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General principles of crystal growth :
nucleation and growth
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General principle of crystal growth :
nucleation and growth (2)
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e Equilibrium solubility limit :
- Na3+-doped CaWO,

- Co-doping and association to increase the solubility limit
- Point defects association kinetics in Er’*-doped KPb,Cls

e Equilibrium partition coefficient of Er3* in a Y,SiO¢ crystal grown from
the melt

e Equilibrium partition coefficient of Yb3* in a Gd,05 crystal grown from a
LisGd(BO5); flux

e Dopant concentration profiles in crystals grown from the melt

e Morphological instability of the solidification interface during a crystal
growth experiment
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CaWQ, : longevity record for a scintillating crystal

CrystEngComm

Growth of high-purity scintillating CaWO, single
crystals for the low-temperature direct dark matter
por | Eenm B search experiments CRESST-1l and EURECA

Andreas Erb*** and Jean-Come Lanfranchi®

Fig. 4 Cut and polished pieces of the CaWO, crystal; from left to right: tail,
residual cylinder, detector crystal, shoulder and neck

Philibert

Jakob Il
Bernhard Il

Fig. 2 CaWO, crystal of 886 g with seed holder and seed after growth. The
slightly grey colour of the crystal is due to an oxygen deficiency originating from

Fig. 5 Three CaWOQ, crystals from subsequent growth experiments weighing

RAMpRRe TR ETE: Hitwsptw LR ey D the low oxygen partial pressure in the growth atmosphere. The grey colour can
procedure. The crystals at the left and the right are as-grown, while the clear

crystal in the middle has already undergone an oxygenation treatment at 1450 be re rnoved by a su bseq uent annea II ng prO(_'Cd ure in p ure Oxyg en at ClC\/ath
C in pure oxygen atmosphere followed by slow cooling. Note, the near square

cross section of the crystals in their cylindrical part, as a result of the growth tem p(_irdtu res.

anisotropy




Equilibrium solubility limit : Nd3*-doped CawO,

3v7"4+3y6+121,°®*+3W0,+Nd-07, &= 2704 +1"+3 +12
Ve T3y, 12y, 3tNdR03 == Zyag, Ty F3ux 1205

144 - I - o0 - 144
3WO3+Ndz03 == 2Ny, — cap )t (e — Caxy) 3w — W 2 — 0503 — Caxy)

3WO3+Nd203m2Nd|Ca|‘+|Ca|"-3|W|6’-12|O|"-3|Ca|"

3uwo, FHNd, 0,30 w0, FH N, 0,=2HNdical* T Hica” = 3Hywie — 121000 =3 Hicyp

3CaWO0,<>-3|Cal’-3|W|6-12|0]**

3MOCaW04= =3 Wcap — SHwie' — 121 gpee



Equilibrium solubility limit : Nd3+-doped CawWO, (2)

In equilibrium:  2pygcqe + Wieo” = “oNd203 + “0W03 - 3l~l06awo4

AHy=2AU g naicap T AUq oy + 2AEg Nacare T AEgy caf”

ASy= 2AS, ngicar - 2RIN([Nd|Ca|*] /[CaWO,]) + AS - RIn([|Cal]/[CaWO0,])

”n
xc,|Ca|

Xicar = 21/3 o (2ASyNdical® TASxc ca”)/3R o[- 2(AUg Ngjcal® + AEsiNdica®) —(AUq cap + AEgt cap]/3RT



Equilibrium solubility limit : Nd3*-doped CawWwO, (3)

xidlc I. = 21/38 (ZAch,Nd|Ca|0 +ASXC,|C8|" )/3Re['2 (AUd,Nd|Ca|' + AESt,NdlCa|')_(AUd,|Ca|" + AESL|C8|”)]/3RT

AUy = AUg + UL,Nd203 + UL,W03 - 3UL,CaWO4

AEg; njcae =8mGrCa[ryg-re,+0o(zyg2ca)]? _ A
AEg jcap =8MGI ¢, [1)co Teat0(Zca-Zca) ]* With a~0.15 A



Equilibrium solubility limit : Nd3*-doped CaWO, (4)

AH g~ AH® x(1-Ty; Xoygicqp)

I
ASXC ~ ASOXCX(]‘_IS XSNd|Ca|°)

S
anNdICal’

(1 - le!i’dICal’)
In2 | 28Synaicar + ASxeicar’ _[2(AUanaicar* + AEstaicarr) + (AUajcar + AEstjcar)]

3 3R 3RT
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Co-doping and association to increase the solubility limit
e An old question : CaWO,:Ho3*+,Na*+, ZnS:Pr3+,Cu* or Ag*, LICAF:Ce3*+,Na*, etc.

e In CaW0,:Ho3* + excess Nat, k,=0.25 = k,=0.83 (K. Nassau et al., J. Appl.
Phys., 33 (10) (1962) 3064-3073)

BV + 5V, +5WO, < BW,; +1508
B SVo - N0, @

e

AG,°% < AG,0

e the two association equilibria are likely to deplete the solid solution in
point defects and lead to an increased dissolution of the Nd sesquioxide

e the second equilibrium is much like an acid-base neutralization : the
strong "Schottky acid" dissolves the hardly soluble base



Co-doping and association to increase the solubility limit (2)

4WO0,;+Nd,0;+Na,0<2Nd|Cal*+2Na|Ca|-4|W|®-16|0|**-4|Cal’

4o, + Mnd,0, T MNaZOz4MOWO3 + l-LONd203 + HONaZO = 2Undicar T 2HNajcal — dHwi6 — 161ope — 4pcy”

4|,LOCQWO4 = —4M|Ca|” - 4M|W|6' - 16M|0|"

2Nd|Cal*+2Na|Ca|<2(Nd|Cal*Na|Cal)
2UNdicae T 2HNaca = 2HNd(Cal*NalCal
In equ111bl‘la . HNd|Ca\'Na|Ca\' — 1/2 (“ONdZOg + “ONazo) + 2 (MOWO3 B MOCaWO4)

Or AGy+ AG, = AH, - TAS, + AH, - TAS, =0

S
Nd|ca|®Na|cal’

= e [Z(ASxC,NdICaI. +Ach,NaICaI’)’LAS’CC'Q]/R e [_Z(Aud,NdICaI. +AUd.NaICaI’)_AUa_Z(AEst,Ndwal' +AEst,NaICaI’)_AESW]/RT

X
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Point defects association kinetics in Er3*-doped KPb,Cls




Point defects association kinetics in Er3*-doped KPb,Cls (2)

T. R. Waite, J. Chem.
Phys., 28 (1) (1958)
103-106

2.10"° ions.cm™
1,955.10" ions.cm™

associated defects

, _19 c ; = )
isolated defects ° Irin=18.5 A and r,,

randomly distributed o [Erpy’]i=C.

d 1ox10® 2.0x10°  3.0x10° 4.0x10°  5.0x10°  6.0x10°

min

r(m)

A 4



Point defects association kinetics in Er3t-doped KPb,Cls (3)




Point defects association kinetics in Er3t-doped KPb,Cl; (4)

pseudo-second order
s=1, D=10" cm®.s”, r =14.1 &
first order
TEr3*=75'2 ms
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000 0,05 0,10 0,15 0,20 0,25 0,30 0,35 040 0,45 0,50
t (s)

e even in cases where diffusion would be reduced, the isolated ions concentration
relaxation time is much lower than the intrinsic cooling time of the crystal and the
solidification interface moving time

e as axial and radial segregations affect the r,, there exists an « elaboration-
structure » relationship which might explains discrepancies between results
obtained by different authors for a given concentration of dopant in the crystal



Is it @ good idea to increase the initial ErCl; amount to increase the
dissolution of Er3* cations in the KPb,Cls crystal ?

Er(¢)+3CI(¢) < Ers, +V. +3Cl

» [CI(1)]xcte, [Cly*]xcte, [Er(1)]=C, i - [Ere Vi _ k Vi

_Er(g]
=

,
o [Er()]"”

e Increasing the Er concentration in S [Er(D]>>K' /K
the liquid phase is all the less efficient yd

that this amount is already large, both o [Er(D]

from the viewpoint of transfer equili- / [Er(l)]<<K' /K

brium and that of morphological stability

conditions [Er(l)]
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Equilibrium partition coefficient of Er3* in a Y,SiO: crystal grown from the melt

liquidus

Solid Solution

TOTAL SOLID SOLUTION Y, Er,SiO: UP TO ~1840°C
No « subsolidus »




Equilibrium partition coefficient of Er3* in a Y,SiO: crystal grown from the melt (2)
Er,Si0: (s) < 2Ery(s) + Sig&(s) + 5045 (s)

Er,Si0: (s) < 2Er|Y|(s) — 2|Y|(s) — |Si|(s) — 5/0](s)
Y,Si0: (s) & —2|Y|(s) — |Sil(s) —5|0]|(s)

M ErlY| — = (M EroSiOs “ YZSLOS) + AG d,ErpSiOs

Er,SiO: (s) <Er,Si0O: (1)
Y,Si0; (s) <Y,Si0 (1)
Er,SiO: (1) < 2Er|Y|(D) — 2|Y|(1) — |Si|(1) — 5]0|(1)
V,S5i0s (1) < —2YI() — Isil(1) —5l01Q)

u! ErlY| — Yo (uos ErpSiOs - uos vosios T AG d,Erysios T AG,, Er2Si0s5 - AGy, Y25105)

Equilibrium condition between the solid solution and the liquid phase for every ~1840°C<T<T,, ;s : D Wy = Wogry,



Equilibrium partition coefficient of Er3* in a Y,SiO: crystal grown from the melt (3)

S _ 1
AG d,ErpSiOg — AG d,ErSiOs + AGm,ErzSiOs B AGm,YzSiOs
S

S S _ 1 ]
AH d,ErpSiOs ~ JVAN d,ErpSiOs — AH d,ErpSiOs ~ JVAN d,ErpSiOs + AGm,ErzSiO5 B AGm,YzSiOS

- — S 1
Since k, = x Ex|Y| / X Ex|Y|

k,=

S _Aacl — —
e(Ach,Er’Y’ Ach,E‘r’Y’)/R (AGmESO AGmYSO-'-AHdE ’Y’ AUdEr’Y’ AEstEr’Y’) RT
AHld,Er|Y|zAUld,E'r|Y|

AUg= AUp + UL,ErZSiO5 } UL,Y25105
AESg gy = = 8nGry(rg,-Ty)*

ASXC = ASph-I_ ASmag-l_ ASel + SO'fEI‘ZSiOS B SO,fYZSiOS' with ASele



Energy level diagram of a solid solution : the cases of KCl:Na* and NaCl:K+

7\

[Fig. 7. The energy level diagram illustrating the energy required to introduce the impurity into

the crystal from the melt.

(a) Na impurity in KCl host material (b) K impurity in NaC! host material

The energy is expressed in eV from the vacuum level in the separated state of ions. H.C.,
Ll B8 M.I. stand for the level of the host crystal, the impurity crystal, the solid solu

tion, and the molten impurity crystal, respectively.

M. Ikeya et al., Jap. J. Appl. Phys., 7 (8) (1968) 837-845
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are Carth “esqui xides si gle cryst | grow h by the flux m-thod

.4 \\\ Section=2.65x4.35 mm?2
_ Thickness=1.2 mm

-I”,'|'l|l|l i|l|||||l|l|||||i|ll||l|i |||';||W; |
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Veber et al., Crystengcomm, 13 (16) (2011) 5220-5225



Equilibrium partition coefficient of Yb3* in a Gd,O5 crystal grown from a Li;Gd(BO5)5 flux

x;bIREl ~ eAssjyblRE|/2Re[—AUB‘Yb|RE|—AUL—SRGrRE(rYb_TRE)Z]/ZRT

Yb3* solubility in solid state Gd,O5 a priori much smaller than in Lu,05 (at RT)




Equilibrium partition coefficient of Yb3* in a Gd,O5 crystal grown from a Li;Gd(BO;); flux (2)

1 3
5 Yb,05 = YblGd| — 10" — |Gd|"

1 3
5Gdy05 < — =[0les — |G|

1
Wpical = 5 (B0, — RS+ AGaypiga)) (A)



Equilibrium partition coefficient of Yb3* in a Gd,O5 crystal grown from a Li;Gd(BO;); flux (3)

1 3
> Yb,05 (s) < Yb|Gd|(ILGB) ~ -

1 3
5 Gdy05 (s) < Gd|Gd|(ILGB) — S|0" — |Gd|""

or — (Gd|"”

3 7 9 oo
EBZO?,@ — 3‘8‘ — E‘O‘

3Li,0 < — 6|Li]' — 3|0
LigGd(BO3); () < — 6|Lil' — |Gd|"" — 3|B|"" — 9|0]*

1 1 3
ILGB ILGB
Hyp|cd| = 2 AGd,YblGdl + 2 Hypy05 T 2 Hp,04 T 3 Hrioo = MLigGd(Bo3)3
1 3
ILGB ILGB
HGd|Gd| = 5 AGd,Gd|Gd| + 5 MGdzOg + 5 H8203 + 3 Hiio — HLi@Gd(BOg)g



Equilibrium partition coefficient of Yb3* in a Gd,O5 crystal grown from a Li;Gd(BO;); flux (4)

M0,5 =H*,l + RT ln Lsat,Lsat

Yb203 Yb203 Yb203 Yb203

ILGB . 1 ILGB 1 oy 3« w1

Mybical = 5 AGybica) T 3 ooy T 2 Moo, T 3 Mo ~ Miiged(oz)s (B)

ILGB _ 1 ILGB 1 w1 3l w1

MGd|Gd| ~ AGGd|Gd| + 2 T 6d,04 2 “3203 Hu.zo HLigcd(B03)3 (@)
il S ILGB ILGB

In equilibria:  Hypigq| + Healcal = Myblcd
e

ILGB ILGB



Equilibrium partition coefficient of Yb3* in a Gd,O5 crystal grown from a Li;Gd(BO;); flux (5)

' ~ S 1 1 S —
Since Ko ~ X*ypcq) / Xybjca X Xeaea  (Xcaca=1, see eq. (A))

s LGB_ LGB LGB LGB 2
yé'gféSSat xéggggt |88y yp+8Sy6a—BSyyh] [AHgYb203~AHd Gaz03~AV1at=8TGTGa(ryp—TGa)?]
ko = e R e RT

~ _LGB,sat xLGB,sat

Yvb203 *vp203

similia similibus solvuntur...
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Dopant concentration profiles in normal freezing grown crystals

Van Laar (1936)

ko<1 : direct impurity, m<0

ko>1 : undirect impurity, m>0

kO L. O. Wilson, J. Cryst. Growth,
(RN 44 (1978) 247-250/371-376

J. J. Favier, Acta Metal.,
29 (1981) 197-204/205-214

2z 5

A

e equal liquid and solid densities
e diluted solutions

--------
. LN

* o
g o
LTI




Dopant concentration profiles in normal freezing grown crystals (2)

Wilson (1978)
Favier (1981)

e equal liquid and solid densities
e diluted solutions
e semi-x liquid H >>D/v,

A

z N |

e In a diffusive regime, axial and radial segregations cannot be
decreased simultaneously by tuning only the growth rate



Dopant concentration profiles in normal freezing grown crystals (3)

k., = L \yiison (1978)

PPN\ Favier (1981)

e equal liquid and solid densities
e diluted solutions

e semi-x liquid H>>D,/v,

¢ "immediate" mixing in the liquid

Gulliver (1922)
Scheill (1942)

1 k= ddech
AC(r)=1.1C, (0)i— Kk, Ya(oT )oD? Jovers LTSN

SOLUTE CONCENTRATION, C

Lk 1
Jiks

g

e In a convective regime, hydrodynamic flows
decrease axial and radial segregations over a
distance ~0.7H

i

0.4 0.5 0.6 0.7 0.8 0.9
FRACTION SOLIDIFIED, g

o)
o



Dopant concentration profiles in normal freezing grown crystals (4)

BRI \ilson (1978)

k. —
PR\ Favier (1981)

A= e

e equal liquid and solid densities
e diluted solutions

O(A(L e semi-=» liquid H>>D, /v,
Burton, Pri g ‘ |
urton, Prim @ 20 2090 ~ 108
et Slichter (1953) Ko lKer ko+(1_ko)exp(_ABPS)<1’55PS 100 L

Modified

f:ﬁI::.'.'.':«é i S } H
Gulliver (1922)/Scheil (1942) T [

Experimentally, Cs(z)/C, can be measured at 3 different growth rates and
fitted to the modified Scheil/Gulliver law to obtain k.4, and then determine
Ko, 8 @and D,



Dopant concentration profiles in normal freezing grown crystals (5)

with a=1 when Henry's approximation is valid. Experimentally, C(z/H)/C_, is

measured at z—0, when a seed is used, or C(z/H) is fitted to this law for z/H

values lower than 0.4, to obtain both C_ and k,, when nucleation occurs and
traps part of the solute. H is the total length of the crystal.



Dopant concentration profiles in zone leveling grown crystals

Wilson (1978)
Favier (1981)

e equal liquid and solid densities
e diluted solutions

Feed rod 2™

Molten floating

Z0Nne

Solidified ]
bulk | 2

The molten zone obtained at the focus of the optical iFnage furnace
The feed rod diameter is 6.5 mm




Dopant concentration profiles in zone leveling grown crystals (2)
K B Wilson (1978)
RS Favier (1981)
ERTNEATIRE o equal liquid and solid densities
Bl o diluted solutions

Tiller « 2 » (1953)

Favier (1981)




Dopant concentration profiles in zone leveling grown crystals (3)

B Wilson (1978)

(VRN Favier (1981)

ERTNEATIRE o equal liquid and solid densities
Bl o diluted solutions

1(A(5

() — ST )|

ko + (l_ ko)eXp (_ABPS )

Burton, Prim
et Slichter (1953)

V.

K
Modified Pfann for 0 <z < H-H, C(Z) = Co |:1 (l— keﬁ )exp [— I_:ﬁ Zj:|

Ko T
For z > H-H, C(z):C(H—HZ)( —ﬁj



Dopant concentration profiles in zone leveling grown crystals (4)

i
1 (1-ky)A

Wilson (1978)
Favier (1981)

L

Al e equal liquid and solid densities

K
Pfann (1953) for 0 < z < H-H, (Z) = C{l (1— ko)exp (_HO zﬂ

diluted solutions

virtually nil solute diffusion in the solid
uniform concentration in the liquid
constant r and H;, of the zone
constant k, and C,

YA

ko2l
For z > H-H, C(Z):C(H —Hz{l—ﬁj



Dopant concentration profiles in zone leveling grown crystals (5)

The previous profiles assume that diffusion processes in the
liquid and in the solid phase are limiting : they are thus
kinetically controlled.

When the diffusion coefficients are high, for instance D>>rv,
and D >>H,v_, the equilibrium is reached fastly enough so that

the axial concentration profile is given by the composition of the
feed rod :




Dopant concentration profiles in zone leveling grown crystals (6)

M. T. Cohen-Adad et al., J. Phase Eq., 2001

>~
-
o)
=
)
3
)
-
=
O
=
3
)
=
)
=
29
)
I~
0

—]
|

Combinatorial technique

)
S5
=
—'
e
=
o
=
=1
~
+
™
=

L~15 cmx(50pum<p<lmm)

Composition gradient obtained in a single
crystalline Y,05 doped with Ho3* fiber



Dopant concentration profiles in crystals grown from the melt : a tentative summary

Solute transport regime in the Diffusive
liquid —»
A=o6v./D,=1
Solute diffusion in the liquid

and in the solid phases

Transient : very short

Fast
Stationary : lever rule

Transient : Tiller « 1 » (1953),
Pohl (1954), Favier (1981) (5)-
ref. 2

Stationary : Tiller « 1 » (1953),
Pohl (1954), Smith (1955),
Favier (1981) (5)-ref. 2

Convecto-diffusive Convective

0<A=ov,./D;<1 A=6v,/D;=0

Transient : very short Transient : very short
Stationary : lever rule

Stationary : lever rule

Transient : BPS (1953),
k,Cy<C<k4Cy

Transient : very short

Stationary : modified Gulliver-
Scheil

Stationary : Gulliver (1922)-
Scheil (1942)

Solute feeding and finite liquid : Verneuil, Floating zone, etc.

Solute transport regime in the Diffusive
liquid —
A=min($,H,)v./D;>5
Solute diffusion in the liquid

and in the solid phases

Transient : very short

Fast
Stationary : C,

Concave transient : Tiller « 2 »

(1953), Favier (1981) (5)-ref. 2

Stationary : Tiller « 2 » (1953),
Favier (1981) (17)-ref. 1

Convecto-diffusive Convective

1<A=min($,H;)v./D;<5 A=min(3,H,)v./D;<1

Transient : very short Transient : very short

Stationary : C, Stationary : C,

S-shaped transient : BPS Convex transient

(1953), k,Co<C,<k.;C,

Stationary : modified Pfann Stationary : Pfann (1953)




Comparison between three widely spread concentration profiles

lever rule with k0=0.7 and H=5 cm

modified Gulliver-Scheil law with keff=0.7 and H=5 cm

modified Pfann law with keff=0.7 and HZ=0.5 cm

chemical leveling

Distance (cm)
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» Equilibriurn solubility lirnit :

- NdP*+-doped C
- Co-doping an
- Point defects ass

Wo,
J association to increase the solubility lirnit
ociation kinetics in Er’*-doped KPb,Cl-

grown frorm

N
“
s
)
—
1)

Equi Iurlum partition coefficient of Ers* in a Y,SIiO.

grown frorm &

@)
=
s
W
—
1)

Equilibriurn partition coefficient of Yb** in a Gd,04
Gd(BO5), Flux

J
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» Dopant concentration profiles in crystals grown from the m

e Morphological instability of the solidification interface during a crystal
growth experiment



Morphological instability by constitutional supercooling

e Non faceted growth
(diffusion-controlled kinetics)
e Plane interface i
 No convection z L
e x, D, v, etc,, are constant

\ 4

8
= =, +-mGs
CL(OO) :Coo

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444




Morphological instability by constitutional supercooling (2)

e Non faceted growth
(diffusion-controlled kinetics)
e Plane interface

e No convection

e x, D, v, etc., are constant
e ky<1, m<0, are constant

Favier profile for "z —="

distance

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444



Morphological instability by constitutional supercooling (3)

a supercooled liquid zone is created
above the interface over a pulling ti-
me duration corresponding to a dis-
tance (said "incubation distance") on

kODdTL
dz

(R
C, v.m(l—ky)

distance in the liquid phase

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444



Morphological instability by constitutional supercooling (4)

—
| /'/

ov/D<<il |Z L
* h<<i time evolution of an arbitrarily small
perturbation of the interface
ol « T h(x,t) = a(t)sin(ax)

Y

solutions of the following form are looked for
Y T T =T +T7,C, =C .

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444



Morphological instability by constitutional supercooling (5)

z L In the vicinity of the instability threshold,
the perturbation amplitude is

VRN

N — a(t) = a(0)e ™
if t1(w)<0, the perturbation decays
if t1(w)>0, the perturbation is amplified
S

T .0 IsL _ (G)+mC,v, (ko _1)}
L Dk,

{14_ (Ks +KL)ma(k0 _1)
LDk,

example : for pure KCI or KPb,Cl; crystals
T(O)max)zo' 15 s <<74To0l

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444



Morphological instability by constitutional supercooling (6)

e capillarity always have a stabilizing effect
e in the absence of solute, it is necessary that <G> <0, which means
dT,/dz<0 for the instability to occur for all Fourier components with r > A >
2m\(Teos)/ (-<G>L)

for pure KCI or KPb,Cls, Ain~1 um

e the presence of solute always have a destabilizing effect because in this
case the instability can occur for <G> >0

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444



Morphological instability by constitutional supercooling (7)

e capillarity always have a stabilizing effect

e in the absence of solute, it is necessary that <G> <0, which means
dT,/dz<0 for the instability to occur for all Fourier components with r > A >
2nV(Tiog)/(-<G>L)

e the presence of solute always have a destabilizing effect because in this
case the instability can occur for <G> >0

Experimentally, one should choose a low pulling rate and a dT,/dz as high as
possible compatible with the thermomecanical properties of the cristal

W. A. Tiller, K. A. Jackson, J. W. Rutter et B. Chalmers, Acta Metal., 1 (1953) 428
W. W. Mullins et R. F. Sekerka, J. Appl. Phys., 35 (1964) 444
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