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General principle of crystal growth : 
nucleation and growth (2) 
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CaWO4 : longevity record for a scintillating crystal 



Equilibrium solubility limit : Nd3+-doped CaWO4 

Structure elements to building units transformation 

Modern Schottky notation for the building units transformation 

No mutual solubility 

Schottky’s « Gittermolekül » to fix the reference state 



In equilibrium : 

Gd=Hd-TSd=0 Or 

Hd = 2Ud,NdCa + Ud,Ca’’ + 2Est, NdCa + Est,Ca’’ 

 
Sd = 2Sxc,NdCa - 2Rln([NdCa]/[CaWO4]) + Sxc,Ca’’ - Rln([Ca’’]/[CaWO4]) 

Electroneutrality condition : [NdCa]=2[Ca’’] 

Equilibrium solubility limit : Nd3+-doped CaWO4 (2) 

Solid state solubility limit of Nd3+ in CaWO4 crystal  
« subsolidus » equation 



Ud = UB + UL,Nd2O3
 + UL,WO3

 - 3UL,CaWO4
 

 
Est, NdCa =8GrCa[rNd-rCa+(zNd-zCa)]2 

Est,Ca’’ =8GrCa[rCa’’-rCa+(zCa’’-zCa)]2 with ~0.15 Å 
 
Sxc = Sph + Smag + Sel + S0,f

Nd2O3
 + S0,f

WO3
 – 3S0,f

CaWO4
, with Sel0 

Equilibrium solubility limit : Nd3+-doped CaWO4 (3) 



Equilibrium solubility limit : Nd3+-doped CaWO4 (4) 

At concentrations such that the Boltzmann approximation is no 
longer valid, it is necessary to generalize Henry’s law at the first 
order, by Taylor-expanding the dissolution enthalpy and  excess 
entropy in composition 

Hd  H0
d(1-IH xs

NdCa) 
                 

Sxc  S0
xc(1-IS xs

NdCa) 

IH and IS are enthalpic and entropic interaction 
phenomenological coefficients which quantify the change in 
depth and curvature of the local potential well upon substitution  

Solid state solubility limit of Nd3+ in CaWO4 crystal  
« subsolidus » equation at higher concentrations 
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 the two association equilibria are likely to deplete the solid solution in 
point defects and lead to an increased dissolution of the Nd sesquioxide 

 the second equilibrium is much like an acid-base neutralization : the 
strong "Schottky acid" dissolves the hardly soluble base 

  OCaCaOCa OVNdONdVV 3233 32

  OOCaOCa OVaNONaVV 222 2





 
OCaVV CaCa aNNd 2

G1
0 < G2

0 

 An old question : CaWO4:Ho3+,Na+, ZnS:Pr3+,Cu+ or Ag+, LiCAF:Ce3+,Na+, etc. 
 
 In CaWO4:Ho3+ + excess Na+, k0=0.25  k0=0.83 (K. Nassau et al., J. Appl. 

Phys., 33 (10) (1962) 3064-3073) 

Substitution reactions at equilibrium 

Co-doping and association to increase the solubility limit 

  OWOW OWWOVV 155555 3



4WO3+Nd2O3+Na2O2NdCa+2NaCa’-4W6’-16O-4Ca’’ 

In equilibria : 

Gd + Ga = Hd - TSd + Ha - TSa =0 Or 

2NdCa+2NaCa’2(NdCaNaCa’) 

2NdCa + 2NaCa’ = 2NdCaNaCa’ 

Co-doping and association to increase the solubility limit (2) 

No mutual solubility and Schottky’s « Gittermolekül » 

Point defects association equilibrium 

Associated complex solid state solubility limit 

NdCaNaCa’ = ½ (0
Nd2O3

 + 0
Na2O) + 2 (0

WO3
 - 0

CaWO4
) 
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KPb2Cl5 



Point defects association kinetics in Er3+-doped KPb2Cl5 
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 rmin18.5 Å and rmax22.1 Årms23 Å 
 [ErPb

]i=C 
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Point defects association kinetics in Er3+-doped KPb2Cl5 (2) 
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Point defects association kinetics in Er3+-doped KPb2Cl5 (3) 

(Pseudo) second order kinetics 

Electroneutrality condition in the extrinsic doping regime 

  
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dt
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T. R. Waite, Phys. Rev., 107 (2) (1957) 463-470 



 even in cases where diffusion would be reduced, the isolated ions concentration 
relaxation time is much lower than the intrinsic cooling time of the crystal and the 
solidification interface moving time 
 
 as axial and radial segregations affect the rms, there exists an « elaboration- 
structure » relationship which might explains discrepancies between results 
obtained by different authors for a given concentration of dopant in the crystal 

r(Tf)0.8 s 

cool(Tf)26.4 s 

c~104-105 s 

Point defects association kinetics in Er3+-doped KPb2Cl5 (4) 



Is it a good idea to increase the initial ErCl3 amount to increase the 
dissolution of Er3+ cations in the KPb2Cl5 crystal ? 

      ClKPb ClVErClEr 33 Er transfer from the liquid 
phase to the solid phase 

 [Cl(l)]cte, [ClCl
]cte, [Er(l)]=C 
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 Increasing the Er concentration in 
the liquid phase is all the less efficient 
that this amount is already large, both 
from the viewpoint of transfer equili- 
brium and that of morphological stability 
conditions 
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Equilibrium partition coefficient of Er3+ in a Y2SiO5 crystal grown from the melt 

N. A. Toropov, F. Ya. Galakhov, and S. F. Konovalova, Izv. Akad. Nauk SSSR, Ser. Khim., No. 5, 738-743 (1962); Bull. 
Acad. Sci. USSR, Div. Chem. Sci. (Engl. Transl.), No. 5, 689-693 (1962). 

TOTAL SOLID SOLUTION Y2-xErxSiO5 UP TO ~1840°C 
No « subsolidus » 

liquidus 



Equilibrium partition coefficient of Er3+ in a Y2SiO5 crystal grown from the melt (2) 

If Er2O3 and SiO2 react together faster than they dissolve into Y2SiO5 

No mutual solubility 

Equilibria involving the liquid phase 

Liquidus equation 

Structure elements to building units transformation and Schottky’s « lattice molecule » 



Since k0 = xs
ErY / xl

ErY 

Equilibrium partition coefficient of Er3+ in a Y2SiO5 crystal grown from the melt (3) 

 + S0,f
Er2SiO5

 – S0,f
Y2SiO5

, with Sel0 



Energy level diagram of a solid solution : the cases of KCl:Na+ and NaCl:K+ 

M. Ikeya et al., Jap. J. Appl. Phys., 7 (8) (1968) 837-845 

ES  Ud, Et  UB, EL  UL, Ff  Gm 



Outline 

 Equilibrium solubility limit : 
 

- Nd3+-doped CaWO4 

- Co-doping and association to increase the solubility limit 
- Point defects association kinetics in Er3+-doped KPb2Cl5 

 
 
 Equilibrium partition coefficient of Er3+ in a Y2SiO5 crystal grown from 
the melt 
 
 
 Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a 
Li6Gd(BO3)3 flux 
 
 
 Dopant concentration profiles in crystals grown from the melt 
 
 
 Morphological instability of the solidification interface during a crystal 
growth experiment 



Rare Earth SesquiOxides siNgle crystAl growTh by the flux mEthod 

Section=2.654.35 mm2 

Thickness=1.2 mm 

Section=2.654.35 mm2 

Thickness=1.2 mm 

Veber et al., Crystengcomm, 13 (16) (2011) 5220-5225 

Y1.88Yb0.12O3 

Lu1.91Yb0.09O3 

Gd1.73Yb0.27O3 



Yb3+ solubility in solid state Gd2O3 a priori much smaller than in Lu2O3 (at RT) 

RE2O3 0,s 

(kJ/mol) 
-UL 

(kJ/mol) 
-Est 

(kJ/mol) 
S0,f 

(2R) 

Gd2O3 +18 -413 -4.36 -1.05 

Lu2O3 +57 -80.5 -0.07 +1.39 

Y2O3 +81 -592 -1.16 +2.05 

Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a Li6Gd(BO3)3 flux 



Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a Li6Gd(BO3)3 flux (2) 



Dissolution equilibrium of Yb2O3 and Gd2O3 into liquid Li6Gd(BO3)3 : 

Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a Li6Gd(BO3)3 flux (3) 

Site conservation rule and Schottky’s « lattice molecule » 



As dissolution occurs in a molten flux, the standard state is no longer Raoult’s but Henry’s one : 

Pure Yb2O3 in equilibrium with 
the saturated LGB solution 

In equilibria : 

Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a Li6Gd(BO3)3 flux (4) 

F. Rosenberger and H. G. Riveros 
J. Chem. Phys., 60 (2) (1974) 668-673 



Yb3+ partition coefficient at the Gd2O3 crystallization interface in the flux 

similia similibus solvuntur… 

Since k0  xs
YbGd / xl

YbGd  xl
GdGd      (xs

GdGd=1, see eq. (A)) 

Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a Li6Gd(BO3)3 flux (5) 

F. Rosenberger and H. G. Riveros 
J. Chem. Phys., 60 (2) (1974) 668-673 
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Dopant concentration profiles in normal freezing grown crystals 
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k0<1 : direct impurity, m<0 
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Nernst partition law 

L. O. Wilson, J. Cryst. Growth, 
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 In a diffusive regime, axial and radial segregations cannot be 
decreased simultaneously by tuning only the growth rate 

Dopant concentration profiles in normal freezing grown crystals (2) 

 equal liquid and solid densities 
 diluted solutions 
 semi- liquid HLD/vc 



Convective regime 
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 In a convective regime, hydrodynamic flows 
decrease axial and radial segregations over a 

distance ~0.7H 

Wilson (1978) 
Favier (1981) 

Dopant concentration profiles in normal freezing grown crystals (3) 
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Experimentally, CS(z)/C can be measured at 3 different growth rates and 
fitted to the modified Scheil/Gulliver law to obtain keff, and then determine 

k0,  and DL 

Wilson (1978) 
Favier (1981) 

Dopant concentration profiles in normal freezing grown crystals (4) 



Dopant concentration profiles in normal freezing grown crystals (5) 

The previous profiles assume that diffusion processes in the 
liquid and in the solid phase are limiting : they are thus 
kinetically controlled. 

When the diffusion coefficients are high, for instance DSrvc 
and DLvc, the equilibrium is reached fastly enough so that the 
axial concentration profile is given by the equilibrium phase 
diagram and the chemical lever rule : 
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with a=1 when Henry’s approximation is valid. Experimentally, C(z/H)/C is 
measured at z0, when a seed is used, or C(z/H) is fitted to this law for z/H 
values lower than 0.4, to obtain both C and k0, when nucleation occurs and 

traps part of the solute. H is the total length of the crystal. 
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Dopant concentration profiles in zone leveling grown crystals 

The molten zone obtained at the focus of the optical image furnace 
The feed rod diameter is 6.5 mm 
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Dopant concentration profiles in zone leveling grown crystals (2) 

Diffusive regime 
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Dopant concentration profiles in zone leveling grown crystals (3) 

Convecto-diffusive regime 
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Dopant concentration profiles in zone leveling grown crystals (4) 

Convective regime 
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The previous profiles assume that diffusion processes in the 
liquid and in the solid phase are limiting : they are thus 
kinetically controlled. 

When the diffusion coefficients are high, for instance DSrvc 
and DLHZvc, the equilibrium is reached fastly enough so that 
the axial concentration profile is given by the composition of the 
feed rod : 
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Dopant concentration profiles in zone leveling grown crystals (5) 



Composition gradient obtained in a single 
crystalline Y2O3 doped with Ho3+ fiber 

L~15 cm(50m1mm) 

M. T. Cohen-Adad et al., J. Phase Eq., 2001 

Dopant concentration profiles in zone leveling grown crystals (6) 



Dopant concentration profiles in crystals grown from the melt : a tentative summary 

No solute feeding and semi-infinite liquid : Czochralski, Bridgman, Kyropoulos, etc. 

Solute transport regime in the 
liquid  

 
Solute diffusion in the liquid 

and in the solid phases  

Diffusive 
 

=vc/DL=1 

Convecto-diffusive 
 

0=vc/DL1 

Convective 
 

=vc/DL=0 

 
Fast 

Transient : very short Transient : very short Transient : very short 

Stationary : lever rule Stationary : lever rule Stationary : lever rule 

 
Slow 

DSrvc 

DLvc 

Transient : Tiller « 1 » (1953), 
Pohl (1954), Favier (1981) (5)-

ref. 2 

Transient : BPS (1953), 
k0C0CskeffC0 

Transient : very short 

Stationary : Tiller « 1 » (1953), 
Pohl (1954), Smith (1955), 

Favier (1981) (5)-ref. 2 

Stationary : modified Gulliver-
Scheil 

Stationary : Gulliver (1922)-
Scheil (1942) 

Solute feeding and finite liquid : Verneuil, Floating zone, etc. 

Solute transport regime in the 
liquid  

 
Solute diffusion in the liquid 

and in the solid phases  

Diffusive 
 

=min(,HZ)vc/DL>5 

Convecto-diffusive 
 

1=min(,HZ)vc/DL5 

Convective 
 

=min(,HZ)vc/DL1 

 
Fast 

Transient : very short Transient : very short Transient : very short 

Stationary : C0 Stationary : C0 Stationary : C0 

 
Slow 

DSrvc 

DLHZvc 

Concave transient : Tiller « 2 » 
(1953), Favier (1981) (5)-ref. 2 

S-shaped transient : BPS 
(1953), k0C0CskeffC0 

Convex transient 

Stationary : Tiller « 2 » (1953), 
Favier (1981) (17)-ref. 1 

Stationary : modified Pfann Stationary : Pfann (1953) 



Comparison between three widely spread concentration profiles 



Outline 

 Equilibrium solubility limit : 
 

- Nd3+-doped CaWO4 

- Co-doping and association to increase the solubility limit 
- Point defects association kinetics in Er3+-doped KPb2Cl5 

 
 
 Equilibrium partition coefficient of Er3+ in a Y2SiO5 crystal grown from 
the melt 
 
 
 Equilibrium partition coefficient of Yb3+ in a Gd2O3 crystal grown from a 
Li6Gd(BO3)3 flux 
 
 
 Dopant concentration profiles in crystals grown from the melt 
 
 
 Morphological instability of the solidification interface during a crystal 
growth experiment 
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Morphological instability by constitutional supercooling 

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428 
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444 
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Morphological instability by constitutional supercooling (2) 
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a supercooled liquid zone is created 
above the interface over a pulling ti- 
me duration corresponding to a dis- 
tance (said "incubation distance") on 
the order of 
 
 
 
 
 
at which the instability occurs 
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Morphological instability by constitutional supercooling (3) 
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time evolution of an arbitrarily small 
perturbation of the interface 
 
 
solutions of the following form are looked for 
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Morphological instability by constitutional supercooling (4) 

Energy conservation at the liquid-solid interface 

Solute conservation at the liquid-solid interface 

Continuity and thermosolutal coupling at the liquid-solid interface 



z 

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428 
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444 

x 0 

L 

S 

     

t

eata 0

In the vicinity of the instability threshold, 
the perturbation amplitude is 
 
 
 
if ()<0, the perturbation decays 
if ()>0, the perturbation is amplified 
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example : for pure KCl or KPb2Cl5 crystals 
(max)0.15 s <<c,cool 

Morphological instability by constitutional supercooling (5) 
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 capillarity always have a stabilizing effect 
 
 in the absence of solute, it is necessary that <G> <0, which means 
dTL/dz<0 for the instability to occur for all Fourier components with r >  > 
2TfSL/(-<G>L) 
 

for pure  KCl or KPb2Cl5, min~1 m 
 
 the presence of solute always have a destabilizing effect because in this 
case the instability can occur for <G> >0 

Mullins-Sekerka criterion 
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Morphological instability by constitutional supercooling (6) 



Experimentally, one should choose a low pulling rate and a dTL/dz as high as 
possible compatible with the thermomecanical properties of the cristal 

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428 
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444 

 capillarity always have a stabilizing effect 
 
 in the absence of solute, it is necessary that <G> <0, which means 
dTL/dz<0 for the instability to occur for all Fourier components with r >  > 
2TfSL/(-<G>L) 
 
 the presence of solute always have a destabilizing effect because in this 
case the instability can occur for <G> >0 

Mullins-Sekerka criterion 
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Morphological instability by constitutional supercooling (7) 
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