL OPTION. (a) M =10°. Romberg extrapolation (R=3) of the Euler
scheme with Brownian bridge: o—o—o. Consistent Romberg extrapolation (R =3): —x—x—x—. FEuler
scheme with Brownian bridge and equivalent complezity: +— —+ — —+. Xo=K =100, L = 300, 0 =100%,
r = 15%. Abscissas: 6n, n = 2,4,6,8,10. Left: Premia. Right: Standard Deviations. (b) Idem with
M = 108.

Romberg extrapolation with Brownian bridge clearly outperforms the continuous Euler scheme
(Brownian bridge) of equivalent complexity while the 3-step Romberg extrapolation based on the
stepwise constant Euler schemes with consistent Brownian increments is not competitive at all: it
suffers from both a too high variance (see Figure 3.7.2(a) (right)) for the considered sizes of the
Monte Carlo simulation and from its too slow rate of convergence in time.

When M = 10® (see Figure 3.7.2(b) (left)), one verifies again that the time discretization error
of the 3-step Romberg extrapolation almost vanishes like for the partial lookback option. This
no longer the case with the 3-step Romberg extrapolation of stepwise constant Euler schemes. It
seems clear that the discretization time error is more prominent for the barrier option: thus with
n = 10, the relative error is % ~ 6.5% by this first Romberg extrapolation whereas, the
3-step Romberg method based on the quasi-consistent “bridged” method yields a an approximate
premium of 8.58 corresponding to a relative error of % ~ 0.4%. These specific results
(obtained without any control variate) are representative of the global behaviour of the methods
as emphasized by Figure 3.7.2(b)(left).
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3.7.3 The case of Asian options

The family of Asian options is related to the payoffs of the form

g(/OTXsds).

This kind of options need some specific treatments to improve the rate of convergence of its time
discretization. This is due to the continuity of the functional f +— fOT f(s)ds in L*([0,T), dt).

This problem has been extensively investigated (essentially for a Black-Scholes dynamics) by
E. Temam in his PHD thesis (see [34]). What follows comes from this work.

Let
o2
X} =zexp (ut +oWy), p=r—
T n—1 tn
/ Xeds = 3 [ XZds
0 k=0 "tk

n—1 T/n ()
= ZX%/ exp (us + oWs *")ds
k=0 0
Roughly speaking Ws(tz) is proportional to \/T'/n so that

n n 2 n
exp (us + O'Ws(tk)) =14 pus+ JWS(tk) + %( s(t’“))z + “O(n_%)”~

Hence
T/n n T T2 T/n n 2 2 2 rT/n n
/0 exp (us—}—aWs(t’“))ds = E—F%%—a ; W‘g(tk)d8+022n2+02/0 ((Ws(tk))Q—S)dS“‘ “O(”_g)”
T 17 T/n  (n
= — 4+ % + 0o Ws(tk)ds + “O(niZ)”
n 2n 0

since fOT / n((Ws(t’“))Q —s)ds is a centered with a quadratic norm proportional to n =2 [this is of course
heuristic, but can be made rigorous, see [34]].

Now, using the results about Brownian bridges, we know (see Lemma (3.17)) that the (Wt(tz))te[thﬂ],

k=0,...,n—1, are independent processes given U({Wt}g, k=1,...,n}) and, owing to Lemma 3,
t'n.
the random vectors fté““ (Ws — Win)ds are conditionally i.i.d. given {Wn = wg, k=1,...,n} with

a conditional Gaussian distribution given by

T/n T T3

The parameters of this normal distribution can be computed using again Lemma 3:

T/n n % T/n
E ( W5d3|WT> = T/ tdt Wr +]E</ nW:T/ndsWT)
0 n 0 n 0 n

T/n
Ly, +/ EyVT/mds
2n n 0
T
= —Wr

2n W
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and

T/n T 2 T/n 2
E ( Wsds—WT> Wz | = E (/ YSW’T/”ds>
0 2n 7w n 0

_ / BT ds i
0.1/m

n T

= 7 [O,T/nP(S A t)(ﬁ —(sVit))dsdt
T 3

= (=) / uAv)(1— (uVwv))dudv
o J[0,1)3(

_ 1<T>3
12\n/

Exercise. Use stochastic calculus to show directly that

2
T T T T 9 T3
E(A Wst_QWT> —A (5_8) ds = E

Using that scheme, one derives the following proposition (we refer to the original paper for a
detailed proof).

Proposition 9 (c¢f. [34]) If g is Lipschitz continuous, then
- _3
l9(Ar) = g(Ap)ll, = O(n™>2).
More generally, one has for real valued Lipschitz functions G on R?

- _3
|G(X 1, Ay — 9(G(XT, AL, = O(n™2).

4 Back to sensibility computation : the tangent processes

In a general setting, no closed form are available to compute sensibility. One approach is to rely
on the tangent processes (when dealing with the § and the ). The main result on which we rely
is due to Kunita (see [32])

Theorem 9 Let b, o € C} (continuously differentiable on with bounded partial derivatives). Let
X?* denote the unique strong solution of the SDE

dX; = b(Xp)dt + o(X;)dWs,  Xo =z€ RY (4.19)

where W is q-dimensional Brownian motion defined on a probability space (2, A,P). Then at every
te Ry, the mapping x — X[ is a.s. continuously differentiable and its gradient VX[ satisfies the
linear equation

V.XF=Iu+ [ Vb(X.). V. XEds + / (Vo(X2)V,X7).dW,
Remark. This embodies the non homogenous case by considering (¢, X;) instead of (X}).
Example. If ¢ = d = 1, then an elementary computation shows that
VLXT = exp (F(X2) — (o' (X,))%/2)ds + [ o' (XD
so that, in the Black-Scholes model (b(z) = rz, o(z) = ox), one retrieves that

d o _ X0

_ xT

X —
dx”t
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4.1 Application to sensibility computation

The tangent process and the § are closely related. Assume a basket is made up of d risky asset
with dynamics given by (X}').ejo,r) With starting value z € (0, +00)? at time 0, solution to (4.19).
Assume the interest rate is 0 for simplicity. Then the premium of the payoff g(X7) on the basket
is given by

v(x) = E(g(X7))-

The ¢ of this option (at time 0) is given by v'(x). Under natural (domination) assumption on
g, one shows that
Vu(z) = E(Vg(X7)VXT)

One can also consider a forward start payoffs g(Xr,...,Xr,). Then, its premium v(z) is
differentiable and

Vo(z) = z”: E(Vg(X;i )VX;_ )

=1

4.2 Extension to a parameter 0

Assume b = b(0,.) and 0 = (0, .) and the initial value x = (), 0 C R?. One can also differentiate
a SDE with respect to this parameter 6, namely

(Do X4(6)) = (Dyz(6)) + /0 " Tab(X (0)5) De(X (60)s)ds + /0 (Voo (X (0)5) Do(X(8),)).dWs.
This yields some expressions for the vega, etc.

4.3 Computation by simulation

One uses these formulae to compute some sensibility by Monte Carlo simulations: it suffices to
consider the Euler scheme of the couple made up by the SDFE and its tangent (or pseudo-tangent)
processes.

5 Multi-asset American/Bermuda Options

in this section we will shift to slightly different notations: S; will denote the price of (a vector of)
asset(s) at time ¢ and X = (X}) will denote a discrete time “structure” Markov process.

> d Traded risky assets: Sy = (S},...,S%) t € [0,7] with natural (augmented...) filtration
FS = (fts)te[o,T}-

> Discounted price: 5; = % =e Sl i=1,...,d, is a (P, ]:S)—martingale under the risk-neutral
t
probability (if AOA holds) where 7 is a riskless asset and Mathematical interest rate.

> American Payoff process: (ht);ejo,r) is @ nonnegative, F S_adapted process.

> American option on (ht)icjo1]-

’Choose to receive h; once within 0 and T‘

> Bermuda option on (hi)iepo1]*

‘Choose to receive hy, once, k=0, ... ,n.‘
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kT
usually with ¢, = —, k=0,...,n.
n
Examples:
> Call/Put Option: ’Right to buy/sell once the asset S at the strike price K
. . kT
American: once at t€ [0,7] vs Bermuda: once at a time t =ty = —, k=0,...,n.
n

ht: (Stl —K)+ or ht = (K_Stl)Jr

> “Vanilla” American Options:

’Right to receive once hy = h(t,S;) > 0 within time 0 and T

kT
vs Bermuda: once at a timet =%, = —, k=0,...,n.
n

Example: Exchange American/Bermuda options (Villeneuve):
he = (S} — A S?)4.

> “Bxotic” American/Bermuda Options: hy # h(t, St).
/ms Example: American/Bermuda Asian options: h; = (% J3 Ssds — K )+

American/Bermuda Lookback options, etc.

> “Shout” Options:

Right to “shout” once within time 0 and T

kT
vs Shout Bermuda: once at a timet =ty = —, k=0,...,n.
n

to receive (a non adapted) h; at T

5.1 Pricing Bermuda options: the dynamical programming principle
5.2 Markov structure process

(Replace tj, = % by k) Let (Xk)o<k<n be a Markov structure process.
with transition Py_; ;(9)(z) = E (¢(Xk41 | Xk = x) such that

- F=F
— Risky asset vector satisfies
S = (Sps- -+ 55) = G(X)
— Payoff process satisfies
he, = h(k, X).

— Simulability: (Xj)o<k<n can be simulated (at a reasonable cost).

e Typical structure processes (for American/Bermuda “Vanilla” options) :

St, (Bx : Xy = Wy, the multi-dim B-S model)
X = log(Si,)
St (Euler scheme)



e For path-dependent options (Asian, lookback, etc)

(St (S0 + -+ S1,))
Xy = (St 7 (So + -+ 54.)),

(Stkumaxogigk Sti)v

etc.

5.3 Arbitrage and value function

Vo, = h(n,X,)

Ve o= max (h(k, Xp), EVi | 7))

Backward induction based on the Markov property

Markov = Conditioning given X = Conditioning given Xj.

Vi=wXy),  k=0,...n.

5.4 Arbitrage and optimal exercise

e Set for convenience Zj = ¢(k, Xi) (“the obstacle”)

Backward induction on “local” optimal stopping times

Tno o=
Tk = kl{Zk>E(Z7'k+1 |7} + 7-k+1]'{ZkSIE(ZTkH | 77

Markov = Conditioning given FX = Conditioning given Xj,.

Fundamental theorem of Optimal Stopping Theory says

Vo=E(Z;) e V(0,Xo)=LE(p(r,Xn))

6 Toward Numerical methods

6.1 Regression method (Longstaff-Schwarz, 1999)

’APPROXIMATION 1: ‘Dimension Truncation

> At time k, one considers “a” basis
(e1(Xk), ea(Xk), ..., en(Xg),...) of LIQR(Q,J(Xk),IP).
> Truncate at level NV

e™M(X1) = (e1(Xp), e2(Xp), - .., en(Xi)).

and set
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> ozLN] = argmin {E(Z v —aeM(XE))?,  ac RN}’ .e.

k:+1

[N] — (Gram(eM(X;))~! <<Z[N |€g J(xp) )1<e<N

where < .|. > denotes the canonical inner product in L% (Q, o(Xy), P) and Gram(elN (X},)) denotes
the so-called Gram matrix of elN(X}) defined by

Gram(e[N}(Xk)) [< eL (Xk)‘ef’ (&) LSM’SN

[N] _ [N]
> T = kL o e xy T TRz, <ol e (x,))

| APPROXIMATION 2 : |

Backward recursive approximation of Forward MC' simulation of (Xy)o<k<, and backward

[V],

computation of 7

> Simulate M independent copies X, ... XM XM) of the structure process X =
(Xk)o<k<n-

> For every me {1,..., M},
[Nym,M] ._
! =n

2
> o M= argming g (1\14 =1 Z_I(_?;\bf)],m,M —a.el (X(m))) so that
k+1
aLN]’M — (Gram(eM(X ( Z z, [N J,m,M € [N] (Xig;m))>
Tk+1 1<U<N
N'WLN N'nzN
> T,£+]1 = kl{Zém) INLM (IN](X,)} + 7'I£+]1 {Z£m>ga£€N]’”I.e[N](Xk)}' ()

~ 1 M
> |V AJEXZZ%NQfN A{E:nvZIZZ%NLmJW‘

Theorem 10 (Clément-Lamberton-Protter (2003), see [15]) The Monte Carlo approzimation sat-
isfies a CLT

< Z Z( W = (ZT}EN]), VM (oMM aLN])> £ N0 Y).
0<k<n—1

> Pros & Cons of the regression method:

e The method is “natural” : Approximation of conditional expectation by (affine) regression
operator on a truncated basis of L?(o(X}),P).

e But :
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Figure 9: An “optimal” quantization of the bi-variate normal distribution with size N = 500

(V]

— Almost all computations are made on-line. However, note that the Gram matrix of (e, ' (Xx))1<e<n

can be computed off-line since it only depends on the structure process.

— The choice of the functions ey(z) k > 1 is crucial and needs much care and intuition.
In practical implementations it may vary at every times step. Furthermore, it may have a biased

effect in and out of the money.

A natural idea can be to consider an orthonormal basis for the underlying Markov structure

process like e.g. the Hermite polynomials for the Brownian motion.

— Huge need of RAM (induces swapping).

e Furthermore : Strongly pay-off dependent.

6.2 Vector Quantization approach

Based on the value function.

APPROXIMATION 1: QUANTIZATION‘

Substitution by the nearest neighbour projection on grids I'y:

~

Xy = mp(Xp) — Xi

where 7 : RY — T, T, is a grid of size Ny, Ty = {z}, .. ,x]kv’“} c R4,

But lloss of the Markov property. .. ‘

’APPROXIMATION 2: MARKOV APPROXIMATION‘

Quantized obstacle : h(k,)A(k), k=0...,n.
The Markov property is forced: one defines ‘A/k by a backward induction

Vo = h(n,X,)
DPP-I) = ~ ~ ~ ~
Q ) { Vi = max(h(k, Xg), E(Viy1| Xk)), k=0,...

Again a Backward induction



where

p(2l) = h(n,zb), i=1,...,N,

(QDPP-II) = {

7=1

’NUMERICAL TASK(S) ‘ Optimize and Compute off-line

— Task 1: (good) grids I'y, including the quantization error.

and

Ny
Ug(x},) = max (h (k, %), Zpk Vg1 ;rk“ )
k=

— Task 2: (accurate) quantized transitions ﬁ,g =

CONCLUSION

P(Xji1 = 21,1, Xp = 7})
P(Xy = xfc)

(QDPP-II) is instantaneous for the on line computation of any portfolio of options.

’INTERPRETATION‘ Global Transition operators approximation

Grids '+ quantized transitions ﬁkj

4

Py (@, dy) = 3, B0, )

with

Py (2, dy) = Pe_y (=, dy), k=1,...

6.3 Quantization tree (I)
e For every ke {0,...,n}, |I'x] =

n—1
e Theoretical complexity of a tree descent: K Z Ng Ng11.
. k=0
e Global size of the tree (constraint) : Z Ny =N

The theoretical complexity is minimal when (Schwarz Inequality)

with complexity

T2

Most connections ﬁzj are negligible = pruning. ..
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Theorem 11 (a) (Bally-Pages, 2001 (MCMA) to 2005 (Math.Fin.)) Scheme of order 0 (de-
scribed above, to be compared to non conformal finite elements of order 0). If h(k,.) are Lipschitz,
the transitions Py 1 are Lipschitz, the

n
Vo — Go(Xo)ll2 < Cxo S 1 Xk — X1* o
k=0

(b) (Bally-Pagés-Printems, (Math.Fin.), 2003) Scheme of order 1 (to be compared to non confor-
mal finite elements of order 1). If (...)

n
~ 5 ST
Vo —Bo(Xo)ll2 < Cxp D 1 Xe — X, 3.
k=0
These results show the interest to have access to optimal quantization grids i.e., k being fixed,
. . C . .. ST
a grids I'; which minimizes the induced quantization error || X; — X, *|3.

6.4 Optimal quantization
6.4.1 Existence and rate of vector quantization

Let X temporarily denote a single random vector taking its values in R?. The fact that for every
size N tehre exist a grid I'" with at most N elements which minimizes

X — XUV, = min ||X — XT

nin 12

2

is true as soon as X € L(P) (see [38, 25]). Then it is rather simple to show that N HX—XF*’N Il,
is a non-increasing sequence that goes to 0 as IV goes to co. The rate of convergence to 0 is a much
more challenging problem. An answer is provided by the so-called Zador Theorem stated below.

This theorem was first stated and established for distributions with compact supports by Zador
(see [50, 51]). The first mathematically rigorous proof can be found in [25], and relies on a random
quantization argument (Pierce Lemma).

Theorem 12 (a) SHARP RATE. Let r > 0 and X € L™™(P) for some n > 0. Let P, (d¢) =

1
©(&) d§ + v(dE) be the canonical decomposition of the distribution of X (v and the Lebesgue measure
are singular). Then (if o= 0),

e (X, RY) ~ J, 4 % </Rd Y+ (u) du) X N"@ as N — +oo. (6.20)

where Jy.q€ (0,00).

(b) NON ASYMPTOTIC UPPER BOUND (Luschgy-P. 06). Let d > 1. There exists Cq, € (0,00) such
that, for every R%valued random vector X,

YN>1 ey (X,RY) < Cupyl| X i N7

N,r

Remarks. e The real constant jr,d clearly corresponds to the case of the uniform distribution over
the unit hypercube [0, 1]¢ for which a slightly more precise statement, namely

lim Niey (X, R = i%fNéeNW (X,RY) = J,4.
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The proof is based on a self-similarity argument. The value of Jld depends on the reference norm
on R%. When d = 1, elementary computations show that jr,l =(r+ 1)7$/2. When d = 2, with
the canonical Euclidean norm, one shows (see [36] for a proof, see also[25]) that Jo 4 = \/% . Its
exact value is unknown for d > 3 but, still for the canonical Euclidean norm, one has (see [25])

using some random quantization arguments,

~ [ d d
Jo g~ Ire 17.08 as d— +oo.

6.4.2 Numerical aspects

The procedures that minimizes the quantization error are usually stochastic (except in 1-dimension).
The most famous ones are undoubtedly the so-called Competitive Leaning Vector Quantization
algorithm (see [38, 43] or [41]) and the Lloyd’s I procedure (see [43, 40, 19]

Some algorithmic details are also available on the website

’ www.quantize.maths-fi.com ‘

On this website are also available some (free access) grids for the d-variate normal distribution.

6.5 Optimal design of the quantization tree

IDEA: optimal integral allocation problem
From item (a) of the theorem & non asympotic Zador’s Theorem

n
Vo —t0(Xo)l, < Cxip > Xk — Xp*|l2
k=0

n
1
CxoCs Y 1 Xkl 245/ Tr|
k=0

= CX7sOCz3 Z HXkHQMNl;
k=0

IN

=

Amounts to solving the
n 1
. x N
o 2

i.e. denoting the (upper) integral part of x by [z],

_d_
Ny - { (1K) 7

d]\ﬂ, k=0,....n
> o<o<n (1 Xell,y5) 1

so that

n d 1-3 -~ 1
Vo =0 (Xo)ll, < CxoCs (Z(IIXkII2+5)‘“1> N7
k=0

with N = Ny + --- + N,, (usually > N).
EXAMPLES:
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e Brownian motion X3 = Wy, : Then 1//1\/0 =0 and

||Wtk||2+5 205\/t7<:, k=0,...,n.

Hence Ny =1 and
d
2 1
x(ClH<k>2(dH)N, k=1,...,n;

d+2 \n

(2o 1))1‘5 ntti oo
Ni Ni

with N = % Useful but theoretically not crucial. Numerically......
e Stationary process (ex: Xj = OUy, ):

— Essential feature: Only needs
ONE OPTIMAL GRID ...and ONE QUANTIZED TRANSITION MATRIX

— 1 Xkl 45 = 11 X0

H2+6

hence
N
Ny = k=0,...,n.
k ’Vn+1-‘) ) ,
1+3
N n‘td n
Vo — 0o(X| <Cxys =Cxs—
Vo — to(Xo)ll, < Cx, N7 X1
WithN:%.

6.6 Computing the quantized transitions 132?
6.6.1 Standard Monte Carlo estimation
e As a companion procedure of grid updating:

— Nearest neighbour search at every time step to update the grid I'y, ¢ R? via CLVQ and
the transition frequency estimators.

— or “batch” estimation via randomized Lloyd’s I procedure.
e Freeze the grids and carry on the M C' estimation of the transitions.

— M independent copies X™ = (X", X7",..., X)), m =1,..., M “passing through” the quan-
tization tree.

6.6.2 Alternative methods

e Fast tree quantization for Gaussian structure processes ([11] for swing options, see further on).

e The “spray” method (“gerbes” in French) ([42] for filtering by optimal quantization).
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6.7 o¢-Hedging, higher order schemes...
6.7.1 Computing the J-hedge, X, =S;, (B-S) or S;, (local vol).

e Quantized §-Hedging:
o G im B (01 (S = T (80)) (S — S)) -
TC2(Stk)
e Similar formulae for the Euler scheme. .. (H) = (i) o € C°(RY), (i) o0* > oIy,  (iii) |zo'(z)]|, <
+00.
e Bermuda Error:

T q
B [l (6)(2 - P ds < 0, S

S
o= =

e Quantization Error:
n

T —~
IE/O ICr — Cdu < C(1 + 180!)!<N

n)é
6.8 Numerical experiments (with quantization)

6.8.1 Numerical experiments I: Exchange geometric options
e Exchange American options on geometric assets.

e REFERENCE: [49] Villeneuve-Zanette, 1998 Finite differences for 2-Dim exchange American
options with dividends.

e MoDEL: Standard 2d-dim (B & S) model with non correlated Brownian Motions (The most
“hostile” to quantization...).

20%
e MATURITY: T =1 year. VOLATILITY : 0; = =2

Vdfa T ‘
e 2d-DIM PAY-OFF: h(t,z) = e ttsp— [ e™'s;| .
1
+

i=d+1

i=

H;i:l S¢ = 40, H?id_H S{ =36 (in-the money), u1 :=5%, puz =0, ...

e INITIAL VALUES: . .
?:1 Sh = 36, zzid-i-l Sy =40 (out-of-the money), pgr1 :=0%,...

6.8.2 Results: Premium and j-hedge: 0-order scheme

6.8.3 0-order scheme vs l-order scheme

Computation velocity: Pentium II, 800 MHz, 500 MO RAM [2003...]
d=5 N=210" ~n=10
e Design of the quantization tree (grid/weights) : 3 seconds;
o (Premium+ §-Hedge) (QBDPP): 3 per second.
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Maturity 3 months 6 months 9 months 12 months
AM,cp 4.4110 4.8969 5.2823 5.6501
Price  Error (%) | Price Error (%) | Price Error (%) | Price Error (%)
d=2 44111 0.0023 4.8971 0.0041 5.2826 0.0057 5.6505 0.0071
d=14 4.4076 0.08 4.9169 0.34 5.3284 0.82 5.7366 1.39
d=6 4.4156 0.1 4.9276 0.63 5.3550 1.38 5.7834 2.20
d=10 | 4.4317 0.47 4.9945 2.00 5.4350 2.89 5.8496 3.53

Table 1: AMERICAN PREMIUM & RELATIVE ERROR. Different maturities and dimensions.

(a) (b)

Figure 10: d =2, n =25 and N = 300. (a) American premium as a function of the maturity. (b) Hedging
strategy on the first asset. The cross + depicts the premium obtained with the method of quantization and
— depicts the reference premium (V & Z).

(@) ),

Figure 11: d = 4. AMERICAN PREMIUM AS A FUNCTION OF THE MATURITY. (a) In-the-money. (b) Out-
of-the-money. + depicts the premium obtained with the method of quantization and — depicts the reference

premium (V & Z).

d =10 | N(top) = 1000 | 50 time layers | (S1 ... S5 - S6 ... S10)+

1.8
Pl
16 o~

/

1.4 /

12 i

AM price
.

o v
i
0.2 /

o s Maturity T (i unit = 1/50 year)
4 8 12 16 20 24 28 32 36 40 44 48

Figure 12: Exchange option 10D (S*--- 85 — §6...810),: out-of-the-money
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Maturity 3 months 6 months 9 months 12 months
A, 4.4110 4.8969 5.2823 5.6501
Price  Error (%) | Price Error (%) | Price Error (%) | Price Error (%)

d=141
AM, 4.4076 0.08 4.9169 0.34 5.3284 0.82 5.7366 1.39
AM, 4.4058 0.1 4.8991 0.04 5.2881 0.08 5.6592 0.13
d=
AM, 4.4156 0.1 4.9276 0.63 5.3550 1.38 5.7834 2.20
AM, 4.4099 0.02 4.8975 0.01 5.3004 0.34 5.6557 0.10
d=10
AM, 4.4317 0.47 4.9945 2.00 5.4350 2.89 5.8496 3.53
AM, 4.4194 0.19 4.8936 0.07 5.1990 1.58 5.4486 3.56

Table 2: Relative errors of AMy and AM; with respect to a reference price for different maturities
and dimensions.

d =41 N(top) = 500 | 25 time layers | (S1 S2 - S3 S4)+

5.8
RD 0 +
RD 1 X
56 HV&Z *

: -
/
M

4 *

AM price

3.8 Maturity T (1junit = 1/24 year)
0 3 6 9 12 15 18 21 24

Figure 13: EXCHANGE OPTION 4D (S15% — §35%),: IN-THE-MONEY. DIMENSION d = 4, n = 25
AND Nos = 500. American option function of the maturity 7. The crosses denote the quantized
version with order 0 (4) and order 1 (x)
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d =6 | N(top) = 1000 | 25 time layers | (S1 S2 S3 - S4 S5 S6)+

5.8
RDO  +
RD1 X N
56 HV&z
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5.4 *

5.2 =
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e

AM price

Maturity T (1junit = 1/24 year)
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3.8

Figure 14: Quantized version order 0 (+), order 1 (x). (a) Dimension d = 6, n = 25, N5 = 1000,
In-the-money case. Value of the American option function of the maturity 7.

6.9 Swing Options (a word about)
Take or Pay contract on gas (with firm constraints)
— Spot or day-ahead delivery contract Sy, assumed to Markov (for convenience) i.e.

Xp =8,

— Local volume constraints: Buy daily g¢, € [gmin, ¢max] m3 of natural gas at price Kj,

— Global volume constraints Qmin < o +qt; + -+ G, < Qmax-

P(Qmin; Qmax, 50) = sup (Z q.e r(T- tk Stk Kk))
(qty)o<k<n—1€AQ .1, Qmax

where the set of admissible daily purchased quantities is given by

AQminmeax = (th)OSk:Snflv thgftia 0< Qt, < 1, Qumin < Z Qt), < Qmax
0<k<n—1

6.9.1 Pricing swing by (optimal) Quantization

It is a stochastic control problem.
> Dynamic programming principle on the price P(tg, St,, Q¢ )

P(tka Stka th) = maX{Q(Stk _K) + E(P(tk;+1, Stlc+1 ) th +q)|stk)7 (621)
qge [Qmina Qmax]v th +q€ [(Qmin - (’I’L - k)Qmax)Jra (Qmax - (n - k)Qmin)Jr]} .

> Bang-bang control (see [11]).
If Qmax — Qmin

Gmax — Gmin

€ N, then the optimal control is bang-bang i.e. {qmin, gmax }-valued.
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> Quantized Dynamic programming principle Let §tk be an (optimal) quantization of Sy, taking
values in I'y, := {sf, .. .,s,iv’“}, k=0,...,n.

P(tka 87];(;7 th) = mnax [Q(b’z - K) + E(P(tk-‘rlv gtk+17 th + q)|‘§tk = S’;{I)]

quthk
0 A
'Ak * = {qE {Qmim Qmax}7 th +tq€ [(Qmin_(n - k)Qmax)—H (Qmax_(n - k)Qmin)—i—]} (6'22>
1=1,..., Ng,

P(T, 54, Qr) = P,(s5, Qr), i=1,..., N,.
Since S’tk takes its values in I'y, we can rewrite the conditional expectation as:

NkJrl . ..
E(P(tit1, Stpr Q)ISt, = si) = Y Pltes, shyq, QDY
j=1

where
ﬁkj = P(Sthrl = 5i+1|Stk = 52:)

e Technical Parameters:
o Optimal quantization approach n = 365 (1 year), N, = N = 100
o Longstaff-Schwartz approach (following [10]: MC size, M = 1000).

e Processor: Céléron, CPU 2,4 GHz. RAM 1,5 Go

Figure 15: Price Surface (as a function of global constraints) by Optimal Quantization

6.10 Quantization vs L-S for Swing options

o First results:

L-S Quantization: Quantization:
o 1 contract: Transitions + pricing | Pricing alone
160 sec 65 sec 5 sec
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Optimal Quantization
Longstaff-Schwartz ------

Figure 16: Price Surface by L-S like procedure (dotted lines) and by Optimal Quantization (solid
lines)

L-S Quantization
1600 sec 110 sec

o 10 contracts:

o If less RAM available:
o Quantization is unchanged

o L-S slows down because the computers “swaps”...
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