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The physics of polarization optics
Polarized light propagation
Partially polarized light

Further reading
[Hua94, GB94]

[a A. Gerrard and J.M. Burch.
Introduction to matrix methods in optics.
Dover, 1994.

[ S. Huard.
Polarisation de la lumiére.
Masson, 1994.

@
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Course Outline

@ The physics of polarization optics
@ Polarization states
@ Jones Calculus
@ Stokes parameters and the Poincare Sphere

© Polarized light propagation
@ Jones Matrices Examples
@ Matrix, basis & eigen polarizations
@ Jones Matrices Composition

© Partially polarized light
@ Formalisms used

@ Propagation through optical devices @
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

@ The physics of polarization optics
@ Polarization states
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The vector nature of light

Optical wave can be polarized, sound waves cannot

The scalar monochromatic plane wave

The electric field reads: Acos (wt — kz — ¢)
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The vector nature of light

Optical wave can be polarized, sound waves cannot

The scalar monochromatic plane wave

The electric field reads: Acos (wt — kz — ¢)

A monochromatic plane wave

o Electric field is orthogonal to wave and Poynting vectors
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Jones Calculus
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The vector nature of light

Optical wave can be polarized, sound waves cannot

The scalar monochromatic plane wave

The electric field reads: Acos (wt — kz — ¢)

A vector monochromatic plane wave

o Electric field is orthogonal to wave and Poynting vectors

@ Lies in the wave vector normal plane
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The physics of polarization optics Polarization states
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The vector nature of light

Optical wave can be polarized, sound waves cannot

The scalar monochromatic plane wave

The electric field reads: Acos (wt — kz — ¢)

A vector monochromatic plane wave

o Electric field is orthogonal to wave and Poynting vectors

@ Lies in the wave vector normal plane
@ Needs 2 components

o E, = A, cos(wt— kz — py)
o E, = A, cos(wt —kz—¢,)
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

Linear and circular polarization states

In phase components @y =
i
0.5
1 05 05 1
os]
a
)
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Linear and circular polarization states

In phase components
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

Linear and circular polarization states

In phase components Py = Px

N. Fressengeas Polarization Optics, version 2.0, frame 5



The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

Linear and circular polarization states

In phase components Py = 7r/2 shlft Sy = o S

7 shift

Left or Right
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The physics of polarization optics Polarization states
Jones Calculus
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Linear and circular polarization states

In phase components Py = Px

) /2 shift 0y = ox £ 7/2

7 shift

Left or Right
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

Linear and circular polarization states

In phase components oy =
/2 shlft gpyfs,Xj:ﬂ/Q
v Shlft “Py — (PX + T =
Left or Right
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

1k

Electric field
o E, = Ay cos(wt — kz — px)
] 0s 05 ! o E, = A, cos(wt — kz — )

.
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The physics of polarization optics

Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

Py — px = £m/8

4

N. Fressengeas

Electric field

o E, = A, cos(wt — kz — px)
e £, = A, cos(wt — kz — @)
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The elliptic polarization state

The polarization state of ANY monochromatic wave

Yy — px = /4

4
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Electric field

o E, = Ay cos(wt — kz — px)
e £, = A, cos(wt — kz — @)

Polarization Optics, version 2.0, frame 6



The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

Py = Px = i”/2

Electric field

o E, = Ay cos(wt — kz — px)

e £, = A, cos(wt — kz — @)

4
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The elliptic polarization state

The polarization state of ANY monochromatic wave

oy — px = 37 /4

Electric field

o E, = Ay cos(wt — kz — px)

e £, = Ay cos(wt — kz — ¢y)

-0.5F

4
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The elliptic polarization state

The polarization state of ANY monochromatic wave

1k

Electric field
o E, = Ay cos(wt — kz — px)
1 05 05 1 (] Ey = Ay COS (wt — kZ = SOy)
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The physics of polarization optics

Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

py —px = Em/4

4

N. Fressengeas

Electric field

o E, = Aycos(wt — kz — ¢x)
e E, = A, cos(wt — kz — @)

v

4 real numbers

o AX;SOX
o Ay.py

A
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The physics of polarization optics

Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

Py — px = /4

4

N. Fressengeas

Electric field

e E, = Ay cos(wt — kz — px)

e E, = A cos(wt — kz — ¢y) )
o Ax.ox
° Ay.py

2 complex numbers
o Acexp( — ipx)
o A exp(—ipy)

|\

é
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Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The elliptic polarization state

The polarization state of ANY monochromatic wave

Py — px = /4

4

N. Fressengeas

Electric field

e E, = Ay cos(wt — kz — px)

e E, = A cos(wt — kz — ¢y) )
o Ax.ox
° Ay.py

2 complex numbers
o A, exp (ipx)
o A, exp(ipy)

|\

é
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@ The physics of polarization optics

@ Jones Calculus
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

Polarization states are vectors

Monochromatic polarizations belong to a 2D vector space based on the Complex Ring

ANY elliptic polarization state = Two complex numbers

A set of two ordered complex numbers is one 2D complex vector
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Polarization states are vectors

Monochromatic polarizations belong to a 2D vector space based on the Complex Ring

ANY elliptic polarization state = Two complex numbers

A set of two ordered complex numbers is one 2D complex vector

Canonical Basis
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The physics of polarization optics Polarization states
Jones Calculus
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Polarization states are vectors

Monochromatic polarizations belong to a 2D vector space based on the Complex Ring

ANY elliptic polarization state = Two complex numbers

A set of two ordered complex numbers is one 2D complex vector

Canonical Basis

Link with optics ?

@ These two vectors represent
two polarization states

@ We must decide which ones ! | @

N. Fressengeas Polarization Optics, version 2.0, frame 7




The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

Polarization states are vectors

Monochromatic polarizations belong to a 2D vector space based on the Complex Ring

ANY elliptic polarization state = Two complex numbers

A set of two ordered complex numbers is one 2D complex vector

Canonical Basis

(H | [OD

Two independent polarizations :

@ Crossed Linear

@ Reversed circular

@ YOUR choice

@ These two vectors represent
two polarization states

@ We must decide which ones !

@
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The physics of polarization optics Polarization states
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Partially polarized light Stokes parameters and the Poincare Sphere

Examples : Linear Polarizations

Canonical Basis Choice

1 . . .
° {0] . horizontal linear polarization

0 . . -
° {1} . vertical linear polarization
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Examples : Linear Polarizations

Canonical Basis Choice

1 . . .
° [0} . horizontal linear polarization

0 . .
° [1 . vertical linear polarization
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Examples : Linear Polarizations

Canonical Basis Choice
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° [0} . horizontal linear polarization

0 . .
° [1 . vertical linear polarization
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The physics of polarization optics Polarization states
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Examples : Linear Polarizations

Canonical Basis Choice

1 . : oL
° [O} : horizontal linear polarization

0 . . -
° [J . vertical linear polarization
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

Examples : Linear Polarizations

Canonical Basis Choice

1 . . .
° {0} . horizontal linear polarization

0 . . .
° [J . vertical linear polarization

Linear polarization Jones vector in a linear polarization basis

Linear Polarization : two in phase components
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Examples : Circular Polarizations

In the same canonical basis choice : linear polarizations

— ©Ox —:|:7T/2

Electric field

o E, = Acos(wt — kz — px)
e E, = A, cos(wt — kz — ¢,)
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The physics of polarization optics Polarization states
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Examples : Circular Polarizations

In the same canonical basis choice : linear polarizations

Py _“ffx—:l:ﬂ'/2

Electric field

o E, = Ay cos(wt — kz — px)
e E, = Ay cos(wt — kz — @)

Jones vector

5[
V2 | +i

\

N. Fressengeas Polarization Optics, version 2.0, frame 9



The physics of polarization optics Polarization states
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Stokes parameters and the Poincare Sphere

About changing basis

A polarization state Jones vector is basis dependent

Some elementary algebra

@ The polarization vector space dimension is 2
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About changing basis

A polarization state Jones vector is basis dependent

Some elementary algebra

@ The polarization vector space dimension is 2

@ Therefore : two non colinear vectors form a basis
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The physics of polarization optics Polarization states
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About changing basis

A polarization state Jones vector is basis dependent

Some elementary algebra

@ The polarization vector space dimension is 2
@ Therefore : two non colinear vectors form a basis

@ Any polarization state can be expressed as the sum of two non
colinear other states

N. Fressengeas Polarization Optics, version 2.0, frame 10



The physics of polarization optics Polarization states
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About changing basis

A polarization state Jones vector is basis dependent

Some elementary algebra

@ The polarization vector space dimension is 2

@ Therefore : two non colinear vectors form a basis

@ Any polarization state can be expressed as the sum of two non
colinear other states

@ Remark : two colinear polarization states are identical
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
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About changing basis

A polarization state Jones vector is basis dependent

Some elementary algebra

@ The polarization vector space dimension is 2

@ Therefore : two non colinear vectors form a basis

@ Any polarization state can be expressed as the sum of two non
colinear other states

@ Remark : two colinear polarization states are identical
Find the transformation matrix between between the two following
bases :

@ Horizontal and Vertical Linear Polarizations

@ Right and Left Circular Polarizations
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

Relationship between Jones and Poynting vectors

Jones vectors also provide information about intensity

Choose an orthonormal basis

@ Hermitian product is null : J; - Job =0

@ Each vector normis unity : 1 -1 =Jo-bh =1
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The physics of polarization optics Polarization states
Polarized light propagation Jones Calculus
Partially polarized light Stokes parameters and the Poincare Sphere

Relationship between Jones and Poynting vectors

Jones vectors also provide information about intensity

Choose an orthonormal basis

@ Hermitian product is null : J; - Job =0

@ Each vector normis unity : 1 -1 =Jo-bh =1

<

Hermitian Norm is Intensity

Simple calculations show that :

@ If each Jones component is one complex electric field
component

@ The Hermitian norm is proportional to beam intensity
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@ The physics of polarization optics

@ Stokes parameters and the Poincare Sphere
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The Stokes parameters

A set of 4 dependent real parameters that can be measured

Overall Intensity
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The Stokes parameters

A set of 4 dependent real parameters that can be measured

Overall Intensity ¥ p,
Po=1

Intensity Différence
P =l — il
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The Stokes parameters

A set of 4 dependent real parameters that can be measured

Overall Intensity Intensity Différence

Po=1 Py=l— I,
in a /4 Tilted Basis

Po=lijs— 1 74
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The Stokes parameters

A set of 4 dependent real parameters that can be measured

Overall Intensity ¥ p,
Py=1
in a /4 Tilted Basis

Pa = leja = l_na Py =k — Iy

Intensity Différence
P =l — il

in a Circular Basis

@
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The physics of polarization optics Polarization states
Jones Calculus
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Relationship between Jones and Stockes

Sample Jones Vector

{AX exp (+z'<p/2)}
Ay 24Y (*7;‘10/2)

Overall Intensity
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Relationship between Jones and Stockes

Sample Jones Vector

{AX exp (+z'<p/2)}
Ay 24Y (*7;‘10/2)

Intensity Difference

Overall Intensity Py =1, — 1, = A2 — A2
=l —1,=A2 .

v/
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Relationship between Jones and Stockes

Sample Jones Vector

{AX exp (+z'<p/2)}
Ay 24Y (*7;‘10/2)

Intensity Difference

Py Overall Intensity P=1l—1, = A2 — A2
X - X y
Po=1=A2+ AJ%

4

P, in a m/4 Tilted Basis

v/
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Relationship between Jones and Stockes

Sample Jones Vector

{AX exp (+z'<p/2)}
Ay 24Y (*7;‘10/2)

Intensity Difference

Py Overall Intensity P=1l—1, = A2 — A2
X - X y
Po=1=A2+ AJ%

4

P, in a m/4 Tilted Basis

11
Jojs = B2 [_1 1] J

v/
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Relationship between Jones and Stockes

Sample Jones Vector

{AX exp (+z'<p/2)}
Ay 24Y (*7;‘10/2)

Intensity Difference

Po Overall Intensity

] — A2 _ A2
Po:/:A)2(—|—A}2/ Pl_lX Iy AX Ay

o’

Py in a /4 Tilted Basis
J7r/4 =
Ayetiel2 4 A emi0l2
v2 [—Axe““’/2 + Aye_i‘P/J

w/
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Relationship between Jones and Stockes

Sample Jones Vector

_ [Ax exp (+i(p/2):|
Ay exp (—ip/2)
Po Overall Intensity i i
Intensity Difference
Po=1=A2+A2
) P1:IX—Iy:A>2(—A§
P, in a /4 Tilted Basis

J7r/4 =
Ayetiel2 4 A emi0l2
\/5 |:_A +itp/2 +Aye—i<p/2:|

/4" ;(/4 B J%/4 ' J7)r//4

2AA, cos (p) ‘
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Relationship between Jones and Stockes

Sample Jones Vector
_ [Ax exp (+i(:0/2):|

Ay exp (—ip/2)

Po Overall Intensity —
Py Intensity Difference

Po=1=A2+A2
0 X Y y P]_:/X—Iy:A)z(_A)%
P> in a /4 Tilted Basis : : =
J P3 in a Circular Basis
/4 — . i .
. . A etie/2 _ ;A a—ip/2
Axe+ztp/2_'_A e yy 1 x€ ye€
V2 [—A e*ie/2 1 A e‘i¢/2} Y0 = 8 | Aetiol? 1 iAol
y
o P; = . — . =
P> = JxXoagx oY = 3= C1r Clr Cir * JCir —
/4 w/4 w/4 “w/4 2A, A
2AA, cos (p) sin (¢) 4
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Relationship between Jones and Stockes

Sample Jones Vector

Famsail

Po Overall Intensity —
Py Intensity Difference

Po=1=A2+A2
0 x Y Pr=l— I, = A2 — A2

P in a /4 Tilted Basis - - —
P3 in a Circular Basis

Jﬂ-/4 S 9 .
. . A etie/2 _ ;A a—ip/2
Axe+up/2 + Aye ip/2 JCir =1 |: x . . 4 o :|
V2 [—AerW2 +Aje i/ 2} V2 |Ace 2 1+ iA el
L L N Py = S - S — S - e =
/A Tm/4 T Tm/a “m/A 2A A, sin (¢)

2AA, cos (p) 4

N. Fressengeas Polarization Optics, version 2.0, frame 13
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The Poincare Sphere

Polarization states can be described geometrically on a sphere

Recall the Stokes parameters

P3 = P} + P2 + P?
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The Poincare Sphere

Polarization states can be described geometrically on a sphere

Recall the Stokes parameters

P3 = P} + P2 + P?

Normalized Stokes parameters

Si=Pi/Po
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The physics of polarization optics Polarization states
Jones Calculus
Stokes parameters and the Poincare Sphere

The Poincare Sphere

Polarization states can be described geometrically on a sphere

Recall the Stokes parameters

Ps = P?+P;+P3

Normalized Stokes parameters
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The Poincare Sphere

Polarization states can be described geometrically on a sphere

(51, 52, 53) on a unit radius sphere

Recall the Stokes parameters

¢
P2 — P% 4 P22 4 P?? ~A Circutaire gauche
" N Ellipticité
- liptici
Normalized Stokes parameters ] consante
-
;
o ¢ 2¢ o
¢ 7 2o a
P Etats
rectilignes
(Co)
Azimut n
constant
§ ' Circulaire droit
”
Figures from [Hua94] p
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The Poincare Sphere

Polarization states can be described geometrically on a sphere

Normalized Stokes parameters

(51,52, S3) on a unit radius sphere

Si=Pi/Po
N gclrwlalmuauche
Unit Radius Sphere .
R
3 g2 2
Zi:l 5, - 1 N stants
- . < P
General Polarisation o \e 2 o
¢ w2 20 a
vy AY
\ % P Efats
rectilignes
» 2% /"'J‘y )
N
( ° e 17 Azimuf
) LS > oonsn:m z
I § ! Circulaire droit
4—7—) )
Figures from [Hua94]

A\
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The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

© Polarized light propagation
@ Jones Matrices Examples
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer lets one component through

Polarizer aligned with x : its action on two orthogonal polarizations

@ Lets through the linear polarization along x: [é] — [(1)]

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer lets one component through

Polarizer aligned with x : its action on two orthogonal polarizations

@ Lets through the linear polarization along x: [é] — [(1)]

@ Blocks the linear polarization along y : [(ﬂ — [8]

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer lets one component through

Polarizer aligned with x : its action on two orthogonal polarizations

@ Lets through the linear polarization along x: [é} — [(1)]

@ Blocks the linear polarization along y : [(ﬂ — [8]

W
x polarizer Jones matrix in this basis

b J

v

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgnj e

@ Linear polarization along y: phase shift is ke = kgnoe

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgnj e

@ Linear polarization along y: phase shift is ke = kgnoe

Jones matrix in this basis

eikonle 0
0 eikonze

N

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgni e

@ Linear polarization along y: phase shift is ke = kgnoe

V.
Jones matrix in this basis

eikonle 0 ikonie 1l 0
0 eikonze =¢€ 0 ez'kg(ng—nl)e

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgnie

@ Linear polarization along y: phase shift is ke = kgnoe

4
Jones matrix in this basis

eikonle O . 1 O . 1 0
|: 0 eikonze:| :ezkome |:0 eiko(nz—m)e] :ezkome |:0 eiig]

v

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgnie

@ Linear polarization along y: phase shift is ke = kgnoe

4
Jones matrix in this basis

eikonle 0 - 1 0 - 1 0
|: 0 eikonze:| = etfome |:0 e:l:z'g:| = e'fome 0 —+i

@
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgnj e

@ Linear polarization along y: phase shift is ke = kgnoe

Jones matrix in this basis

elome 0 1 _ kme[l O] _J1 0O
0 gthome | — 0 +i| |0 +i

@

N. Fressengeas Polarization Optics, version 2.0, frame 16



The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

A quarter wave plate adds a /2 phase shift

Birefringent material: n; along x and ny along y thickness e

@ Linear polarization along x: phase shift is ke = kgn; e

@ Linear polarization along y: phase shift is ke = kgnye

Jones matrix in this basis

eikonle 0 _ 1 0
0 ehme| 70 +i

Think about Half Wave Plates

@
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The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

© Polarized light propagation

@ Matrix, basis & eigen polarizations
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Eigen Polarizations

Eigen polarization are polarizations that do not change upon propagation

Eigen Vectors

v is an eigen vector

M-v=2X\ C
v Ve Aisits eigen value
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Eigen Polarizations

Eigen polarization are polarizations that do not change upon propagation

Polarization unchanged
Eigen Vectors @ J and \J describe the same

v is an eigen vector polarization
Aisits eigen value

M-v=>\<&
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Eigen Polarizations

Eigen polarization are polarizations that do not change upon propagation

Polarization unchanged

Eigen Vectors @ J and \J describe the same
v is an eigen vector olarization

M-v=Av& . .g P .
Alisits eigen value @ Intensity changes

Handy basis

A matrix is diagonal in its eigen basis
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Eigen Polarizations

Eigen polarization are polarizations that do not change upon propagation

Polarization unchanged

Eigen Vectors @ J and \J describe the same
v is an eigen vector olarization

M-v=Av& . .g P .
Alisits eigen value @ Intensity changes

Handy basis

A matrix is diagonal in its eigen basis

@ Polarizer eigen basis is along its axes
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The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

Eigen Polarizations

Eigen polarization are polarizations that do not change upon propagation

Polarization unchanged

Eigen Vectors @ J and \J describe the same
v is an eigen vector olarization

M-v=X\v& . ‘g . ]
Alsits eigen value o Intensity changes

A matrix is diagonal in its eigen basis

@ Polarizer eigen basis is along its axes

o Bi-refringent plate eigen basis is along its axes
Find the eigen polarizations for an optically active material that
rotates any linear polarisation by an angle ¢
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}

When transmitted polarization is 6 tilted

Change base through —@ rotation Transformation Matrix

R(6) = {cos () —sin (a)}

sin(f) cos(0)

D
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}

When transmitted polarization is @ tilted

|

Change base through —@ rotation Transformation Matrix

_|cos(#) —sin(6)
R(0) = {sin(ﬁ) cos (0) }

P#)=R(-0)"" [é 8] R(—0)
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}

|

When transmitted polarization is @ tilted
Change base through —@ rotation Transformation Matrix

_|cos(#) —sin(6)
R(0) = {sin(ﬁ) cos (0) }

PO)=R() |5 o|R(-0)

N. Fressengeas Polarization Optics, version 2.0, frame 18
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

A polarizer in a rotated basis

In its eigen basis

Eigen basis Jones matrix : Py = [(1) 8}

|

When transmitted polarization is 6 tilted
Change base through —0 rotation Transformation Matrix

_|cos(#) —sin(6)
R(0) = Lin(ﬁ) cos (0) }

P0=r0; R0 Gl G

|

N. Fressengeas Polarization Optics, version 2.0, frame 18
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The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

A polarizer in a rotated basis

When transmitted polarization is 6 tilted

Change base through —@ rotation Transformation Matrix

R0 = [ ]

ACRLICH I LISURS M s

<

@ Find the same result with physics arguments only

polarized plane wave

@ Find the power transmitted through such a polarizer from a x D
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Changing basis in the general case

Using the Transformation Matrix
@ If basis B is deduded from basis By by transformation P :
Bi1=PBy
@ Jones Matrix is transformed using J; = P-1JyP

D
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Changing basis in the general case

Using the Transformation Matrix

o If basis B; is deduded from basis By by transformation P :
By =PBy
@ Jones Matrix is transformed using J; = P-1JyP

”
From linear to circular example

@ Optically Active media in a linear basis :
Jo [cos(qb) sin(qﬁ)]
—sin (@) cos(¢)

@ Transformation Matrix to a circular basis P = [le 1.]

ip
1 e 0
° FMP= [ 0 e_i(b} D
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Anisotropy can be linear and circular

Linear Anisotropy

@ Orthogonal eigen linear
polarizations

o Different index ny & ny

Eigen Jones Matrix

1 0
0 e
Orthogonal linear polarisations basis

v

1
—_
|
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Polarized light propagation

Jones Matrices Examples
Matrix, basis & eigen polarizations
Jones Matrices Composition

Anisotropy can be linear and circular

Linear Anisotropy Circular Anisotropy

@ Orthogonal eigen linear
polarizations

o Different index n1 & n»

@ Orthogonal eigen Circular
polarizations

o Different index ny & n»

Eigen Jones Matrix

1 0
0 e
Orthogonal linear polarisations basis

v

Eigen Jones Matrix

1 0
0 e
Orthogonal Circular basis

N. Fressengeas

Polarization Optics, version 2.0, frame 20



Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Anisotropy can be linear and circular

Linear Anisotropy Circular Anisotropy

@ Orthogonal eigen linear @ Orthogonal eigen Circular
polarizations polarizations
o Different index ny & ny o Different index ny & n»

Eigen Jones Matrix Eigen Jones Matrix

1 0 1 0
0 e 0 e
Orthogonal linear polarisations basis Orthogonal Circular basis

[ cos (g) sin (g)]

—sin (%) cos (%)
Optically Active media

1
—_
|
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The physics of polarization optics Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Partially polarized light Jones Matrices Composition

© Polarized light propagation

@ Jones Matrices Composition
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Jones Matrices Composition
The Jones matrices of cascaded optical elements can be composed through Matrix
multiplication

Matrix composition

%
e If a Jp incident light passes through My and M in that order
@ First transmission: My Jy
%
@ Second transmission: MaMj Jy
@ Composed Jones Matrix : MaM; Reversed order

D
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Jones Matrices Examples
Polarized light propagation Matrix, basis & eigen polarizations
Jones Matrices Composition

Jones Matrices Composition
The Jones matrices of cascaded optical elements can be composed through Matrix
multiplication

Matrix composition

%
If a Jy incident light passes through M1 and Ms in that order

First transmission: My Jy
.. —
@ Second transmission: MMy Jy
@ Composed Jones Matrix : MaM; Reversed order

Beware of non commutativity

@ Matrix product does not commute in general

@ Think of the case of a linear anisotropy followed by optical
activity
e in that order
e in the reverse order
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The physics of polarization optics
Polarized light propagation
Partially polarized light

Formalisms used
Propagation through optical devices

© Partially polarized light
@ Formalisms used
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Formalisms used

Partially polarized light Propagation through optical devices

Stokes parameters for partially polarized light

Generalize the coherent definition using the statistical average intensity

Stokes Vector
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Formalisms used

Partially polarized light Propagation through optical devices

Stokes parameters for partially polarized light

Generalize the coherent definition using the statistical average intensity

Stokes Vector

Polarization degree 0<p<1
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Formalisms used

Partially polarized light Propagation through optical devices

Stokes parameters for partially polarized light

Generalize the coherent definition using the statistical average intensity

Stokes Vector

Polarization degree 0<p<1
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Formalisms used

Partially polarized light Propagation through optical devices

The Jones Coherence Matrix

Jones Coherence Matrix

Jones Vectors are out BT — A, (t) elex(®)
@ They describe phase differences T A (1) e ()

@ Meaningless when not
monochromatic

@
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Formalisms used

Partially polarized light Propagation through optical devices

The Jones Coherence Matrix

Jones Coherence Matrix

Jones Vectors are out 7 gierx(t)
. . o If i (£)
@ They describe phase differences A (t) Py

@ Meaningless when not o I 7 (1) / (1))
j = J

monochromatic

@
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Formalisms used

Partially polarized light Propagation through optical devices

The Jones Coherence Matrix

Jones Coherence Matrix

Jones Vectors are out 7 gierx(t)
. . o If i (£)
@ They describe phase differences A (t) Py

@ Meaningless when not o[ = 7 (1) / (1))
monochromatic a !
— TEIE)

@
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Formalisms used

Partially polarized light Propagation through optical devices

The Jones Coherence Matrix

Jones Coherence Matrix

Jones Vectors are out 7 gierx(t)
X ) o If (t)
@ They describe phase differences A (t) 3y

@ Meaningless when not o[ = 7 (1) / (1))
monochromatic a ’
o I = (I

Coherence Matrix: explicit formulation

r I
= XX Xy
ol
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Formalisms used

Partially polarized light Propagation through optical devices

The Jones Coherence Matrix

Jones Coherence Matrix

Jones Vectors are out ~[A(t) eiex(t)
o If J = [Ay(t) ity (1)

@ Meaningless V\{hen not o = (7, (2) m>
monochromatic p—
o M= (J(9I())

@ They describe phase differences

Coherence Matrix: explicit formulation

M (1A (1)) (A (1) A, (t)eiwx-%]

(Ax (1) Ay (t)e(Pr=) (A, ()

@
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Formalisms used

Partially polarized light Propagation through optical devices

Jones Coherence Matrix: properties

The Coherence Matrix

_ [ (JA(DP) (Ax () A, (D)eilPren))
(A (DA, (£)e=ilome) (1A, ()

Trace is Intensity
Te (M) =1

D
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Formalisms used

Partially polarized light Propagation through optical devices

Jones Coherence Matrix: properties

The Coherence Matrix

= [ (A (£)]) (Ax (t) Ay (t)ei(“"x_wn]
{

A (DA, (t)eHexe) (A, (1))
Trace is Intensity Base change Transformation P
Tr (F) =1 p—lrp

D
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Formalisms used

Partially polarized light Propagation through optical devices

Jones Coherence Matrix: properties

The Coherence Matrix

M- [ (A< (1)) <Ax(t)Ay(t)ei2wx—w>>]
(Ax (1) Ay (t)e(ermer) (A, ()P
Trace is Intensity Base change Transformation P
) =4 P-Irp

Relationship with Stokes parameters from definition
Po 1 1 0 0f [Tk
Pl |1 =1 0 O0f (I,
Pl |0 0 1 1| |l
Ps 0 0 —i i [My

D
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Formalisms used

Partially polarized light Propagation through optical devices

Jones Coherence Matrix: properties

Trace is Intensity Base change Transformation P
Te (M) =1 P-1IP

Relationship with Stokes parameters from definition

Py 1 1 0 0] [Te
P| |1 -1 0 o]]|F,
Pl — |0 0 1 1]y
P; 0 0 —i i] |l

<

Inverse relationship

M x 1 0 07 [Po
Tyl 111 =1 0 0] |~
M| 210 0 1 il |P
M yx 0 0 1 —i| [P D
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Formalisms used

Partially polarized light Propagation through optical devices

Coherence Matrix: further properties

Polarization degree

P2+P2+P2 1 Aaly rxf yx) _ 4Det(T)
P= (Tt )2 T(r)
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The physics of polarization optics
Polarized light propagation
Partially polarized light

Coherence Matrix: further properties

Formalisms used
Propagation through optical devices

Polarization degree

P2+P2+P2 1 — Huly=Toly) _ [q _ 4Det(T)
(MtTy)? Tr(r)?
ol =Tp+Tpnp
@ Find 'p and I'yp using the relationship with the Stokes
parameters

@
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The physics of polarization optics
Polarized light propagation
Partially polarized light

Formalisms used
Propagation through optical devices

© Partially polarized light

@ Propagation through optical devices
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J' (t) = Mm
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J’(ti = MJ(ti
Coherence Matrix if M is unitary

@ M unitary means : linear and/or circular anisotropy only

N

D
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J’(ti = MJ(ti
Coherence Matrix if M is unitary

@ M unitary means : linear and/or circular anisotropy only

o M= (J (BT (B)

N

D
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J’(ti = MJ(ti
Coherence Matrix if M is unitary

@ M unitary means : linear and/or circular anisotropy only

o M= (J (BT (B)

g
o ['= M<mﬁ M1 Basis change
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J’(ti = Mm

Coherence Matrix if M is unitary

|

@ M unitary means : linear and/or circular anisotropy only
o I'= (T H7 ()
o= M<mﬁ>M_l Basis change |

@ Unaltered for unitary operators Tr and Det are unaltered D
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Formalisms used

Partially polarized light Propagation through optical devices

Propagation of the Coherence Matrix

Jones Calculus

e If incoming polarization is J(ti

e Output one is J’(ti = Mm

Coherence Matrix if M is unitary

|

@ M unitary means : linear and/or circular anisotropy only
o I'= (T H7 ()
o= M<mﬁ>M_l Basis change

@ Unaltered for unitary operators Tr and Det are unaltered D

@ Not the case if a polarizer is present : p becomes 1
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Formalisms used

Partially polarized light Propagation through optical devices

Mueller Calculus

Propagating the Jones coherence matrix is difficult if the operator is not unitary

Jones Calculus raises some difficulties

@ Coherence matrix OK for partially polarized light
@ Propagation through unitary optical devices

(linear or circular anisotropy only)
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Formalisms used

Partially polarized light Propagation through optical devices

Mueller Calculus

Propagating the Jones coherence matrix is difficult if the operator is not unitary

Jones Calculus raises some difficulties

@ Coherence matrix OK for partially polarized light
@ Propagation through unitary optical devices

(linear or circular anisotropy only)
@ Hard Times if Polarizers are present
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Formalisms used

Partially polarized light Propagation through optical devices

Mueller Calculus

Propagating the Jones coherence matrix is difficult if the operator is not unitary

Jones Calculus raises some difficulties

@ Coherence matrix OK for partially polarized light
@ Propagation through unitary optical devices
(linear or circular anisotropy only)

@ Hard Times if Polarizers are present
v

The Stokes parameters may be an alternative

@ Describing intensity, they can be readily measurered
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Formalisms used

Partially polarized light Propagation through optical devices

Mueller Calculus

Propagating the Jones coherence matrix is difficult if the operator is not unitary

Jones Calculus raises some difficulties

@ Coherence matrix OK for partially polarized light
@ Propagation through unitary optical devices
(linear or circular anisotropy only)

@ Hard Times if Polarizers are present
v

The Stokes parameters may be an alternative

@ Describing intensity, they can be readily measurered

@ We will show they can be propagated using 4 x 4 real matrices

D

@ They are the Mueller matrices
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Formalisms used

Partially polarized light Propagation through optical devices

The projection on a polarization state

Matrix of the polarizer with axis parallel to V

<l

Projection on V' in Jones Basis

@ Orthogonal Linear Polarizations Basis: 7 and Y
@ Normed Projection Base Vector :
° 7 = Axe_’%y + Ayei%?>

—t
o\_/>\_/>:1

v

@
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Formalisms used

Partially polarized light Propagation through optical devices

The projection on a polarlzatlon state

Matrix of the polarizer with axis parallel to V

<l

Projection on V' in Jones Basis

@ Orthogonal Linear Polarizations Basis: 7 and Y
@ Normed Projection Base Vector :
7 = Al e"%y + Ayei%?>

“Easy to check in the projection eigen basis

@
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Formalisms used

Partially polarized light Propagation through optical devices

The Pauli Matrices

A base for the 4D 2 x 2 matrix vector space
|10 |1 0 |01 10—
=10 1/ T o -1/ 2T |1 0T i o

Py decomposition

Py = % (POUO + p101 + poo2 + P30'3)

N

@
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Formalisms used

Partially polarized light Propagation through optical devices

Py composition and Trace property

Trace is the eigen values sum

Projection property
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Partially polarized light Propagation through optical devices

Py composition and Trace property

Trace is the eigen values sum

Projection property
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Formalisms used

Partially polarized light Propagation through optical devices

Py composition and Trace property

Trace is the eigen values sum

Projection property
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Formalisms used

Partially polarized light Propagation through optical devices

Py composition and Trace property

Trace is the eigen values sum

Projection property

\_/>t O'J\_} (\_/>t7> V o'j\_/> = \_/)t . Pvaj\_}

Projection Trace in its eigen basis

o Py eigenvalues : 0 & 1 Tr(Py) =1

N. Fressengeas Polarization Optics, version 2.0, frame 30
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Formalisms used
Propagation through optical devices

Partially polarized light

Py composition and Trace property

Trace is the eigen values sum
Projection property
=35t = —t— - =t —
oV = (V V>V cojV =V -Pyo;V

%4
Projection Trace in its eigen basis
:0&1 Tr(Py) =1
)=«

o Py eigenvalues :
e Pyoj eigenvalues : 0 & «
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Formalisms used
Propagation through optical devices

Partially polarized light

Py composition and Trace property

Trace is the eigen values sum
Projection property
—t— - =t —
> V -ojV =V -Pyo;V

VoV = (v Y

%4
Projection Trace in its eigen basis
:0&1 Tr(Py) =1
3= @

o Py eigenvalues :
0& a<l

e Pyoj eigenvalues :
@ Pyoj eigenvectors are the same as Py

— . .
e V associated to eigenvalue o
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Formalisms used
Propagation through optical devices

Partially polarized light

Py composition and Trace property

Trace is the eigen values sum
Projection property
—t— - =t —
> V -ojV =V -Pyo;V

VoV = (v Y

%4
Projection Trace in its eigen basis
:0&1 Tr(Py) =1
3= @

o Py eigenvalues :
0& a<l

e Pyoj eigenvalues :
@ Pyoj eigenvectors are the same as Py

— . .
e V associated to eigenvalue o

@ Project the projection

—t —
4 -P\/Jj\/:Oé

N. Fressengeas Polarization Optics, version 2.0, frame 30



Formalisms used
Propagation through optical devices

Partially polarized light

Py composition and Trace property

Trace is the eigen values sum
Projection property
—t— - =t —
> V -ojV =V -Pyo;V

VoV = (v Y

%4
Projection Trace in its eigen basis
:0&1 Tr(Py) =1
3= @

o Py eigenvalues :
0& a<l

e Pyoj eigenvalues :
@ Pyoj eigenvectors are the same as Py

— . .
e V associated to eigenvalue o

@ Project the projection

—t -
v . P\/Jj V =a= TI‘(PvUj)
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Formalisms used
Propagation through optical devices

Partially polarized light

Py composition and Trace property

Trace is the eigen values sum
Projection property
—t— - =t —
> V -ojV =V -Pyo;V

VoV = (v Y

%4
Projection Trace in its eigen basis
:0&1 Tr(Py) =1
3= @

o Py eigenvalues :
0& a<l

e Pyoj eigenvalues :
@ Pyoj eigenvectors are the same as Py

— . .
e V associated to eigenvalue o

@ Project the projection
—t — -t -
4 -Pv(TjV:Oé:TI'(Pvdj) =V ~O’j\/
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Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

TI‘(P\/O'J') = %ZiTI‘ (O'iO'J') Pi

D
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Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

Tr (Pvoj) = 5 3 Tx (ai0)) pi = 5 3 205ipi

D

N. Fressengeas Polarization Optics, version 2.0, frame 31



Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

%
V03V =Tr(Pvoy) = 5 32, Tr (0i05) pi = 5 32 205pi = pj

D
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Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

—t =
-o; V

1

2 v
. —
Project the base vectors on V

%
@ Using V = Ae™ 7+A el%
o PVY A27+A A,e®Y
oPVY A2Y+AAei
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Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

—t =
-o; V

:TI‘(P\/UJ'): ZiTI‘(O','UJ) 22 25,Jp,—pj

1

2 v
. —
Project the base vectors on V

@ Using \7 Ay e_MY + A, ei%v
o PVY A27+AAewy
° PVY A2 Y +AA/e —ip
@ Using the PV decomp05|t|on on the Pauli Basis
o PyX = 3 (po + pl))_g 3 (P2 + ips) Y
o PVY =L(po—p1) Y + 1 (p2—ips)
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Formalisms used

Partially polarized light Propagation through optical devices

Py Pauli components and physical meaning

Express p; as a function of V' and the Pauli matrices, then find their signification

—t =
-o; V

=Tr(Pyoj) = 5> ; Tr(oio;) pi = 5 Z Adgier = 7

1

2 v
. —
Project the base vectors on V

@ Using \7 Ay e_MY + A, ei%T’)
o PVY A27+AAewy
o Py Y A2 Y +AA/e —ip
@ Using the PV decomp05|t|on on the Pauli Basis
o PyX = 3 (po + pl))_g 3 (P2 + ips) Y
o PVY =L(po—p1) Y + 1 (p2—ips)
o |dentify
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The physics of polarization optics
Polarized light propagation
Partially polarized light

Pv Pauli composition and Stokes parameters

Formalisms used
Propagation through optical devices

Stokes parameters as Py decomposition on the Pauli base

o pp=P=A-A2 =/ —I,

o p =P =A% A2 h—1,
op2:P2:2AXAycos(g0):ﬂ/4—l_,r/4
@ p3=P3=2AA,sin(p)=h -
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Formalisms used

Partially polarized light Propagation through optical devices

Propagating through devices: Mueller matrices
V=M,V

" =
Projection on V'
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Formalisms used

Partially polarized light Propagation through optical devices

Propagating through devices: Mueller matrices
V=M,V

" =
Projection on V'

Trace relationship
P! = Tr (Py/o;)
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Formalisms used

Partially polarized light Propagation through optical devices

Propagating through devices: Mueller matrices
V=M,V

— =
Projection on V'

Py = V'V =M, VV M’ = M,PyM,’

Trace relationship

P! =Tr(Py.o;) = Tr (MJPVWUi>
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Formalisms used

Partially polarized light Propagation through optical devices

Propagating through devices: Mueller matrices
V=M,V

N
Projection on V'
T . —
Py = V'V = M VV th = IVIJPVI\/IJt

Trace relationship

P! = Tt (Pyio;) = Tr (MJP\,MJtai> -
30, Tr (MJUJ'V'JtUi) P;

N
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Formalisms used

Partially polarized light Propagation through optical devices

Propagating through devices: Mueller matrices
V=M,V

o =
Projection on V'

— = — —
Py = VIV =M, VV' M, = M,PyM,’

PI{ = TI'(Pv/O',') =Tr (MJPVMJtUi> =
15570 Tr (MyoMy i) P

%
Mueller matrix S = MM?

1 _
(MM)ij = §T1" (MJO’jMJtUi) 3
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The physics of polarization optics
Polarized light propagation
Partially polarized light

Mueller matrices and partially polarized light

Time average of the previous study

Formalisms used
Propagation through optical devices

Mueller matrices are time independent
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Formalisms used

Partially polarized light Propagation through optical devices

Mueller matrices and partially polarized light

Time average of the previous study

Mueller matrices are time independent
_)
(') = Mw(S)

<

Mueller calculus can be extended to. . .

@ Partially coherent light

o Cascaded optical devices

\

D

N. Fressengeas Polarization Optics, version 2.0, frame 34



The physics of polarization optics
Polarized light propagation
Partially polarized light

Mueller matrices and partially polarized light

Time average of the previous study

Formalisms used
Propagation through optical devices

Mueller matrices are time independent
_)
(') = Mw(S)

Mueller calculus can be extended to. . .

@ Partially coherent light

A\

o Cascaded optical devices

|

Find the Mueller matrix of each :
@ Polarizers along eigen axis or 0 tilted

@ half and quarter wave plates
@ linearly and circularly birefringent crystal D

A\
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