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Plan

@ Kernel machines
@ Non sparse kernel machines




Interpolation splines

find out f € H such that f(x;) = y;, i=1,..,n

It is an ill posed problem



Interpolation splines: minimum norm interpolation
H 1
min 5 II713,
such that  f(x;) = y;, i=1,..,n
The lagrangian («; Lagrange multipliers)

n

L(F0) = S IFIP = D" ai(Fx) ~ )

i=1



Interpolation splines: minimum norm interpolation
{ min  ZlIF11%

such that  f(x;) = y;, i=1,..,n

The lagrangian («; Lagrange multipliers)

n

L(F0) = S IFIP = D" ai(Fx) ~ )

i=1

optimality for f:  V¢L(f,a)=0 <« f(x)= Za,-k(x,-,x)

i=1



Interpolation splines: minimum norm interpolation

min 5[/ f]|3
such that  f(x;) = y;, i=1,..,n

g eeesy

The lagrangian («; Lagrange multipliers)

n

L(F0) = S IFIP = D" ai(Fx) ~ )

i=1

optimality for f:  V¢L(f,a)=0 <« f(x)= ch,-k(x,-,x)

i=1

dual formulation (remove f from the Iagrangian):

Za ajk(xi, ;) + Za Vi solution: 052?{(" Q)

1111

Ka=y



Representer theorem

Theorem (Representer theorem)

Let H be a RKHS with kernel k(s,t). Let ¢ be a function from X to R

(loss function) and ® a non decreasing function from R to R. If there
exists a function f*minimizing:

f* = argmin Z Eyi, f(xi)) + ©([If115)
fen ‘o

then there exists a vector o € R" such that:

n

Frx) = aik(x,x;)

i=1

it can be generalized to the semi parametric case: + 377", f;¢;(x)



Elements of a proof
Q Hs = span{k(.,,x1), ..., k(;%X;)y ey k(. %x0) }
@ orthogonal decomposition: H =Hs & H, = Vf e H;f =f+f,
© pointwise evaluation decomposition

f(xi) = f(xi) + fL(xi)
= (f(-), k(o xi))w + (FL(), k(o xi))
—— ————

=0
= fs(xy)
Q@ norm decomposition 115 = I3, + 1213, > 1615
——
© decompose the global cost >0
n n

Sty fe) + o(IF15) =D i f(x) + S(IEl5 + I1£15)

i=1 i

> Uy (x) + D(I]3)

i=1

Q argmin = argmin
feH fEHs




Smooting splines
introducing the error (the slack)
(s) min  3fI5 + 25 D€

=il
such that f(X,') =y +&;, i=1,n

)

3 equivalent definitions | R
/ f - fix) — v: 2 2Hf)12
(8" min 3 ;( Oa) = i)™+ Sl
H 1 2
min S [Ifll% o>
fert 7, min > (F(x;) - i)
such that Z(f(x) - ~)2 <c fen A
— such that  [|F|2, < C”
using the representer theorem

1 A
(8") min SlKa—y|? + JaKa

solution: (S) = () < () N a=(K+M)ly

2 ridge regression:
-

A
oL T I : _ (kT —14T
min, 2HK0¢ yli® + S0« with a=(K'K+X)"*K'y



Kernel logistic regression
inspiration: the Bayes rule

D(x) =sign(f(x) + ag) = log (H) =f(x)+ oo

probabilities:

f(x)+ao 1
SR P(Y = —1[x)
1 + expf()+ao

P(Y =1[x) = T 1+ exp/®tac

Rademacher distribution o 1y
,C(X,',_y,', f70z0) = ]P(Y = 1|X,‘) 2 (1 — IP(Y = 1|Xi)) 2

penalized likelihood

“ A
J(f7()[0) = _ZIOg(‘C(Xiayiaf7a0))+ E”f.H%{
i=1

u A
— Z log (1 + eXp*y,'(f(XiHao)) + 5”{“%{
i=1



Kernel logistic regression (2)

n
R) ;Tél;_]‘ %||f||r2H+%Z|og (1+exp_§")

i=1
with & =yi(f(xi) +a0), i=Ln

Representer theorem

J(a, ap) = 17 log (]I + expdiag(y)KQ+a°y) + % a'Ka

gradient vector anf Hessian matrix:
Vad(a,a0) = K(y — (2p — 1))+ AKax

HoJ(a, a0) = Kdiag(p(1 — p)) K + AK

solve the problem using Newton iterations

a"™ = 04 (Kdiag(p(T — p))K + AK) "

K(y—(2p—1)+ \a)



Let's summarize

@ pros
» Universality
» from H to R" using the representer theorem
» no (explicit) curse of dimensionality

e splines O(n3)  (can be reduced to O(n?))
e logistic regression O(kn®) (can be reduced to O(kn?)

@ no scalability!

sparsity comes to the rescue!



Roadmap

© Kernel machines

@ Sparse kernel machines: SVM
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SVM in a RKHS: the separable case (no noise)

max m . . ,
{ min 3117113,

with yi(f(x))+b)>m <9 F

and }I/f(H%-([ :) 1 ) with y,-(f(x’-) o b) >1

3 ways to represent function f

d n
f(x) = ZWJ p(x) = Zai yi k(x, ;)
. i j=1 i=1
in the RKHS % _

d features n data points

o lwl2 — 1w T P
{ nvllg slwlfe =z w'w @{ min 3 o Ka

with y;(wT¢(x,-) + b) >1 with y;(ozTK(:7 i)+ b) >1



using relevant features...

a data point becomes a function x — k(x, o)

input space representation: x feature space: k(x,.)



Representer theorem for SVM

min 31713
with y,-(f(x;) + b) >1

Lagrangian

n

L(F.b.0) = 5l — S ei(ulfx) +5)=1) a0

i=1

optimility condition: V¢L(f,b,a) =0 < f(x Za yik(x;, x

1113, = ciagyiyik(xi,x;)

Eliminate f from L: , ==l

Z aiYif(Xi) = Z Z aiaj)/iyjk(xia Xj)
i=1

i=1 j=1

Q(b, ) = 2ZZao¢Jy,yj (xi,xj) — Za;(y;b—l)

i=1 j=1 i=1



Dual formulation for SVM

the intermediate function

n

Q(b,a) = — 1ZZany,yJ k(xi,x;) Za,y, +Za,

i=1 j=1

max mgn Q(b, )

b can be seen as the Lagrange multiplier of the following (balanced)
constaint >_7_, a;y; = 0 which is also the optimality KKT condition on b

Dual formulation

n

max — E aiajyiyik(xi, x;) § a;
i=1 j=1

such that Za;y; =0

and 0<q;, i=1n



SVM dual formulation

Dual formulation

n n

1 2 :
0'2%’ -5 . . oz,-ozjy,-yj X,,XJ (eF
i=1 j=1
n
with E ajyi=0 and0<«;, i=1,n

The dual formulation gives a quadratic program (QP)
{ min %aTGoz 1

aeR"”
with a'y=0 and0<a

with G = yiy;k(xi, ;)

with the linear kernel £(x) = Y7 aiyi(xTx;) = S0, Bix;
when d is small wrt. n primal may be interesting.



the general case: C-SVM

Primal formulation

n
H 1 2 C P
(73) fEHr:rgI,QER" §||f|| +EZ£I
=il

such that yl(f(xl)+b) Zl_gh 51'207 i:]-vn

C is the regularization path parameter (to be tuned)

p=1, L SVM
max. —2a"Ga+a'l
suchthat a'y=0and0<a;<C i=1,n

p=2, L, SVM
max —%aT(G—&—%/)a—I—aTI[
«@
suchthat a'y=0and0<q; i=1,n

the regularization path: is the set of solutions o(C) when C varies



Data groups: illustration

F(x) = > aik(x,x;)
i=1

D(x) = sign(f(x) + b)

useless data important data suspicious data
well classified support
a=0 O<ax<C a=C

the regularization path: is the set of solutions a(C) when C varies




The importance of being support

f(x) = Zai%k(xiyx)

data constraint
. (67 set
point value
x; useless a;=0 yi(f(xj)+b) >11| I
X; support O<a;<C y,-(f(x,-) + b) =11 I
X; suspicious a;j=C y,-(f(x,-) + b) <1 Ic

Table : When a data point is « support » it lies exactly on the margin.

here lies the efficiency of the algorithm (and its complexity)!
sparsity: a; =0




The active set method for SVM (1)

. 1T T Ga—ﬁ—ﬁ—}—by:
wrgllgn sa Ga—a' 1 aTy =
suchthat a'y=0 i=1,n 0<a; i=1,n
and 0<q; i=1,n 0<8 i=1,

AR RIE:
G; Go 1 Bo

G a—-—1T-8+bY=0

© solve (1) (find « together with b)

@ if « <0 move it from I, to fy
goto 1

@ else solve (2)
if 3 < 0 move it from Iy to /,
goto 1

(1) Gsa,—1,+by,=0
(2) Giaz—1To—PBo+byo=0



The active set method for SVM (2)

Function (o, b, Io) < Solve QP _Active Set(G,y)

% Solve ming, 1/2aT Ga— 1T«
% st. 0<aandy'a=0

(o, lo, @) < initialization
while The optimal is not reached do
(e, b) < solve { G$aa — 1o + bya =0
Ya Qa
if 3/ € I, such that a; < 0 then
a + projection( aa, a)
move i from I, to I
else if 3j € Iy such that 3; < 0 then
use o = yo(K,-aa =+ b][o) — 1o
move j from ly to I,

Projection step of the active
constraints algorithm

else
The optimal is not reached + FALSE d = alpha - alphaold;
end if - - = alpha = alpha + t * d;
end while

Caching Strategy

Save space and computing time by computing only the needed parts of kernel matrix G




Two more ways to derivate SVM

Using the hinge loss

n

. 1 . o 1 )
FEMLbER E max(O 1—yi(f(xi) + )" + i”f”

Minimizing the distance between the convex hulls
min  flu—v||%,

with  u(x) = Z aik(xj, x), v(x) = Z aik(x;, x)

{ilyi=1} {ilyi=—1}

and Y =1, Y ai=1, 0<a; i=1n

{ilyi=1} {ilyi=—1}
2

fx) = ——
Ju— V|3,

u(x) — v(x)) an _M
(4(x) ) and b=

the regularization path: is the set of solutions «(C) when C varies



Regularization path for SVM

min max(1 — yif(x;),0) + % 1115 J \

feH
€ i=1

[
2=y

30
&
2
LRl
El
i

o 0
@), = ol

lo, is the set of support vectors s.t. y;f(x;) = 1;

O J(f) = Z%‘M‘K(Xh') - Z%‘K(Xh') + Ao f(e) with v € 9H(1) =] —1,0[

i€ly ich



Regularization path for SVM

min 3 max(l - yf(x).0) + 22 712 J T~

feH
i=1

lo, is the set of support vectors s.t. y;f(x;) = 1; J

Oed(F) =D viyiK(xi,8) = > yiK(xi,®) + Ao f(o) with ~; € OH(1) =] - 1,0[

i€ly ich

Let A\, a value close enough to )\, to keep the sets Iy, I, and /¢ unchanged

In particular at point x; € Iy (fo(x;) = fa(x;) = y;) * O J(F)(x;) =0

Ziela YioyiK(xi,xj) = Z;ell YiK(xi,%j) = Ao yj
Z/ela YinyiK(xi,x;) = Z:ell YiK(xisXj) = An yj
G(vn—7%) = (Ao—An)y avec Gy = yiK(x;,x;)
Yo = + (Ao — A\n)w

w=(G)ly



Example of regularization path

vi €] = 1,0] yivi €] —1,-1] A= 1
2~ s /
\ 1‘ / 4 . oy / / (‘
]éiisﬁéﬁa! féf %? % _____ v\ém{
TR,
T \'S"" \\ \\'\ \ \ \ \\R(K
i = —¢a;; performing together estimation and data selection

/ \ — X ( SN

~



How to choose ¢ and P to get linear regularization path?

one is piecewise quadratic

the path is piecewise linear & L. .
p P and the other is piecewise linear

the convex case [Rosset & Zhu, 07]

min ¢(8) + A\P(B)

Berd

BA+¢e) - BN

€

@ piecewise linearity: lim = constant
e—0

@ optimality VUB(A)) + AVP(B(N) =0

VUBA+e)+ (A+e)VP(B(A+e)=0

© Taylor expension

lim w —[V2(B(N) + AV2P(B(N)] ' VP(B(N))

V2(B(\)) = constant  and  V2P(B(\)) =0




Problems with Piecewise linear regularization path

L|P regression classification | clustering
Ly | Ly Lasso/LARS L1 L2 SVM PCA L1
Ly | Ly SVR SVM OC SVM
Ly | Ly L1 LAD L1 SVM

Danzig Selector

Table : example of piecewise linear regularization path algorithms.

d
P: L= 15l Li Lp:|f(x) =yl hinge (vF(x) — 1)7
j=1

e-insensitive

{ 0 if |f(x) —y|l<e
[f(x) —y|—e else

{ f(x) -y if[f(x) -yl <t

Huber's loss: 2t|f(x) —y| — t2  else



SVM with non symmetric costs

problem in the primal

min_ L IR CT 3D g 3 €
o {ilyi=1} {ilyi=—1}
with  y;(f(xi))+b) >1-&, &>0, i=1,n

for p = 1 the dual formulation is the following:

max —ia'Ga+a'l
aceR”

with a'y=0and0<qa;<CtorC~ i=1,n



v-SVM and other formulations...
v e [0,1]

- 1412 P
[min SR+ 5 Zé

with  y;(f(x )+b)>m &, i=1,n,
and m>0, >0, i=1,n,

for p = 1 the dual formulation is:

max —%aTGa
aeR”
with a'y=0et0<a; <L i=1,n

— n
and v<a'l

3=



Generalized SVM

1
. Z max(0,1 — y;(f(x;) + b)) + Ccp(f) 0 COnvexJ

in particular o(f) = |||/ with p =1 leads to L1 SVM.

i 1’ 1’
« Erlg'l"r,]b,ﬁ Ig + C E

with y,-(Zajk(x,-,xj)er) > 175,’,
=1
and _/Bigaigﬁh 5/207 i:17n

with 3 = |a|. the dual is:

a T’
'yérp*EXR” 7
with y'v =0, 6 +07 =
S vik(xi,x;) =48 —6F, i=1,n



K-Lasso (Kernel Basis pursuit)

The Kernel Lasso .
(S1) { min  3[|Ka —y|]> + /\Z |cvi

acR" ;
i=1

e Typical parametric quadratic program (pQP) with a; =0

@ Piecewise linear regularization path

The dual:
min  1||Kal?
(Dl) * T
such that K'(Ka—y) <t

@ The K-Danzig selector can be treated the same way

@ require to compute K K - no more function f!



Support vector regression (SVR)

Lasso's dual adaptation:

min  3||Ka? min  3[Ifll3
st Ki(Ka-y)<t st [flx) =yl <t i=1n

The support vector regression introduce slack variables

P ,-
(SVR) oy sl + C X016
such that  |f(x;) —yi| St+¢& 0<¢& i=1n

@ a typical multi parametric quadratic program (mpQP)
@ piecewise linear regularization path

1 1
+ 7(1.' — to)V

1
a(C,t) = a(Co, to) + (f - ?O)U G

@ 2d Pareto’s front (the tube width and the regularity)



Support vector regression illustration

‘Support Vector Machine Regression

C large C small

o there exists other formulations such as LP SVR...



SVM reduction (reduced set method))

@ objective: compile the model

o f(x) =) aik(xi,x),ns <n, nstoo big

compiled model as the solution of: g(x Zﬁ, zi,x), ne < ng

B3,z; and ¢ are tuned by minimizing:
min lg — Fllk

where
rgin lg —flI% ="K+ BTK.8—20"K,.3
Y4

some authors advice 0,03 < Z—Z <0,1
solve it by using use (stochastic) gradient (its a RBF problem)



logistic regression and the import vector machine

o Logistic regression is NON sparse

@ kernalize it using the dictionary strategy
e Algorithm:

» find the solution of the KLR using only a subset S of the data
» build S iteratively using active constraint approach

@ this trick brings sparsity
@ it estimates probability
@ it can naturally be generalized to the multiclass case

o efficent when uses:

» a few import vectors
» component-wise update procedure

@ extention using L; KLR



Historical perspective on kernel machines

statistics Statistical learning
1960 Parzen, Nadaraya Watson 1985 Neural networks:

non linear - universal

1970 Splines structural comp_|e>§|ty.
non convex optimization

1992 Vapnik et. al.

theory - regularization -
consistancy

convexity - Linearity
Kernel - universality
sparsity

results: MNIST

1980 Kernels: Silverman, Hardle...

1990 sparsity: Donoho (pursuit),
Tibshirani (Lasso)...
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what's new since 1995

@ Applications

kernlisation w'x — (f, k(x,.))%

kernel engineering

sturtured outputs

applications: image, text, signal, bio-info...

v

v vy

@ Optimization
» dual: mloss.org
> regularization path
> approximation
> primal

e Statistic

» proofs and bounds
» model selection

* span bound
* multikernel: tuning (k and o)
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challenges: towards tough learning

o the size effect

> ready to use: automatization
» adaptative: on line context aware
» beyond kenrels

@ Automatic and adaptive model selection
» variable selection
> kernel tuning (k et o)
» hyperparametres: C, duality gap, A

o IP change

@ Theory

» non positive kernels
> a more general representer theorem
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