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[KL66, GBO4]

[§ A. Gerrard and J.M. Burch.
Introduction to matrix methods in optics.
Dover, 1994.

[ H. KOGELNIK and T. LI.
Laser beams and resonators.
Appl. Opt., 5(10):1550~1567, Oct 1966.
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Course Outline

@ Fundamentals of Gaussian beam propagation
@ Gaussian beams vs. plane waves
@ The fundamental mode
@ Higher order modes

© Matrix methods for geometrical and Gaussian optics
@ Linear algebra for geometrical optics
o A few simple matrices
@ Matrix method for Gaussian beams
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
undamentals o propag The fundamental mode
Higher order modes

@ Fundamentals of Gaussian beam propagation
@ Gaussian beams vs. plane waves
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves do not exist

Waves carrying an infinite amount of energy cannot come into existence

Planes waves

@ Plane wave have a homogeneous transversal electric field
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves do not exist

Waves carrying an infinite amount of energy cannot come into existence

Planes waves
@ Plane wave have a homogeneous transversal electric field

@ Ponting’s vector norm, and power density, are also
homogeneous
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves do not exist

Waves carrying an infinite amount of energy cannot come into existence

Planes waves
@ Plane wave have a homogeneous transversal electric field

@ Ponting’s vector norm, and power density, are also
homogeneous

@ Total carried power is infinite
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves do not exist

Waves carrying an infinite amount of energy cannot come into existence

Planes waves
@ Plane wave have a homogeneous transversal electric field

@ Ponting’s vector norm, and power density, are also
homogeneous

@ Total carried power is infinite

Practical use of plane wave theory: usual unsaid approximation
@ Plane waves of finite extent are often used

@ Strictly speaking, they are not plane waves

N. Fressengeas Gaussian Beams, version 1.0, frame 4
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves do not exist

Waves carrying an infinite amount of energy cannot come into existence

Planes waves
@ Plane wave have a homogeneous transversal electric field

@ Ponting’s vector norm, and power density, are also
homogeneous

@ Total carried power is infinite

Practical use of plane wave theory: usual unsaid approximation
@ Plane waves of finite extent are often used
@ Strictly speaking, they are not plane waves

@ To what extent can we assume they are plane waves ?

N. Fressengeas Gaussian Beams, version 1.0, frame 4
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves, Gaussian beams. .. what else ?

Solutions of the wave equations: one finds only those he was searching for

Il
ﬁN‘,_.
Q
s

)

. . -
Solving the wave equation AE
@ Vectorial Partial Derivatives Equations
@ Solutions are numerous

@ An ansatzlis needed to seek solutions
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Plane waves, Gaussian beams. .. what else ?

Solutions of the wave equations: one finds only those he was searching for

nN‘ —
Q
=

N

Solving the wave equation AE =
@ Vectorial Partial Derivatives Equations
@ Solutions are numerous
@ An ansatzlis needed to seek solutions
Gaussian beams as an ansatz
@ We will find another family of solutions

@ We never pretend to get them all

universite-mewz

1An ansatz is an a priori hypothesis on the form of the sought solution.
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Fundamentals of Gaussian beam propagation Cenrsitm e v, (e eaves
propag The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope

—
. —
—ik-r

.
@ Plane wave: £y x e
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope
Elx o-ik 7
@ Plane wave: Eg x e™*
. — A

o Gaussian ansatz : u(x,y,z) e x e
o u(x,y,z): complex beam envelope

— o
@ &, unit vector
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope
E o a—ikT
@ Plane wave: Eg x e™*
. — -3
o Gaussian ansatz : u(x,y,z) e, x e K
o u(x,y,z): complex beam envelope

— .
@ e, unit vector

@ The envelope u(x,y,z) is our new unknown
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation
Introducing a space dependent envelope

— _.?ﬂ—)
@ Plane wave: Ep x e *%° "

. — _ 3

o Gaussian ansatz : u(x,y,z) e, x e K

e u(x,y,z): complex beam envelope
— 5

@ e, unit vector

@ The envelope v (x,y, z) is our new unknown

Envelope equation

— 2F

S — 10°E

o Wave equation: AE = 553
2

@ Scalar harmonic wave equation: AE + % E =0
paul

/
erlalne

N. Fressengeas Gaussian Beams, version 1.0, frame 6



Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

Gaussian ansatz
Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope

—
. —
—ik-r

—

@ Plane wave: £y x e
. — _A

o Gaussian ansatz : u(x,y,z) e, x e K

o u(x,y,z): complex beam envelope
— o
@ &, unit vector

@ The envelope u(x,y,z) is our new unknown

Envelope equation

@ Scalar harmonic wave equation: AE 4 k?E =0

@ Envelope equation:
Alu(x,y,z) e ™ ] + K2u(x,y,z)e" =0 ',au,
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Fundamentals of Gaussian beam propagation Cenrsitm e v, (e eaves
propag The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope

—
. —_
—i k-r

—

@ Plane wave: Ey x e
. — _ 3

o Gaussian ansatz : u(x,y,z) e, x e K

o u(x,y,z): complex beam envelope
— o
@ &, unit vector

@ The envelope u(x,y,z) is our new unknown
Envelope equation

@ Scalar harmonic wave equation: AE 4+ k>E =0

o P (ue ) —ikz | 2,,0—ikz
@ Envelope equation: ————~ + A ue + k“ue =0

022

N. Fressengeas Gaussian Beams, version 1.0, frame 6
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Fundamentals of Gaussian beam propagation Cenrsitm e v, (e eaves
propag The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope

-
—ik-T

N

@ Plane wave: Ey x e
. —_ -

o Gaussian ansatz : u(x,y,z) e x e K

o u(x,y,z): complex beam envelope
— .
@ &, unit vector

@ The envelope u(x,y,z) is our new unknown

Envelope equation
@ Scalar harmonic wave equation: AE 4 k?E =0

o Envelope equation: e " (Au — 2ikg—g) =0

N. Fressengeas Gaussian Beams, version 1.0, frame 6
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian ansatz

Plugging the ansatz into the wave equation builds the envelope equation

Introducing a space dependent envelope
— _-7.—>
@ Plane wave: Eg x e * %"
. —= i
o Gaussian ansatz : u(x,y,z) e, x e K

o u(x,y,z): complex beam envelope
— Q
@ e, unit vector

@ The envelope u(x,y,z) is our new unknown
Envelope equation

@ Scalar harmonic wave equation: AE 4+ k>E =0

S s ou
@ Envelope equation: Au —2ik52 =0

N. Fressengeas Gaussian Beams, version 1.0, frame 6
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix metk

The paraxial approximation

Also known as Gauss conditions, Slow Varying Envelope. ..

Non Paraxial Beam Paraxial Beam
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Fundamentals of Gaussian beam propagation Gatissianibeaineivagblanciaaies
u propag The fundamental mode
Higher order modes

Paraxial approximation and partial derivatives

Assuming small angles is equivalent to neglecting z derivatives

Transversal variation vs. longitudinal variation J

Non Paraxial Beam Paraxial Beam
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Fundamentals of Gaussian beam propagation Caussiton bz v, pline waves
propag The fundamental mode
Higher order modes

Paraxial approximation and partial derivatives

Assuming small angles is equivalent to neglecting z derivatives

Transversal variation vs. longitudinal variation |

Non Paraxial Beam Paraxial Beam

Transversal Laplacian

0? 9?
@<<@ A%AJ_

v

ey (]
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Fundamentals of Gaussian beam propagation Gatissianibeaineivagblanciaaies
propag The fundamental mode
Higher order modes

Paraxial approximation and partial derivatives

Assuming small angles is equivalent to neglecting z derivatives

Transversal variation vs. longitudinal variation J

Non Paraxial Beam Paraxial Beam

Paraxial wave equation

z /
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

@ Fundamentals of Gaussian beam propagation

@ The fundamental mode
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation

The simplest one, though probably the more important

Wave Propagation Equation

ou
A u—2ik— =
Lu 1 57 0
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation

The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
0 :
By 2k =0 , = (P55 7)
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation

The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
0 ,
By 2k =0 , = (P55 7)
Complex beam radius q(2)

@ Real part: phase variations

@ Imaginary part: intensity
variations
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation
The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
0 :
By 2k =0 , = (P55 7)
Complex beam radius q(z)

@ Real part: phase variations

@ Imaginary part: intensity
variations

@ Plugging ansatz: ¢’ =1
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation
The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
0 :
By 2k =0 , = (P55 7)
Complex beam radius q(z)

@ Real part: phase variations

@ Imaginary part: intensity
variations

@ Plugging ansatz: ¢’ =1

@ Integration: g(z) = q(0) + z
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation
The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
Aju— m?“ 0 J— o i(POTHG)
Complex beam radius q(2)
@ Real part: phase variations Phase shift P(z)
@ Imaginary part: intensity @ Phase shift with respect to the
variations plane wave
@ Plugging ansatz: ¢’ =1 e gP +i=0
@ Integration: q(z) = q(0) +z
/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

A first solution to the paraxial wave equation
The simplest one, though probably the more important

Wave Propagation Equation A simple ansatz
Aju— m?“ 0 J— o i(POTHG)
Complex beam radius q(2)
@ Real part: phase variations Phase shift P(z)
@ Imaginary part: intensity @ Phase shift with respect to the
variations plane wave
@ Plugging ansatz: ¢’ =1 e gP +i=0
@ Integration: q(z) = q(0) +z
/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)

. . —il P2 k2
A closer look to the signification on a complex parameter u=e '( SAETOM )

A complex parameter is linked to two real ones
1 1 A

i~ R we
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)

. . —il P2 k2
A closer look to the signification on a complex parameter u=e '( SAETOM )

A complex parameter is linked to two real ones
1 1 A

i~ R we

The ansatz re-written

e—i (P(z)—i— 2Q’EZ) r2)
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)

. . —il P2 k2
A closer look to the signification on a complex parameter u=e '( SAETOM )

A complex parameter is linked to two real ones
1 1 A

i~ R we

The ansatz re-written

g 2 . ka2
o e—z(P(z)-i—k—ZR(Z) —172WW(2)2>
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)

. . —il P2 k2
A closer look to the signification on a complex parameter u=e '( SAETOM )

A complex parameter is linked to two real ones
1 1 A

i~ R we

The ansatz re-written

. 2 .2
b efz<P(z)+kT(z)f1,W>
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)
A closer look to the signification on a complex parameter u= efi'(P(Z)' quz)rZ)
A complex parameter is linked to two real ones
1 1 A

9= R Yqwz

The ansatz re-written

: 2\ __r2
u= e_l(P(z)—H(ZR(Z)) e W)?

1/e
2w
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The complex beam radius q(2)

A closer look to the signification on a complex parameter u=-e

A complex parameter is linked to two real ones
1_1_:

q R _ZTrWQ

The ansatz re-written

g r2 .
u= e_l(P(z)Jrk?R(Z)) e W7

What is R ? )
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Spherical wavefront of radius R at abscissa z

Phase at abscissa 7 R radius spherical wavefront

@ Constant phase on sphere
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Spherical wavefront of radius R at abscissa z

Phase at abscissa 7 R radius spherical wavefront

@ Constant phase on sphere
@ Phase xd, r<R
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Spherical wavefront of radius R at abscissa z

Phase at abscissa 7 R radius spherical wavefront

@ Constant phase on sphere
@ Phase xd, r<R
o (R—d)?+r’=R?
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Spherical wavefront of radius R at abscissa z

Phase at abscissa 7 R radius spherical wavefront

@ Constant phase on sphere
@ Phase xd, r<R

ed=R-VR?2-1r?
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Spherical wavefront of radius R at abscissa z

Phase at abscissa z R radius spherical wavefront
o Constant phase on sphere

@ Phase xd, r<R

e d=R—VR2—-r2

d:R(l— 1-,@)
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

Spherical wavefront of radius R at abscissa z

Phase at abscissa z R radius spherical wavefront

o Constant phase on sphere
@ Phase xd, r<R
ed=R-VR?2-1r?

2

e d~ 5
Gaussian ansatz

. 2 _ 2
J - e—z(P(z)+k—2R(z))e WP
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian Beam Complex Amplitude

Where the Gaussian beam amplitude is derived from the ansatz and ¢’ =1

A quick summary

—i(P k2

@ Ansatz: u=-¢e l( (Z)+2q(z)r)
H .1 1 s A
o Complex beam radius : T=5 i

@ Beam radius equation : ¢/ =1
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian Beam Complex Amplitude

Where the Gaussian beam amplitude is derived from the ansatz and ¢’ =1

A quick summary

@ Ansatz : u= e_i<P(z)+2q?z> r2)
o Complex beam radius : % = % — @ﬂévz
q(z)=q(0)+z

@ Beam radius equation :

/ |)au|
eriaine
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Fundamentals of Gaussian beam propagation Cansstory oems ve, Eme v
propag The fundamental mode

Matrix methods for geometrical and Gaussian optics iz e @y et

Gaussian Beam Complex Amplitude

Where the Gaussian beam amplitude is derived from the ansatz and ¢’ =1

A quick summary

_3 k 2
@ Ansatz: u=-¢e 1<P(Z)+2q(z)r)

@ Complex beam radius : % = % — i
@ Beam radius equation : ¢(z) =q(0) + z

Assuming a plane wavefront for z =0

o q(0)=i"%s

/
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

Gaussian Beam Complex Amplitude

Where the Gaussian beam amplitude is derived from the ansatz and ¢’ =1

A quick summary

_3 k 2
@ Ansatz: u=-¢e 1<P(Z)+2q(z>r)

@ Complex beam radius : A

1i_1_5
g R~ 'mwe
@ Beam radius equation : ¢(z) =q(0) + z

Assuming a plane wavefront for z =0

o q(0) =i™8
oWZ(z):WOQ[1+( )]
o R(z)= [1+

/
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Gaussian Beam Intensity

W2 (z) = W2 {1+ (QV;OQ)T

W, 1/e
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian Beam Intensity

W2 (z) = W¢ {1 + (ﬁvﬁgﬂ

...
W, : Beam Waist J >
paul
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universite-metz




. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian Beam Intensity

W2 (z) = W¢ {1 + (ﬁ*v;g)z}

Asymptotes

A ~ A
oﬂvi02>>1 = W(2)= ;%

Wy : Beam Waist J '
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian Beam Intensity

W2 (z) = W¢ {1 + (ﬁ*v;g)z}

Asymptotes

A ~ A
oﬂvi02>>1 = W(2)= ;%

_ A
°’)/_7rWo

Wy : Beam Waist J '
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Gaussian wavefront curvature
2
R(z)=z |:1+ (TXZOQ> }

Plane and spherical limits
@ Forsmall z: R= o0
plane wavefront
@ Forhighz: R~z

spherical wavefront

|)aul
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The Rayleigh length

A quantitative criterion to decide whether a Gaussian beam is plane or spherical

Plane for small z ?;2 <1
g
o W(z)~ Wy
o limR(z) =00
z—0
. . A
Spherical for high z Trvig >1
Az
w By
° (2) W
e R(z)~z

universite-mewz



Fundamentals of Gaussian beam propagation Conesitm [ v, (R warEs
propag The fundamental mode
Higher order modes

The Rayleigh length

A quantitative criterion to decide whether a Gaussian beam is plane or spherical

A
Plane for small z inoz <1
o W(z)~ Wy
o limR(z) =00
z—0
Spherical for high z ﬂ_viog >1
Az
w ~
° (2) W
e R(z)~z
The Rayleigh length is the limit
T W2 ’ '
L = 0 D
R Y -




. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The homogeneous phase shift P(z)

_ (st

Recall the equation

gP'+i=0 & P'(z) = —
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The homogeneous phase shift P(z)

_ (st

Recall the equation

P/ ) — P, s
gP" +i1=0 & (2) P

Integrate it

iP(z) = In (1 - zﬁ)
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The homogeneous phase shift P(z)

_ (st

Recall the equation

P/ ) — Pl E
gP " +1=0 & (2) Z T ils

Integrate it

Fle)=bfyil 5 )~ ()

/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The homogeneous phase shift P(z)

_ (st

Recall the equation

gP'+i=0

(3
Q
)
i
|

z+ilg |

Integrate it
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

The homogeneous phase shift P(z)

_ (st

Recall the equation

P/ ) — P, s
gP" +i1=0 & (2) P

Integrate it
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

The homogeneous phase shift P(z)

_ (st

Recall the equation
gP’' +i=0 & P'(z) =

Integrate it

Complex phase meaning

@ Real part : Phase shift with respect to plane wave
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

The homogeneous phase shift P(z)

_ (st

Recall the equation
gP’' +i=0 & P'(z) =

Integrate it

P(2)=iln (W) —tan™* (&)
Complex phase meaning

@ Real part : Phase shift with respect to plane wave

@ Imaginary part:% factor to ensure energy conservation
/
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

The fundamental Gaussian mode

General expression

Wo —i[kz+P(z)]—r2<W+i%(z))

E(r,z) = W(z)e

With, in (nearly) the order of appearance on the screen
2
o W2(z) = W2 [1+ (&) ]
L) 2
° R(z)zz[l—k(z*?) ]

c o 7rW02
o Rayleigh length Lg = —
o Diffraction half angle: v =~ %Wo = Lm;’ :r’%lagle




. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

@ Fundamentals of Gaussian beam propagation

@ Higher order modes

/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

High order Hermite-Gaussian modes

A Cartesian family of higher order modes

Ansatz

(i) ()
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

High order Hermite-Gaussian modes

A Cartesian family of higher order modes

Ansatz

(i) ()

Plugged into the wave equation

eq =1
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

High order Hermite-Gaussian modes

A Cartesian family of higher order modes

Ansatz
X Yy —i(P(z)-I— £ (x2+y2))
= h 2q(z2)
) =5 (77) () ¢
Plugged into the wave equation
eq =1
o ameN, & _ 098 | ome 0
Ox? X
e dne N, ﬁ—Zy%—i—Znh:O
dy? y
/
N
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

High order Hermite-Gaussian modes

A Cartesian family of higher order modes

Ansatz

u(x,y,z)=g< o )>h< Y >e—i(P<z>+2q@)(Xz+y2))

W (z W (z)

Plugged into the wave equation

eq =1

o ameN, & _ 098 | ome 0
Ox? X

° HnGN,ﬁ—Zy%—i—Znh:O
dy? y

e gP ' +(1+m+n)j=0
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Behavior of Hermite-Gaussian modes

Each mode is a mere space modulation of the fundamental
q =1
@ Same equation for g as in the fundamental mode
e W (z) and R (z) retain their meanings and properties

@ Rayleigh length and diffraction angle are unchanged

‘ |)au|
zsrlaine
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation
> ~ P - The fundamental mode
Matrix methods for geometrical and Gaussian optics 5
= Higher order modes

Behavior of Hermite-Gaussian modes

Each mode is a mere space modulation of the fundamental
qg=1
@ Same equation for g as in the fundamental mode
e W (z) and R (z) retain their meanings and properties

@ Rayleigh length and diffraction angle are unchanged

32 o A
& —2x%E +2mg =0 gTZ—zy%Jrznh:o
@ Solutions are, by definition, the orthogonal Hermite
polynomials

e Ho=1, Hi=x, Ho=4x>—-1, H3z=8x>—12x...

@ H, has degree n

o & (i) b (wha) = i (V230t7) o (Vi)



Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Intensity profiles of Hermite Gaussian (HG) modes

The intensity if proportional to the squared envelope

N. Fressengeas Gaussian Beams, version 1.0, frame 20



. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

High order Laguerre-Gaussian modes

A cylindrical family of higher order modes

Ansatz

u(r7 (ba Z) = g < r ) e_i(P(z)""%(z)fzﬂ»/(‘b)
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Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagatlon

Matrix methods for geometrical and Gaussian opt

High order Laguerre-Gaussian modes

A cylindrical family of higher order modes

Ansatz

u(r, b, Z) =8 < r ) e_i(P(z)""%(z)ﬂwL/(’))

W(z)
Plugged into the wave equation

e q =1

/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

High order Laguerre-Gaussian modes

A cylindrical family of higher order modes

Ansatz

U(r7 (ba Z) =3 <Wr(z)) e_i(P(z)""%(z)ﬂwL/qb)

Plugged into the wave equation

e q =1
52
e 3(I,p) e N2, ra—j—(/—kl—x)

og

X

+prg=0




. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

High order Laguerre-Gaussian modes

A cylindrical family of higher order modes

Ansatz

U(r7 (ba Z) =3 < r ) e_i(P(z)""%(z)ﬂwL/qb)

W(z)
Plugged into the wave equation

e q =1
2
e 3(/,p) € N?, rgf—(/—kl—x)

e gP +(1+2p+1)j=0

0
8 pg=0
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Behavior of Laguerre-Gaussian modes

Each mode is a mere space modulation of the fundamental
qgd=1 same as HG modes

@ Same equation for g as in the fundamental mode

e W (z) and R (z) retain their meanings and properties

@ Rayleigh length and diffraction angle are unchanged



Gaussian beams vs. plane waves
The fundamental mode
Higher order modes

Fundamentals of Gaussian beam propagation

Matrix methods for geometrical and Gaussian optics

Behavior of Laguerre-Gaussian modes

Each mode is a mere space modulation of the fundamental
qg =1 same as HG modes
@ Same equation for g as in the fundamental mode
e W (z) and R (z) retain their meanings and properties
@ Rayleigh length and diffraction angle are unchanged

a2
rZ8 (I+1-x)2% y pg=0

@ Solutions are, by definition, the orthogonal generalized
Laguerre polynomials

o £ =1, £V = i1, £ =214 2) x+ )

° Ef,lq) has degree m
o & (wha) = (V2wir) & (2wfcm)




. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Intensity profiles of Laguerre Gaussian (LG) modes

The intensity if proportional to the squared envelope

LG(0,0) LG(0,1) : vortex LG(0,2)

/
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Intensity profiles of other Laguerre Gaussian (LG) modes

The intensity if proportional to the squared envelope

LG(1,2) LG(1,3) LG(2,3)
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Homogeneous phase shift is different for high order modes
gP' +(1+m+n)j=0 gP ' +(1+2p+1)j=0

A small phase difference between modes around the beam waist
@ Slightly different optical paths for different orders

@ Slightly different oscillating frequencies in lasers
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Homogeneous phase shift is different for high order modes
gP' +(1+m+n)j=0 gP ' +(1+2p+1)j=0

A small phase difference between modes around the beam waist
@ Slightly different optical paths for different orders
@ Slightly different oscillating frequencies in lasers

o Usually forgotten
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. . Gaussian beams vs. plane waves
Fundamentals of Gaussian beam propagation The fundamental mode
Higher order modes

Homogeneous phase shift is different for high order modes
gP' +(1+m+n)j=0 gP ' +(1+2p+1)j=0

A small phase difference between modes around the beam waist
@ Slightly different optical paths for different orders
@ Slightly different oscillating frequencies in lasers

@ Usually forgotten. .. particularly in the next section
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

© Matrix methods for geometrical and Gaussian optics
@ Linear algebra for geometrical optics
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays

@ A thin ray has a thin waist: it should diffract Y= =t
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays

@ A thin ray has a thin waist: it should diffract Y= 5w

@ Thin rays are seldom alone: their meaning is collective
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays

@ A thin ray has a thin waist: it should diffract Y= 5w

@ Thin rays are seldom alone: their meaning is collective

@ A ray is a Poynting vector curve
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays

@ A thin ray has a thin waist: it should diffract Y= 5w

@ Thin rays are seldom alone: their meaning is collective

@ A ray is a Poynting vector curve

@ A bunch of rays describes a wavefront

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays
@ A thin ray has a thin waist: it should diffract v =
@ Thin rays are seldom alone: their meaning is collective
@ A ray is a Poynting vector curve
@ A bunch of rays describes a wavefront
Do geometrical optics deal with plane and spherical waves ?

o Parallel rays imply a plane wavefront

Wy

o
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays
@ A thin ray has a thin waist: it should diffract v =
@ Thin rays are seldom alone: their meaning is collective
@ A ray is a Poynting vector curve
@ A bunch of rays describes a wavefront

Do geometrical optics deal with plane and spherical waves ?
o Parallel rays imply a plane wavefront

e Converging or diverging rays imply a spherical wavefront

Wy

4
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics framework

Where is is shown that rays are not so thin as you may think

Geometrical optics do not deal with thin rays

@ A thin ray has a thin waist: it should diffract v = %Wo
@ Thin rays are seldom alone: their meaning is collective
@ A ray is a Poynting vector curve

@ A bunch of rays describes a wavefront
Do geometrical optics deal with plane and spherical waves ?
o Parallel rays imply a plane wavefront

e Converging or diverging rays imply a spherical wavefront

@ But neither of them has an infinite extension !

4
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optic is Gaussian optics

Transversely limited plane waves Parallel rays

Gaussian Beams within their Rayleigh zone

Transversely limited spherical waves Con(Di)verging rays

Gaussian Beams far from their Rayleigh zone

paul
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optic is Gaussian optics

Transversely limited plane waves Parallel rays

Gaussian Beams within their Rayleigh zone

Transversely limited spherical waves Con(Di)verging rays

Gaussian Beams far from their Rayleigh zone

Orders of magnitude
@ He-Ne laser: Wy =~ Imm, A = 633nm, Lr ~ 5m
o GSM Antenna: Wy = 1m, A\ ~ 33cm, Lg ~ 10m
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics is linear

Geometrical optics stems entirely from Descartes law nysin (01) = nysin (62)

Descartes made paraxial

Paraxial approximation : 6 < 1 ni161 ~ nx0>

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics is linear

Geometrical optics stems entirely from Descartes law nysin (01) = nysin (62)

Descartes made paraxial
Paraxial approximation : 6 < 1 nif; =~ n292/
Geometrical optics is linear algebra

@ Paraxial Descartes is linear

@ Straight line propagation is linear
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Geometrical optics is linear

Geometrical optics stems entirely from Descartes law nysin (01) = nysin (62)

Descartes made paraxial
Paraxial approximation : 6 < 1 ni161 ~ nx0>

Geometrical optics is linear algebra
@ Paraxial Descartes is linear
@ Straight line propagation is linear
@ The behavior of a ray through any optical system can be
described linearly

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Matrix geometrical optics

A 2 dimensional linear algebra framework

The ray vector v = <g>

@ y : distance from the axis

@ 0 : angle to the axis
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Matrix geometrical optics

A 2 dimensional linear algebra framework

The ray vector v = <g>
@ y : distance from the axis g
@ 0 : angle to the axis

An optical system v, = My /
@ M is a2 x 2 real matrix v :

@ It can describe any centered

paraxial optical system !
N

universite- metz
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Optical system composition

Optical system composition reduced to matrix product

Optical System Composition

Matrix Composition
o v =M v

o v =M -V

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Optical system composition

Optical system composition reduced to matrix product

Optical System Composition

Matrix Composition
o v =M v
o v =M -V

o v'=MM; v

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Optical system composition

Optical system composition reduced to matrix product

Optical System Composition
g-l/ ---g--- ---E
oM My,
\1’\ v

Matrix Composition

o v =M v Complex systems

o vV'=M, -V Compose simple systems

R M2M1 2 /
L
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

© Matrix methods for geometrical and Gaussian optics

o A few simple matrices
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Propagation in a homogeneous medium

(4)-()

Light propagates in straight line
e No direction change: 6/ =0 d
e y=y+dsin(0)

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Propagation in a homogeneous medium

(4)-()

Light propagates in straight line
e No direction change: 6/ =0 d
e y=y+dsin(0)

0k 16)

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a plane interface
§)-n0

Descartes
e No propagation: y' =y
e nsin(6) = n’sin (0")

o@’%ﬁﬁ
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a plane interface
§)-n0

Descartes
e No propagation: y' =y
e nsin(6) = n’sin (0")

o@’%ﬁﬁ
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a thin lens

(£)-u(2)

Two characteristic rays
e No propagation: y' =y
@ Blueray: y=0=06'"=90
® Redray: 0 =0=0=—1y
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a thin lens
4)-w()

Two characteristic rays
e No propagation: y' =y
@ Blueray: y=0=06'"=90
® Redray: 0 =0=0=—1y

M;

/

paul
riaine

universite-mewz



Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a (thin) spherical interface

Descartes
@ Thin interface
No propagation: y' =y
@ Blueray: y~ RO =0 =0
@ Redray: y=0= 60"~ 20

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a (thin) spherical interface

Descartes
@ Thin interface
No propagation: y’ =y
@ Blueray: y=~ RO =0 =10
@ Redray: y=0=6¢~ 26

0’ = ay + bb

Solve for (a, b) using
o (y,0')=(R0,0)
o (v,0')=(0,56)

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Passing through a (thin) spherical interface

Descartes
@ Thin interface
No propagation: y' =y
@ Blueray: y~ RO =0 =0
@ Redray: y=0=6¢~ 50

(#) =l 210

Ms
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Mirrors
Unfolding the light

Plane mirrors as if they did not exist

Y\ _ [t 0] (v \\\//
o) |0 1]\ /
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Mirrors
Unfolding the light

Plane mirrors as if they did not exist

(#) =1 51 G)

Spherical Mirrors are thin lenses

()= 15 1 6)

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Matrix method for Gaussian beams

Matrix property

A determinant property stemming from all the simple matrices determinants

n: start index n': stop index
n
VM, det (M) =

/
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

© Matrix methods for geometrical and Gaussian optics

@ Matrix method for Gaussian beams
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

Gaussian modes, propagation and lenses

A Gaussian mode does not change upon propagation of by passing through thin interfaces
or lenses

& (s5ty) h (st = (PO 50 (2457)

@ z independent modulation of the fundamental mode
@ Free space ¢’ = 1 common property

@ Thin lens does not change mode profile

/
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Linear algebra for geometrical optics
Matrix methods for geometrical and Gaussian optics ?A:::;’xs:\rrezlheordn?;;l(g:ussian beams

Gaussian modes, propagation and lenses

A Gaussian mode does not change upon propagation of by passing through thin interfaces
or lenses

O

@ z independent modulation of the fundamental mode
@ Free space ¢’ = 1 common property

@ Thin lens does not change mode profile

Common R (z) and W (z) behavior

All the modes share the same laws on g (z), R(z) and W (2)
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

Gaussian beam propagation: the ABCD law

The transformation of the complex radius g for simple optical systems

Free space qg=1

°q=q+d

1 d
°M":<o 1>
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

Gaussian beam propagation: the ABCD law

The transformation of the complex radius g for simple optical systems

Free space g =1
o g =q+d
1 d
° Ma = (0 1>
Plane interface n/n" =R/R )
° %/ = "7/ =4 = 1;‘7
1 0
=5 2)
/
L
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Matrix methods for geometrical and Gaussian optics

Linear algebra for geometrical optics
A few simple matrices

Matrix method for Gaussian beams

Gaussian beam propagation: the ABCD law

The transformation of the complex radius g for simple optical systems

Thin lens A=%-1
1 _1_ 1 / 1
@ 5> == — = =
g —q f—74 —1q+1
\4 1xqg O
A °M/:<1 1
F
A 4 ’

e
universite-mewz
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Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

Gaussian beam propagation: the ABCD law

The transformation of the complex radius g for simple optical systems

Free space qg=1

, . Thin lens A=%-1
@ qg =9+ 11 1 r_ 1
1 d ®d T 7T 97T I
)
° ! °’V’/=(1_X1q (1)>
Plane interface n/n"=R/R' f
o d 1 _ g = 1xa Kogelnik's ABCD law
70 o m— (A BY_ ,_Adt+tB
om0 “\¢c )77 7 G+D
P 0 ,177/
/
s
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Linear algebra for geometrical optics
Matrix methods for geometrical and Gaussian optics (A ey sliple i

Matrix method for Gaussian beams

Gaussian beam propagation: the ABCD law

The transformation of the complex radius g for simple optical systems

Free space d =1 Thin lens 1 _ % N %
°q=q+d 1 _ 11 r_ 1
M (1 d> AR I A e 7
o d =
0 1 o M — <1_><1q (1)>
Plane interface n/n"=R/R' f
o d 1 g = 1xa Kogelnik's ABCD law
g n 7 I\/I—<A B>:>q,_Aq+B

Geometrical and Gaussian optics are linked through paraxial approx.

. . . /
Gaussian beam propagation can be evaluated, for any mode, using B
simple matrix geometrical optics



Linear algebra for geometrical optics
. . N . A few simple matrices
Matrix methods for geometrical and Gaussian optics Vi e o @anesha besis

Focal lens example
Using the ABCD law to verify that parallel rays do converge on the focal plane

Parallel input beam
@ Input plane : just before lens
@ Output plane : after length d

@ Input beam at waist:

_.7rWO2
do = 17—
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Linear algebra for geometrical optics
. . N . A few simple matrices
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Focal lens example
Using the ABCD law to verify that parallel rays do converge on the focal plane

Parallel input beam
@ Input plane : just before lens
@ Output plane : after length d

@ Input beam at waist: qo = ilRg,

Propagation matrix

@ lens: My = (_1 (1)>

@ distance d : My = <é C{)

—H=

/
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Focal lens example
Using the ABCD law to verify that parallel rays do converge on the focal plane

Parallel input beam
@ Input plane : just before lens
@ Output plane : after length d

@ Input beam at waist: qo = ilRg,

Propagation matrix

d
41 g
Md'Mf—( T1 1)
f o
/
s
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Focal lens example
Using the ABCD law to verify that parallel rays do converge on the focal plane

Parallel input beam
@ Input plane : just before lens
@ Output plane : after length d

@ Input beam at waist: qo = ilRg,

Propagation matrix

_d
va- = (TF 1)
ABCD law
df +i(f — d)Lg,
g1 = .
f —ilg, /
.
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Focal lens example

Linear algebra for geometrical optics
A few simple matrices
Matrix method for Gaussian beams

Using the ABCD law to verify that parallel rays do converge on the focal plane

Parallel input beam
just before lens
after length d

@ Input plane :
@ Output plane :

@ Input beam at waist: qo = ilLR,

Propagation matrix

d
Md-/\/lf=< lerl d>
-1 1
ABCD law
df +i(f — d)Lg,
q1 = :
f —ilg,

d for plane wavefront: imaginary g1
f

2
f
1+ ()

d =
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