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Introduction

These lecture notes, intended as support to an intensive course at Scoala Normala Superioara din
Bucuresti, cover classical properties of function spaces such as: a.e. differentiability of Lipschitz
functions (Rademacher’s theorem), maximal functions (the Hardy-Littlewood-Wiener theorem),
functions of bounded variation, area and coarea formulae, Hausdorff measure and capacity, isoperi-
metric inequalities, Hardy and bounded mean oscillations spaces (and their duality), trace theory,
precise representatives.

Several textbooks cover part of these topics:

Herbert Federer, Geometric measure theory, Springer, 1969

Vladimir Maz’ja, Sobolev spaces, Springer, 1980

Leon Simon, Lectures on Geometric Measure Theory, Proceedings of the Centre for Mathemat-
ical Analysis, Australian National University, 1983

William P. Ziemer, Weakly differentiable functions, Springer, 1989

Lawrence C. Evans and Ronald F. Gariepy, Measure Theory and Fine Properties of Functions,
Studies in Advanced Mathematics, CRC Press, 1992

Elias M. Stein, Harmonic Analysis: real variable methods, orthogonality, and oscillatory inte-
grals, Princeton University press, 1993

However, there is no single source covering the basic facts the working analyst needs. This is
the main purpose of the notes. These notes are also an invitation to reading the above wonderful
books.

The background required is a good knowledge of standard measure theory: Radon-Nikodym
and Hahn decomposition theorems, Riesz representation theorem. Also, the standard theory of
distributions and basics about Sobolev spaces are presumes known. All other standard tools (Vitali
and Whitney covering theorems, for example) are proved in the text.

Proofs are to be considered cum grano salis: there are a number of typos left. The reader is
acknowledged in advance for his patience in this respect.

Lyon
April 2005
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Basic Tools



Chapter 0

The distribution function

Throughout this course, we consider on R" the usual Lebesgue measure dz. The measure of a set
A C RY will be simply denoted by |Al.
Let f : RY — C be a measurable function. We consider the distribution function of f,

F(t) = [{z e RY; [f(2)] > t}]. (1)

Clearly, F': [0,00) — [0, 00| is decreasing and thus measurable. F' is related to various norms of
f via

Proposition 1. For 1 < p < oo we have

o) 1F1% = p / ()t

0

b) (Chebyshev’s inequality) F(t) < H];U:Zp.
Proof. a) We have
fuors| [rewces]er [ aae]
W15 = [ |f(z)Pde = pt?tdtde =p [ P! dedt =p [ P F(t)dt. (2)
° xS @) >t} °
b) Chebyshev’s inequality follows from
I B ®)
{z; /()] >t} {z; [f ()] >t}
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By copying the proof of a) above, we obtain the following

Proposition 2. Let @ : [0,00] — [0,00], ® € C', be a non decreasing function s. t. ®(0) = 0.
Then

[ ez

RN

/ ()P ()t (4)

0.1 Lorentz spaces

One may read the property a) in Proposition 1 as [|f|f, = p||tF1/p(t)||’zp<<O’ s0): dt/t)’ This

suggests a more general definition: a measurable function f belongs to the Lorentz space LP?
(1<p<oo,1<q<oo)if

| fllzra = ||tF1/p(t)||Lq((O,oo);dt/t) < 00 (5)

Despite this notation, || - ||z»¢ is not a norm (but almost: it is a quasi-norm). When ¢ = p,
the corresponding Lorentz space coincides with LP. When ¢ = oo, the corresponding space LP**°
is called the weak LP; also denoted by L (the Marcinkiewicz space). Clearly, a function f
belongs to L if and only if its distribution function F' satisfies a Chebyshev type inequality:

F(t) < tgp for each t > 0.

It is well known that there is no inclusion relation for the L? spaces. However, for fixed p, the
Lorentz spaces are monotonic in ¢:

Proposition 3. Let 1 < q<r < oo. Then LP? C LP".
Proof: Assume first that r = co. If f € LP9, then

o0 S S

1
|mmwz/ﬁ1W”@ﬁz/ﬁ1FW®ﬁ2/ﬁlﬂm@ﬁ:5§WW@. (6)
0 0 0

C
Thus FY?(s) < =, ie. f € LP™.
s
Let now r < oo and let f € LP9. Then, using Holder’s inequality and the case r = oo, we find

[P0 L7 (0, 00 ety < WEFO1 T (0. 00): at 01O 0, syt ) <20 (@

Incidentally, we proved the stronger statement

[fllzer < CllfllLra, 1< p<o0,1<g<r< oo (8)
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We complete the scale of Lorentz spaces by setting L°9 = L* for all ¢. The above inequality,
combined with the fact that || - ||,, is a quasi-norm yields immediately the following

Corollary 1. The inclusion LP? C LP" is continuous, 1 < g < r < 00.

Remark 1. One should understand the Lorentz spaces as “microscopic” versions of the LP spaces.
We mean that the properties of LP4 are very close to those of LP. Here is an example: if Q) is
a bounded set in RY, one may define in an obvious way the spaces LP4(Q). It is easy to prove
that, if p1 < pa, then LP*%2(Q) C LPY(Q) for all the possible values of q1,qz. This is exactly the
inclusion relation we have for the standard LP spaces.



Chapter 1

Elementary interpolation

Theorem 1. (Marcinkiewicz’ interpolation theorem; simplified version) Let 1 < ¢ < oo
and let T : L* N LYRYN) — D’ be linear and s. t.

ITfllcy, < Cillfll, Y f (1.1)
and
1T fllze, < Collfllza, ¥ f. (1.2)

(In other words, T extends by density as a continuous operator from L' into L} and from L9 into
Li.) Then T is a continuous operator from LP into LP, for each 1 < p < q, i. e.

ITflle < Cllfllze, ¥ f€LPNLE (1.3)

Before proceeding to the proof of the theorem, let us note that L9 embeds into L%, and thus

we have the following consequence, which is the form we usually make use of the above theorem

Corollary 2. Let 1 < g < oo and let T : L* N LY(RY) — D' be linear and s. t.
1T flley, < Cillfllz, YV f (1.4)

and
1T flle < Collfllpa, ¥ f. (1.5)

Then T extends as a continuous operator from LP into LP, 1 < p < q.

Proof. Lett > 0 and let f € L'NLY. We are going to estimate the distribution function of T'f. For

if
this purpose, we cut f at height ¢, i. e. we write f = f1+ fo, where fi(x) = f@), i f@)] >

0, otherwise
and fo = f — f1. Since Tf = T'f1 + Tfo, we have |T'f| > t = |T'f1| > t/2 or |T'fs| > t/2, and
thus

204 2101 g
TSl >t} < HITHI > /2 + {ITfo] > t/2}] < TIIleL1 +— | f2llZe- (1.6)

8
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Therefore,
ITAIE, = p / TS > 1)) < 20, / 72| fy]| 1 + 29pC / P, (L)

Fla), ifa>t

Next, if F'is the distribution function of f, then the distribution function of f; is .
F(t), ifac<t,

if a >t
and the one of f, is 0, 1 =% Thus
F(a) = F(t), ifa<t
00 t
| fillor = tF(t) + / F(a)da  and || f2]|}, = q/oﬂlF(a)da —t1F(t). (1.8)
t 0

By combining (1.6) and (1.8) and applying Fubini’s theorem (to interchange the order of integration
over « and t), we find that

20, 2109
T pp§p< - q) 1, 1.9
1T fII7 1 (hal¥ (1.9)

]

Remark 2. We see that the estimate we obtain for the norm of T from LP into LP blows up as
p — 1 orp — q. This is not a weakness of the proof. If this norm remains bounded as, say,
p — 1, then T must continuous from L' into L', which may not be the case.

There is a way to improve the estimate (1.9): instead of cutting f at height ¢, we cut it at
height at, where a > 0 is fixed. The above computations yield this time :

2C, 2101
TrIE, <pllf pp( a' P —Lq?? ), 1.10
ITf1z < plIAIL P p— (1.10)

Optimizing the above . h. s. over a > 0 (it is minimal when a = 1/2(C;/C,)"/4~Y), we find the
following

Theorem 2. With the notations and under the hypotheses of the preceding theorem, let 6 € (0,1)

1 0 1-4
be the (unique) number s. t. — = 1 + ——. Then the norm of T from LP into LP satisfies
p q
T r—s2r < oI TGS 1N, 1 - (1.11)

This conclusion is reminiscent from the one of the Riesz-Thorin convexity theorem.



Chapter 2
Hardy’s inequality

We present two (equivalent) forms of Hardy’s inequality. The first one generalizes the usual (and
o0 o

F2
historically first) Hardy’s inequality / <2x>dx < 4/(F’(x))2dx, F € C§°((0,00)). The second
T

0 0
one will be needed later in the study of the Lorentz spaces.

Theorem 3. (Hardy) Let 1 < p < oo andr >0 and let f: (0,00) — R.

[f/\f )|PaP " dw < oo, then f € L} ([0, 00)).

With F(x /f t)dt, we have

/|F )Pz e < ( ) /|f VPP da. (2.1)

Proof. In view of the conclusions, we may assume f > 0. In this case, it suffices to prove (2.1).

p
We want to apply Jensen’s inequality in order to estimate the integral ( f (t)dt) . We consider,

n (0, ), the normalized measure p = —z~"/Pt"/P=*dt. Then (with u — up playing the role of the
p

convex function)

T x

( / It dt) :(E)( / f(t)t”/”du)pé(g)pw’" Juoirira. @2

0 0

10
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which yields

xT

0
Thus

o0 xT

p—1 % p 7
FP(z)a~"lda < <13> w1l [ gp () gy = <E> O ld,  (2.4)
/ )] or

0

by Fubini’s theorem. O]
Corollary 3. (Hardy) With 1 < p < oo and r > 0, we have

1o

xT

pxr_ldx < (Z—;)p/\f(xﬂpxp”_ldx. (2.5)
0

Proof. We may assume f > 0. We apply the preceding theorem to the map g given by g(t) =
t=2f(t7!) and find that

7 (/thf(t)dt)px“dx < (g)pffp(xl)g;wldx _ (];)P /O‘Ofp<y)yp+r1dm' (2.6)

xT

We next perform, in the integral / t=2f(t)dt, the substitution t = s~!, next we substitute, in the

0
first integral in (2.6), y = 27!, and obtain the desired result. H



Chapter 3

Coverings

3.1 The Vitali covering lemma (simplified version)

Let F be a finite family of balls in RY.

Lemma 1. (Vitali’s lemma). F contains a subfamily F' of disjoint balls such that

S iBl=cl Bl

BeF BeF
Here, C' depends only on the space dimension /N, not on the family F.
Proof. Let B; be the largest ball in . Let B be the largest ball in F that does not intersect By, B3

the largest ball in F that does not intersect neither By nor Bs, and so on. Let F' = {~Bl7 By, ... }.
Note that, for each B € F, there is some j s. t. BNB; # (). For each ball B in F', let B be the ball

having the same center as B and the radius thrice the one of B. We claim that U B C U B.

BeF BeF!
Indeed, let B € F and let j be the smallest integer such that BN B; # 0. Since BN Bj_; = 0,

the radius of B is at most the one of B;, for otherwise we would have picked B instead of B; at
step j in the construction of F'. Since BN B; # 0, we find that B C B;.

It follows that 3
U BI<IJ BI<3¥ ) I8l (3.1)

BEF BEF! BeF!
which is the desired result with C' = 3=V, O

3.2 Whitney’s covering

Throughout this section, the norm we consider on R¥ is the || - [|lo one.

12
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Let F C RY be a not empty closed set and let O = RN \ F. If C' is a (closed) cube, let I(C)
be its size, i. e. the length of its edges.

Lemma 2. (Whitney’s covering lemma) There is a family F of closed cubes s. t.

a) 0= | C;
ceF
b) distinct cubes in F have disjoint interiors;

c) cH(C) < dist(C, F) < c I(C) for each C € F.
Here, ¢ depends only on N.

Proof. We may assume that 0 € F. For j € Z, let F; be the grid of cubes of size 2/, with sides
parallel to the coordinate axes, s. t. 0 be one of the vertices. Note that each cube C' € F; is
contained in exactly one predecessor C” € Fj1. In addition, each cube has an ancestor containing
0. Thus, the non increasing sequence dist(C, F'), dist(C", F'), dist(C", F'), ..., becomes 0 starting

with a certain range. We throw away all the cubes contained in U F;s. t. dist(C, F) < [(C) and

j
call F the family of all kept cubes C' s. t. their predecessors C’ were thrown away.

Note that, by definition, if C' € F, then dist(C, F') > [(C), while there are some y € C' and z € F
s. b |ly = 2||lee < 20(C). Let z € C; then dist(C, F) < || — 2| < 3I(C), so that ¢) holds with
c=3.

Let x € O. If j is sufficiently close to —oo, we have dist(C, F') > I(C') whenever C' € F; and
x € C. Pick any such j and C and set k = sup{l € N ; dist(C¥, F) > [(C®)}. Then k is finite
and it is clear from the definition that 2 € C*) € F. Thus a) holds.

Finally, if C, D € UJEJ are distinct cubes s. t. Co* N lo)% (), then one of these cubes is contained

J
in the other one. Assume, e. g., that C C D. Then C' C D. Therefore, we can not have at the
same time C' € F and D € F, for otherwise [(C") > dist(C’, F') > dist(D, F') > (D) > [(C"). O

For a cube C, let C, be the cube concentric with C' and of size 3/21(C).

Proposition 4. Let F', O and F be as in the proof of the above lemma. Then:

(l) O — U C*;'

CeF
b) we have d~1(C,) < dist(C,, F) < d I(C,) for each C € F;
c) if v € C,, then et dist(z, F) < dist(C,, F) < e dist(z, F);
d) each point x € O belongs to at most M cubes C,.

Here, d, e and M depend only on N.

Proof. On the one hand, we have dist(Cy, F') <dist(C, F) < 31(C) = 2{(C,). On the other hand,
if © € C,, then there is some y € C's. t. ||z — y|loo < 1/2[(C). In addition, dist(y, F') > I(C).
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Thus dist(x, F') > 1/21(C) = 1/3I(C,). Thus b) holds with d = 3. Property c) is a straightforward
consequence of b).

Clearly, C, C O, by b), which implies a) with the help of a) of Whitney’s lemma.

If z € C,, then (by b) and c)) 2/3(de) 'dist(x, F) < I(C), and therefore C, C B(x,r), with
r = de dist(x, F'). Thus, if k is the number of cubes C, containing x, we have

(r/2N = |Br)| 2] J Iz [ Cl= ) 1012 k(1/3(de) dist(x, F))",

C.NF#() CxNF#() C«NF#D
whence conclusion d). O

Proposition 5. With the above notations, there is, in O, a partition of the unit 1 = Z Yo S. t.:

CeF
a) for each C, supp oo C Cy;
b) |0%pc(z)| < C,|C|710N < ! dist(x, F)~lel when x € supp o¢.

Here, the constants C,, do not depend on O, x and C.

Proof. Fix a function ¢ € C*®°(R™;[0,1]) s. t. ¢ = 1 in B(0,1/2) and supp ¢ C B(0,3/4). If
C € F is of size 2] and center z, set (¢ = (((- — x)/l). Note that supp (¢ C C, and that (¢ =1
in C. Moreover, |0%pc| < Cyl~lol. Set ¢ = Z (e, which satisfies 1 < ¢ < M, by a) in Whitney’s
lemma and d) in the above proposition. Finally, set oo = (o/p. Properties a) and b) follow
immediately by combining the conclusions of Whitney’s lemma and of the above proposition. [



Chapter 4

The maximal function

If f is locally integrable, we define the (uncentered) maximal function of f,

M f(z) = sup{ % / |f(y)|dy ; B ball containing x }. (4.1)
B

In this definition, one may consider cubes instead of balls. This will affect the value of M f, but
not its size. E.g., if we consider instead

1
M f(z) = sup{ 1l / |f(y)|dy ; Q cube containing x }, (4.2)
Q
then we have C'M'f < Mf < CM'f, where C is the ratio of the volumes of the unit cube
and of the unit ball. Thus the integrability properties of M f remain unchanged if we change the
definition. Similarly, one may consider balls centered at z; this definition yields the centered
maximal function.
A basic property of M f is that it is lower semi continuous, i.e. the level sets {z; M f(x) >t}
are open.

4.1 Maximal inequalities

When f € L*°, we clearly have M f € L*>. However, it is not obvious whether, for 1 < p < oo and
f € L?, the maximal function has some integrability properties or even whether it is finite a.e.

Theorem 4. (Hardy-Littlewood-Wiener) Let 1 < p < oo and f € LP. Then:
a) Mf is finite a.e.;
b)if 1 <p<oo, then Mf € LP and [|[Mfllr < C|f|lLe;

15



CHAPTER 4. THE MAXIMAL FUNCTION 16

Wl ,

c)if p=1, then Mf € Ly, and [Mf|ry, < Clflrr, ice. [{z; Mf(z) >t} < reach
t>0.

Here, C' denotes a constant independent of f.
Proof. When p = oo, the statement is clear and we may take C' = 1. Let next p = 1. We fix some
t>0. Let O ={x; Mf(x)>t}, which is an open set. Thus |O| = sup{ |K|; K compact C O }.
Let K be any compact in O. From the definition of M f, for each x € K there is some ball B

1
containing x such that / |f(y)|dy > t. These balls cover K, so that we may extract a finite
B

| B|
covering. Using Vitali’s lemma, we may find a finite family 7’ = {B;} such that

B;N B, =0 forj#k, ﬁ / |f(z)|dx > t, Z |B;| > C|K]|. (4.3)
Bj J
Thus
T / @l =Y / F@lde > 1Y |B| > Cr|]. (4.4)
iB. J

U5 !
J

C
Taking the supremum over K in the above inequality, we find that |O| < 71l

t

, i.e. the property

c). Letting t — oo, we find a) for p = 1.
We now prove a) for 1 < p < oo. Let f € LP. We split f as f = f1 + fo, where fi(z) =

i >
f@) @=L g Z f_ f Then fy € L' and fo € L. Since Mf < Mfy + M,
0, iflf(@)<1
we obtain a).
Finally, we prove b) for 1 < p < oo. Let t > 0. We use a splitting of f similar to the above one:

f= i+ fo, with fy(z) = {f(x)’ @I =824 fy = F = fi. Then My < | fallie < % It

0, if | f(x)] < t/2
t
follows that M f(x) >t = Mfi(x) > 3 Therefore

Lo MF() > 1) < (s MAG) > £y < 200l (45)
using c¢). We find that
1Ml = p [ 07 M) > eHae < [ 02l (4.6)

0 0
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If F'is the distribution function of f, then we have

il = [ s ln@)] > sYids = 2 F(5) + [ Flsjas (4.7
0 t/2
Thus
/tp_2||f1||L1dt = §/tp_1F(§)dt + /t”—2 / F(s)dsdt = C’p/tp_lF(t)dt =C|flI7, (4.8)
0 0 0 t/2 0
by Fubini’s theorem. O
2r—1
The constant in the last line of computations equals + ( 0" We obtain the following
p pp —

C
Corollary 4. For 1 < p <2 we have |Mf]|r» < —1”fHLP for some constant C' depending only
p —

on N.
Remark 3. The mazximal function is never in L' (except when f =0). Indeed, if f # 0, there is
C
some R >0 s. t. / |f| > 0. Then, for|x| > R, we have M f(z) > ———— lfl > —=
| B(z, 2|z])] ||

B(0,R) B(0,R)
and thus M f & L.

Remark 4. By the above remark, if f € L', f # 0, the best we can hope is that Mf € Lj,..
However, this may not be true. Indeed, let f : R — R, f(z) =

1
. Then f € L.
12 xX[O’1/2] f

, so that Mf & L}

loc*

1 [ 1
However, for z € (0,1/2), Mf(x) > E/f(t)dt - x| Inz|
0

4.2 Lebesgue’s differentiation theorem

Theorem 5. (Lebesgue-Besicovitch) If f € L}oc’ then for a.e. x € RN we have
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}gr(l)\Ba;T / 1y J().

Proof. We start by recalling the following simple measure theoretic

Lemma 3. (Borel-Cantelli) Let (A,) be a sequence of measurable sets such that Z |A,| < occ.
Then [imA,| = 0, where limA,, = m U A,

n m>n

1
Let f(x,r) = / f(y)dy. The conclusion of the theorem being local, it suffices to
r

| B(, )]
B(z,r)
prove it with f replaced by f¢ for any compactly supported smooth function ¢. We may thus

assume that f € L'. Let n > 1 and let f, be a smooth compactly supported function such

1
that || f — fullpr < o Let also g, = f — f,.. Since f, is uniformly continuous, there is some

1
o, such that |f,(z,r) — fu(x)| < = for r < 6, and x € RY. Thus, if for some r < §, we have
n

2 1 1
|f(z,7) — f(x)] > —, then we must have |g,(x,7) — g.(x)] > —, so that either |g,(z)| > 2 O
n n n

1 1
|gn(x,7)| > o In the latter case, we have Mg, (z) > 7 Therefore
n n
2 1 1
{z;|f(x,r) = f(x)] > - for some r <0, } C A, ={x; |g.(z)| > 3, OF Mg, (z) > o }. (4.9)

C
By the maximal and Chebysev’s inequalities, we find that |A,,| < _n If 2 ¢ limA,, then clearly

hn% f(z,r) = f(x). The theorem follows from the above lemma, since Z o < 00 O
r—> n

n

The same argument yields the following variants of the differentiation theorem:

Theorem 6. If f € L}oc’ then for a.e. x € RN we have

1
lim — dy = f(x). .
NQ”QHMQ/M@/ f(@) (4.10)

Here, we may choose the @)'s to be balls or cubes (or, more generally, balls for some norm).



CHAPTER 4. THE MAXIMAL FUNCTION 19

Theorem 7. If f € L%oc’ then for a.e. x € RN we have
1
lim o [ 150) - Fa)ldy=o. (4.11)
er,\Q|—>O|Q|Q

We end this section with two simple consequences of the maximal inequalities and of the above
theorem:

Corollary 5. Let f € L;oc' Then Mf > |f] a.e.
Corollary 6. Let 1 <p < oo. Then ||f|lor < [[Mfllr < C|f|lze-

4.3 Pointwise inequalities for convolutions

Proposition 6. Let ¢ be such that |p| < g for some g € L', g non increasing and radially
symmetric. Then

|f x ()] < gl Mf(x). (4.12)

Proof. Since |f % ¢| < |f| * g, it suffices to prove the proposition for |f| and g. We start with a
special case: we assume g to be piecewise constant; the general case will follow by approximation,
using e.g. the Beppo Levi theorem. We assume thus that there is a sequence of radii r; < 7y < ...

and a sequence of non negative numbers ay, as, ... such that g = Z ap on B(0,7;). Then
k>j

/If(x—y)llg(y)ldyzzaj / [f(z—y)ldy <> a;|BO,r)|Mf(x) = ||gl 2 Mf(x),
RN " B(0,1y) ’

(4.13)

which is the desired estimate. O

Let o € S(RY). For t > 0, let ¢,(z) = t_Ngoé). As a consequence of the above proposition,

we derive the following

Corollary 7. We have

|f = pu(@)| < CM[f(x). (4.14)
Here, C' depends only on ¢, not on t or f.
C
Proof. Since p € S, we have |p(z)] < g(z) = T Then clearly ¢; < g;. Since g is in L*
x
and decreasing, so is g;. Moreover, we have ||g;||;1 = ||g]|r:. The corollary follows now from the

above proposition. O



Chapter 5

The Calderén-Zygmund decomposition

Hf“L

If f € L', then the set where f is large is relatively small, i.e. [{z; |f(z)] > t}| < . The

following result provides a nice covering of this set.

Theorem 8. (The Calderén-Zygmund decomposition) Let f € LY(RY) and t > 0. Then
there is a sequence of disjoint cubes (C,) such that:

a) [f(@)| <t a e inRV\ ([ JCn),

b) for each n we have C~ 't < ’01 | / |f(z)|dx < Ct;
n C’n

Cllf

Here, C' depends only on the space dimension N, not on f or t.

Proof. The construction looks like the Whitney decomposition. Fix some [ > 0 such that IV >

m. We cover RY with disjoint cubes of size [. We call F; the family of all these cubes. We

t
bisect the cubes in F; and call F; the family of cubes obtained in this way. We keep bisecting
and obtain in the same way the families F;, j > 2. We start by throwing all the cubes in Fj.

For j > 2, we keep a cube C' in Fj if all its ancestors were thrown and il / |f(z)|dx > t. Let

F = (C,) be the family of all kept cubes and A = U Cp. If z ¢ A, then all the cubes containing

x were thrown. Thus |f(z)| <t a.e. in RN \ A, by the Lebesgue differentiation theorem. Let now

20
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C e F. If j > 3, then the (unique) cube @) in F;_; containing C' was thrown, so that
L1 < g [iswlar =2 1@ < 2 5.1)
— x)|dr < — x)|dr = — x)|dr < . .
1/ 1) al)

This inequality holds also for j = 2, by our choice of [. Thus b) holds with C' = 2V.
Finally, c¢) follows from

>y / F@)ldr > S (Gl (5.2)
n Cn n

A variant of the above theorem is the following

Theorem 9. Let f € LY(RY) and t > 0. Let (C,) as above. Then f = g+ Zhn, where:

a)ge L', |g <Cta e andg=f in RN\(UCn);

b) supp hy, C Cy;
c) for each n we have /C’ hn(x)dx = 0;

1TL
d) for each n we have oA / |hn(x)|de < Ct;

¢) gl + D halls < Cllf -

f(z), ifrg A X
Proof. Let g(x) = |C’1 | /f(y)dy, if z € C, and h,(z) = f(x) — oA /f(y)dy forzeC,. It
n n Cn

n
is easy to check that this decomposition has all the desired properties. O]



Part 11

Hardy and bounded mean oscillations
spaces

22



Chapter 6

Substitutes of L!

6.1 The space LlogL

As we have already seen, if f € L', we can expect at best Mf € L], but even this could be
wrong if we only assume f € L. We present below a necessary and sufficient condition for having
Mf S Lloc

A measurable function f belongs to Llog L iff [|f|In(1 + |f]) < oo. The space Llog Ly, is
defined as the set of measurable functions s. t. fjx € Llog L for each compact K.

Theorem 10. Let f € L'. Then Mf € L}, < f € Llog Li,..

Remark 5. Set O(t) =tln(l+1t), t > 0. If F is the distribution function of f, then [|f]In(1+
\fl) = [ Q' (t)F(t)dt. It is easy to see that D' (N\s) < max{1l, A\}®'(s) when A\, s > 0. Thus

/ Af| (L + [Af]) = / () F(t/ M)t = A /cws 5)ds < O / (1) (6.)

for each A € R. On the other hand, we have |{|f + g| > t}| < [{|f| > t/2} + [{|f] > t/2}].
Therefore, if F' is the distribution function of f and G the one of g, we have, with h = f + g,

/ B In(1 + [B]) < / Y (O)(F(t/2) + G(t/2))dt < 4 / (L4 |f]) +4 / glIn(1 + Jg). (6.2)

Thus Llog L is a vector space. Similarly, Llog L. is a vector space.
Proof. Assume that f € Llog Lj,.. Fix a compact K C RY. Let I be the distribution function of
f and let G be the distribution function of M fx. Note that G € L>. Since || M f||;1 = /G(t)dt,

o0

it suffices to check that / G(t)dt < oo. By combining (4.5) and (4.7), we find that, with some

2
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universal constant C, we have G(t) < C(F(t/2) + 1/t/F(s)ds). Integrating this inequality, we

t/2

obtain
o0

7G dt<071ns+2 /cp' ds:c/|f|ln(1+|f|).

0

Conversely, assume that Mf € L} . Since f € L', that is / F(s)ds < oo, it suffices to prove

loc*

o0

that /(@’(s) — ®'(1))F(s)ds < oo. Let, for a fixed t > 0, O = {Mf > t}. Note that c) of the

1

Hardy-Littlewood-Wiener theorem implies that O # RY. Let O = U C' be a Whitney covering

CeF
of O. Recall that, if C € F, then there is an z € RY \ O s. t. dist(z,C) < 3I(C), and thus

C C B(z, (3 + VN)I(C)). Since Mf(z) < t, we find that /\f\ < / If| < cl(C)Nt

¢ B(z,(3+VN)I(C))
that is / |f] < ctG(t). Note that ¢ does not depend on ¢. Since {|f| >t} C {Mf > t}, we
{M[f>t}
find that / |f| < ctG(t). Invoking again (4.7), we obtain
{If1>t}
/ F(s)ds < tF(¢) + / F(s)ds = / ] < atG(8), (6.3)
¢ t {If1>t}
so that
| Ml > /G(t)dt > c—l//F(s)/tdsdt - c_l/lns F(s)ds > d/(cp’(s) — @(1))F(s)ds,
1 1 1 1
(6.4)
for some constant d. O

6.2 The Hardy space H!

There is a different way to come around the difficulty that M f is never in L'. Maximal functions
are especially interesting because they provide pointwise estimates for convolutions. Instead of
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asking M f to be in L', one could ask upper bounds for convolutions convolutions to be in L!. Here
it is how it works. Fix a smooth map ® € S(RY) s. t. /CID # 0. Set, for t >0, &, =t Nb(-/t).

For u € &', let Mgu = sup |u * ®;|. We define, for 1 < p < o0,
>0

E={ueS; Mgouc LP}.
Note that we may assume, without loss of generality, that (H1) / ® = 1. On the other hand,

Mou = Mg u, since f * (ug); = f * ug. The condition /@ = 1 reads also ®(0) = 1; replacing,

if necessary, ® by @, for appropriate s, we may assume that (H2) 1/2 < |®(£)| < 3/2 for |¢] < 2.
We will always implicitly assume that the different test functions ®, ¥ we will consider below are
admissible, in the sense that they satisfy (H1) and (H2).

This definition brings nothing new when 1 < p < oo.

Proposition 7. For 1 < p < oo, we have HY = LP and |[ul|zr ~ [[Moul/Ls

Proof. Recall that, if u € LP then |u* ®;] < CMu, and thus Mgu € LP. Conversely, assume that
Mgu € LP. Then the family (u*®;); is bounded in L? and thus contains a sequence (u* ®;, ) with
t, — 0, weakly-* convergent in L”. Since, on the other hand, u * ®; — u in S’ (here, we use the

assumption / ® = 1), we find that u € LP. Now, if u € LP, then (possibly along a subsequence

(tn)), u* ®; — u a. e. and thus |u] < Mgeu < CMu, which together with the maximal theorem
implies the equivalence of norms. O

We next note some simple properties of H}.

Proposition 8. a) u+— ||Mgul[z: is a norm on Hi;
b) Hy C LY, with continuous inclusion;
¢) Hy is a Banach space.

Proof. The only property to be checked for a) is that [|[Mgul/;1 =0 = u=0. If | Meu|/z: =0,
then u * ®; = 0 for each ¢; by taking the limit in S" as ¢t — 0, we find that u = 0.

If u € Hy, then the family (u x ®;); is bounded in L' and thus contains a sequence (u * ®;, ) with
t, — 0, weakly-* convergent to some Radon measure u. As above, this implies that v = p, and
thus u is a Radon measure. We will prove that || is absolutely continuous with respect to the

Lebesgue measure. Let € > 0. Then thereis a d > 0s. t. [ |[Mgu| < ¢ whenever A is a Borel

A
set s. t. |A| < 4. If Bis a Borel set s. t. |B| <, then there is an open set O containing B s. t.
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|O| < 4. Then

1l(B) < |ul(0) = sup{] / o dp s 9 € Co(O), o] <1} < / Mo < <, (6.5)

since
\/gp du| = lim|/u>k<1>tngo\ < /Mq>u]go| < /M@U. (6.6)
0

Thus u € L'. Moreover, |u| < Mgu, since the Lebesgue-Besicovitch differentiability theorem
implies, for a. e. x € RY, that

1 1 1
—  lim — lim  —|u[(B)< lim - . (6.
@)l = Jim |B|/|“| wen T 7B I )_:peB,H|%|—>0|B|/Mq>u Moulw); - (6.7)
B B

here, the limit is taken over all the balls. In conclusion, ||u||p < ||[Mgul|z1, which implies b).
In order to prove that H} is a Banach space, it suffices to check that an absolutely convergent

series has a sum in HY. Assume that Z M fnllzr < oo. Then Z | fullLr < oo and thus Z fn

k 9]
converges in L' to some f. Clearly, Mg(f — an) < Z/\/Lpfn — 0 as k — oo and thus
0 k+1

> fo=finH. O

There are two problems with the definition of H}. The first one is that this space depends, in
principle, on ®. The second one is that it is not clear at all how to check that a given function
belongs to HY. A partial answer to the second question will be given in the next chapter. The
answer to the first question is given by the following

Theorem 11. (Fefferman-Stein) Let ®, ¥ be two admissible functions. Then HY = H, and
| Mafllzr ~ My fllr for each f € L.

In view of this result, we may define H! = H} for some admissible ®, and endow it with the
norm || M f|| 1.
The proof of the theorem is long and difficult; the remaining part of this chapter is devoted to

it.
6.3 More maximal functions

Let f € L' (we will always consider such f’s, in view of the preceding proposition) and let ® € S.
We set
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F(z,t) = | [ y(x)]
Fr(z) = Mo f(x) = sup{F(z,1) ; £ > 0}
Fr(z) = sup{F(y,t) ; t >0, |z — y| < at} (here, a > 0 is fixed)

tM
Fyoy(x) = sup{F(y,t) Critey)™ s a e —yl <t < e '} (here, e, M are fixed positive
constants).

Finally, let, for a, 3 € NV, p, 5 be the semi norm p, () = sup [*0°¢|, which is finite for
v € §. We consider any finite family F of such semi norms and set

F7(z) = sup{f M, f(x) ; ¢ € SaPa,,@J’\/(j@) <1, ¥ Pags € F}

FI (@) = sup{|f * ¢(y,1)] s a Mz —yl <t <e ' pasle) <1, Vpase F}

We note the following elementary properties
F*<F:<F'if0<a<bd
(*) F* < Cq;J:F]:
lim o . = F
lim. o F ., > FF
if DO ]:0, then F]: S F]:O.
The main theorem is an immediate consequence of (*) and of the following

Theorem 12. There is a finite family Fo s. t.

c—l/F*g/Ffogc/F*.

Here, ¢ depends on ® and Fy, but not on f. An immediate consequence of the theorem is the
following

Corollary 8. If F D Fy, then, with a constant ¢ independent of f, we have

c—l/F*g/ngc/F*.

We end this section with a simple statement we will need in the proof of Theorem 5.

Lemma 4. With a constant ¢ depending only on N, we have

[ Fross et [Erw 0<a<s

Proof. Set, for a > 0, O, = {F;_ ), > a} and define similarly O,. Then x € O iff there are y, ¢ s. t.
M

—x| <bt,t <eland F(y,t > «. It follows immediately that x € B(y,bt) C O

and that B(y,at) C O,. Let now K C O, be a fixed compact. Since the balls B(y, bt) cover O,
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we may find a finite collection of such balls that cover K. In addition, Vitali’s lemma implies
that we may find a finite collection of such balls, say (B(y;,bt;)), mutually disjoint and s. t.
> |B(yi, bt;)| > ¢| K|, where K depends only on N. Since a < b, the corresponding balls (B(y;, at;))
are mutually disjoint and contained in O,. Thus oY "tV > ¢|K]|, while a™ >t < c|O,|. We
find that |K| < ¢(b/a)N|O,[; by taking the sup over K, we find that

{Foens > o}l < c(bfa) " [{F; 0 > o}, (6.8)

The conclusion of the lemma follows by integrating the above inequality over o > 0. O

6.4 Transition from one admissible function to another

Lemma 5. Let Fy be a finite collection of semi norms. Then there is another finite collection F
of semi norms s. t., for each ¢ € S, sup{Pa.s(¥) ; Pap € Fo} < csup{pas(®) ; Pap € F}.

Proof. We have, for each «, 3,

|220%p(z)| = (2m) "] / e (10)*[(1€)7¢)(€)de| < esup(l + )N (20)*[(:€) ]| < esup pys(),

Fa,B

for some appropriate family F, g. We may thus take F = U Fap- O
pa,,Be}—O

Remark 6. We may, of course, reverse the roles of ¢ and ¢ in the above lemma.

Lemma 6. Let ® be an admissible function, let M > 0 and let Fy be a finite collection of
semi norms. Then there is another finite collection F s. t. we may write each ¢ € S as ¢ =

[e.e]
Z dy-r xn*. Here, the series is convergent in S, the functions n* (which depend on @) belong to

k=0
S and satisfy
Pas(n) < 27 sup{p,5(¢) 5 pys € F}, Y pas € Fo. (6.9)

Here, ¢ and L do not depend on .

Proof. Assume (6.9) proved, for the moment. Since p, s(®y) = 28OV=lal+l8Dp | o(®), we find, by
taking M sufficiently large, that the series giving ¢ is convergent in S.

In view of the preceding lemma and of the remark that follows it, it suffices to prove, for each
Pa,p and for an appropriate F, the estimate

~

Pas(nF) < 27 sup{p,5(¢) ; pys € F}. (6.10)

Fix a function ¢ € C§° s. t. ((§) = 1 when [£{] < 1 and ((§) = 0 when |£| > 2. Define (, = ¢ and,
for k > 1, (&) = ¢(27%¢) — ¢(27FLE). Clearly, for k > 1, (x(€) = 0 unless if 271 < |¢| < 2+
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and, for each &, Z Ce(€) = 1 (despite the series that appears here, for each £ the sum contains at

most three non vanishing terms). Thus, noting that @:(5) = §(27%¢), we find that
N (f
() = Z% Al Z (6.11)

We first note that U* is well-defined. Indeed, ® being admissible, we have 1/2 < |52:(§)| <3/2
if £ esupp (. Moreover, (;, being compactly supported, so is ¥*. Finally, ¥* € C§°, and thus

Uk = nk for some n* € S. It remains to establish (6.10), i. e

Pa,s(UF) < 27" sup{p, () 5 pys € F} (6.12)

for some appropriate J . B
Set U =1/® € C*(B(0,2)). Since for £ €supp ¢ we have 27%¢ € B(0,2), we find, for such &,

10°(1/@54)(6)] = 27 M2 W (27R€)| < ¢5.

Similarly, |0°(x| < c¢g. Therefore, for k > 1 and £ €supp

€207k (€)| < ) 107@()] < e(1+ €)™ sup pas($) < 27 sup pas(@),
~<B Pa,BEF Pa,BEF

provided we choose F properly. A similar conclusion holds for k& = 0, completing the proof of the
lemma. ]

We set Co = {z ; |z| <2} and, for j € N*, C; = {z; 277! < |z| < 27}.
Corollary 9. For each M > 0, we may choose, in the above lemma, F is sufficiently rich in order
to have
/ | < 2~ M) (6.13)
Cj
provided po s(p) < 1 when p,p € F.

Proof. If Fy is sufficiently rich and ¢ satisfies p, g(¢) < 1 when p, g belongs to the corresponding
F, then sup(1 + |z|)N*M|nk(x)| < c27*M . In this case,

/ ] < / Lo o)1+ o) )] < 274 (6.14)

]
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6.5 Proof of Theorem 12

Proof. Step 1. Fy_ ,, controls Fy_ ),

Lemma 7. Assume that F s sufficiently rich and that 0 < ¢ < 1. Then there is a constant c,
which may depend on F and M, but not on f ore, s. t.

/ Ff.y<c / FYom- (6.15)

Proof. Fix an € > 0. By the transition lemma, we have
|f % pu(2)] < Z/ | * @yeii (2 = y)lInf ()| dy = Z/ | * @y (2 = y)| " (y/1)]dy. (6.16)
k k

If 272 — 2| <t < e ! and y € ¢C; (the sets C; were defined in the preceding section), we find
that |y — x| < 28T227%¢ while 27"t < e~'. Thus

(e+27% + e[z —y)V

|f * CI)kat(Z — y)| = F(Z —, Q_kt) < (2 kt) 2k+]+2 eM( ) (617)

so that ( i 2] y

e+ 27kt 4 e|z| + 200)M
|f * @271%(2 - y)| < (Q_kt)M 2’€+J'+2,5,M(x)' (618)
We find that
_ (e +27%¢ + e|2| + €27t

) <t Z A o) [0 (619

Therefore, for each fixed L > 0 we have, if F is sufficiently rich,

€+2kt+82 + 27t b

|fx0i(2)] < CZ il ) 2k+j+2757M($)2 Lk+3) (6.20)

k)M
The definition of FZ,&M implies that, with A ={¢; paslp) <L,V p € F},
tM :
C Z 2M (j+2k) 2k+g+2 . M(:U)Q_L(k+])
(6.21)

(here, we use the assumption ¢ < 1). Recalling that L is arbitrary, we take L = 2M + N + 1 and
find that

/ Ff () < ey 27 MmNt / S oy Sy 2 MImD / Fi.y<c / Ffoar-

k?j k’]
(6.22)

Ff o (x) = su * z
Q,a,M( ) oeA: 2—1\zf)a:\<t<5—1’f (Pt( )’(€+t+5’2|
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O
Step 2. Mg f controls FY_,,
Lemma 8. If M > N, then Fy_,, € L'.
Proof. We note that |f x @ < || fllz1]|®¢]|z < ct™. Thus
tM=N 1
R B = N e
and the latter function belongs to L. O]

Lemma 9. Assume that M > N and that € < 1. Then, with some constant ¢ that may depend
on M, but not on € or f, we have

Proof. For each x, there are t and y s. t. |x —y| <t <& ! and
Fl,s,M(x) > F(y7 t) > _Fl,s,M<'r>'

(e+t+elyh)M — 4

Let 0 be a small constant to be fixed later. We claim that, if ¢ is sufficiently small and F is
sufficiently rich (i. e., as in the preceding step), then

tM tM 1
—y| < 0t = |F(y,t — F(z,t < edFy —Fr .
|Z y| | (y )(€+t+€‘y’)M (Z )(€+t+8’2|)M| >C 2,5,M($) + 4 1,57M($)
(6.25)
The above implication is an immediate consequence of the following inequalities
tM tM 1 tM
’( M il <7 " (6.26)
e+t+elyl) (e+t+elz|) 4(e+t+elyl)
respectively
tM .
F(y,t) — F(z,t < c0F. . 6.27
’ (ya ) (Za )‘(5+t+5|z|)M > ¢ 2,5,M(x) ( )

Inequality (6.26) is elementary and left to the reader (it works when § < (4/3)"/™ —1). As for

(6.27), we start by noting that
_ 1, (02 6.28
al’j tf* (8l'j>t7 ( )
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and thus | | 90
-z
ettt = Femen] <72 s s (7 (G2 1 (09
U 1<j<N|jw—z|<bt dx;
Assuming, without loss of generality, that § < 1, we find that
tM t M
|F(y,t) — F(z,t)] < c6Fy y(x) sup Chlhs E|w|)M < 2Me5Fy (x), (6.30)

(e+t+elz)M — hwo—z|<st (€ +1+¢lz])

whence (6.27).
For each z, one of the two happens:

1
either (i) céFfe,M(x) < ZFl*,s,M(x)a

1
or (ii) céF{a,M(x) > ZFl*EM(x)
Let A, respectively B, be the set of points s. t. (i), respectively (ii) holds. If z € A, then we have

1
F(z,t) > ZFl*aM(x) whenever |z — y| < dt, and thus
1
VMef(z) > VF (1) 2 5\ Fen(2)
for each such z. Thus
c
Fro(2) < / Maf(2). (6.31)
et {lz =yl < ot}
{lz—yl<ot}

Noting that {|z — y| < dt} C {|z — x| < 2t}, we find that, in case (i),

/ VMaT(2) < M(VMaf)(2). (6.32)

{|z—z|<2t}

F¥ <
@) < [y <o)

Therefore,

[ Fiow <e [MW/MaDY < [ Mo, (6.33)
A A

by the maximal inequalities. (Here, the different constants may depend on 4.)
Concerning the set B, we have

/ Fy oy < 4cd / F{E,M <dé / Ff - (6.34)
B

B
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We finally fix ¢ sufficiently small in order to have (6.26), (6.27), 06 < 1 and ¢/6 < 1/2. Then

1 1
/FI*,E,M < é/Fl*,s,M + §/F1*,5,M7 (635>
B B A
so that
[ Fiow<e [ Mo, (6.36)
by combining (6.33) and (6.35). O

Step 3. Conclusion
By letting ¢ — 0 in Lemma 9, we find that /Fl* < c//\/lq>f. Next, letting ¢ — 0 in Lemma

9 yields /Ff < C/Fl* Finally, it suffices to note that Mg f < cF7. m



Chapter 7

Atomic decomposition

7.1 Atoms
For the moment, we do not even know if H! contains a non zero function! In this section, we will
give examples of functions in H!: the atoms. In the next section, we will show that this example

is "generic”. To motivate the definition of atoms, we start with the following simple

Proposition 9. If f € H!, then /f = 0.

Proof. Argue by contradiction and assume, e. g., that /f = 1. Pick some R > 0 s. t. / f>

B(0,R)
2/3 and / |fl<1/3. Let ® € C bes. t. ®=1in B(0,1) and 0 < ® < 1. For z € RV s.
RN\B(0,R)
t. |z| > R, let t = |z| + R, so that t ~ |z|. Then
1
Mof(@) 2 frtu) =™ [ poe¥ [ gz e e ()
B(0,R) RN\B(0,R)

and thus Mg f & L. O

Remark 7. H! is a strict subspace of {f € L' ; /f = 0}. To see this, it suffices to modify
1
the example in Remark j as follows: set fi : R — R, fi(x) = 2, X0/ and let f(x) =
xln“zx

filx)— fi(3—x). Then f € L' and /f = 0. However, if we pick ® € C§° 5. t. 0 < ® <1, supp

34
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® C [0,2] and ® =1 in [0,1], then, for x € [0,1/2] we have

1
Mcbf /fl d33 = x|l ) (7-2)

n x|

and thus Mo f & L.

Definition 1. An atom is a function a : RN — R s. t.:
(i) supp a C B, where B is a ball;
(ii) la] <|B|™;

(iii) / a=0.
We may replace balls by cubes, in this definition, since if a is an atom with respect to a ball

B, then cya is an atom with respect to any minimal cube containing B and conversely; here, cy
depends only on N.

Proposition 10. Ifa is an atom, then Mg f € L' and ||[Maf| 1 < c for some constant depending
only on .

Proof. Since Mg f < eMf < || fl|z=, we have Mg f < ¢|B|~!. Therefore,

/Mq,f < c|B*||B|™! = 2V; (7.3)

here, B* is the ball concentric to B and twice larger.
If « ¢ B*, we use the information (iii) and find that, with R the radius of B, we have

|f * @y(x)| = |/ )@ (z — y) — Dy(x)]dy| < |B|™ 1Sup|V Oy)(x — 2 |/|y|dy (7.4)

Taking into account the fact that |z — z| ~ |z| and the inequality |V®(z)| < c|z| ™M™, we obtain
cR
|f * @u(2)] < b and thus Mg f(z) <

Integrating the latter inequality, we find that

= JgVE
/ Mof <c (7.5)
RN\B*
and the desired inequality follows from (7.3) and (7.5). O

Corollary 10. Let f = Z)\kak, where each ai s an atom and Z |Ak| < co. Then f € H' and
1l < € 1Al



CHAPTER 7. ATOMIC DECOMPOSITION 36

More generally, we could weaken condition (ii) in the definition of an atom as follows

Definition 2. Let 1 < ¢ < co. A jatom is a function satisfying (i), (iii) and
(ii’) |l s < |BIe7.

Thus, the usual atoms are ,,atoms.
c
Proposition 11. If a is a jatom, then ||al|lyr < ¢q. If, in addition, ¢ < 2, then ¢, < —
q JR—
Proof. We may assume that ¢ < co. We repeat the reasoning in the preceding proposition. On
the one hand, we have

1/q
Mof| < c IMfISCIB*Il_l/q< IMf!q) < e (7.6)
Jienze] /

here, we use Holder’s inequality and the maximal theorem. In addition, we see that ¢, < if
q < 2.
When z ¢ B*, we find that
1/q
c c / c R
Maf@) < e [y < il ([1) < S5 @)
B B
here, ¢, remains bounded when ¢ < 2. Thus
/ Msf <c (7.8)
RN\ B*

with ¢ independent of ¢ < 2. We conclude by combining (7.6) and (7.8). O

7.2 Atomic decomposition

The following result tells that the atoms represent ”generic”H! functions.

Theorem 13. (Coifman-Latter) Let f € H'. Then we may write f = Z)\kak, where each ay,
is an atom and Z Akl ~ || £l

Proof. Tt suffices to write, in the sense of distributions, f = Z)\kak, with Z Al < el fllaer-

Indeed, if we are able to do this, then on the one hand the series Z A\ray, is convergent in H!,
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thus in D', and therefore its sum has to be f, by uniqueness of the limit. On the other hand, we

always have || Z/\kaqu{l < CZ | Akl

We fix a large family F of semi norms as in the preceding section. Let F/ be the corresponding
maximal function, i. e.,

F7(z) = F7 f(z) = sup{Maf(2) ; pas(®) <1,V pas € F}.

Let, for j € Z, O; = {F7 > 27}; clearly, O, is an open set and O;4; C O;. In addition, O; # RY,
since F¥ € L'. Set f; = fxo,-

Lemma 10. As j — oo, f; = 0 in L'. Asj — —oo, fj — f — 0 in L*™.

Proof. We have || f;||.1 = / |f| = 0 as j — oo, since |O;| — 0 as j — oo. On the other hand,
O;
Ifj = fllze = sup |f| < sup Mf <ec sup FF <2l =0 (7.9)
RN

\O; RN\O, RN\O,

as j — oo. O]

Corollary 11. Set g; = f; — fj+1. Then Zgj = f in the distribution sense.

Let (C’,f:) be a Whitney covering of O; and let gpi be the corresponding partition of the unit in
O;. Recall that, with 1 < a < b depending only on N, we have
(i) CJ* € O; (where C}* is the cube concentric with C} and having a times its size);
(ii) Cj** 7 (’) (where CJ** is the cube concentric with C} and having b times its size);
(iii) at most M cubes C’J meet at some point, where M depends only on V;
(iv) supp ¢} C CF;
(v) |8°‘ 1] < ca sme(CJ) ;
(vi) ¢l > 1/M in C}.
The last property 1mphes
(vii) /(pk ~ size(CY).

We have f; = Z f goi (the series that appears is well-defined, at least in the sense of distribu-
tions, since on each compact there are finitely many non vanishing terms). We define the coefficient

c,i by the condition /(f — cfﬁ)gpfg = 0. We have f; = Z(f — c,i)goi, + R;, where R; = Zc,igpi,

Lemma 11. We have Z(Rj — Rj11) =0 in the sense of distributions.
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[iddi=1d [ell=1 [ rdi< [ 151 (7.10
cy

nmm<2/uKM/m (7.11)

C’J*

Proof. We have

and thus

here, M is the constant in (iii). The series Z C,’Cgok and Z fgp being convergent in L', we have

Z/‘i%— /fsok /stok /f (7.12)
Thus,

I}E&Z(R Rj1) = lim / f—/ /f—O (7.13)

O_\Ok 41 {F7 >0}

since f is vanishing in the set {F 7 =0}. O

Corollary 12. We have (f—cl)pl — f—c™ el in the sense of distributions.
%) P
k 1

Using the fact that ¢! 7ol (since 04, C O;), we may further decompose the
g ¥ e e ( Jj+

general term of the above series as follows

Z f Cj gpk Z Cj+1 J+1 Z SDk Z C7+1 j C'7 ]SOfrl chl(p;+1 (7 14)
k.l

here, the coefficients ¢ ., are chosen s. t. /[(f — ™Myl — ]4,0?“ = 0.

Actually, the last sum in (7.14) vanishes. The reason is that, for fixed [, we have, with ¢ =

fate
CZ kel — /Z ZW{H /Z C']H k:SOgH —/(f CJH) =0 (7.15)

commuting the series with the integral in the above computations is justified by the fact that,
when [ is fixed, we have only finitely many non vanishing terms.
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Thus f = i > b, where

j=—00 k

b= (f— el =Y I(f —d™)el — o™ = folxemo,, — el + > ld  olel™ +d, 0l .

1 I
_ o (7.16)
Let C > 0 be a large constant to be specified later. We set, with [} the size of C}, A}, = C()N27

and a), = (\)~'b], so that
T )

j=—o0 k

this is going to be the atomic decomposition of f. Clearly, the functions a,; satisfy, by construction,
the cancellation property (iii) requlred in the definition of an atom. It remains to establish three
facts: a) that the support of a is contained in some ball B; b) that |a]| < |B|~" (here, the choice

of the constant C' will count); c) that Z IX| < C||f|lar- These information are easily obtained
j7k
by combining the conclusions of the following lemmata.

Lemma 12. There is a constant b > 0 depending only on N s. 1. supp bfc C Bi, where Bi 18 the
ball concentric with C} and of radius bl

Proof. If b]( ) # 0, then either x € supp 90]; C C’,z*, or there is some [ s. t. supp go,; intersects
supp @] " and s. t. ¢! (z) # 0. In the latter case, we have, on the one hand, z € C{™"*. On the
other hand, if y € supp )N supp ¢} ™ C C* N C]H* then

U < dist (y, RV \ 0j41) < ¢ dist (y, RV \ O;) < ¢ 17 (7.18)
In both cases, we may find b s. t. the conclusion of the lemma holds. O

Lemma 13. We have |c}| < ¢27, and |(717€z‘ < 2. Here, ¢ depends only on N and F.

Proof. By definition, we have c] / fol/ / @l. As already noted, we have / ol ~ ()N, Let
x € CU*\ Oy thus F7 f(x) < 27, by the definition of O;. Set t = I and ¢(2) = ¢l (v — zt).

Clearly,
- z/fsoi//soi ZtN/f(y)sot(m—y)dy//soi N/f(y)sot(af—y)dy, (7.19)

|ch| < cFT f(2) sup{pa,s(9) ; Payg € F} < 2 sup{pa,s(¢) ; pas € F}. (7.20)

so that
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Therefore, it suffices to prove that p,s(¢) < ¢qp, With ¢, 3 depending only on N. We first note
that, since x € C{™ and supp ¢], C C}", there is some constant R > 0 depending only on N s. t.
supp ¢ C B(0, R). Thus we may consider only the case « = 0. Now

sup |8’3g0| — ¢l8l sup |85g0£| < twcﬁ(li)_w = cg, (7.21)

by the properties of Whitney’s partition of the unit.
The argument for ¢, is similar. Since

i, = / folelty / A / Aot / (7.22)

el < 1+ / el / 1), (7.23)

the latter term appears only if cpkgoj’q £ 0.
It suffices to prove that, when )@/ ™ # 0, we have

[ et [ < e (7.24)

To this purpose, we ple an x € Cj+1**\oj+1 and define, with t = 1+, ®(2) = @l (x—2t)p] T (v —
2t). Since supp il C supp @7, we have (with the same R as above) supp ® C B(0,R). In

addition,
|/f90k90]+1 / J+1 /

Therefore, it suffices to prove that py s(®) < ¢, with cg depending only on N. Using the properties
of the Whitney decomposition, we have

10°®(2)| < et (1] + 17710 < ¢, (7.26)

we find that

(z)| < 2 sup{pas(®) ; pas € F}. (7.25)

7+1

since we have already noted that [] < cl] if the supports of gpk and ¢; " do intersect. O]

Lemma 14. With some constant ¢ depending only on N and of the family F of semi norms, we
have | f| < 27 in the support of by..

Proof. In view of the second equality in (7.16), we have

01 < 1 Ixeo, + el + ) (G + I, < ¢ 2 + [ flxemo,.,- (7.27)
l

The desired conclusion is obtained by noting that |f| < cFZf a. e., and thus |f| < ¢ 2/ in
RN\ O}, O
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By combining the above results, we find immediately that a{c are atoms, provided we chose C

sufficiently large (depending only on N and F).
We may now conclude as follows: we have

ZM ch?(zi)N:cqucgy:022j|oj|. (7.28)
g,k g,k J

On the other hand,

IF7fls = [ > a)da= 3 [ WF7F > ajlda > 32700 (729
7002]-_1 —0o0

If we take F sufficiently rich, we find, by combining (7.28) with (7.29), that

11l ~ IFZ fll =Y N (7.30)
The proof of the theorem is complete. n
Corollary 13. On H!

£l =inf 0O "Mkl : f = Meax, the ajs are atoms}

18 a norm equivalent to the usual ones.



Chapter 8

The substitute of L°°: BMO

8.1 Definition of BMO

Definition 3. A function f € L, belongs to BMO (=bounded mean oscillation) if
1

1
| f|lBaro = sup{m / lf — m/ﬂ ; C' cube with sides parallel to the axes} < co.  (8.1)
c C

Despite the notation, ||-||saro is not a norm, since || |0 = 0 when f is a constant. However,
it is easy to see that, if we identify two functions in BMO when their difference is constant (a.
e.), then || - || pmo is a norm on the quotient space (still denoted BMO).

1
It will be convenient to denote fo the average of f on C, i. e., fo = m / f
c

Proposition 12. a) BMO is a Banach space.
b) For each cube C and each constant m, we have

Jis=mz3 [1r-sel (52
C C

c) We may replace cubes by balls; the space remains the same and the norm is replaced by an

equivalent one. Similarly, we may consider cubes in general position.
d) If C C Q are parallel cubes of sizes | < L, then |fc — fo| < c(14+In(L/1))|| fllzmo-
e) If U is a Lipschitz function of Lipschitz constant k, then ||V o f|lzmo < 2k||f||Bmo-

Warning: In e), we do not identify two functions if there difference is constant.
Proof. a) Let Z fn be an absolutely convergent series in BMO. Let C be a cube. The series
Z(f”\c — (fn)c) is absolutely convergent (thus convergent) in L'. Set f¢ = Z(fmc — (fn)e)-

42
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Then /fc =0 and
C

%l / ) < Zﬁ / = ()0) < S [ allsaro: (8.3)

We now cover RY with an increasing sequence of cubes (Cy). We set f(z) = f%(z) — ()¢, if
x € Ck. We claim that the definition is correct (in the sense that it does not depend on the choice
of Cy). This follows immediately from the equality

(fC)C'o - Z[fmc — (fa)col, (8.4)
valid whenever Cy C C.
b) We have
Clim = fel =1 [m= ) < [ 1m =4 (85)
C C
and thus

C/If—fc\Sc/lf—mHC/\m—fc\S?C/\m—f\- (3.6)

¢) We prove the assertion concerning balls. The proof of the other statement is analog. Let B be
a ball and let C, @ be cubes s. t. C' is inscribed in B and B is inscribed in (). Then

1 1 1 .
mB/If—fBK@B/If—fcﬂ§®Q/|f—fcz|§@Q/|f—fQ| &7

and similarly

1 1 1 .
mc/lf—fclSmc/lf—fBlémB/lf—fB!SEB/IJ"—J”BI, (5.9

so that the supremum over the balls and the supremum over the cubes are equivalent quantities.

d) We have

1 1 1
fo— fol = ml!(f o)l < @C/u ol < WQ/ 1 fol < (LN flmro,  (8.9)

which implies the desired estimate when L/l < 2. If L/l > 2, let j € N* be s. t. L € [27],271])
and consider a sequence Cy,...,Cj1; of cubes s. t. Cy = C, Cj1; = Q and the size of each cube
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is at most the double of the size of its predecessor. Then
I=j

fo = fol £ 32 1= fal < cillfllaio < L/ mvo (8.10)
=0
e) We have
1
@C/I\pof—(nlf |C| /I\If f=¥(fc)l < €] /If fel <2k fllamo.  (8.11)
O

Remark 8. The space BMO is not trivial: L> functions are in BMO and, if f = g + const,
then || fllsao < 2||gllLe. However, BMO is not reduced to L functions. Here is an example: let
f:RYN - R, f(x) =In|z|. Then f € BMO. Indeed, let B be a ball of radius R and center x. If
|z| < 2R, then there is a ball B* of radius p ~ R, containing B and centered at the origin. Then

1 2 2 c
el 2 empl< 2 (1wl < S 17—l .
IBIB/“C sl = |B|B/|f nels |B|B[|f nels |B*|B[|f A

Now it is easy to see that the last integral is finite and independent of p.
Assume now that |x| > 2R. Then |Inl|y| — In|z|| < ¢c-— whenever y,z € B, and therefore

||

cR

We emphasize the followmg consequence of our above computation

1
lim In|y| — In|y|p,r)ldy =0, ¥V R>0. 8.14
e so0 | B(z, R)| (/) | In [y] |y|B( ,R)| Y ( )
B(z,R

8.2 H!'and BMO

Theorem 14. (Fefferman) BMO is the dual of H' in the following sense:
a)if f € BMO, then the functional T(g) = /fg, wiatially defined on the set of finite combinations

of atoms, satisfies |T(g)| < c||fllsmo and thus gives raise (by density) to a unique element of (H')*
of norm < ¢|| f| Bmo-

b) Conversely, let T € (H')*. Then there is some f € BMO s. t. T(g /fg whenever g s a

finite combination of atoms. In addition, | f||zro < c||T|| -
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1

Remark 9. Since atoms are bounded and compactly supported, /fg makes sense when f € L.

and g is an atom. Moreover, the definition is correct when f € BMO, in the sense that if we
replace f by f + const, then the value of the integral does not change, since atoms have zero
integral.

Proof. a) Assume first that f is bounded. Then T'(g) = / fg is well-defined and continuous in

H!, since the inclusion H! C L! is continuous. If g = Z Axay is an atomic decomposition of g

s. t. Z Akl < ¢llgll%: and each ay is supported in some By, then

1
1) < 3 el [ foul = Sl [ (6 = fmoul <3 wﬁ/u ~ fil < cllf Imaollglle
By,

(8.15)
and a) follows.

n, if f(x)>n
When f is arbitrary, we apply (8.15) to the truncated function f,(x) = ¢ f(x), if [f(z) <n .

—n, if f(z) < —n
Noting that f,, = ¥, o f, where ¥, is Lipschitz of Lipschitz constant 1, we find that

| / fugl < el fllsarollglo. (3.16)

When g is a finite combination of atoms, we have |f,g| < |fg| € L' and f,g — fg a. e. Thus

| / fg| =lim| / fugl < el flsarollgln, (8.17)

by dominated convergence. This implies a) in full generality.
b) Conversely, let T € (H')*. Let B be a ball and let X5 be the space of L? functions supported in

B having zero integral. If g € Xp, then g is a satom. Thus ||g|ls < ¢llg||z2|B|"?. It

1
lgllz2] B|'/?
follows that T restricted to Xp defines a linear continuous functional of norm < ¢||T'|||B|'/2. Thus,

there is some f2 € Xgs. t. |[fB]|z2 < ¢||T|||B|*/? and T(g) = /fBg when g € Xp. We now

cover RY with an increasing sequence of balls B,, and set f(x) = f5 (z) — (fP")p, if x € B,. This
definition is correct. Indeed, if j > k, then fZ* and fljgi — (fB7)p, yield the same functional Tixy
and thus must coincide. Therefore, f%i and fP* differ only by a constant in B; (and thus in Bj),

which implies that the definition of f is correct. Another obvious consequence of our argument is
that, on each ball B, fjp and fB differ with a constant. In other words, f? = f — f5.
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We claim that, when ¢ is a finite combination of atoms, we have T'(g) = / fg. Indeed, there is

some n s. t. supp g C B,,. Since g € Xp, for such n, we find that T'(g) = /fB"g = /fg

It remains to prove that f € BMO and that || f||gypo < ¢||T||(1)-- This follows from the fact
that, if B is any ball, then we have
1
|B|

1
|B|

1

V1Bl

|f = fBl = 571 < £ < ellT. (8.18)

]

8.3 BMO functions are almost bounded

Strictly speaking, the assertion in the title is not even nearly true, as shows the example z — In |z|.
However, we will see that, on compacts, BMO functions are in each L”, p < oo, and even better.

Proposition 13. Let f € BMO. Then, for each ball B, f € LP(B) and ||f — fgllre(p) <
cp| BIV?|| fllsmo- In addition, we have ¢, < cp when p > 2.

Proof. We copy the proof of b) in the preceding theorem. When p = 1, the conclusion is trivial, so

that we may assume that 1 < p < co. We may also assume that fz = 0. Let ¢ be the conjugate

exponent of p. It is straightforward that, if g € L%(B), then ||g — gllre) < 2||9/|Le)- On
1

the other hand, if ¢ € L(B) and /g = 0, then
b c

C,|BI* 4|\ gl za. Here, C, satisfies C, < — < ¢p when ¢ < 2 (and thus p > 2). Thus
q p—

mg 1S a qatom and thus ||g||’H1 S

1l zr ey = SUP{/ flg=95) 3 lgllzom) < 1} < 2C)l flmaol BI'™ = ¢ fllsaro] BI'P. (8.19)

]

Theorem 15. (John-Nirenberg) There are constants c¢i,co > 0 s. t.

{z € B|f = fs] > a}| < c1| Blexp(—c2a/|| fll Bmo)- (8.20)

Proof. 1t is immediate that, if the conclusion holds for f, it also holds for a multiple of f. We
may therefore assume that || f||pymo = 1. It is also clear that, if the conclusion holds for a > 2ce,
where ¢ is the constant in the preceding proposition, then we may adjust the constants s. t. (8.20)
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holds for each a. We may therefore assume that o > 2ce. We assume also that fgp = 0. Let

p:g > 2. Then
ce

e ’|B
re B 1> o) < L ¢ (@)1B]

o = |B|exp(—ca/e). (8.21)

oP
]

Theorem 16. (John-Nirenberg) There are constants C;k > 0s. t. if f € BMO and || f|spo <
1, then

% / exp(CIf — fal) < k. (8.22)
B

Remark 10. The normalization condition || f||pymo < 1 is necessary. Indeed, if exp f € L', there
is no reason to have exp(2f) € L*. On the other hand, the constant C' cannot be arbitrary large,
as shown by the example x — In|z|.

Proof. We may assume that fg = 0. Then

7 [ e - —1+@Zcp||f|| O e s

provided C' < (ce)™!, as it is easily seen using Stirling’s formula. O
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LP regularity for the Laplace operator

9.1 Preliminaries

Let E be the fundamental solution of the Laplace operator in RY, N > 2,

1
— In |z, it N =2

E(z) = 2m 1 CIf f € CF°, then uw = E * f is a (classical) solution
— if N >3
(N =S¥ Tz © 7 =
of the equation (*) Au= f. If f € L} for some 1 < p < oo, we may still define u = F x f and we
then have u € L} . Indeed, if K is a compact and L = supp f, let ® € C° be s. t. ® =1 in the

loc*

compact K — L. Then, in K, we have E x f = (DFE) = f, and thus
1E* fllzri) < (PE) * flloe < NPE| L[| fller < Crrll fllze, (9.1)

using Young’s inequality and the fact that £ € Lj .

In addition, u still satisfies (*), this time in the distribution sense. The reason is that we may
approximate f with a sequence (f,) C C§°s. t. f,, — fin L' and supp f,, C L', with L’ a compact
independent of n. Then (9.1) with p = 1 and L replaced by L’ implies that Ex f,, — Ex f in L,
and thus in D’. Since we also have A(E x f,,) = f, — f in D', we find that A(E * f) = f.

Let now 1 < j,k < N and consider the operator T =T, : L — D', T'f = 0;0t(E * f). Note that
the definition does not depend on p, in the sense that, if f € Lj N L, then T,f = T,f.

We start by noting some simple properties of T that will be needed in the next section.

_ oSSk f
Tf=F (|§!2 ) (9.2)

Consequently, T has a continuous extension to L*, given by the r. h. s. of (9.2).

Lemma 15. If f € L2, then

48



CHAPTER 9. LY REGULARITY FOR THE LAPLACE OPERATOR 49
In addition, T is self-adjoint in L?, i. e
[ria=[1Te viger (93)

Proof. The r. h. s. of (9.2) is continuous from L? into L? (and thus into D’), by Plancherel’s
theorem. On the other hand, if L is a fixed compact, the 1. h. s. is continuous from L? (the space
of L? functions supported in L) into D’. Therefore, it suffices to prove the equahty When f e Cge.

Since (1 + |z|?)"VE € L', we have E € &', and thus 9,0, F € S’. Therefore, Tt =20, .OLEf, and

%. We write F/ = E1 + EQ, where El = q)E, E2 = (1 — q))E,

® € Cf° and ® = 1 near the origin. Then m = 8]-/8;E1 +3j-/a;E2 € C>®+ L?, since 0;0,F € &,
while 9;01,FE, € L% On the other hand, AJ;0E = 9;0,0, and thus [£|?0;0hE = &;&. Thus

aj/ﬁk\E' = i_% + Z 20%0. The coefficients ¢, must be zero, since 8 OE € C* + L?, whence the
|| <2

first conclusion of the lemma.
As for (9.3), it follows from Plancherel’s theorem:

N fyfk &5k . S Ta
/Tf g = (2m) /ng— (2m)™ |€|2 /f|§|2 = (2m) /f Tg/f(gTj)-

]

it suffices to prove that 878? =

1 dir Nuzj
Lemma 16. Assume that f € Ly and let x & supp f. Then, with K (z) = 5T, (|xj‘f\/_ ’ﬂxj\y]f;),

we have
= /K(a? —y)f(y)dy. (9.5)
In addition, K satisfies

C
Ko=)~ K@< ol ol <120, (9.)

Proof. If L = supp f and O is a relatively compact open set s. t. O N L = (), then the (pointwise)
derivatives of F(z — y)f(y) with respect to z satisfy

02(E(z = )f()] < cal f() €LY, 2 €0, (9.7)

and thus £ x f € C*(0O). Moreover, we may differentiate twice under the integral sign in the
formula of £ % f to obtain, in O, both the pointwise and the distributional derivative 0;0;(E * f)

through the formula 0,0, (E * f / 0;0pE(x — y)f(y)dy. Here, 0;0,F stands for the pointwise
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derivative. Finally, we have 0;0,F = K, whence the first conclusion.
To prove the inequality (9.6), we note that | DK (z)| < Clz| V! and thus, for z,y s. t. |y| < 1/2|z|,
we have

_N— Cly
K —y) - K@) <yl sw [DE()|<Clyl swp o< S gy
z€[z—y,x] z€[x—y,z] |:L‘|
O
Lemma 17. Let ® € C§°. Then
a) (T®), =T, for each t > 0.
b) TO € L.
¢) D(T®) € L*=.
Cly|

d) If ly| < 1/2|z|, then |T®(x —y) — TP (z)| <

‘x’NJrl'

Proof a) Actually, this holds under the sole assumption that ® € L?. It suffices to check that
(T@)t = T®,. This equality follows from

(T@),(€) = (TP)(t6) = % €|§|£

b) Since |Td| < \@\ we find that 7® € L} L' and thus T'® € L.

¢) Similarly, D( Q) = T ®, and thus D(T@) € L', which implies that D(T'®) € L*>.
d) Let R > 0 bes. t. ® =0 outside B(0, R). If |x\ < 3R, then the conclusion follows from b).
Assume |z| > 3R. Then both = and z — y are outside the support of ® and thus

(t€) = () = T, (€). (9.9)

C
|T®(x—y)—TP(z)| = | / (K(x—y—2)—K(z—2))®(2)dz| < C sup |K(x—y—2)—K(z—2)| < |x|]|\?£1’
z|<R
(B0.R) |2]<
(9.10)
here, we rely on the inequality (9.6) and we take into account the fact that |z —y — z| ~ |z — 2| ~
|| O
In the next section, we will prove the following
Theorem 17. a) (Calderén-Zygmund) For p = 1, the operator T, initially defined on L}, has

a continuous extension from L' into L. .

b) (Fefferman-Stein) When restm'cted to H', the extension of T to L' maps continuously H*
into H!.

¢) (Calderén-Zygmund) For 1 < p < oo, the operator T, initially defined on L7
continuous extension from LP into LP.

d) (Spanne-Peetre-Stein) T" maps BMOy continuously into BMO and thus L continuously
into BMO.

oes Pas a
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The most widely used form of the above result sais that a solution u of Au = f ”gains two
derivatives with respect to f”:

Corollary 14. Assume that Au = f in the distribution sense.
a) If f € LV for some 1 < p < 0o, then u € WP

loc

b) If f € H', thenu € W2

Proof. Let K be a compact in RY and let ® € C5° be s. t. ® = 1 in an open neighborhood O
of K. Set g = ®f € Lf and let v = E % g, which satisfies Av = f in O. Then A(u—v) =0 in
O, and thus u —v € C*°(0), by Weyl’s lemma. Now v € L} | since g € Lf, and the second order

derivatives of v are in L? if f € L? and 1 < p < oo, respectively in L' if f € H'. In addition,

loc
it is easy to see that the distributional first order derivatives of E % f are computed according to

the formula 0;(E * g)(z) = / (0x, E)(x —y) f(y)dy, where 0, E stands for the pointwise derivative

(this is obtained using an integration by parts when f € Cg°; the general case is obtained by
approximation, with the help of Young’s inequality). Since d,,FE € Lj,, and (in all the cases)

g € LP, we find that d;v € L . Therefore, u € W" O

loc* loc *

The above results are optimal, in the following sense:
Proposition 14. T' does not map L} into L' and does not map L into L.

Proof. We fix a compact L in RY. We already noted that 7' maps continuously L% into D’. We
claim that, if T : L¥ — LP, then T has to be continuous. Indeed, let f, — f in L7 bes. t.
Tf, — gin LP. Since T'f,, = Tf in D', we find that Tf = g, and thus T has closed graph. Thus
T is continuous.

Let now p = 1. We argue by contradiction. Let L be a ball containing the origin. We consider a
sequence (f,) C C° s. t. ||fullzr < C, supp f, C L and f, — ¢ in D’ and set u,, = F * f,,. Then
u, — E in D' and ||D?u,||;r < C. On the other hand, Du, = (DFE) * f, (where DE € L; . is
the pointwise derivative of F), and thus |[Du,||z1z) < C. Consequently, the sequence (Duy,) is
bounded in W2!(L). The Sobolev embeddings imply that (Du,,) is bounded also in LYW= (L).
Since Du,, — DE in D’, we find that DE € LYW=1(L); thus |[DE[Y/N=1) is integrable near
the origin. However, if we compute the (pointwise or distributional) gradient DE, we see that
|IDE(z)| ~ |z|~™"~Y, a contradiction.

We next consider the case p = co. Argue again by contradiction. Recall that there is a function
u:RY - R ugC? s t. f=Au (computed in the distributional sense) be continuous (example
due to Weierstrass). We may assume, e. g., that u & C?(B(0,1)). Let g = ®f, where ® € C§°,
® =11in B(0,1), supp ® C B(0,2). Then g € L, and thus T'f € L> (for all j, k). Let (g,,) C C§°
be s. t. g, — g uniformly, supp g, C B(0,2). Then Tg,, — T'g uniformly. Since T'g, € C'*, this
implies that T'g is continuous. Thus F * g € C?. Since A(F * g) = Au in B(0,1), Weyl’s lemma
implies that u € C*(B(0,1)), a contradiction. O
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9.2 Proof of Theorem 17

Proof. The plan of the proof is the following: a) we prove that 7" maps L' into L} ; this will rely on
the Calderén-Zygmund decomposition. b) Marcinkiewicz’ interpolation theorem, combined with
the continuity of 7' from L? into L?, will imply the result when 1 < p < 2. ¢) For H!, the result is
obtained via the atomic decomposition. d) The remaining cases, i. e. 2 < p < oo or BM O, will
be obtained by duality; we will exploit the fact that T is a symmetric operator.

Step 1. Continuity from L' into L}

It suffices to prove the following estimate

C
|{|Tf|>t}|§?||f||L1, Vt>0,V feL'nL? (9.11)

Indeed, assume (9.11) proved, for the moment. Let f € L' and consider a sequence (f,) C L' NL?
s. t. fn— fin L'. Then (9.11) applied to f, — f,, implies that |[{|Tf, —T fm| > t}| — 0 when ¢ is
fixed and m,n — 0o.Thus (T'f,,) is a Cauchy sequence in measure, and thus it converges in measure
to some g. In particular, this means that g does not depend on the sequence (f,,), that g = T'f
if f happens to be in L' N L? and that f — g is linear. Possibly after passing to a subsequence

(fn.), we have T'f,,, — g a. e., and thus |{|g| > t}| < lminf, [{|Tf..| > t}| < g||f||L1. This

implies that f ~— g is the desired extension of T. (We needed this argument since L. is not a
normed space.)
We return to the proof of (9.11). Let ¢ > 0. We write, as in Theorem 9 (with a replaced

by t), a function f € L'NL* as f = g + Zh” We first note that ¢ € L2, since g € L*
and |g] < Ct. We also claim that the series Zhn is convergent in L?. Indeed, the functions
h, are mutually orthogonal in L? and thus it suffices to prove that Z |hnll7: < oo. Since

hnllze = If = fellzien < If 2y, we find that Y hal72 <> 1f720, < I1f]72, whence
the claim.

This allows us to write T'f = T'(g + Z hn) =Tg+ Z Th,. Thus
{ITfI > 3 < {ITgl > t/2} + {IT Y hal > t/2}]. (9.12)

On the one hand, we have /|g|2 < Ct/ lgl < Ct||f|lL:, by the properties of the Calderén-

Zygmund decomposition. Thus

{ITsl > 42} < 7ol < T (913)

On the other hand, let, for each n, C be the cube concentric with C),, and twice bigger than it.
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Then, with A = RY \ |JC#, we have

X C
{7 Yl > /2 < |JCil + o € A5 Y [ Thal > £/2}[ < C Y 1Cul + = D [ Thallzica).

We denote by z,, the center of C,, and by [, its size. For x € A, we have 10
Thofe) = [ Klo = pba(dy = [[K@=9) - K= )lhal)dy, (015

and thus o ol
Tha(e) € s [ 0= Tallbnldy < ==l (9.16)

Integrating the above inequality and summing over n, we find that
S I Thalluscny < €3 Mhallis < Ol (9.17)

by the properties of the Calderén-Zygmund decomposition.
We conclude the first step by combining (9.12), (9.13), (9.14), (9.17) and the fact that Z |Cy| <

C

7||f -

Step 2. Continuity in LP, 1 < p < o0

We know that T, when defined in L' N L?] is continuous from L! into L. and from L? into L.
Marcinkiewicz’ interpolation theorem implies that 7' has a unique extension continuous from L?
into L? when 1 < p < 2. Let now 2 < p < oo. Part ¢) of the theorem follows if we prove that
ITfllzr < C| f|lz» whenever f € LP N L?. For such an f, we have, with ¢ < 2 the conjugate
exponent of p,

ITflr = sup /Tf§= sup /Tf§= sup /fT_gSCHfHLp;

g€ ; gl za<t GELINL? ; gl La<1 g€LINL? ; [glla<1
(9.18)

here, we use the continuity of 7" in LY.
Step 3. Continuity in #H*
In view of the properties of the atomic decomposition, it suffices to prove, with a constant C'
independent of a, the estimate

|Tall;p < C, ¥ atom a. (9.19)
Let a be an atom supported in B = B(Z, R). Let ® € C§° be s. t. /CID = 1 and supp ¢ C B(0,1).

For each z, we have Mga(z) < CMa(zx), and thus

/ Mga < C / Ma < | Mal| 2| B(T, 2R)|V? < Cllal| 2| BIY* < C. (9.20)

B(%,2R) B(%,2R)
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We consider now an x outside B(T,2R) and estimate ®; x (T'a)(x). We have (we take a, ® real,
here)

bo(Ta)(a) = [ a-yTaly)dy = [(@0)a-palidy = [(TO(r—y)~(TO)(a-D)aly)dy.
B

(9.21)

We next note that, when y € B, we have |z —y| < 1/2|z — Z|. We intend to make use of the

decay properties of T'®. To this purpose, we distinguish two possibilities concerning the size of ¢:

(i) t > |x — 7| and (ii) t < |z — T|. In case (i), we use the fact that T'® is Lipschitz, and find that

(T®)i(x —y) — (T)u(x —T)| < Ct" 7y — 7, (9-22)
and thus o o1 o1
B0+ (Ta)(w)] < g7 [ ly=lat)ldy < i < (923)
B
In case (ii), we make use of Lemma 17 d), and obtain
_ C _
[(TP)e(z —y) — (TP)(z —7)| < m’y -, (9.24)
which gives
o (T))| < e [ Iy = Tllalldy < (9.25
t =r — g Yy YNy = z — ZN :
B
(9.23) combined with (9.25) yields
M < ¢l h B(z,2R 2
sa(r) < Tz when = ¢ B(7,2R). (9.26)

Integration of (9.26) over RN \ B(Z,2R) combined with (9.20) gives the needed conclusion
HM@(ZHU < C.

Step 4. Continuity of T"in BM Oy

We note that BMOy C L2, by the John-Nirenberg inequalities. We also note that the vector space
Y spanned by the atoms is contained in L2. Thus, for f € BMO,, we have

ITf a0 ~  sup / Tfg=  sup / 79 < Cllflsao: (9.27)

9EV,llgllzn <1 9EV,llgllyn <1

here, we used the duality between H!' and BMO, the density of V in H! and the continuity of T'
from H! into H*. O
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9.3 An equation involving the jacobian

We consider, in R?, the following equation that appears in Geometry
Au=det(Df,Dg), f.g€ H'(R?). (9.28)

Theorem 18. a) (Wente) Equation (9.28) has one and only one distribution solution u € C(R?)
vanishing at infinity, i. e., s. t. lim u(x) =0. In addition, Du € L? and

|z| =00
|Dul|> < CIDfII | Dyl 15 (9.29)

b) (Coifman-Lions-Meyer-Semmes) In addition, we have D*u € H!.

Proof. The main argument in the proof is that
det(Df,Dg) € H' and | det(Df, Dg)|lsr < C||Df|r2l| Dyl 2. (9.30)

Assuming (9.30) proved for the moment, we reason as follows: let h = det(Df, Dg). Consider
sequences (f,),(gn) C C° s. t. fr = f, go — g in H'. Then h,, = det(Df,, Dg,) — h in H!, by
(9.30). Let u, = E * h,, which is a solution of Au,, = h,. We claim that u, € C,, (the space of
continuous functions vanishing at infinity) and that (u,) is a Cauchy sequence for the sup norm.
Indeed, let, for fixed n, R = R, > 0 be s. t. h,(y) =0 if |y| > R. Then

un(@) = 52| [ 10l = sl = 5| [Male—y] = (n] - Donlba)dsl, (931
and thus

) <o [ info—yl= |- Dacaldy = Co [ [y tn|-Dacedy = 0 as o] = o
B(0,R) B(z,R)
(9.32)
On the other hand, we have In € BMO and thus, using the H-BMO duality,

)~ ()] = 5| / 10 [y (=) — P (2 — )] <~ )&= lp1 = Cllltn— Pl
(9.33)

since the H! norm is translation invariant. (Similarly, we have |u,| < C||h, |21

To summarize, the sequence (u,) is Cauchy in C,, and thus converges to some u € Cy. This u
is a distribution solution of (9.28). It is also the only solution of (9.28) in C, for if v is another
solution, their difference w is, by Weyl’s lemma, a harmonic function vanishing at infinity, thus
constant, by the maximum principle.

We now turn to the proof of b) and ¢) (assuming, again, (9.30) already proved). Note that c),
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at least when f,g € Cg°, follows by combining (9.30) and the Fefferman-Stein regularity result
concerning the equation Au = f with f € H!. The general case is obtained by approximation,
as above. Similarly, it suffices to establish b) when f, g € C§°. Formally, estimate b) is clear, as
shown by the following (wrong, in principle) computation:

/IDUI2 = —/uAu = —/uh < Nullz= [l < Cllullz=<|[Rll < CIDfIZ:lIDgllz2. (934

The point is that this computation can be transformed into a rigorous one as follows: set F'(r) =
1 1

— / |u|?dl. Then lim F(r) = 0 and F'(r) = — / u - updl. Thus, along a subsequence

2mr r—00 r

|z|=r |z|=r
r, — 00, we must have r,F’(r,) — 0 (argue by contradiction; otherwise, we have F(r) > Clnr
for large ). Then, for large n, we have Au = 0 outside B(0,r,) and thus

/|Du|2:n£n / \Du|2:liTan{/ u-ur—/uAu}:—/uAuﬁC’HDfH%QHDgH%z. (9.35)

B(0,ry) |z|=r

The only part of the proof left open is
Proof of (9.30)
In view of the conclusion we want to obtain, we may assume that f,g € Cg°. Let ® € C§° be

supported in B(0,1) and s. t. /<I> = 1. Then, with h = det(Df, Dg), we have

Boch(a) = [ @b =)y =t [ o~ y) det(DD))W). Dyla —y))dy, (930

as shown by an integration by parts. Next, if k,1 € C§°, then /det(Dk‘, Dl) = (again, this follows
by an integration by parts), and thus

O+ h(z) =t /[f(-r —Y) = fBan] det((DP):)(y), Dg(x — y))dy. (9.37)

Using the Holder inequality and the inequality |(D®);| < Ct2 together with the fact that @,
vanishes outside B(0,t), we find that

1/4 3/4
|¢>t*h<x>\sﬂ( / rf—fB(x,tw) ( / |Dg\4/3) | 0.38)
B(Qf,t) B($,t)

Applying Lemma 18 below to the function given by v(y) = f(x — ty), we find that
1f = fenlle@ay < CUD Il L sy (9.39)
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and thus (9.38) yields

. 1 4/3)3/4(; 4/3)3/4
@, WSC('BM'B(/Q Dy et /) Do) . (9.40)

B(z,t
Recalling the definition of the maximal function, we obtain
Mah(z) < C(M|DFIY3(x))* (M| Dg|**(x))*", (9.41)

and the Cauchy-Schwarz inequality implies that

1/2 1/2
[ Moh]l s < c( / (MIDfI4/3)3/2) ( / <M|Dg|4/3>3/2) | (9.42)
which may be rewritten as

3/4 3/4 3/4 3/4
IMahlrr < ClIMID I3 IIMDgl 2|12, < CID IR0 1D FI1Y2 2, = CHDfHLzH?gHL;;
943
that is, ||h||lzr < C||Df]|r2||Dy|| L2, as claimed at the beginning of the proof. O

We next recall the following Sobolev embedding and the corresponding Poincaré inequality
Lemma 18. W4/3(R?) is embedded into L* and, with B = B(0,1) and v € W'*/3(B), we have
||U_UB||L4(B) S O||DU||L4/3(B). (944)

Proof. The above Sobolev embedding will be proved, in a slightly better form, in the next chapter.
We present a proof of (9.44), which is less standard. The starting point is the usual Poincaré
inequality

v — UB||L4/3(B) < CHDUHL‘V?’(B)' (9.45)
We may assume, with no loss of generality, that vg = 0. We extend v by reflections in a neigh-
v(x), ifreB
v(z/|z?), ifl<|z]<3/2
and satisfies ||0|| a5 < Cl|v]| a5 and || D[ as < C||Dv||pass. Next let & € C5° bes. t. & =1 in
B and supp ® C B(0,3/2). Set w = &5 € WH*/3(R?). Then

borhood of B by setting o(x) = . The new function @ is in W4/3

[0l[Lagm) < lwlize < CllDwl|pas < CI0]|pass + 1Dl ars) < C(l[vllpars + [ Dvllars) < CI D]l pass.
(9.46)
0
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Chapter 10

Improved Sobolev embeddings

The usual form of the Sobolev embeddings states that W'P(RY) ¢ LN?/(N=P) provided 1 < p < N.
In this chapter, we will improve the conclusion to W'P(RN) ¢ LNP/(N=P:P (when 1 < p < N);

> p, and thus LVP/(N=p)p — [ Np/(N=p)

NP
this is slightly better, since N

10.1 An equivalent norm in Lorentz spaces

Let f : RY — C be a measurable function and let F' : (0,00) — [0, cc] be its distribution function.
Intuitively, we may think of F' as a bijection of (0, c0) into itself. Then, if p,q < oo and if f* = F~!
(which is decreasing), we may (formally) compute the LP? quasi-norm as follows:

[l Z/tq_qu/p(t)dtZ —/Sq/p(f*)q_l(S)f*'(S)dS=p_1/8q“”_1(f*)q(8)d$; (10.1)

here, the - sign at the beginning of the computation comes from the fact that F' is decreasing. The
second equality is obtained through the change of variable F'(t) = s, the third one arises after an
integration by parts.

The above equality maybe rewritten as

1flzes = £/ F |l zaqo.coyarze ~ 17 f* | aqo.soparyo- (10.2)
In this section, we will see that this formula is right!...provided we interpret it accurately.

Definition 4. The non increasing rearrangement f* : [0,00) — [0, 00| of f is defined through
the formula
f7(t) =sup{s > 0; F(s) <t}. (10.3)
We note that, when F is a bijection, we have f* = F~1.
The elementary results we gather below explain, in particular, why f* is called the non increasing
rearrangement of f.

59
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Proposition 15. a) F' is continuous from the right.

b) F(f*(t)) <t everywhere (in other words, inf = min in the definition of f*).

c) f* is non increasing and continuous from the right.

d) f and f* are equally distributed, i. e., [{x € RN ; |f(2)] >t} = |{s € (0,00) ; f*(s) > t}]| for
each t > 0.

e) f* depends continuously on f in the following sense: if (f,) is a sequence of functions s. t.

|fu(@)] 2N f(x)| for a. e. x € RN then f(t) 7 f*(t) for each t > 0.
f) We have (f +g)*(2t) < f*(t) + g"(t). More generally, <ij) Q) <D (F) ().

Proof. a) follows from the equality {|f| > ¢} = U{|f\ > t + 1/n}, which implies that F(t) =
lim F(t + 1/n).

b) Let s = f*(¢). Then F(s+¢) <t for ¢ > 0, and thus F(s) < t.

c¢) The fact that f* is non increasing is clear from the definition. Concerning the second assertion,
it suffices to prove that f*(¢ 4+ 0) > f*(¢). Let ¢, \ t. Then F(f*(t,)) < t,, which implies that
F(f*(t+0)) <t, and thus F(f*(t +0)) <t, that is f*(t +0) > f*(¢).

d) Since f* is non increasing, we have [{s € (0,00) ; f*(s) > t}| = 7, where 7 is uniquely defined
by f*(s) > tif s <7 and f*(s) < tif s > 7. In view of the conclusion we want, it suffices to check
that f*(s) >t if s < F(t) and that f*(s) <t if s > F(t). If s < F(t), then F(f*(s)) < s < F(t)
and thus f*(s) > t. On the other hand, if s > F(t), then t > f*(s), by definition of f*(s).

e) We note that |f| < |g] = f* < g% therefore, the sequence (f) is non decreasing and
h(t) := lim fr(t) < f*(t) for each t. Hence, it suffices to prove that h(t) > f*(t), i. e., that
F(h(t)) <t. We note that, for each s, we have F,(s) — F(s), since the set {|f| > s} is the union
of the non decreasing sequence ({|f,| > s}). Thus F,,(f(t)) <t = F,(h(t)) <t = F(h(t)) <t,
as needed.

f) Let s = f*(t) and 7 = ¢*(t). Then [{|f|] > s}| < t and [{|g| > 7}| < t. Since {|f + g| >
s+71} C{|f| >stU{lg| > 7}, we find that |{|f+g| >s+7} <2t i e, (f+9)(2) <s+7=

fr(t) +g7(2). O
We next justify the equality (10.1).

Proposition 16. For 1 < p < oo and 1 < ¢ < oo, we have || f||ra ~ Y2 f*|| ago,00)at/0)- For
p = 00, we have || flle = [[f* o

Proof. We start with the case p = oco; we will prove the equality of the quasi-norms. Indeed,
[fllzeea = [[fllzee = inf{s ; F(s) = 0} =inf{s ; F(s) <0} = f*(0) = [|/*]|z~, (10.4)

since f* is non increasing and continuous from the right.
Let now p < oo and ¢ = oo; once again, we will prove the equality of the quasi-norms.
7 <7 Let C = ||f|lzre = suptFYP(t). Let t > 0. With s = f*(t), we want to prove that
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t/rs < C. If s = 0, there is nothing to prove. If s = oo, then F(7) > t for each 7, and then
C =o0. If s € (0,00, then F(s —¢) >t for small € > 0, and thus

Cs

tPs < fUP(s —g)s < (10.5)

s—¢
and the desired conclusion follows by letting ¢ — 0.
? > 7 With C = supt"/?f*(t), we will prove that tF'/?(t) < C for each t > 0. If F(t) = 0,
there is nothing to prove. If F(t) = oo, then f*(s) > ¢ for each s, and thus C' = oco. Finally, if
u= F(t) € (0,00), let, for small € > 0, u. = u — e > 0. Then F(t) > u. and thus f*(u.) > t. We
find that

tFYP(t) < f*(u — e)ul?, (10.6)

and we conclude by letting ¢ — 0.

Finally, we consider the case 1 < p,q < oco. In view of the preceding proposition, it suffices to
prove the equality p||f||%,., = [[t'/? f* ||Lq (0.00):dt/ry) When [ is a step function; the general case will
follow by monotone convergence, by approxnnatlng an arbitrary function f with a sequence (f,)
s. t. each f, is a step function and |f,|  |f|.- In addition, since the quantities we consider do
not distinguish between f and |f|, we may assume that f > 0. Let then f = > a,xa,, where
a; > as > ... > ar > 0 and the sets A, are measurable and mutually disjoint. Set b, = |A,],
g ="b+...+0b,c=0and cxr; = co. Then, with ap = oo and a1 = 0, we have F(t) = ¢ if
t € [ajy1,a;). On the other hand, f*(t) = a;y1 if ¢t € [¢;, ¢;11). Then

k
P10 = pz | eera - gzq P [()1 — ()] (10.7)

“larir,a)
and
p i
187 7 W a0 oy = Z | ey 52 a) () — (@), (108)
=Oler,err) =0
so that the two quantities are equal (since ¢y = 0 and ax41 = 0). O

10.2 Properties of f*

Lemma 19. For each t > 0 we have (with F the distribution function of f)

F(f (1) 00

/ F(s)ds = F(F*(0)F*(1) + / F(s)ds. (10.9)

fx()
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In particular, F(s)ds < [ f*(s)ds.
4,7

[f ()], [f(2)] > f*(t)

0, if | f(z) < f7(t)

{F(S>’ ifs 2 f*(t). Let 7 > F(f*(t)). Then G(s) < 7 for each s and thus ¢*(7) = 0. On

F(f (1), ifs < [ (1)
the other hand, if 7 < F(f*(t)), then clearly ¢*(7) = f*(7). The equality ||g||.» = ||g*||z1 reads

then / G(s)ds = / g*(s)ds, which is precisely the desired equality. O

, whose distribution function G is given by

Proof. Let g(x) = {

Although it is actually part of the preceding proof, we emphasize for later use the following

Corollary 15. Let, for a >0, f,(z) = {f@)’ Flf()] > Y Then

0, otherwise
¢
ol < [ £(s)as (10.10)
0
Lemma 20. Let F' be the distribution function of f. Then
fr () F(s) t o0
/ /g*(u)duds§f*(t)/g*(s)ds—l—/f*(u)g*(u)du. (10.11)
0 0 0 ¢
Proof. Let I be the . h. s. of (10.11). Fubini’s theorem implies that
I— /g*(u)y{s s < () and u < F(s)}|du. (10.12)

0
Note that u < F(s) = f*(u) > s, and therefore

, . ey ey ) (0 7(0),ifu <t
{s; s< f*(t)and u < F(s)} C (0,min(f*(u), f*(t))) = {(O,f*(u)), i (10.13)
Thus . .
]§/g*(u)f*(t)du—l—/f*(u)g*(u)du, (10.14)

whence the result. O
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Lemma 21. Let A C RY be a measurable set of measure t. Then

JE / F(s)ds. (10.15)

Proof. We may replace f by fxa (assuming thus f supported in A), since in this way the 1. h. s.
of (10.15) remains unchanged, while the r. h. s. is not increased. In this case, we have F(s) <t
for each s, and thus g*(s) = 0 if s > ¢t. Therefore,

J1= 18l =18 = [ £5)ds = [ 7 (pas (10.16)
A 0 0
[

10.3 Rearrangement and convolutions

The reason we considered f* is that it is related convolution products. We start with some
elementary, though tricky, results linking these objects.
Lemma 22. Let f bes. t. |f| < a and f =0 outside a set E s. t. |E| =t. Let h= f*g. Then

t

|fxgl < a/g*(s)ds- (10.17)

0

Proof. We have

£ro@) < [Wllot-lay<a [ gl <a [g s (1013)

E T

S —

since |x — E| = t. U
Lemma 23. Let f € L™ and set a = ||f||p~. Then

a F(t)

If * g §//g*(u)dudt. (10.19)
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Proof. Using a monotone convergence argument, we may assume that f is a step function. Each
k

step function may be written as f = ZanAj, where a; > 0 and 0 < |4 < ... < |44 < 0.
j=1
With b; = a; + ... + a;, we have f = b; in A; \ Aj;1. We set by = 0 and Ay = RY. Note that
o = bk
Since |f x g| < Z ajxa, * |g|, the preceding lemma implies that
J

14,1
fxgl <) /g*(t)dt. (10.20)
0
On the other hand, we have F'(t) = |A;| if t € [b;_1,b;) and thus
a F(t) bj Ayl 14,1 1451
/ / " (u)dudt = Z / /g*(u)du dt = Z(bj—bj,l) / g (u)du = Zaj /g*(t)dt. (10.21)
00 b1 0 0 0
0
Lemma 24. (O’Neil) Let h = f *g. Then
t t o]
B (3t) < % / F(s)ds / g (s)ds + / F(5)g" (s)ds. (10.22)
0 0 ¢

Proof. We may assume that f,g > 0. We split f = f1 + f2, g = g1 + g and h = hy + ho + hs.
Here,

(i) f is cut at height f*(t), i. e., we set fi(x) = {

(ii) similarly, g is cut at height ¢g*(t);

(111) hl = f2 * g, hg = f1 * g2 and h3 = fl * J1.

We start by noting that f, < f, and thus the distribution function of f5 is dominated by the one
of f. Lemma 23 implies that

(@)
hy < /
0

fx), i f(z)

fr(@) _tf.
0, if f(z) and fo = f — fi;

fr(t)

IN V

" (u)duds < f*(t)/g*(s)ds—i—/f*(u)g*(u)du, (10.23)

o\%
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by Lemma 10.11.
Concerning hs, the inequality ||hz2||z~ < ||f1llz1]/g2]| =~ combined with Corollary 15 yields

t
he < (1) / F(s)ds. (10.24)
0
We next note that hs satisfies
t t
Ihalls < ilslonls < [ (s [ g°(s)ds (10.25)
0 0

To conclude, we start with the inequality h*(3t) < (hy)*(t) + (h2)*(t) + (hs)*(t). For h; and hs,
we use the fact that k*(¢) < |[|k*||~ = ||k||L=. For hs, we rely on the inequality

t o]
1 1 1 1
k(1) < Z/k*(s)ds < ¥/k*(s)ds = Il = Sk (10.26)
0 0

We find that

t

* 1 *
wen <y [

0

S —

g%@w+¢%w/y%@@+gw[/ﬁ@ﬂsy/ﬁ@MWQw;uaw>

t
1
we complete the proof noting that f*(t) < n / f*(s)ds and a similar inequality holds for g. [

0

1 1 1
Theorem 19. (O’Neil; simplified version) Let 1 < p,q,r < oo bes. t. —+—-=1+—. If f € LP
p q r
and g € LY, then fxg € L™P.

Remark 11. This statement is to be compared with the usual Young inequality, which asserts that
fxge L" if f € LP and g € LY. Our hypothesis is weaker, since LY C L™, while the conclusion
is stronger, since L™ C L" (because p < ).

Proof. Let h = fxg. We have to prove that |[tY/"h* ()| zo((0,00):at/t) < 00. Clearly, this is equivalent
to proving that Htl/rh*(gt)‘|Lp((0700);dt/t) < 00. In view of the preceding lemma, this amounts to
proving the followmg

i) ||t/ 1/f dS/ (8)ds || Lr((0.00)sat/t) < 005
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11 Htl/r/f dSHLp ((0,00); dt/t) Q.
The fact that g € L is equivalent to the boundedness of the map t +— t/9¢*(t), and thus

g*(t) < Ct~Y4. Tt follows that / *(s)ds < C"t'=Y/9 and therefore (i) and (ii) reduce to

0

t
(i) [[#/r/a / £ (5)dsl| o 0oy < 09
o0

(i) ||t1/7"/S‘l/qf*(S)dSIILp«o,oo);dt/t) < 00.

t
To deal with (i"), we apply to f* the first Hardy’s inequality (Theorem 3) with r replaced by
p— 1> 0 and find that

t o0 ¢ x
||t1/r_1/q/f*(S)dSH]zP((O,oo);dt/t) - /t_p</f*(s>d ) / )yrds = Gl < oo
0 0 0 0

(10.28)

since || f*[|zr = [|f||ze-
Concerning (ii’), the second Hardy’s inequality (Corollary 3) with r replaced by p/r and f replaced
by s+ s71/9f*(s) in order to obtain

o0 o0

Htl/r/S_l/qf*(S)dSHIzP((O,oo);dt/t) :/tp/r—1</ —l/fIf ( > dt < C/ Pds < 00.
0

t t
(10.29)
0

Corollary 16. Set, with p,q,r as in O’Neil’s theorem, a = N/q. If f € LP, then f * |x|~* € L™P.
Proof. Tt suffices to prove that |z|~® € L%*. This is obvious, since |{|z|™* > t}| = Ct~V/* =
Cct 1. O

10.4 Improved Sobolev embeddings

In the remaining part of this chapter, we assume that N > 2.
We start with a simple
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Lemma 25. Let u € C°(RY). Then

1 | Du(y)|
< dy.
OIS 5w | ey
Proof. Let v € SN~ Then
. 0o J 0o
u(z) = —[u(x + tv)],=° = — a(u(x +tv))dt = — [ (Du)(z + tv) - vdt,
0 0
and therefore .

u(z)| < / | Du(z + to)|dt.

Integrating this inequality over v € SV~! we find that

1S ()] < //]Du(ertv)]dtdsv.

SN—-1 0

We conclude by noting that the change of variables y = x +tv, t > 0, v € S¥~! yields

|z —y|N!

D o0
Du)l / / Du(z + t)|dtds,.
0

gN-1

We next recall the following well-known result

67

(10.30)

(10.31)

(10.32)

(10.33)

(10.34)

Theorem 20. (converse to the dominated convergence) Let 1 < p < co. If f,, — f in LP,

then there is a subsequence (f,,) and a function g € L? s. t. f,, — f a. e. and |f,,| < g.

Proof. After passing, if necessary, to a subsequence, we may assume that f, — f a. e. Consider
a subsequence (fn,) S. t. || fa, = fapeille < 277 and set g = |fo,| + Z | fre = frpes|- Then

k>0

HgHLP < ”fno”LP + Z ank - fnk+1||LP <00

k>0

and, clearly, |f,,| < g for each k.

(10.35)

[]
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N
Theorem 21. (O’Neil) Let 1 < p < N and set p* = N—p If u € WY (RY), then u €
-Pp

LY P(RY).
Proof. The strategy consists in proving the following generalization of (10.30)

1 [ Du(y)| dy, ¥ ueWWRY). (10.36)

u(z)] < ;
(SN o =y

Assume (10.36) proved, for the moment. Corollary 16 avec a = N —1 implies that | Du|*|z|~ V=1 €
LP"?. Since |u| < C|Du| * |z|~™~Y a. e., we obtain that v € L™,

It remains to prove (10.36). This is done by approximation. Consider a sequence (u,) C C§° s.
t. u, — win WP, Possibly after passing to a subsequence, we may assume that u, — u and
Du,, — Du outside a null set A and that |Du,| < g € LP. Since g |z|" V=Y € [P"P C [P we find

that &d < oo for x outside a null set B. When z € AU B, we find, by dominated
| |N_1 y ) b y
=Y

convergence, that

U [ ADun)l, 1 [ |Duly)
S e VT ) g (090

This completes the proof of the theorem. O

|u(z)| = lim |u, (z)| < liminf

10.5 The limiting case p=1

When p = 1, Theorem 19 is no longer true. To see this, we choose f = yp € L' (here, B is the

1
unit ball) and g(z) = |z|~*, which belongs to L?" if ag = N. We have f x g(z) = /ﬁdy
T —y|

B
If |z| > 2, we have |x — y| ~ |z| when |y| <1 and thus f % g(z) ~ |z|~® when |z| > 2. Therefore,

1

1 5 glloas = 11 * glloa = € / T =0 (10.38)

{l=z|>2}
A remarkable fact is that the conclusion of Theorem 21 still holds; the proof requires an argument
that does not involves convolution products. We start with one essential ingredient which is the
isoperimetric inequality. We will not need the sharp (i. e., with the best constant) version, so that
we will simply prove the following

Theorem 22. (weak form of the isoperimetric inequality) Let O be a smooth bounded domain in
RY and let ¥ be its boundary. Then

0] < CO|pMW=D), (10.39)
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Proof. Let p € Cg° bes. t. p >0, /p = 1 and supp p C B(0,1). We apply the Sobolev inequality
|lu|| pv/v—1) < Cl|Dul|pr to the function u = xeo * p. and find that

lIxo * pell pv/v-1) < C’Z/ /33,05 y)dy|dx = CZ/ /njpe —y)dsy|dz;  (10.40)
j j

here, n; = n;(y) is the j*" component of the outer normal n to O at y. Thus

lIxo * pel| pv/v-1 < C//pg(x —y)dzds, = C|X]. (10.41)

X RN

On the other hand, we have yo € L™= and thus ||xo * p||pxv/o-1 = ||xollLv/w-1) as e — 0.
This leads us to

|O|N N —xo || prrv-n < CIS, (10.42)

which ends the proof. O
Theorem 23. We have

|| pvov-va < Ol Dullp, ¥V ue WHHRY). (10.43)

Proof. The strategy of the proof is the following: we first prove the inequality (10.43) when
u € C§°; the general case will be obtained from this one by passing to the limits.

Let u € C§°; Sard’s theorem insures that fact that, for a. e. ¢ > 0, all the points z s. t. |u(z)| =t
satisfy Vu(z) # 0; in other words, the set ¥, = {|u| = t} is a smooth hyper surface. For any such
t, set Op = {|u|] > t}, which is a bounded open set. We claim that (*) O; is a smooth domain
with boundary ;. Indeed, it is obvious that 00; C ¥;. On the other hand, if x € ¥, and we set
v = Vu(z), then Taylor’s formula implies that u(xz + sv) — ¢t has the sign of s when s is close to
0. Thus on the one hand = € 0Oy, on the other hand O; is locally on one side of ¥;, which is the
same as (*).

With F' the distribution function of u, we have

F(t) = |0y < O[5, (10.44)

by the weak isoperimetric inequality. Thus, with H; = {u = t}, we have

]| .57/ =1 0 :/FWWN(t)dt < C/|Et]dt:0/\Ht\dt:C/|Du|; (10.45)
0 R

the last equality follows from the coarea formula we will prove later.
We next turn to a general u € W', Consider a sequence (u,) C C§° s. t. u, — u in WH! and
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pointwise outside an exceptional zero measure set B. We claim that the corresponding distribution
functions, F and F,,, satisfy F'(t) < liminf F,,(¢) for each ¢. Indeed, let A = {|u| > t}, A, = {|un,| >
t}. If x € A\ B, then = € A, for sufficiently large n. Put it otherwise, A\ B C liminf(A, \ B),
and thus

F(t) =|A| =|A\ B| <liminf |A, \ B| = liminf |A4,| = liminf F},(t). (10.46)

Fatou’s lemma implies than that
lJwll vy v-11 = /F‘Nl)/N(t)dt < hminf/FgNWN(t)dt < C/|Du|. (10.47)
We have thus obtained (10.43) in full generality. O

10.6 The limiting case p =N

The conclusion of Theorem 19 is wrong when 1/p+ 1/g = 1 (and p # 1). Indeed, let f(z) =

XB©.1/2)2] V7| In |2||~?, where 8 > 1/p. Then f € LP. Let also g(z) = |z| N7 € L#*. We claim

that fxg & L if 8 is well-chosen. We start by noting that Fatou’s lemma implies that f*g(0) <

lim i(l)rlff « g(x). Therefore, f*g & L™ if f*g(0) = co. Since f* g(0) = / lz| ™| In ||| P d,
z—>

{lz|<1/2}
we find that f* g(0) = o0 if 5 < 1.
Consequently, we may not use Theorem 19 in the proof of Theorem 21 when p = N. Actually,
when p = N, the expected conclusion of Theorem 21, namely W'Y C L*, is wrong: it is easy to
see that the function given by f(x) = xp(0,1/2)|In|z||%, where 0 < o < 1 —1/N, belongs to W,
but not to L>. However, we will see that each function in W1 is "almost” bounded. We start
with a simple (and non optimal) result.

1
Proposition 17. There are constants ¢,C > 0 s. t. E/exp(o]u —up|) < C for each u €
B

WEN(RN) 5. t. ||Dul v < 1.
Proof. The above estimate follows immediately from Theorem 16 and the following result. n

Proposition 18. We have, for some C' depending only on N,

1
i [ 1o usl < ClDulux, ¥ we W, (10.48)
B
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Proof. It suffices to prove (10.48) when u € C§°; the general case is obtained by passing to the
limits in (10.48) when B is kept fixed. If B = B(x, R), then

|B|/| ugp| |B|2/| / (u(y + 2) — u(y))dz|dy < |;|2/ / lu(y + 2) — u(y)|dy d=.

B B(0,R) B B(0,R) ( )
10.49

Applying Taylor’s formula in integral form, we find that

|B‘/|u up| < ‘BP/ / /[ (Du)(y+tz) Hz]dtdzdy<R2N 1/ / /\ (Du)(y+tz)|dt dz dy.
B(O,R) 0

B B(0,R)
(10.50)
For each t and z, Holder’s inequality implies that
_ C
100w + t2)dy < [Dull o | B, 2R) Y < 2Dl (10.51)
B
so that
1
1 C||D
E/‘U_uB’ < % / /|(Du)(y+tz)|dtdz < C||Dul| . (10.52)
B B(0,R) 0
m

We may actually replace |u| by |u|Y™=1 in the preceding exponential integrability result.

The statement we give below includes the assumption that supp w C B. This is not a crucial
assumption; if we want to remove it, it suffices to apply the theorem when B is replaced by B*
(the ball concentric with B and twice larger) and w is replaced by ¢u, where ¢ is a cutoff function
supported in B* and that equals 1 in B. However, the resulting inequality is less elegant.

Theorem 24. (Trudinger) Let u be a WYY function supported in B. If |Du| v < 1, then
1
E/GXP (clu)MW-D) <, (10.53)
B

where ¢, C' > 0 depend only on N.

Proof. We may assume that B = B(0, R). We start by noting that (10.30) is valid for u as above.
Indeed, u being compactly supported, it belongs to W2¥/3 ; we may therefore rely on (10.36).
Let now f = |Du|, which belongs to LY and is supported in B. Set g = f * |z|" ™=, In view of
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1
(10.30), it suffices to prove that E/exp (cgN/(N_l)) < C provided that ||f||,~x < 1. The key

B
result in proving this estimate is the following inequality
g(z) < C(EMf(z) + (In(2R/6))N-V/N) V2 e B,V § € (0,R]. (10.54)

Assume (10.54) proved, for the moment. We consider, for = € B, the two following possibilities:
(i) if ziss. t. Mf(z) < R, we choose § = R and find that g(z) < C}
(ii) if M f(z) > R, we choose § = 1/M f(x) and find that g(x) < C(1 + In(RM f(z))N-1/N),
Thus, in any event, we have g(z)/"™1 < O(1 + (In(RMf(z))+), so that exp (c g/ =D@) <
Ci (14 (RM f(x))“?). Choosing ¢ s. t. ¢cCy = N, we find that

g [ew a0 <0 fas R < e [ <ol < ¢ 05

by the maximal inequalities.
It thus remains to establish (10.54). We have

= [ At [ e nen 050
B(0,5) B(z,R)\B(0,6)

To estimate I;, we note that I; = f x h(x), where h(y) = Xps|y|~ VY. Since h is integrable,
radial and non increasing, we have Iy < M f(z)||h|lpr = CIM[f(x). We complete the proof of
(10.54) by noting that Holder’s inequality combined with the fact that || f|| v = 1 yields

zzg( / \w)w_ws( / |er)(N_WN Cn(2R/6) NI/, (10.57)

B(z,R)\B(0,5) B(0,2R)\B(0,5)

]



Chapter 11

Traces

11.1 Definition of the trace

We discuss here the properties of the "restrictions” of Sobolev maps to hyper surfaces, e. g., to the
boundary of a smooth domain. There is a standard reduction procedure which allows to replace
a "smooth” (at least Lipschitz) hyper surface with a hyperplane; this is done by flattening locally
the coordinates. Since this part works without any problem and we want to insist on the analytic
part, we will simply consider in this chapter maps defined in the whole R" and consider properties
of their trace on the hyperplane H = {z = (z/,zy) € RY ; zny = 0}, which we identify with RV~
We start by recalling the following

Proposition 19. The map u — uy, initially defined from C§*(RY) into Cg°(RN1), extends
uniquely by density to a linear map (called trace map) u — tr u from WLHP(RYN) into LP(RY),
for1 <p< .

There also is a statement concerning W1 (we will see it in the last part), but in that case the
trace is not defined in the same way, since Cg° is not dense in W1,

Proof. Fix a function ¢ € C°(R) s. t. ¢(0) = 1 and supp ¢ C (—1,1). If v € C§°, then
v=up(zy) € C(RN ' x(-1,1)) and ujy = vjy. In addition, it is clear that ||v||y1s < C|lullprs.
It therefore suffices to prove that ||v|g|/z» < C||v||w1r. This follows from

1
/|v(:c’,0)|pdx’:/’/GNv(x’,t)dt
B o0

When 1 < p < 00, the above result is not sharp, in the following sense: if f is an arbitrary map
in LP(RY~1), we can not always find a map u € W s. t. tr u = f. In other words, the trace

p
da! < / Dol < || Do, (11.1)

Hx(0,1)

O

73
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map is not surjective between the spaces we consider.
In this chapter, we will determine the image of the trace map.

Definition 5. For 0 <s <1 and 1 < p < oo, we define

WP = WeP(RY) = {f € LP(RY) ; / %dw dy < oo}, (11.2)
RN RN

equipped with the norm

_ p 1/p
e =1+ ([ [T 000y ) (113)

RN RN

We let the reader check that W#*P is a Banach space.
The main result of this chapter states that tr W1P(RY) = W-1/PP(RN-1). We start with some
preliminary results.

Lemma 26. C°(RY) N W*P(RY) is dense into W*P(RN) for 0 < s <1 and 1 < p < co.

Proof. Let p be a standard mollifier (i. e., p € C§°, p > 0, /p =1, supp p C B(0,1)). We will

prove that, if f € W*P then f. = f*p. — f in WP, Clearly, f. — f in LP. It remains to prove
that, with g. = f. — f, we have

Igz/ 19:(x) = 9e(y ’pdxdy—//lgax—i_h g:(x )|pdmdh—>0 ase — 0. (11.4)

|x_y|N+sp |h|N+sp
RN RN RN RN

In order to estimate I., we start by noting that

9e(® + h) — ge(x) = / (fle+h—y) = f(z+h)— flz—y)+ f(@))p-(y)dy. (11.5)

B(0,¢)

Using in addition the fact that p, < Ce™", we find that

e+ 1) = g.(0)| < 55 / fath=y) = f@+h) = f—9) + @l (116)

We next consider the two following cases:
(i) if |h| < €, we have

0o+ ) =00 < 5 [ (St h—) = flo— o)l + 5@ ~ fathldy (LD

B(0,¢)
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(i) if |h| > €, we use the inequality

gD - 0@ < [ (feth=y) = farh]+17@) - fe-yidy. (118)

B(0,¢)

C
Thus [5 S Tp<J1 + JQ + J3 + J4), where
9

n= [ [ ([ vesn-n - s piay) b anas )

RN {|h|<e}  B(0,e)

JQ:/ / (/lfx+h (a:)|dy)p|h|_(N+Sp)dhd:c; (11.10)

RN {|h|<e}  B(0,e)

= [ [ ([ vasnmn = s ni) b

RN {|h|>e}  B(0,)

J4:/ / </|fx— —f(x)|dy)p|h|‘(N+S”)dhdx. (11.12)

RN {|n[>e}  B(0,)

We will prove that e"?.J; — 0, j = 1,...,4. The only ingredient we use in the proof is

: faty) = f@F
ll_r}l(l)// [ dy = 0; (11.13)

RN B(0,e)

this follows easily by dominated convergence.

p
We start with Jy. Noting that ( / |f(x+h) — f(x)]dy) = Ce™?|f(x + h) — f(z)[P, we find

B(0,e)

5‘N7’J2=O/ / |f(x+h)_f(x)|pdh—>o. (11.14)

|h|N+sp

that

RN B(0,¢)

For J;, Holder’s inequality with exponents p and p’ implies that

( / e+ hm) = f = pldy) <180 [ 1t -0) = fla=g)lds, (1119

B(0,¢) B(0,e)
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and thus
e NP < CaN/ / / \f(x+h—y)— flz—y)Pdy |h|~NTPdh dz. (11.16)

RN {|h|<e} B(0,e)

For fixed y and h, the change of variables x — y = z leads to
e M < 0/ / |f(z+h) — f(2)|P|h|" N FPdhdz — 0. (11.17)

RN {|h|<e}

We next estimate Js; the computation for Jy is similar and will be omitted. Inequality (11.15)
implies that

e NP g < Ce™ / / / |f(x+h—1vy) — f(z+ h)[PIh|~ NP dy dh da. (11.18)
RN {|h|>e} B(0,e)

In this integral, we fix y and h and make the change of variables x + h = z. Next we integrate in
h and find that

e NP I, SC/ / /(G —;ﬁ;f( dydz < (J/ / |y|N;p /(2 )‘pdydz—ﬂ). (11.19)
(

N B(0,e) RN B(0,¢)

]

Lemma 27. Ifu € C(RYN) N WP, then tr u = uy.

Proof. Let p be a standard mollifier and set u. = p(e-)(u * p.). Clearly, u. € C§° and u. — wu in
WP, Thus Uepr = tr ue — tr w in LP (and thus in D). On the other hand, u. |y converges to u g
uniformly on compacts (and thus in D’), whence the conclusion. O

The same argument leads to the following variant
Lemma 28. Assume that u € WP is continuous in a neighborhood of H. Then tr u = uy.

Lemma 29. Let u € C(RM)NCHRN\ H). Assume that the pointwise differential Du of u satisfies
Du € LP(RY). Then Du is also the distributional differential of .

Proof. We have to prove that /Djugo = —/uajgo, peCr, j=1,...,N. When j < N —1,

this follows simply by Fubini’s theorem. Assume j = N. We integrate by parts / Dyup in the
set {x € RY ; |xy| > ¢} and next let ¢ — 0. We find that

/DNugp = llir{l)( / wpdS, — / wpdS, — / u@Ngodx) = —/u@Ngod:E. (11.20)

{zn=—¢} {zn=¢} {lzn[>e}

]
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11.2 Trace of WP, 1 < p < o0

Theorem 25. (Gagliardo) Let p € (1,00).

a) If u € WHP(RYN), then tr u € WI=VPP(RNY) and ||tr ul|ypi-1/mp < C|lu|wre.

b) Conversely, let f € W'=VYPP(RN=Y). Then there is some u € W'P(RN) s. t. tru = f. In
addition, we may pick u s. t. ||u|lwre < C|tr u|lypr-1/pp-

Remark 12. Let T : W'P(RN) — W=V/pr(RN=Y), Tu = tr u. T is linear, and the above theorem
implies that T is continuous and surjective. Then the last conclusion in b) follows from the open
map theorem (each surjective linear continuous map between two Banach spaces has a bounded
right inverse). However, we will see during the proof a stronger conclusion: we will construct in
b) a linear right inverse, i. e. , the map f+— w in b) will be linear.

Proof. a) By density, it suffices to prove that
”u|H”W1*1/P,p S CHUHWLP v u € Cgo- (11.21)

We start by noting that we already know that ||ug||z» < C||lu||wrs; thus it suffices to establish,
with f(z') = u(a’,0), the inequality

= / / Jlal+ ) = Jl /)|pdh’dx’SCR[|Du(x)|pdx. (11.22)

| W/ [N+p—2
RN—-1RN-1

The starting point is the inequality
|f@" + 1) = f@)] < [fa"+ 1) — w2+ 1/2, | /2)[ + | f(2)) —u(a"+ W, [P]/2)],  (11.23)
which implies that I < C(I; + I5), where

I, = / / ’f(:l?/—i—h’)_u(x’+h’/2,‘h/|/2)|l?’]2: / / |f(x/)_u(x/+h//2"h/|/2)|p.

‘h/’NerfZ ‘hI’NerfQ
RN-1RN-1 RN-1RN-1
(11.24)
If we perform, in [, the change of variables ' + h' = ¢/, next we change h’ into —h’, we see that
I, = I, and thus
— n /2, |h'|/2
r<c / / qu’!;ﬂ’ P2 gy gy (11.25)

RN-1RN-1
Changing A/ into 2k’ and applying the Leibniz-Newton formula, we find that
|%']

p
[<c / / (/|Du &+t )|, )y> |~ +2=2) gkt g (11.26)

RN-1RN-1
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Expressing k£’ in polar coordinates, we find that

I<C / / /(/]Du 7'+ tw, t)]dt) s Pdsds, dz’. (11.27)

RN-1 gN—2

Applying, for fixed 2’ and w, Hardy’s inequality in to the double integral in s and ¢, we find that

I<C / / /]Du z' + tw, t)|Pdt ds,, dz’. (11.28)

RN-1 gN-2

Integrating, in the above inequality, first in 2/, next in w, we find that

I1<cC / /|Du3: t)|Pdt dz’ = / |Du(z)|Pde < C||Dull;, (11.29)

RN-1 ]RN+

b) It suffices to construct a linear map f + u, f € CRN"Y) N WI=Vrr o € WIP(RN) s, t. tr
u=f and |Jullpir < C||f|lwi-1/pps. We fix a standard mollifier p in R¥~! and an even function
p e C®R)s. t. p(0)=1,0<¢ <1andsupp ¢ C (—1/2,1/2). We define, for t # 0, v(z’,t) =
[ ppy(a) and u(a’,t) = v(2’, t)p(t). We extend u to RY by setting u(2’,0) = f(2'). Clearly, the
map f +— u is linear and u € C°(RY \ H). In addition, u € C(RY) when f is continuous. We
also note that, for a fixed t # 0, Young’s inequality implies that ||f % p|lr < ||f]|L», and thus
lullze < || fllzr- Since u is even with respect to xzy, it suffices to prove, in view of Lemmata 27
and 29, that the usual differential Du of u satisfies

7\ |p
/ /yDu o D Pdtde’ < C / / (& Eny” T 4 a1 112, (11.30)

RN-1 RN-1RN-1

For 1 < j < N—1, we have |0;u| < |0;v|. On the other hand, [Oyu| < Clv|xgy-1x(—1/2,1/2) +|On0].
Since [[|v|xgy-1x(—1/2,1/2)lr < ||ul s, it suffices to prove the estimate

/ / \Du(a’,t)|Pdt da’ < C / / / (””'ﬁ/;v:f(m')‘pdy'dx'. (11.31)

RN-1 0O RN-1RN-1

Let 1<j<N-—-1 Since/ajpzo, we have

Do, t) = 1N / FW) @) (' — o) /dy =t / F) — F@)@p) (@ — ) /1)y, (11.32)
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so that o
o0l < i [ 1 o) = Fald (11.33)

B(0,)
d
We next claim that / a[pt(:v’)]d:c’ = 0. This follows from the fact that / p: = 1. Thus

ovela’s )] = | [ () = S@N 5o’ — v < / P+ o) — Fldy, (1134)
0,t)

since

< Ct™V. We find that |Duv(z’,1)| / |f(z' +y') — f(2')|dy’, and therefore it

B(0,t)

d
dpt

suffices to establish the estimate
p / N N\ |p
/ /( / /@ +y) (a:’)|dy’> +NPdt do! < C / / |f (= TT/NLPJ(M oy
RN-1 0 B(0,t) RN-1RN-1 4
(11.35)

This is done as in the proof of lemma 26: Hélder’s inequality applied to the integral over B(0,t)
implies that

I<cC / / / |f(2 +) — f()Pdy t NP dt da’. (11.36)
RN-1 0 B(0,t)
Fubini’s theorem yields

o0

/ N " |p
Jgo/ //t‘N_p“dtdx’dy’:C/ / |f(z UNL{(%’)! i d (11.37)

RN-1RN-1 ‘yll RN-1RN-1

]

Corollary 17. Let f € W'=V/PP(RN) and set , fort # 0, u(2/,t) = f*py(2')o(t). Thenu € WP
and tr u = f.

11.3 Trace of Wh!

We start with some auxiliary results needed in the proof of the fact that the trace of Wbt = L.

Lemma 30. Let u € WYY NWY4. Then the two traces of u (one in WP, the other one in Wh9),
coincide.
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Proof. If p is a standard mollifier, then u. = p(e-)u * p. converges (as ¢ — 0) to u both in W1?
and in Wh4. Since, for u. € C§°, both traces coincide, we obtain the result by passing to the
limits. O

The same argument leads to the following result.
Lemma 31. Let u € W, For A # 0 and 2’ € RN, we have tr u(\ - —2') = (tr u)(\ - —2).

Lemma 32. Let f be the characteristic function of a cube in RN=1. Then f € W'=1/P» for
1<p<?2.

Proof. We may assume that C' = (—[,1)". If we consider in R¥~! the || - ||oc norm, then
dz’ dy
||f||W1 1/pp / / ‘33 |N+p 2" (1138)
|l |<lly'[>1

If |2#/| <l and |y| > [, then v € RN"'\ B(2/,1 — |2']), and therefore

/|x |N+p2§ / ’Z,|N+p2 c/ ol — |2/ (11.39)

ly’'|>1 |2 |>1— || I—|z’|

Since p < 2, we find that

dz’
/1\1—
||f||€y1—l/p7p < C / (l - ‘l‘ |) p < C / W < 0. (1140)
|z | < {lzj|<zi1<l, j=1,...,N—2}
]
1

Lemma 33. Let C be a cube of size l in RN™! and set a = m){o. Then there is a map v € WhHi
s. t. tr u=a and

|lullpr < el and || Dullp: < e (11.41)

Proof. We start with the case where C' is the unit cube (or any other cube of size 1). We fix a
p € (1,2). Since a € W'=V/PP we have a = tr uy for some u € W'P. In addition, Corollary 17
implies that we may assume uy compactly supported. Thus v € W' and tr ug = a (computed in
Wh1). Let now C be an arbitrary cube, which we may assume with sides parallel to the unit cube
Q. Let C = 2"+ (0,)N=1. Set u = I=W=Vyy(I71(- —2')). Then u € W and tr u = a. Inequality
(11.41) follows from the identities ||u||z1 = I||ug||z: and ||Du||pr = || Dug||z:- O

Theorem 26. (Gagliardo) Let f € L*(RN™Y). Then there is some uw € WH(RN) s. t. tru= f
and ||ul|lwra < C fllpr-
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Remark 13. This time, the map f — u we construct is not linear.

Proof. The main ingredient is the following: if f € L!, then we may write, in L, f = Z An G,

where:
1

(i) each a,, is of the form a, = WXC,L;

(ii) each C,, is of size at most 1;

(i) 3 Pl < ClLfl.
Assuming that this can be achieved, here is the end of the proof: the preceding lemma implies
that each a,, is the trace of some u,, € W't s. t. ||u,|[yr1 < C. The linearity of the trace and

property (iii) imply that the map u = Z Aatt, € WHE satisfies tr u = f and |Jully11 < O ]|z
It remains to perform the decomposition f = Z Anay,. For each j € N, let F; be the grid of cubes

of size 277, with sides parallel to the coordinate axes and having the origin among the edges. We
define the linear map 7} : L' — LY T;f(z) = fo if 2 € C € F;. Clearly, T} is of norm 1. We
claim that, for each f € L', we have T;f — f in L' as j — oo. This is clear when f € C§°;
the case of a general f follows by approximation using the fact that ||7}|| = 1. We may thus find

an increasing sequence of indices, (jx), s. t. || fillo + Z | finer — Fieller < C| fller. We claim

1
that f;,., — [, = Z Meak  where each a” is of the form —-x¢ for some cube of size at most 1

Cl
and Z NS = || firrr — ficllzr. Indeed, fj,,, — fj, is constant on each cube C' € F;

Ik

1 )
fijrl_fjk = Z (fjk+1_fjk)\cxc> so that fjk+1_fjk = Z )\CEXC, with Ac = (fjk+1_fjk)|c‘c|'

CE]'—]'k Ce}—jk
We find that

oo = fll = 30 / B = Fal = S 1CU G — Fadel = 3 el (11.42)

Cefjk C Cefjk Cefjk

and thus

1
Similarly, we may write f;, = Z Ma?, where each a? is of the form —-x¢ for some cube of size

]
at most 1 and Z N2 =1 Fjoll -
Finally, we write f = Z Z Mak and this decomposition has the properties (i)-(iii). O
k n

n-n’



