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1 Introduction

Engineers who are familiar with finite elements very often ask why it is necessary to
develop yet another computational technique. The answer is that finite elements have
been proved to be inadequate or inefficient in many engineering applications and what
is perhaps more important is in many cases cumbersome to use and hence difficult to
implement in Computer Aided Engineering systems. Finite Element (FE) analysis is still
a comparatively slow process due to the need to define and redefine meshes in the piece
or domain under study.

Boundary elements (BE) have emerged as a powerful alternative to finite elements
particularly in cases where better accuracy is required due to problems such as stress
concentration or where the domain extends to infinity. The most important feature of
boundary elements, however, is that different to the finite domain methods as, e.g., the
finite difference method or the finite element method, the methodology of formulating
boundary value problems as boundary integral equations describes problems only by equa-
tions with known and unknown boundary states.Hence, it only requires discretization of
the surface rather than the volume, i.e., the dimension of problems is reduced by one.
Consequently, the necessary discretization effort is mostly much smaller and , moreover,
meshes can easily be generated and design changes do not require a complete remeshing.

The BE method is especially advantageous in the case of problems with infinite or
semi-infinite domains, e.g., so-called exterior domain problems: there, although only the
finite surface of the infinite domain has to be discretized, the solution at any arbitrary
point of the domain can be found after determining the unknown boundary data.

To be objective, the features of the BE method should be compared to its main rival,
the FE method. Its advantages and disadvantages can be summarized as follows

1.1 Advantages of the Boundary Element Method

1. Less data preparation time: This is adirect result of the 'surface-only’ modelling. Thus,
the analyst’s time required for data preparation and data checking for a given problem
should be greatly reduced. Furthermore, subsequent changes in meshes are made easier.

2. High resolution of stress: Stresses are accurate because no further approximation
is imposed on the solution at interior points, i.e., solution is exact and fully continuous
inside the domain.

3. Less computer time and storage: For the same level of accuracy, the BE method
uses a lesser number of nodes and elements (but a fully populated matrix), i.e., to achieve
comparable accuracy in stress values, FE meshes would need more boundary divisions
than the equivalent BE meshes.

4. Less unwanted information: In most engineering problems, the "worst’ situation
(such as fracture, stress concentration, thermal shocks a.s.0.) usually occur on the surface.



2 1 Introduction

Thus, modelling an entire three-dimensional body with finite elements and calculating
stress (or other states) at every nodal point is very inefficient because only a few of these
values will be incorporated in the design analysis. Therefore, using boundary elements is
a very effective use of computing resources, and, furthermore, since internal points in BE
solutions are optional, the user can focus on a particular interior region rather than the
whole interior.

1.2 Disadvantages of the BE method

1. Unfamiliar mathematics: The mathematics used in BE formulations may seem unfa-
miliar to engineers (but not difficult to learn). However, many FE numerical procedures
are directly applicable to BE solutions (such as numerical integration, surface approxi-
mation, treatment of boundary conditions).

2. In non-linear problems, the interior must be modelled: Interior modelling is un-
avoidable in non-linear material problems. However, in many non-linear cases (such as
elastoplasticity) interior modelling can be restricted to selected areas such as the region
around a crack tip.

3. Fully populated and unsymmetric solution matriz: The solution matrix resulting
from the BE formulation is unsymmetric and fully populated with non-zero coefficients,
whereas the FE solution matrices are usually much larger but sparsely populated. This
means that the entire BE solution matrix must be saved in the computer core memory.
However, this is not a serious disadvantage because to obtain the same level of accuracy
as the FE solution, the BE method needs only a relatively modest number of nodes and
elements.

4. Poor for thin structures (shell) three-dimensional analyses: This is because of the
large surface/volume ratio and the close proximity of nodal points on either side of the
structure thickness. This causes inaccuracies in the numerical integrations.

1.3 Choosing BE or FE?

To decide whether BE or FE solutions are more suitable for a particular problem, three
factors must be taken into consideration:

1. The type of problem (linear, non-linear, shell-like analysis, etc.)

2. The degree of accuracy required

3. The amount of time to be spent in preparing and interpreting data.

Both techniques should be made available to engineers, because in certain types of
applications one of them may display a distinct advantage over the other. Considering
the advantages and disadvantages of the BE method listed above, the following points
may help in deciding which technique to use:

a) The BE method is suitabable and more accurate for linear problems, particularly
for three-dimensional problems with rapidly changing variables such as fracture or contact
problems



1.3 Choosing BE or FE? 3

b) Because of the much reduced time needed to model a particular problem, the
BE method is suitable for preliminary design analyses where geometry and loads can
be subsequently modified with minimal effort. This gives designers more freedom in
experimenting with new shapes and geometries.

¢) The FE method is more established and more commercially developed, particularly
for complex non-linear problems where thorough tests to establish its reliability have been
performed. The temptatipn for engineers is to use a well-established computer program
rather than venture into new methods.

d) Mesh generators and plotting routines developed for FE applications are directly
applicable to BE problems. It should not be a difficult task to write "translator’ programs
to interface with commercial FE packages. Furthermore, many load incrementation and
iterative routines developed for FE applications in non-linear problems are also directly
applicable in BE algorithms.



2 Mathematical Preliminaries

For an easy understanding of the boundary integral equation derivation, some mathemat-
ical techniques are important. They will be used time and time again to transform the
differential equations governing continuum mechanic problems into equivalent boundary
integral equations. Moreover, some notations, definitions and useful formulas should be
familiar to the reader in order to feel confident about their subsequent use. Proofs for
these formulas and results can be found in textbooks on calculus and analysis.

2.1 Some notations and definitions

Here, the notations used in the following text are introduced and some definitions are
given.

2.1.1 Indicial and symbolic notation

The components of a tensor of any order may be represented clearly by the use of the
indicial notation, i.e., letter indices as subscripts are appended to the generic letter repre-
senting the tensor quantity of interest. Dependent on the number these indices, a tensor
of first order, mostly called vector, bears one free index, a second-order tensor, sometimes
called dyadic, has two free indices, a.s.0. Hence, a symbol such as A which has no indices
attached, represents a scalar or tensor of zero order.

When an index appears twice in a term, that index is understood to take on all the
values of its range, and the resulting terms summed. In this so-called Finstein summation
convention, repeated indices are often referred to as dummy indices, since their replace-
ment by any other letter not appearing as a free index does not change the meaning of the
term in which they occur. In ordinary physical space, the range of the indices is 1, 2, 3.

The representation of a vector and a tensor in the symbolic notation is designated by
bold-faced letters, e.g., a and D, respectively, where unit vectors &; are further distin-
guished by a caret placed over the bold-faced letter. There, the summation convention is
often also employed in connection with indexed base vectors &;, i.e., for a vector

vV = Uiéi = Ulél + Ugég + U3é3 (21)
and similarly for an arbitrary dyadic

A special operational vector is V, the so-called Nabla vector, containing differentiations
with respect to all coordinate axis, e.g., for Cartesian coordinates x1, xo, 3

V—aé—i—aé—l—aé—a
_8x1 ! 81’2 2 81333_81’7;

& =0 (2.3)
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2.1.1.1 Exercise 1: Nabla vector

Derive the Nabla vector for the Polar coordinates r» and ¢ where the relations between
the unit vectors &, and &, of the Polar coordinate system and the unit vecors €and &,
of theCartesian coordinate system are

€ = €.cosp—e&,siny

& = &é.sinp+e,cosp

2.1.2 Contraction and different products of tensors

The outer product of two tensors is the tensor whose components are formed by multiply-
ing each component of one of the tensors by every component of the other, i.e., a dyad is
formed from two vectors by this very product

Indicial Notation Symbolic Notation

a;b; = T;; ab="T (2.4)

where the symbols a; and bjcan be in any order. Also, one obtains, e.g.,
OijNk = Sijk, Oij€kl = Eijkl

Contraction of a tensor with respect to two free indices is the operation of assigning to
both indices the same letter subscript, i.e., changing them to dummy indices, and, hence,
performing the summation convention, e.g.,

Ty = Th1 + The + T35 = arby + agby + asbs = a;b;

OijNj = Pi

An inner product or scalar product of two tensors of arbitrary order is the result of a
contraction, involving one index from each tensor, performed on the outer product of the
two tensors, e.g.,

Indicial Notation Symbolic Notation

ab; = A a-b=2A\

Diin; = p; D-n=p

Dijn; = f; n-D=fF

(2.5)

Example: The directional derivative of a scalar function f(z1,xs,x3) in the direction of
a unit vector, e.g., the unit normal vector n is defined by the scalar product of this unit
vector n with gradf =V f :

of B

af
8@

n; (2.6)



6 2 Mathematical Preliminaries

2.1.2.1 Exercise 2: Laplace operator

Determine the Laplace operator, i.e., the scalar product of the nabla vector with itself in
Polar coordinates.

In order to express the cross products in the indicial notation, the third order tensor
€ijk, known as the permutation symbol, must be introduced:

if the values of ¢, j, k are an even permutation of 1,2, 3

(i.e. if they appear in sequence as in the arrangement 12312...)
if the values of i, j, k are an odd permutation of 1,2,3

(i.e. if they appear in sequence as in the arrangement 32132...)
if the values of i, j, k are not a permutation of 1,2, 3

(i.e. if two or all three of the indices have the same value)

(2.7)

From this definition, the indicial notation of cross products is written by, e.g.

axb = C, eijkajbk = ¢
VxE = D, eijk(?jEkl = Dil .
DxV = N, Dilamenlm = Nm (210)

Example: The coss product of of two vectors a and b may also be expanded as

é & &3
axb = |a a a3
by by b3

Gz as

by b3

a; as

by b3

ay Qg

by by

~

€

~

A~

+ &y (2.11)

2.1.3 The Euclidian distance r and its derivatives

Considering two points x and £ with its Cartesian coordinates (z1, zo, x3) and (&1, &2, &3),
respectively, their Euclidian distance r is defined as

r=lx—&|= V(e - &)+ (22— &)? + (13 — &)’ (2.12)

Using the summation convention, r may be written in the indicial notation form as

"= \/517(331' — &) (w5 — &) = V(2 — &) (i — &) = (v — &) (@ — &) (2.13)

where 0;; is the so-called Kronecker delta meaning

1 for i=j

5. = {0 for i#j (2.14)

The first derivative of r with respect to x; follows from (2.13) to be

O = g L= &)~ &) P 2a, — ) = B

—_— = - 2.15
aZL‘j ’] 2 r ( )
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where, here, the comma is used to denote partial derivatives with respect to the coordi-
nates of the point x. The first derivative of r in special directions, e.g., in the direction
of a normal vector n; or a tangential vector ¢; is simply
rn=1rn; and 7r,;=71,t; (2.16)
In R, this first derivatives of r may also be expressed as

ram BTE) e — €)= 2H (ay — &) — 1 (2.17)
| 21 =& |
where sign(z; —&;) gives the sign of (7 —&;) and H(x; —&;) means the Heaviside function.
Hence, as shown above , in R!, the second derivative of r is
11 = 2(5(1’1 — fl) (218)
This is different in R? and R®. There, since d(z; — &;)/0z = 0,1, the second derivative
is obtained to be (j,k = 1,2 and j,k = 1,2,3 in R? and R, respectively)
827” 6jk (QZ]' _£j> or 5j — Ty Tk
Tk Ox;j0xy  r r2  Oxy r (2.19)

Examples: If the summation rule is applied, one obtains

_ J 2 inR?
5iz‘—{3m33

and, in R', R?, and in R?

Ty =1

2
whereas
ra1 = 25(1‘1 — 51) in Rl

1
2
T = Tl +T,22=; in R

2
_ _ 4. 53
Tyj = T,11+7’,22+7’,33—; in R

Remark: In general, i.e., when the normal vector n; is defined at a curved boundary, it
holds
Fin =TT 7 Tni = (VNg)a = 1 jing + 7505,

Since with the curvature radius p of the boundary

Nt = ;tj and Njn = 0

one finds
nj,i = nj,tti + nj,nni
1
it holds

i = (rgng)i = T5ing + 75056 = 50 + ;tjtz'
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2.2 The Gauss theorems

The Gauss-Green theorem is a fundamental identity that relates a domain integral of a
derivative of a tensorial function to an integral of that function around the boundary
of that domain. The only requirement is that the integrand of the domain integral is a
derivative, i.e., may be expressed as a product (inner, outer or cross) of the Nabla-vector
V with a tensorial function.

Let € be a finite domain in R™ bounded by a piecewise smooth orientable surface I'
with the outward normal vector n at a point on I'. Dependent on the order of the tensorial
function, following special theorems are known.

2.2.1 The gradient theorem

When F' is a scalar function, the following identity holds

/VF dQ = an dr (2.20)
Q r

where, obviously, the integrand of the surface integral is obtained by simply exchanging
the Nabla-vector V by the normal vector n.

2.2.2 The divergence theorem

When a is a vector function and the Nabla-vector V is multiplied via the inner product
with this function, the divergence theorem holds

JoV-adQ=¢.n-adl' or [, 0a;d2= ¢ na;dl = §.a,dl (2.21)
which is also known as Gauss theorem. Similarly, when S is a dyadic function, one obtains

2.2.3 Generalized Gauss theorems

Not often used, but nevertheless valid are generalizations where the cross product or the
outer product is applied for multiplication:

JoVxadQ=¢nxadl or [,e0ia:dQ= §.e;5en a;dl (2.23)

fQ VudQl = fI‘ nudl’ or fQ ain dQ) = fF n;u; dl’ (224)

Example 1.1

The realization of formula (2.20) in R' gives a well known result, when one notices that
in this special case the domain (Q is simply an intervall [a, b], the boundary I means here
only the two points 1 = a and x; = b and, hence, boundary integration is summation at
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these two points. Since, moreover, the outward normal vector at these points is ny(a) = —1
and nq(b) = 1,respectively, one obtains

/VFdQ = ]{anF
Q r
d

[ F@dn = m@F@ +m®F©) = P (2.25)

a

b

exactly as one knows it from basic calculus.

2.3 Integration by parts - Green’s identities

By applying the above Gauss theorems, one can easily perform integrations by part. When
the Laplace operator A = V2 = V-V acts on the scalar function v and this result is
multiplied with the scalar function u, one obtains in symbolic notation

/Q(V Vo)u dQ = /Q V- (Vo)u) — (Vo) - (Vu)] dQ2
- jf n-(Vo) udl — / (Vo) - (V) d92 (2.26)

Q

or in indicial notation

0% o [ ov dv Ou
0 = - 0

ov ov Ou

= — udl’ — Q 2.2
Changing the sequence of these terms, this is the so-called Green’s first identity
/ [(V-Vo)u+ (Vo) - (Vu)] dQ = j{n(VU) udl (2.28)
Q r

When the remaining domain integral in (2.26) is integrated by parts a second time
/(Vv) -(Vu) dQ = / V- (v (Vu)) —v (V- Vu)] dQ
Q Q

_ ]g n- (v (V) dl' — / v (V- Vi) d2 (2.29)

Q

the final result is an additional boundary integral and a domain integral where all diffen-
tiations are shifted from v to w:

/Q(V-Vv)udﬂ _ ﬁ[n-(Vv)u—vn-(Vu)]dF+Av(V-Vu) 40

2 2
afgxudﬂ - %[@u—v%}df—k ST (2.30)
Q % A r i
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This is exactly the transformation which one needs for deriving an integral representation
of the Laplace equation. In the form

/Q [(V2v)u—v (V)] dQ = ]{ n-(Vv) v — v n-(Vu)] dl (2.31)

r

the relation (2.30) is known as Green’s second identity.
The above demonstrated steps of integration by parts are naturally possible also for
vectorial and tensorial states, e.g. with Vu = Oiu; = uj; and o éaij

/(VU) -0 df) £ / Uji O4j ds)
Q Q
= /Q [(uj 0i5) i — uj oi54] dQ

= %Uj 01y dl’ — / Uj O df2
r Q

_ }é(n-a)-udf—/ﬂ(v-a)-udﬂ (2.32)

Example 1.2

Again, the realization in R!, here of formula (2.27), gives a well known result, when
one notices that in this special case the domain €2 is simply an intervall [a, b], the boundary
I' means here only the two points z; = a and x; = b and, hence, boundary integration
is summation at these two points. Since, moreover, the outward normal vector at these
points is nq(a) = —1 and n,(b) = 1, respectively, one obtains from (2.27) (% =f)

b

[ Fgedn = @ @g@ +m®F o) - [ £@g @i

= g2t = [ £ e (233

a

exactly what one knows from basic calculus.

2.3.0.1 Exercise 3: Integration by parts

Evaluate by integrations by parts the following integrals
a) in R on the intervall a < z < b:

b
/x" In(x)dx
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b) in R? on the circular domain Q = {(I’l,l'g) | r= /2 + 13 < R} :
R
/7"” In(r)ds2
0

2.4 Fundamental solutions of differential equations

Let R™ denote the the Euclidian n-space and the ordered n-tuple k = (ky, k2, ..., k,,) with
non-negative integers ki, ..., k, be a multi-index of dimension n. If we let | k |= ky+....+k,,
then the k-th (partial) differential operator is defined by

. a\k\ ak1+....+kn
D" = = , Xx=(x1,...,2,) € R" 2.34
Ozt .. Qxke  Oxh ... Qg (@ ) (2:34)

such that if any component of £ is zero, the partial derivative with respect to that variable
is omitted. Moreover,

Olu(zy, ...z,
Dru(x) = 8xk1( . axkn)’ D u(x) =u(x) (2.35)
ki k

9,
D = (Dl,DQ, 7Dn) with D,L = 31 = 8—, 1= 1,2, o, n. (236)
X

An arbitrary linear differential operator L of order p in n independent variables z1, ..., z,
is denoted by

L=L(D) =) ay(x)D" (2.37)

|k|<p

where the coefficients ax(x) = a(, ks,.... k) (1, ..., T,) are arbitrary functions.

2.4.1 Adjoint and self-adjoint operators

For the arbitrary linear differential operator L (2.37), the so-called adjoint operator L* is
formally defined by

Lv=> (~1)*D*(ayv). (2.38)

|k|<p
If ap(x) = ay are constant, then L*(D) = L(—D). An operator is said to be self-adjoint
if L=1L".
Considering the boundary value problem

L(D)u(x) = f(x) in Q) C R", (2.39)

Bu)=0 onoQ =T (2.40)
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where the Eq (2.40) represents linear boundary conditions, and introducing the inner
product (f1, f2) of two functions f; and fy in the euclidean space 2 C R™ as

(fi, f2) = /f1 (%) f1(x)d% (2.41)

are more specific definition of L* can be formulated:
Through integrations by part, i.e., by shifting all differentiations acting in {2 on the
functions u to the functions w, one obtains

(Lu,w) = (u, L*w / (E(w N(u)E(w)} dT (2.42)

Here, again, the operator L* is adjoint to L, and, if L* = L, then L is said to be self-
adjoint.

The formula (2.42) represents the wvariational formulation for the equation (2.39),
where E(u) generates essential boundary conditions (which must be enforced at some
points so as to have a unique solution), while N (u) generates non-essential boundary con-
ditions, also called the natural boundary conditions, depending on the degree of derivatives
that appear in the operators E and N that respectively define them.

Then, the fundamental solution u*(x,&) is the solution of (2.39) for the special case
when f(x) is replace by d(x, £), the so-called Dirac J-function (whose exact mathematical
definition is only possible considering the theory of distributions, see, e.g., [4])

L(D)u*(x,&) = 6(x,€) (2.43)

The function u*(x,&) is unique only up to a function w*(x, &) which is the solution of
the homogeneous equation L(D)w* = 0, i.e., the function u* + w* is also a fundamental
solution for the operator L(D):

L(D) (u"(x,€) + w(x,§)) = L(D)u"(x,8) + L(D)w*(x,§) = 6(x, ) (2.44)

2.4.2 The Dirac /-function
This symbolic function or distribution has the following basic properties:
0(x,6) =0 forx#¢ (2.45)

where, in general, it is only a function of the distance between the two points x and &,
ie.,

0(x,8) =d(x — &) =d(z1 — &)0(z2 — &) -+ 6(wn — &) (2.46)
/Q B(x)3(x, €) d = B(€) for £ €Q (2.47)

for all sufficiently 'smooth’, i.e., continous functions ®(x). (2.47) is the selection property
which means that the d-function, when involved in an integration process with another
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function, selects the value of the other function at the point where the d-function §(x — &)
has a zero argument, i.e., at x = £. For the special case ®(x) = 1, (2.47) gives

/ 5(x, €) Ay — / S(x — €) dy = 1 for £ €9 (2.48)
Q Q
Example 1.3

For a rectangular plane domain €, i.e., zy € [a,b1], x2 € [ag, bo], the postulate (2.47)
gives with (2.46)

/Q S(x — €) dy = /Q 5(a1 — €)0(ws — &) dS

b1 b
= /5(ZE1 — gl)dl‘l /5(ZE2 — fg)dl’g =1 for g Y
bi
or / (x; — &)dx; =1 for & € [a;, bi], i =1,2 (2.49)

a;
The expression for the §-function becomes more complicated when one introduces curvilin-
ear co-ordinates, i.e., the considered differential equations are formulated using curvilinear
co-ordinates.
Example 1.4
The transformation from rectangular Cartesian x1, x5 to plane polar co-ordinates r, ¢.
The transformation is given by

x1 =u(r,p) =rcosy, 3 =uv(r,p)=rsing
and the Jacobian J of the transformation is J = r which yields
A & rdrdy

Then, the integral statement (2.48), e.g., for a circular domain with radius R around
& =0, becomes due to the fact that the J-function is only a function of the distance
r =| x — & | and not of the angle ¢

R 2w

/5(){) Q) = /5(1‘1 (z9) dS)x —// ) rdrde
Q
R 27
= /(5 rdr/dgpz/é(r,gp)rdﬂﬂ:l
0 0

dr,p) = — (2.50)

and postulates
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Hence, if a partial differential equation is formulated in polar co-ordinates, the adequate
fundamental solution has to satisfy
) o(r)
L(D)u (7”, 90) o

" 2y
and, correspondingly, using in R® spherical co-ordinates r, ¢ and ¥

L(D)u*(r, ¢,9) = o(r) (2.51)

42

2.4.2.1 The /-function in R! and the Heaviside function

In R', it can be shown that the d-function can be handled algebraically as if it were an
ordinary function, but one must always interpret any equation involving §(z) as follows:
if the equation is multiplied throughout by an arbitrary continuous function f(x), and
integrated over an intervall [a, b] by using the d-function’s selection property, i.e.

(/Mx—@ﬂ@mf— F(€) for € € [a,] (2.52)

= 0 foré¢[a,b]

then the resulting equation is correct and involves only ordinary functions.
For example

(z—=&d(z—¢ =0 (2.53)

because for any arbitrary continuous function f(z) one obtains with g(z) = (z — &) f(x)

/ 5z — O)gla)dz = g(€) = 0 for & € [a,1]

Similarly, one can state
w(x)d(z—€) =0 if wx=¢ =0 (2.54)

Moreover, the familiar techniques of integration, such as integration by parts and substi-
tution, can be shown to apply to integrals involving d-functions. As an example, consider
the integral

Iz/b@@»ﬂwm

where f(x) is an arbitrary continuous function and g(z) is a monotonic function of x
which vanishes when z = . Write y = g(z) and it follows that dy = ¢'(x)dx. The
integral then becomes

[e.e] [e.e]

I = /5(g(x)) f(z)de = /(5(y) Y(y)dy = (0) =

— 00 —00
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with ¢(y) = f(z)/ | ¢’(z) |, where the modulus sign is to ensure that the integration is
always from —oo to co. Consequently, it follows if g(z = &) = 0 that

Sole) =358 (255)
As a special case of (2.55) one obtains
75@ —b) f(z)de = “’(%) (2.56)
And, again by integration by p:rts, one obtains
/b DL faye = - / 5o — &) fo)da = —f(€) foré € fo,b]  (257)

Besides, in R!, the Dirac function can be considered to be the derivative of the Heaviside
unit function H defined as (see, e.g., [3], p. 147)

Hz—-¢) = 1forx>¢ (2.58)
= 0forz<¢
To see this, we integrate by parts (a < & < b)

b b

/%WW = [H(m_f)f(ﬂf)]iz—/H(I—f)f/(x)d:c

a a

= f(0) = (f(b) = f(§)) = F (&)
which yields by comparison with (2.52)

OH(z — )

S =@ —¢) (2.59)

2.4.2.2 The {-function in R™ with n > 2

In Cartesian co-ordinates, the d-function in a n-dimensional geometric space is the product
of n one-dimensional J-functions, e.g., in R*

d(x = &) = (w1 — &1)6(xa — &2)0 (13 — &3). (2.60)
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The expressions for the -functions become much more complicated when one introduces
curvilinear coordinates. To find corresponding forms, we will, for simplicity, confine our-
selves to two-dimensional space. Suppose that we transform from Cartesian co-ordinates
X1, T to curvilinear co-ordinates &1, &; by means of the relations

Ty = U(§1,€2)7 Ty = U(€1,€2) (261)

where u and v are single-valued, continously differentable functions of their arguments.
Supposing that under this transformation & = 81 and & = (5 correspond to 1 = a; and
To = g, Tespectively.

If one changes the co-ordinates according to (2.61), the equation

//(I)(.Tl, LUQ)(S(I‘l — 061)5(1’2 — Oég)dﬂfldQZQ = (I)(Oél, 042)
becomes

/ / B (u, 0)3 [u(€1, &) — )] 8 [0(E1, &) — an)] |J] dérdés = Dlan, o)

where J = 0(u,v)/0(&1, &) is the Jacobian of (2.61).
Correspondingly, we may write

6 [u(&1,&2) —a1)] 6 [v(€1, &) — )] |J]| = 0(&1 — B1)0(§2 — Bo)
or, provided J # 0

6(& — £1)d(& — Ba)
/1

Oz —aq)d(xe — ) = (2.62)

Example: Transformation from rectangular Cartesian co-ordinates z, y to plane polar
co-ordinates 7, 6:
x=rcosf, y=rsinf

Since the Jacobian of this transformation is

Oz Ox :
g oz cos@ —rsinf )

J=18 99 |=|_ =1 (cos®f +sin*6) =r
=2 5 sinf rcosf

one obtains the relation

5(7" — 7’0)(5(0 — 90)

r

6(x — 0)0(y — yo) =

if xqg = rgcosty and yy = 7 sin fy.

For the event that J = 0 at some so-called singular point, the considered transfor-
mation is no longer one-to-one and, moreover, some co-ordinate , then called ignorable
co-ordinate, is either many-valued or has no determinate value at such a singular point of
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the transformation. When, for example, the co-ordinate &, is ignorable, the Jacobian has
to be integrated with respect to this co-ordinate (see, [3], p.219)

5= [ 1914

and, consequently, in this case when J = 0 for x; = «;, we have the relation, e.g., in R?

6(& — B)

5($1 — 041)5(1'2 — Ozg) =

PA

Example (see also Example 1.4): In the case of the transformation x = rcosf, y =
rsinf, the Jacobian J = r vanishes at x = 0,y = 0 or r = 0 which means that # may
take on any value at this point, i.e., is ignorable. It follows that

2

J = /rd@ = 27r

and, hence,

2.4.3 Green’s functions of boundary value problems

As explained above, a boundary value problem is described by a differential equation

L(D)u(x) = f(x) in Q C R", (2.63)
and associated prescribed boundary conditions, e.g., on I' =1"y U Ty

E(u(x)) = u(x) forx el (2.64)

N(u(x)) = q(x) forx €I’y (2.65)

Consequently, besides the unknown solution u(x) in the interior €2, there are also unknown
boundary reactions F(u(x)) = u(x) on I'y and N(u(x)) = ¢(x) on I'; which are, in general,
not zero along the respective boundary.

The so-called Green’s function G*(x,§) of such a boundary value problem is defined
as being a special fundamental solution, i.e.,

L(D)G*(x,€) = 8(x,€) (2.66)
which satisfies homogeneous conditions for those boundary states which are prescribed in
the actual problem, i.e.,

E(G*(x,£)) = 0 forx el (2.67)
N(G*(x,§)) = 0 forx el (2.68)
When such Green’s function of a boundary value problem is available - in general, it is

difficult to construct it -the problem’s solution can be formulated in an integral form
which contains no unknown terms (see, section 3.1.3).
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2.4.4 Ordinary differential equations with constant coefficients

The fundamental solution of an ordinary differential equation of n-th order with constant
coefficients satisfies

. dnu* dn—lu* du* i}
LDy (w,€) = -+ ar—mmp £ g+ anu” = 0(w, ) (2.69)
and is given by
u*(z,€) = H(z — §w(x,§) (2.70)

where w(z,&) € C™"(R') satisfies the homogeneous equation L(D)w(x,£) = 0 with the
conditions

n—2 m—1
_dwp o _dTwy o dTw (2.71)

g, —2 ’ -1
dz |, _ dxm=2 |, _ dam=t |,

w(z = )

Since, in view of (2.59) and (2.54),

du* dn—l * ’ -~
u g,f) = H(z — Ow'(2,6), ..., % = H(z — uw" (z,¢)
and "
T _ o — )+ H(a — u(a. ),

one finds with L(D)w(z,£) = 0 that

L(D)u*(z,§) = d(z—¢)
+H(z — &) [w™(2,6) + arw™ D (2,€) + - - - + apw(z, €)]
= 0z — &)+ H(x — §L(D)w(z,§)
= 0z —¢)

Example 1.5
From the above rule (2.70) with the conditions (2.71) follows that the fundamental
solutions for the operators L; = % +a, Ly = % +a? and L3 = % — a? are given by
(see, [4], p.40)
ui(z,€) = H(z — §e 9 (2.72)

where, here for n = 1, wi(z,£) = e @9 and satisfies the homogeneous differential

equation % + aw = 0 and the condition ZOT%‘ = w(zx = &) = 1, while for n = 2 the
z=¢

fundamental solutions are

sina(x — &)

u(x,€) = Hiz - £) (2.73)

sinha(x — €)

uz(z,§) = H(r = §) (2.74)
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where the function ws(x,£) = 2 sina(z — €) and ws(z,§) = Lsinha(z — &), respectively,
satisfies again the related homogeneous differential equation and the conditions w(x =

dw
¢) =0 and @ lpme = -

When the constant a in the operator Ly and L3 tends to zero, one obtains the operator
Lpar of the bar equation for constant stiffness FA (which also represents the potential
equation in R')

_ Pu(x) _ plx)
- =P W) (2.75)

Lpgru(x)

whose fundamental solution, i.e., the solution for f(x) = d(x — &) is found by considering
the limit of (2.73) for a — 0:

w(o,€) = Hiz — )lim 24 =8 _ gy g) (2.76)

a—0 a

But, as expressed in (2.44), this function u*(x,¢) is unique only up to a function w*(zx,§)
which is the solution of the homogeneous equation Ly, w* = 0, i.e., the function v* + w*

with w* = —%(x —¢) is also a fundamental solution for the operator Lpg,,
Ui (0,6) = (- OH(@— )~ 3z~ = J(x— O RH(r &) ~ 1]
= S(z—&sign(z — &) = "”;5' =2 (2.77)

where sign(x — &) = 1 for x > £ and sign(x — §) = —1 for < £. This is obviously correct
since (v — £)d(x — &) =0 and

D) = 2 b0 L Lo
1 1,
= H(z—¢)— 5= 551gn(x — &) (2.78)
%u*(m,f) = d(x—¢) (2.79)

Correspondingly, a fundamental solution of the basic differential equation for an elastic
beam with constant flexural rigidity ET

d'u(z) _ q(x)
= — =1 = i@ (2.80)

Lbeamu(x)

can easily found by integrating the solution (2.77)of (2.75) twice:

ulteam(xvf) = E (281>
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2.4.5 Scalar partial differential equations with constant coeffi-
cients

The fundamental solution for the three-dimensional Laplace equation

can be obtained directly as follows ([4], page 79):

Since the operator A = V - V is invariant under a rotation of coordinate axes, we shall
seek a solution that depends only on the distance r =| x — £ |. For r > 0, u*(x, &) = u*(r)
will satisfy the homogeneous equation Au* = 0, i.e., in spherical coordinates

10 [ ,0u\
o (75) -0 283)

which has a solution u* = % + B. 1If one requires the solution u* to vanish at infinity,
then B = 0. In order to determine A, one has to take into account the magnitude of the
source at x = £. Integrating (2.82) over a small sphere Q). of radius ¢ and center at x = &,
one obtains

—/V -Vu'(x,£)dQy = /5(x, £)dQx =1 (2.84)
Qe Qe
which, by using the divergence theorem (2.21), gives
ou*(x,§) / Ou”(x,€)
_ . * dly = — dly = — dl'y =1 2.
/n Vu*(x,§) / o o (2.85)

FE FE FE

where I'. = 09, is the surface of the sphere Q. and dI'y = r?sinfdfdyp with 0 < 6 < &
and —7 < ¢ < 7. Now, substituting u* = A/r, i.e., du*/Or = —A/r* in (2.85) yields

m™ T A ™ K
//T_2T2Sin9d‘9d90=A/dQO/SiHQdQ:A27T[—cosé’]g:47rA:1
-7 0 - 0

ie., A = 1/(4r). Hence, the fundamental solution for the three-dimensional Laplace
equation is

1
W) = () = -

Correspondingly, the homogeneous two-dimensional Laplace equation in polar coordinates

10 ( ou*

-~ = 2.

ror (T or ) 0 (287)
has for r > 0 the solution u* = C'In(r/a) + D. Arbitrarily setting D = 0 and applying

the same steps as above in (2.84) and (2.85), determines C' = —1/(27), and hence the
fundamental solution of the two-dimensional Laplace equation is
—1 1
W%, 6 =u(r) = ——In(>) = -~ In(%) (2.88)

2 a 2T T

(2.86)
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where @ > 0 is an arbitrary real constant making the ratio r/a dimensionless.
Similarly (see, e.g., [5] or [4]), one can determine the fundamental solutions for the
Helmholtz equations in R™",n=1,2,3

(A + EHu*(x,€) = 6(x,€) (2.89)

where k # 0, real, is the so-called wave number. One gets

forn = 3: u'(x,§) =u(r)= —4—;06_“““ (2.90)
forn = 20 u'(x,§) =u"(r)= %HéQ)(kJT) (2.91)
forn = 1. u'(x,&) =u*(r) = % sin(kr) (2.92)

where H{? (kr) is a Hankel function. With b = —ik or k = ih, the operator (2.89) changes
to

and the fundamental solutions become
forn = 3: u'(x,&) =u"(r) = —Lei}”’ (2.94)
4dmr
forn = 2: u'(x,&) =u"(r) = —QLKO(hfr) (2.95)
T
1
forn = 1. u'(z,§) =u*(r)= ~5n sinh(hr) (2.96)

where Ko(hr) is a modified Besselfunction. Note that here lim u*(r) = oo, i.e., these
r—00

fundamental solutions represent wave forms that diverge to infinity.

Remark 1: The R' fundamental solutions given in (2.92) and (2.73) for the operator
(2.89) as well as in (2.96) and (2.74) for the operator (2.93) are different, but, as one can
easily check, both versions are correct, i.e., give the typical filtering effect of the Dirac 4-
function. For example, gives the fundamental solution (2.92) u*(z,§) = u*(r) = 5 sin(kr)
of the equation (2.89)(note that 7, = dr/0x = 2H(x — &) — 1 and (r,)? = 1)

b b

/(A + )z, €)da — /cos(k;r)é(ac,f)dx — 1 for €€ [a, 1)

a a

while the fundamental solution (2.74) ub(x,&) = H(x — 5)% for the same equation
results in

b b
/(A + k) ub(z, €)dr = /cos(k(x —£))0(z,&)dx =1 for & € [a, ]
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The essential difference of both versions is that the forms (2.73) and (2.73) contain the
Heaviside function H(z — &) and, therefore, are cut off (zero) for x < ¢, while the other
versions (2.92) and (2.96) are due to their dependence on r = |z — £| symmetric to = &.
Remark 2: In R!, it is also possible to use instead of the divergent form (2.96)
* * 1 —hr
u*(z,&) =u*(r) = —55¢ (2.97)
This form is convergent, i.e., Tlirglo u*(r) = 0, and has, as easily can be checked, the essential

behaviour of a fundamental solution:
b b

/(A — R u*(x, &) dr = /ehrd(x,f)d:v =1 for & € [a, D] (2.98)
Remark 3: When taking into account that u*(r) = 1/4zr is the fundamental solution
of the Laplace operator in R3, i.e.,

1 1
A() = V() = —dn(x,€)
the check that u* 41 e~ is really the fundamental solution of the Helmholtz equation

(2.89) in R3is stralght forward by applying the Leibniz formula V?(af) = fV?(a)+2V(a)-
V(f) + aV?3(f), i.e. here,

(A + K*)u* = —ﬁ { _“"V2( )+ 2V( ) V(e ™) + %VQ(e_““")} + K*u*
Since differentiations give (% =)
1 1 1 -3
M
V(e ™) = %(em) = —ikr ;e = —ik@em
V2(e *ry = %(—ik@eikr) = —(¥ + k*)e

one obtains finally
4t — (k4 |2)et) 47y
= e Mi(x,6) = d(x,€)
Certainly, one should know that

2
axaax ] (e_ik?”) ) %(_ik’/“’ie_ikr) = —k (T,ije_ikr + T,i(—l‘k’lﬂj)e—ikr)
(A Vi j

= —ik (Tﬂ;j — Z'/{?T’ﬂ'?”’j)) 67“”

0 T —§& 0y T —§& T 1
rij = ,(( . )):_]—QZ;(%—W%)
J

with
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2.5 Singular integrals

Singular integrals are those whose integrands reach an infinite value at some points on
the integration domain 2. They are, in general, defined by eliminating a small space
(initially arbitrary) including the singular point, and obtaining the limit when this small
space tends to disappear

/f(a:,f)de = lin(l) / f(x,&)d, with & € Q. (2.99)

E—r
Q Q-0

Q). can be a ball of radius € in 3D, a circle of radius € in 2D, and in 1D, i.e. on a line a

segment of dimension € at each side of the point where the singularity is located.

2.5.1 Weak singularities - improper integrals

If the limit of (2.99) exists independently of how € tends to zero, it is said that this integral
exists as improper and the singularity is said to be weak.
In R', a representative example is the integral

b
/ln\x—§|dx, a<&<b (2.100)

which can evaluated as
b E—e1 b

/ln|x—§|da7 = lim /1n(§—x)dw+/1n(x—§)dx

€1—0,e2—0
a a E+er

= lim (¢ — ) lIn(€ — ) — 1S + lim (o — iz — &) — 1)L,.,
= lim (—e[In(e) — 1) + (€ — a)fin(€ —a) — 1]

Ho—©)lIn(b— ) — 1] - lim (=5[in(=;) — 1)
= (a—b)+(E—a)n(€ —a)+ (b—&)In(b —¢€) (2.101)

obviously exists, since from the rule of Bernoulli-de I’Hospital

lim (¢ In(¢)) = lim (m@)) = lim ( 8_12> = lim(—¢) = 0 (2.102)

e—0 e—0 \ g1 es0 \ —e—

follows that all e-terms disappear independently from each other.

Physically, this fact implies that the area under the function at any side if the singular
point has a finite value.

Remark: The following integrals also exist as improper integrals

b

d
I:/ L for0<k<1
|z — £
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2.5.2 The Cauchy Principal Value of strongly singular integrals

When one evaluates the integral

b
dx
— <E<Dh 2.103
[ o< (2.103)
as an improper integral
/ d d b
/ S / Tl omiZE L w2104
xr — 5 81—)0 EQ%O f 6 5 —Qa €1—0,e2—0 €9
a E+en

the limit of the last expression obviously depends on the way in which £; and &, tend
to zero. Hence, the improper integral does not exist. This integral is called a strongly
singular integral. However, this integral can be assigned a meaning if we assume that
there is some relationship between £; and e9, e.g., if the deleted intervall is symmetric
with respect to the point &, i.e., €1 = €9 = €. Then, one obtains

dx dx o b=¢
/x— —ll_r:% 5 / ¢ —lng_a (2.105)

a E+e

the so-called Cauchy principal value (CPV) of a singular integral.

Remark: Evaluating weakly singular integrals as Cauchy principal value gives obvi-
ously the same result.

Now, consider the more general integral

b

/f(_“’édx, a<E<b (2.106)

a

where p(z), z € [a,b] is a function satisfying the Hélder condition, i.e., for any two points
t; and ty on a smooth curve L and for positive constants A and A with 0 < A < 1 holds

| o(ta) —p(t) [< Aty —t2 | (2.107)

which means that o(t) is differentiable and has a bounded derivative. The Hélder condi-
tion is sometimes referred to as an intermediate situation between continuity and deriv-
ability, establishing in fact a division in the set of continuous non-derivable functions (see,
Paris and Canas [6], p. 14)

Let us understand this integral (2.106) in the sense of the Cauchy principal value

(CPV) as b
/90(93) e — lim / p(x) der/ pla) (2.108)

€xr — g e—0
a a E+e
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and take the identity

b b b

o) el —pl©), da
/m_gd _/ 2 +¢(g)/x_£ (2.100)

a a a

Now, one can see that the first integral on the right-hand side of (2.109) is convergent as
an improper integral, because it follows from the Holder condition that

| p(r) — ¢(§)

x—¢ EREI

and the second integral coincides with (2.105). Thus, if ¢ () satisfies the Holder condition,

the singular integral (2.106) exists in the sense of the Cauchy principle value (CVP)and
is equal to

0<x<1 (2.110)

b

olw),  [elm) —el©), o bt
/x—fd / e eI (2.111)

a a
Remark: The following integral does not exist, neither as improper integral nor as Cauchy
Principal Value:

b

I dz
|z — ¢
Example: Determine the CVP of the following integral (a < £ < b):
b E—e b
/ dz B / dz . / dz
sin(z — &) —sin(§ — x) sin(z — &)
a a E4e

2.5.3 Cauchy Principal Value integrals in boundary integral equa-
tions

In boundary integral equations, the integrands contain often singularities of inverse powers
of r =| x — ¢ | multiplied by certain bounded functions, i.e., have the general structure
X
_ [ el ’f)ku(x)de
/ Tx—¢
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where the so-called characteristic ¢(x,£) does not include any singularity, the singular
kernel ¢(x,&)/r* results from the fundamental solution while the so-called density u(x)
usually represents boundary values of the considered problem.

2.5.3.1 Conditions for the existence of a CPV of a singular curvilinear line
integral

Let I" be a smooth contour, x and & be coordinates of its points, and x, and x, be the
endpoints of I'. Consider the singular curvilinear integral where the contour points are
expressed in terms of a parameter, e.g., the arc length s, so that x = x(s) and s,, s, are
the values of the parameter s corresponding to the endpoints of I':

p(x,€) [ ox(1.6 dle [ elx(s).)
—u(x)dly = | T u(x(s))——ds = | ————"=Fu(x(s))J(s)ds
/ Tx—¢] Sa/|x<s>—s| & Sa/|x<s>—s|
(2.112)
where J(s) is a Jacobian associated with the change of variable from x = (z1,x2) to s

= M= (1) (2 2

Let us take a circle of some radius € centered at the point £ on the contour, &, = £ + x,
and £&- = £ —x_ be the points of intersection of this circle with the curve, and assume
that the radius is so small that the circle has no other points of intersection with I'. Let
I'. be the part of the contour I' cut out by the circle and consider the integral over the
remaining arc. Then, its limit for € — 0 is the principal value of the singular integral
(2.112).

p(x,8) =g [ PO
F|X_£’()d1“x LOF_/NX_“(MPX
e o [ £
- [ g <§>F/|X_§,drx<z.n4>

where, if u(x) satisfies the Holder condition for points x being placed in the neighbourhood
of &, the first integral exists. The second integral is, e.g., along a straight line contour
of length As = s, — s, where with x = x(s) and £ = x(5) the distance r =| x — £ | is
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r=|s—s|and J(s) =1

Fo® o | Teex@) | [ el xG) |
|x—§|drx = ll_r% / 53] d8+8+/8 -3 ds (2.115)
oy 7‘@@«(2 x(5), , [ et x(0) N
| e, f e |
- l—>0 §£ s— 3§ d+8+8 s— S d
= L+1 '

Remark: In many discretizations, the boundary line of a domain is approximated by a
polygon, i.e., by elementwise straight lines.
Evaluating I; by integration by parts gives

I, = lim — s
e—0 S — S
o ) I _deo(x(s),x(5))
— iy | (js 5 Plx() x(sDliz. — [ Infls -5 PP gy

= Jim [In(]s, — 5 [)e(x(s0). X(5)) — In(e)p(x(5 — 2).x(5)) — Lo

The integral I15 and the corresponding integral from I exists if dp/dx takes finite values
along the integration zone outside r = 0 while the first evaluated terms of I; and the
corresponding ones from I lead to

i | 10050 =5 Dolx(s0) x(6)) = ()plx(s - &), (6)
5] (s — 5 Delx(ss), x(5)) — (e)plx(s + ), x(5))

Hence, if

lim {In(e) [p(x(5 — £),x(5)) + (x(5 +¢),x(5))]} = 0

and dp/dx takes finite values along the integration zone outside r = 0, the integral I; + I
would have a finite value:

| e x6) [ exexE) |
i / — ds+s+/£ E | = (s, = 5 Delx(s,). x(5)

+ In( sb— § [)p(x(sp), x(5))

/ / s—3§ |)st(2.ll6)

S—¢e S+e

|
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This condition is satisfied by a function ¢ if in the neighbourhood of £ = x(s) it holds
that

lo(x(5 —€),x(3)) + p(x(5+¢),x(3)| < Ae*; A>0; 0<a<1;>0 (2.117)

2.5.3.2 Conditions for the existence of a CPV of a singular surface integral

For a study of singular integrals in R? where singularities of order two (1/r?) can have
a Cauchy Principal Value, let us consider the integral on a domain €y in R?, here, in
general, a surface domain of three-dimensional areas

1(€) = / (529) (x)d€y (2.118)

r
Qo

where r =| x — £ | and 6 represents the angle formed by r with respect to the coordinate
axes. This integral can be divided in the following manner:

/gp(g’e)u(x)dﬁx = / gD(fée)u(x)alﬂij

Qo " QaN(r>p)
/ (fze)[ (%) — u(§)] dx% + u(§) / 90(5;9)@ (2.119)

where p is a fixed distance sufficiently small to guarantee that the points x : |x — &| < p
belong to €.
The first integral of (2.119) is defined and the second exists if the Holder condition is
satisfied:
lu(x) —u()] < Ar®(x,€); A>0; 0 <a<1. (2.120)

The third integral of (2.119) is specified as
/ P(E; e)dQ = lim / P80 4 (2.121)

e—0 7”2
r<p e<r<p

and polar coordinates, i.e., d€)y = rdfdr are introduced which yields

lim (5 f) d@d’r’—hm/ dr/ (&,0) 9—11m1n( )/ (&, 6)do

e—0
e<r<p

The condition for this integral to exist is then:

21

/gp(f, 0)do = 0 (2.122)
0
Hence, if the integral of the characteristic (&, 0) on the surface around the pole x = ¢
is zero and the density wu(x) satisfies the Hélder condition, the integral (2.118) with a
singularity of order two in the two-dimensional space has a Cauchy Principal value.



3 Transformation of Differential Equations
to Integral Equations

There exist several methods for transforming differential equations decribing a boundary
value problem or an initial/boundary value problem to an equivalent representation by
integral equations. Two are essentially different when regarding their basic ideas and
result also in quite different formulations: the so-called direct boundary integral equation
method and the indirect boundary integral equation method. Both derivations will be
described by some representative examples.

3.1 Introductary 1-d problems: Transformation of
ordinary differential equations

In RY, not only the transformation of the considered differential equations to an integral
equation representation, but also their solution can be found in many cases analytically
exact. Hence, it makes sense to consider some typical examples in order to clarify some es-
sentials, e.g., the importance of the fundamental solution of the analysed basic differential
equations.

3.1.1 Integral equations by direct integration

Here, some simple integral equations are derived by performing straightforward integra-
tions in order to show the equivalence of the formulations and to point-out the importance
of the respective fundamental solution for these integral equation representations.

3.1.1.1 First order ordinary differential equation.

The most simple differential equation is certainly

d
() = f(2) (3.1)

where f(z) is given, and the solution is unique by the initial condition y(a) = yo in an
arbitrary point z = a and shall be considered to be defined in a certain intervall [a, b].
Integrating of both sides of the equation (3.1) gives

y(z) = [ / f(:z)da‘c] e (3.2)

29
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When one satisfies the prescribed initial condition, i.e.,

y(a) = yo = [ / f(x)dx] R (33)

one finds the constant c as

= yo— l / f(i;)di;} B (3.4)

and the ’solution’ of the first order ordinary differential equation (3.1) with the initial
condition y(a) = yo to be

y(z) = Zf(ff)di“ + 90 (3.5)

This example looks trivial. But, taking additionally into account that x is restricted to
a one-dimensional domain whose boundary consists of the two endpoints of the closed
intervall [a, b], and introducing the Heaviside function H(z — ) (see (2.58))

1 T >

H(x —¢) :{ 0 fiir (3.6)

r<ZT

the solution (3.5) may also be written as an integral over the whole definition domain
Q = [a,b]:

y(z) = / H(z — 2)f(2)dz + yo (3.7)

The kernel H(x—z) of the above integral operator is obviously (see (2.59)) the fundamental
solution y*(z, Z) of the considered differential equation (3.1).

3.1.1.2 Second order ordinary differential equations.

Transfering the idea of the integral equation formulation (3.7) to the differential equation

of second order 2
@y(m) = f(x) (3.8)

with the two initial conditions

=y (a) =y (3.9)

Tr=a

d
M@—maﬁ.%wﬂ

and defined on the domain Q = [a, b], its solution should be given with its fundamental
solution y*(x, z) and the initial conditions (3.9) as

b
y(x) = /y*(m, z) f(Z)dz + yo + y()(a: —a) (3.10)
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Certainly, one has to know the adequate fundamental solution of the differential equation
(3.8). Since the fundamental solution of the first order differential equation (3.1) is the
Heaviside function H(z — ), one has only to know what is the result of integrating
H(x — z). For this purpose, it advantageous to represent the Heaviside function as 'cut
polynomial’ of zero degree:
H(z—2)=[z—7] (3.11)

In this form, it is easy to integrate the Heaviside function and to find the fundamental
solution of (3.8):

y(x,z) = [z — :E]fr =(r—2)H(x — ) (3.12)
This is known as fundamental solution of the bar equation (2.75). Another possible
fundamental solution is (2.77)

-2 1 . _
== 5(3: — o)sign(z — ) (3.13)

_ e pHE -5 1= (x—f)H(x—f)—%(x—f)
because the additional linear term —3(z — ) is only a trivial solution of the homogeneous
differential equation (3.8).

It is not easy to recognize that the expression (3.10) is really the solution of the
differential equation (3.8), but this can be shown by two straightforward integrations and
a little more trickery transformation of the double integral into a single integral.

One integration of both sides of the differential equation (3.8) gives

y*(:z:, l’) =

N~ N3

dy(x) [
W =Y+ /f(l’)dfl} (3.14)
satisfying the initial condition 4 (a) = y,, and a second produces

y(x) = yo + (v — a)y; + / /f(a:)da: ds (3.15)

the further constant of integration having been taken so that y(a) = yp.
Simplification of the double integral in (3.15) follows on using the result of the more

general formula
/ /G(f,s)df ds:/ /G(gz-,s)ds i (3.16)

a a a x
for which it is sufficient that G(z, s) be a continous function of both variables. To establish
(3.16) note that the repeated integral on the left hand side is evaluated over a triangular
region of the T — s plane, first the inner integral at a fixed s from ¥ = a to T = s and
the outer integral then runs from s = a to s = z. On reversing the integration order, the
same triangular region must be covered. This is achieved by integrating from s = Z to
s = x at a fixed z, followed by integration with respect to z from z = a to 7 = .



32 3 Transformation of Diflerential Equations to Integral Equations

3.1.1.3 Exercise 4: Reversed order integrations

a) Check the formula (3.16) for the integrand G(z, s) = z°s.
b) Derive a reversed order integration form for the double integral

z | b
[ |:fG([E, s)c&} ds, x € |a,b,

a

and check it for the integrand G(z,s) = °s.

Applying the formula (3.16) to the double integral in (3.15) gives

I [Zf(x)dx] ds — f [Zf(x)ds] i = Zf(x) Bds} di = [ f(7)(x — 7)dz

a a

and the integral representation (3.15) is simplified to
y(@) = yo + (& —a)yy + [(x — 7) f(7)dz (3.17)

or, by introducing the Heaviside function to correctly perform the integration over the
whole intervall

@) = o+ (o = iy + [(o = 2)H @ — ) (@)do (319

This is obviously the same solution as given in (3.10).

3.1.1.4 Exercise 5: Integral equation by straightforward integrations

The second order differential equation (3.8) has to satisfy the two boundary conditions

y(a) =yo and —y(x)|  =y'(b) =y,

xz=b
Derive the solution of the boundary value problem by straightforward integrations and
transform the resulting double integral into single integrals applying the formula derived
in Exercise 2.

3.1.2 Direct integral equations by the method of weighted resid-
uals

In general, the above described proceeding of transforming differential equations into in-
tegral equations by straightforward integrations is not applicable. Therefore, a general
methodology - the method of weighted residuals - is now introduced where, for a bet-
ter understanding, the same simple second order ordinary differential equation (3.8) is
considered again first.

The idea of this method is as follows: One considers the residual which
remains when an approximative solution is inserted in the differential equa-
tion, multiplies this residual with certain (known) weighting functions, and
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demands that the integral of this product over the problem domain disap-
pears, i.e., is zero.

Then, all differentiations acting on the unknown states of the differential
equation are shifted through integration by parts to act on the known weight-
ing functions. If the chosen weighting function is the fundamental solution of
the actually considered differential equation, one obtains an equivalent inte-
gral equation formulation of the boundary value problem.

It can be used to determine the unknown boundary reactions of the problem, and,
when these are found, also the sought solution of the considered differential equation at
any arbitrary interior point.

3.1.2.1 Transformation of Poisson or Laplace equations

The second order ordinary differential equation (3.8) is the one-dimensional representation
of the so-called Poisson’s or Laplace equation which has, as shown above (see (3.12) and
(3.13)), the fundamental solution (£ — z)H({ — z) or equivalently 3r = % | x — & |.
As physically meaningful examples, the equations from Euler-Bernoulli’ theory of elastic
beams are considered.

3.1.2.1.1 Bending deflection of elastic beams The deflection w(x) of an elastic
beam under a prescribed bending moment distribution M (z) has to satisfy the inhomo-
geneous differential equation of second order:

d? . M(x)

) =g

, Q={zlx€lab],a—b=1} (3.19)

Following the above advices, this equation is multiplied with the fundamental solution
w*(z,§) = %r as adequate weighting function, integrated over the problem domain, i.e.,
over the beam length [ from x = a to x = b, and the result is demanded to be zero:

b

/ <d2;Ux(2x) " Afz(fx)) (@, §)dr =0 (3.20)

a

b b
/d;l;gx)w*(x,f)dx: —/Aij(}c)w*(x,f)dx (3.21)

a a

Now, the left hand side of (3.21) has to be integrated by parts twice in order to shift
the two differentiation in the 'domain’ integral from the unknown w(z) to the known
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fundamental solution w*(x,&):

b

/dZw(x)w*(x,g)d:c _ [dw_(x)w*mf)r B /b dw(z) 8w*(x,§)dw

dx? dx dx ox
N b
_ {_dzgf) W (2, €) — w(a) 228 a(f 5)}
b
+/w(x)%dm (3.22)

a

Since the second derivative of the fundamental solution (2.77) w*(z,§) = 1r=1 |z —¢|
gives the Dirac function §(z, &), the result of the respective domain integral is with £ €
[a, b] simply the value of w at & (see (2.52)):

b

/ w(x)aw;—g’@dx _ / w(@)(z, €)dz = w(E) (3.23)

Hence, with (3.23) and (3.22), the equation (3.21) is transformed into the boundary
integral representation

w(E) = — {dlgf)w*(x,g—w(x)%} _ / ]\gf)w*(x,f)dx (3.24)

Explicitly, with (2.78), i.e.,

aw;(j‘s) = H(z—¢€) - 1_ lsign(:c — &) (3.25)

2 2
the evaluation of (3.22) gives:

l

[ ot = oS —wm simo - o

0

' (@5 w(a) jsien(a — ) + (@
_ Sl - _ w(b)% ()t m_p w(a)% + w(€)(3.26)

Hence, the equation (3.24), the integral representation of the differential equation (3.19),
can also be expressed as:

E—a

5 w(a)+ (b_g) ! o M(:U)l

w(b) — 5 w (b) %I 3 x—¢&|dx  (3.27)

w(€) = Ju(a) + ;
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It is valid for all interior points £ € [a,b] and all combinations of boundary conditions,
but, before it is possible to evaluate this expression, all unknown boundary reactions must
be determined.

For this purpose, the point ¢ has to be shifted on the boundary, i.e. here, at the two
boundary points ¢ = a and £ = b, to obtain two equations for the two unknown boundary
values. This gives the following equation system (b — a = [):

w(a) b

If1 o —-11 w'(a) 1 (x —a)M(x)

ol -1 =11 o | wew) |~ 2EI {(b—x)M(:c)}dx (3.28)
w'(b) @

Dependent on the actually prescribed boundary conditions, the corresponding colums
have to be multiplied with the respective known values and transfered to the right hand
side. The solution of the resulting system delivers the unknown boundary reactions which
are necessary for the evaluation of the integral representation (3.27).

In order to compare with the already solved problem, the initial value problem with
the conditions (3.9)

/

w(a) =wy and w'(a) = w, (3.29)

and f(x) = —M(z)/EI is considered here again. Then, the actual algebraic equation
system is

()= T e [h )] e
from which one obtains

w(b) = /(b — ) f(z)dz + wo + lw, (3.31)

b
W (b) = % /(:1: — ) f(@)dz — wo + w(b)

a

b
= /f(x)dx + w(l) (332)
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Inserting these boundary reactions in the integral representation (3.27) of the solution

l
— / b— , _

l
1 /
= 3 +— /b—a: z)dx + wo + lw,
0
I
/f(w)dw%—wé) + /f(x)@dx
0
I
= wy+ (£ —awo—i—/f (E—a+|x—E))de
0

= wo+ (E—a)wo+ [ f(2)(€ —2)H(E - z)de (3.33)

o — _

where the equality of 3 (£ — 2+ | z — £ |)and (£ —z) H (£ — z) has been taken into account.
The final line in (3.33) is exactly the same expression for the solution of the initial value
problem as given in (3.18) when one recognizes that £ and x are there x and Z, respectively.
Remark: An essential difference of the direct boundary integral formulation obtain
via the method of weighted residuals in comparison to the integral solution by straight-
forward integrations is that one has to determine first the unknown boundary reactions
before one can evaluate the expression for the solution at arbitrary interior points.

3.1.2.1.2 Exercise 6: Beam deflection under prescribed moments Use the
above system (3.28) to solve the boundary value problem with the prescribed conditions
w(a) = wy and w'(b) = w; which corresponds with y £ w and f(z) = —M(x)/EI to the
problem of Exercise 3.

3.1.2.1.3 Exercise 7: Bending moment of an elastic beams under transversal
loading Transfer the above solution (3.27) and the system (3.28) for determining the
boundary reactions to the differential equation for the bending moment M (x) of an elastic
beam under the prescribed transversal loading g(x):

d*>M (z)

= () (3.34)

Note that the shear force Q(z)is the first derivative of the bending moment, i.e., Q(x) =
M'(z) = dM (z)/dzx.
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3.1.2.1.4 Exercise 8: Axial displacement of an elastic bar Transfer the above
solution (3.27) and the system (3.28) for determining the boundary reactions to the differ-
ential equation for the axial displacement u(z) of an elastic bar of length [ with sectional
area A and Young’s modulus F under the prescribed axial loading p(x):

du(x)  plx)

da? EA

(3.35)

Note that the resultant axial force N(z) is related to the axial displacement u(z) via
N(z) = EAY ().

3.1.2.1.5 Exercise 9: Bar stretching under axial loadings Solve the stretching
problem of an elastic bar, which is fixed at x = a = 0, i.e, u(0) = 0 and has a free ending
at x = b=11e., N(I) =0, with the integral equation system and the solution expression
determined in Exercise 8. The prescribed axial loading is p(z) = po .

3.1.2.2 Transformation of Helmholtz equations

The till now considered differential equations contained only first or second order deriva-
tives of the sought solution. When the sought solution function multiplied by a constant
factor is added to or substracted from the second derivative term, e.g.,

d*w(z)

dz?

d*w(z)

dz?

+ K*w(r) = f(x) or — h*w(z) = f(x) (3.36)
this differential equation is called of Helmholtz type. When one prefers symmetric forms,
the respective fundamental solutions are (see, (2.89) and (2.93), respectively, and corre-
sponding Remark 1 there)

w*(z, &) = w*(r) = i sin(kr) with k # 0, real, r = |z — ¢| (3.37)
w*(z,&) =w*(r) = % sinh(hr) with h # 0, real, r = |z — ¢| (3.38)

or, instead of the for » — oo divergent form (3.38), the convergent one (2.97)

(2, €) = u(r) = ;—;ehr (3.39)

3.1.2.2.1 Stationary longitudinal waves in an elastic bar The dynamic equi-
librium of a bar element with the cross section A and material density p under an axial
loading p(x,t) and a londitudinal accelleration i(x) = 0*u(x,t)/0t? is described by

ON (z,t)
ox

0?u(w,t)

= —p(z,t) + PAT

(3.40)
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where the axial resultant force N(z,t) is related to the longitudinal displacement u(x,t)

by

Ou(x,t)
Ox

Connecting both equations and assuming constant cross section A and modulus of elas-
ticity E yields the basic differential equation

OPu(x,t)

N(z,t) = BAZEDY - pay(x,1) (3.41)

Ou(z,t)

EA 52 —p(z,t) + pA 2 (3.42)
or, introducing the longitudinal wave speed ¢, = \/FE/p,
0*u(z,t) B i@Qu(m,t) _ p?) (3.43)

Oz? 2 o2 EA
For time-harmonic loadings with the excitation frequency w
p(z,t) = p(z)e™! (3.44)
the response can also be assumed to be time-harmonic:
u(z,t) = u(x)e™! (3.45)
The result is an equation which is not longer time-dependent and is of Helmholtz type

d*u(x)

T2 + k*u(z) = _plx) (3.46)

EA

The ratio k = w/cy, is the so-called wave number.

As we already know, the transformation of this differential equation (3.46) to an
equivalent integral equation may be performed by integrations by parts of the integral of
the weighted residual over the problem domain, i.e. here, over the bar length (:

/l{d?;f)ﬂL “u(x )+%1 u* (2, €)dr =0 (3.47)

where the fundamental solution u*(z, &) of the differential equation is taken as special
weigthing function.
The two integrations by parts of the first term in (3.47) gives

/ l
d2u($) * / % 1 , au*(l’,€>
/ T2 U (z,8)dx = [U(x)u"(z,§)], — /u (@sz

0

= [t -un?8E9) / () 08 g )

0
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such that the complete transformation of (3.47) becomes

l l

o (2 (2, €) — u(x)w}l—k / {M + k2 (z, g)} w(w)dz = — / ) ey

oz 0 0x? EA
0
(3.49)
Here, the adequate fundamental solution is (see (3.38)
.
u*(z, ) =u*(r) = o sin(kr) (3.50)
Its first and second derivative, respectively, is (2H (x — &) — 1 =sign(z — &))
ou*(x,€) 1 or 1
bl o)V a_ - OH(x —€) —1 51
e 5 cos(kr)aa: 5 cos(kr)[2H (z — &) — 1] (3.51)
0% (x,§) ko
0z = T3 sin(kr) 4+ cos(kr)d(x — &) (3.52)

such that

L[0%u (x, )
{;[ O0x?

+ /@%*(x,f)} u(x)der = /cos(kr)é(x —§u(x)dx = u(g) for £ € [0,]

Thus, the final result of (3.49) is the following integral expression for the axial displace-
ment at an arbitrary point £ € [0, ]:

“(z : l x
W) = = |6~ 2G| — (B s
1. , 1 :
= —%smk(l —Ou'(l) + §cos/<:(l — &)sign(l — &u(l)
—|—isin(k§)u'(0) — 1Cos(lcf)sign(—f)u(()) — }wu*(x )dx
2k 2 0 7

1 1
= —QEAksmk(l —&N() + §COSk‘(l —&§u(l)

+

: 1 Fo(e) 1
2EAksm(k§)N(O) + §cos(k§)u(0) - / ———sin(kr)de  (3.53)

where the relation N(z) = EAu/(x) was applied in order to introduce the adequate
boundary state N(x).

Since two of the four boundary values are unknown, one needs two equation to deter-
mine their values. They are obtain by collocation, i.e., evaluation of the equation (3.53)
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at the two boundary points (both equations have been multiplied by 2):

¢ = 0: u(0)—cos(kl)u(l) +

sin(kl) N(1) = — / p(@) sin(kx)dz

& = 1: —cos(kl) u(0) +u(l) —

I
sin(kl) N(0) = — / gg])fsink:(l — x)dz(3.54)

or in matrix notation

u(0) ,
1 0 —cos(kl) sin(kl) % _ 1 p(z)sin(kx) d
—cos(kl) —sin(kl) 1 0 u(l) | EAk p(x)sink(l — x) v
NI
Ak

(3.55)

3.1.2.2.2 Exercise 10: Torsional twist of an elastic bar Transfer the above
integral form (3.53) of the solution and the equation system (3.54) for determining the
boundary reactions to the differential equation for the angular twist change ¥(z) = df/dx
of an elastic bar of length [ under a torsional moment Mr(z):

d*V(x) My ()

— W (z) = - —~ 3.56
e (z) 5O, (3.56)
The constant factor h? = g—éTT is the ratio of the torsional stiffness GIr and the warping

resistance ECr.

3.1.2.3 Transformation of a Bilaplacian equation

When the 1-d form of the Laplace operator A =d?/dxz? is applied twice to a sought
function w(x), the so-called Bilaplacian or Biharmonic equation is obtained:

£lw) = TS gu(e) = 1(a) (3.57)

Its fundamental solution is found by integrating two times the fundamental solution
w*(x, ) = 47 of the Poisson equation (2.76) which gives

w*(z,€) = %r?’ (3.58)
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This can easily be checked by straight-forward differentiations
ow*(z, ) 1 ,0r 1

o = 7" %:ZTQ (2H(z —¢&) —1) (3.59)
0w (€ Lo(or\" 1 !
T = yrla) rye-o=yp 350
83 * 10 1
% = S —H@-8) - (3.61)
84 *

wag,é) — S —&) (3.62)

Remark: The term %7’26 (x — &) in the second derivative can be neglected since it is zero
due to r =0 for x = €.

Now, this most simple form of a 4th order differential equation will be tranformed into
an integral formulation for its solution w(z) and for other related states, e.g., w'(x).

3.1.2.3.1 The Euler-Bernoulli beam In the Euler-Bernoulli theory for the bending
of elastic beams, the deflection w(x) is described by the 4th order differential equation

S = () (3.63)

where E'I means its bending stiffness. For a unique solution, four boundary conditions
have to be prescribed where at each boundary point two boundary values are known
corresponding to the actual support while the other two are unknown reactions, e.g.,

/

for clamped endings w=0 w
for a free ending M=0 @
for a simple support w=0 M

0
0 (3.64)
0

Integral equation for the beam deflection The method of weighted residual
postulates

/l (Eldzi(zix) B q(x)) w (@, €)dz = 0 (3.65)

or
l

/E[M w*(z,&)dr = /q(x) w*(z,&)dx (3.66)

dz?
0

where the weighting function w*(x, £) has to be the fundamental solution of the differential
equation (3.63). This is obviously obtained from (3.58) by simply dividing by ET

T3

T 12E]

w*(x, €) (3.67)
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Its derivatives differ from (3.59) to (3.62) only by the factor 1/EI, e.g.,
Pw*(x,§) 1 Or 1
S T (e —€) 1 .
03 2Elox ~ 2p1 M@=~ (3.68)

The procedure for deriving the boundary integral form is analogous to that in the case

of the differential equations of second order: one has only to integrate by parts four times
instead of two times. Having in mind that

d*w(z) d*w(z)
EI Fr —M(x), FEI e —Q(x) (3.69)
one obtains by the first integration by parts
! !
dw(z) | Pw(z) | l w(z) Ow'(z,§) .
/EI T (x,&)dx = [EI e (x, )]0—/El 73 p
0 0
by two integrations by parts
!
dhw() : w(x) o (x,6)]'
/EI T W (x,&)dx = {—Q(m)w (x,&) — EI e p
0

l
82 *
+/EI dx(Q 2 3:1(; 5)
0

by three integrations by parts

l
/Ejd;;f)w*(%g)dx = [—Q(ﬂf)w*(:r,g)+M(x)w*’(g;7§)

l

— @M (@.9)],
l

_/Ejdlz(ac) (93w*(a:,§)dx

T ox3

0
and by the last forth integration by parts
l

/ E]ddw—zil@w*(x,f)dx - [—Qu)w*(as,f)+M(m>w*’<x,s>—w’(m)M*(x,@l

l
_{Elw( yw(@,6) *xﬂ —I—/Elw 2 *M)

[ —Q()uw (2,€) + M(a)w (z, §>]l
' (2) M (2, €) + w(@)Q"(x,)

l

+ / Elw(x) 5(xE_I 3 dx

0

[e=]
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Hence, taking the 'filtering’ effect of the Dirac function into account, one gets

w(©) = [Qu)wt (.6 — M@ (2,6 + ' (@) M*(2,6) — w(x)Q"(x.6)]

+[q(z) w*(z,§)dx (3.70)

0

or explicitly

w(§) = QUw(L,§) - QO (0,§) —wh)Q () +w(0)"(0,£)
l

~M(Dw* (1,€) + w ()M*(1,€) + M(0)w* (0,€) — w'(0)M*(0,€)

/q (3.71)

In this equation, four of the eight boundary values are known and the other four are
unknown reactions. Evaluating this equation at the two boundary points, i.e., at £ = 0+«
and & = [ — ¢ gives the two boundary ’integral’ equations

+

1 1 3 12 ;oo /
Sw(0) = 50(l) = QU)o + M)z + /(1) = / o) o
/ q(

dx (3.72)

L) 1 L) + 0O~ 0) - — w0 = - [ B 33
2 2 12E71 AET 2 12E1 '
where the evaluation of the fundamental solution has given (¢ — 0)
3 l3
w*(l,0) = oEp Y (0,0) =0, w*({,1) =0, w*(0,1) = DYl (3.74)
and for the related fundamental states
I 2 ! ! ! l2
" [ l
M*(,0) = —Elw* (1,0) = 5 M*(0,0) =0, M*(l,1) =0, M*(0,]) = —3 (3.76)
. 1 ., 1, ., 1

Now, we obtained two boundary integral equations but one needs two equations more.
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Integral equation for the beam slope Obviously, one gets a new integral equation
for the beam slope w’ (£), which means a rotation about the y-axis, when one differentiates
the integral equation (3.70) with respect to the variable . Since the equation (3.70) was
obtained by integration by parts of the weighted residual (3.66) of the differential equation
(3.63), it is clear that one can perform the differentiation with respect to £ also directly
to the weighted residual:

l l

) 0 5 3 5
/EI dx4 w'lz /q w'lz (3.78)

0 0

Hence, the relation (3.78) is also a weighted residual form of the beam equation (3.63)
where only another weighting function is applied, namely

uw*(z,§) _ dw'(z,§) 1

w;(z,§) = B *a— i £)*sgn(z — ) (3.79)
with
owy(x, &) _82111*(95,6) o
, Ox Ox? 2E1
(€)= o = L pH(E €)1

3 ~1
(.6 = 0@ —§)

Then, integration by parts yields at first

l I l
/ e e ar = E[‘ﬁw<ng ] / préw@on@g)
0 0

dz? dx3 ox

l

x) Qws(x
= [~Q(x)ws(x, &) /El dm3 E)(x 5) dr  (3.80)

0

by the second integration

/l g

wi(r, e = [—Q<x>w;<x,5>—E1d

2w(x) dwy (x,€)]'
dx? oz L

!
dw(z) Pwy(x,€)
+/EI dx? Ox?
0

- [—Q(m)wé(m,f)+M(x)—aw§a(j’£>};+ /l pr e i),

0
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and finally already by the third integration by parts (M;(z, &) = —EI10%ws(x, €)/0x?)

l
& ow; d 92w !
/EI Zj&x)wé‘(%f)dm = {_Q(x)w;(xvf)‘f‘M(x) w%(j’g)-i—E] 12(;3) wgif,g)}o
0

!
_/Elducg(x) OPwy(,6) .
0

x Ox3
S(x w(x :
- e+ uw LS - v 6|
l
+ dis(xx)é(x,f)d:c
- [Fe@uie o+ 2ERE - o)
dw(x)
* dr |,_

Consequentyl, the integral equation for w’(€) at interior points € € (0,1) reads as

! l
() = |Qwite. ) — M@ ZEED + 0] + [ olo) (o e @50

The evaluation of this equation at the two boundary points gives the two extra equations
for the determination of the four unknown boundary reactions:
for E =0+¢ (e = 0):

w'(0) - {Q(az)w;(:c,a) - M(:c)a“’%;”g) + d12561’>M;(x, g)} - / ¢(x) wi(x,0)dr (3.82)

for £ =1—¢ (e —0):

! l
w' (1) — {Q(az)wé(m,l ) - M(x)&"?(g’; —9), dfl;“:)M;(x,z _ e)} - / q(z) wi(z, ) dx

(3.83)
When the respective function values (with € — 0) of this weighting function and of its
derivatives, respectively,

l2 2

w;(l7€) = _E7 w;(O,E) =0, w;(Ll - 8) =0, w;(07l - 5) = E (384>
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*l */ o */ . */ - l
Wy (lvg) - _Ea Wa (an) =0, Wa (l’l 5) =0, Wy (07l 6) - 2ET (385)
M2 (178) = 57 M2 (078) = _57 M2 (lv l— 8) = 57 M2 (07l - 6) = _5 (386>
are introduced, one obtains the two equations:
for £ = 0:
1
S0 (0) =0/ O] + Q) g7~ M) = - [ ate) 7 (3.57)
o v AET ormr ) " apr™ '
0
for £ =1:
| 2 A
’ ’ r —
- _ — L M(0)— = )
S0 0 = w0+ QO + MOy = [a0) T sy

0

3.1.2.3.2 The complete system of integral equations for the deflection and the
slope Althogether, the equations (3.72), (3.73), (3.87), and (3.88) result the following
system (in matrix-vector notation)

w(0)
1 -1 I 2 -3 w'(O) z3
_51 E)z 2 g ? 2 4EI 12EI M (0) l q(z) 1&!“3)3
5 % wr e o2 0 0 0 Q(0) :/ —4(®) Sopr | gy
R R AT
O % 2 amr 0 3 0 0 M) () “157
| Q0 |

(3.89)
A rearrangement of these equations, i.e., an interchanging of the first and forth line, gives
a more systematic order of the coefficient matrix::

w(0)
-1 1 12 1 w(0) (z—1)
R A A I S I oy o
% 3 iE wE 3 _01 g g Q(0) :/ —4(%) pr | gy
0 5 0 0 0 = 51 1E] w/(l) / _q(I)fg_l
% 0 0 0 _71 % leﬁ T2E] w (1) 4(*) 57
M(l)
L Q)

(3.90)
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3.1.3 Integral formulation with Green’s functions

As described in section 2.4.3, Green’s functions are special fundamental solutions which
additionally satisfy certain homogeneous boundary conditions, or more exactly, those
boundary states of the Green’s function have to be zero which are prescribed in the
actual problem.

3.1.3.1 Stretching of bars

As derived in section 3.1.1.2 for general Laplace equations and explicitly given for bars in
the solution of Exercise 7, the direct form of the integral equation for the axial displace-
ment of an elastic bar of length [ = b — a is

b
N(z) N* (x,€) p(x)
N T — u*( 91
w0 =~ [ 1,9 - uiy V2] /E (3.91)
There, the fundamental solution is (see, (2.77))
1
u(z,§) = —T——Ix—fl (3.92)
and satisfies the 1-dimensional Laplace equation
d*u*(z, §)
e = d(x, &) (3.93)
When an actual boundary value problem is, e.g.,
du(z) _ px)
— .94
dz? EA (3.94)
with the boundary conditions
d _
u(r=a) =19 and N(x=0)=FA 7,;(;) =N (3.95)
z=b

the adequate Green’s function G*V (z, £) of this problem has to satisfy the equation (3.93),
i.e., has to be a fundamental solution, but has additionally to fulfill the homogeneous
conditions

aGuN
Gz —a,6) =0 and BAGTEOI g (3.96)
ox b
Hence, as easily can be found, this special Green’s function is given as
u . . ou*(x, &
@ (@6 = (.6) ~ (0.8~ 2D o) (3.97)
z=b

Now, applying in the integral equation (3.91) instead of u*(z,&) the adequate Green’s
function (3.97) and taking the actual boundary conditions (3.95) and the corresponding
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homogeneous boundary conditions of the Green’s function (3.96) into account, the solution
of the boundary value problem, the axial displacement at any interior point £ (a < & <b)
is directly found to be

hY aGN (z, bi(z) -,
u(§) = —E—AG“N(b, §) — o # - {%G N(x, &)dx (3.98)
Since with a< & < b
a *
GV0E) = w (b6 (e - PO g
z=b
1 1 1
= S lb=¢&l -5 la—¢&]| —5sign(b - &)l
= Sb—e—gta-1)
= a—¢ (3.99)
and
06N @) 8| (w8
R P OV
1 Lo
= Ssian(a— &) — sign(b—
- (3.100)
the solution (3.98) is explicitly
_ b
. i
we) = -9 +m— [HD(o—e |~ a—¢] —sign - O —a)) o
_ b
N, p(x) 1
- re-arn- (B (a-g)~e-0) - @-a) i

b
—/%%(w—f—ij%—x)dx

; b
= ﬂ(f—a)‘ﬂu_&o—/%(—$+a)d$—/]%(—£+a)dx (3.101)
13

~—
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e.g., for p(z) = pg =const. and with a =0 and b =1

£ l

N,
u(§) = Zaétu 0—— 2)dz + [ (—€)da
fronaes

3

FA EA 2
N po 'S

_ (& 102
EA§+UO+EA< -+l (3.102)

As easily can be checked, this is the exact solution of the problem.

Remark: The Green’s functions for bar problems where

a) at * = a a prescribed force Ny is acting and at x = b the axial displacement is
prescribed, i.e.,

du(z)

N(x=a) = FEA g =Ny and u(z =0b) =1 (3.103)
£ r=a
is given by
8 *
@0, €) = (0,6) — w0, 6) - POBI| () (3.100)
b) at * = a and at x = b displacements are prescribed, i.e.,

u(zr =a) =19 and u(zr =0b) =1 (3.105)

is given by

uu * * b— r —a

G"(z,8) =u"(x,&) —u (a,f)b_ — u*(b, §) (3.106)

3.1.3.2 Bending of beams

As given in (3.71), the direct form of the integral equation for the deflection of an elastic
beam of length [ is

w(§) = () "(1,6) = QO)w(0,8) — w(Q™(L§) +w(0)Q"(0,¢)
M(1w* (1,€) +w (1) M* (1, &) + M(0)w™ (0,€) — w (0)M*(0,£)
+/q(m) w*(x,&)dx (3.107)

0

where, the fundamental solution (see, (3.67))

T3

BTl (3.108)

w*(w,§) =
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satisfies the 1-dimensional Bi-potential equation

0w (x,§) _ 0(x,§)

p—t -1
Ox? EI (3109)
Considering as an actual problem
dw(x) _ q(x)
oy (3.110)
with the boundary conditions
wz = 0)=0 and w(z=0)=0 (3.111)
wx = [)=w, and M(zx=1)=0 (3.112)

i.e., a beam with a clamped boundary at x = 0 and with a pinned support at x = [ which
has suffered a vertical settlement of w(z = [) = w;, the above integral equation reads as

w(§) = QUw(1,€) - QO)w(0,€) + w () M*(1,€) + M(0)w" (0,)
I
0 Q16) + [ gla) @, (3.113)
0
The adequate Green’s function G*(x, §) of this problem has to satisfy the equation (3.109),

i.e., has to be a fundamental solution, but has additionally to fulfill the homogeneous
conditions

Ge(,¢) = 0 and G(0,£) =0 (3.114)
MG )y = 1 TEED] 3.115)
z=l
0G*(x, &) B
0w |, 0 (3.116)

Then, the deflection w(&) at an arbitrary point solution £ is simply

l

WQZ—MQWW@@mﬂ+/M@@W%Mt (3.117)

0

The derivation of the Green’s function G*(x,&) of the above defined problem can start
with an ’ansatz’ which combines the fundamental solution w*(z,£) and its derivatives,
respectively, with unknown polynomials h(z), he(x), hs(z), and hy(z) adequately

G2, 8) = w'(x, &) —w(0,)h(x) —w (1, )ha()

_ 0w ) hg(x)_% ha(z) (3.118)

z=l
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These polynomials have to be cubic and, as follows from the conditions (3.114) to (3.116)
must satisfy the conditions

hi(0) = 1,m(l) = 07h/1(0) =0,hy (1) =0
ha(0) = 0,hy(l) = 1,h5(0) = 0, hy(1) = 0
hs(0) = 0,hg(l) = 0,hy(0) = 1,hy(1) =0
ha(0) = 0, ha(l) = 0,hy(0) = 0, hy(1) =1 (3.119)
Some simple analysis gives
i) = 1— 2 (2 Ly 3.120
o) = 1-5(3) +3(5) (3.120)
3 /x\2 1 /x\3
m = 5(7) —5(7) (3.121)
T 3 /x\2 1 /x\3
ha(w) = l[(i)“i(i) +5(7) } (3.122)
2 2 T\3
ha(e) = —<7> + 7)} (3.123)
Then, introducing for 0 < ¢ <[ with dr/dz =sign(z — &) and r?§(x — &) =0
w(0.6 = S wrg=""8
S 12ED Y 12B1
ow* (z,€) & w8 (1-¢
or |, 4B 922 |, 2EI (3.124)

one obtains after some re-arrangements the Green’s function explicitly as (13 = |z — & \3 =

(z — &)’sign(z — €))

wir oy L[ P aa? 138 -3 6) (2)
G (x,8) = 12E]{ _(E 3P (2)° z (3.125)

Remark: It should be mentioned that the same result can be found by starting with the
general polynomial 'ansatz’

1
- 12E1

and determing the four constants ¢y, co, 3, and ¢4 via the four homogeneous boundary
conditions (3.114) to (3.116).

Example: .By using the above Green’s function, the deflection function w(§) of a
beam with a clamped boundary at x = 0 and with a pinned support at z = [ which has
a vertical settlement at © = [ of w(x = [) = w; and is continuously loaded by ¢(x) = qq is
given as (see, (3.117))

G(z,§) {r®+ c12® + o2 + 3z + ca } (3.126)

l

w(©) =~ Q (G @)+ 10 [ 6w, E)ds

0
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i.e., one has to evaluate at z =1 (r, =sign(z — §))

3
0 G(x,8)

3

Q(G*(x,8)) = —EI

1 (3 ag2 3 0
— 12{67”@ (& 3£l+l)l3},

QG (2, = _%{1_@:3(%)2_1}
() i)

and to integrate G°(z, &) along the beam

1.e.

l

l
y 1 78 302 — €3+ 3(63 — 32 + £17) (%)
/G (3775)613: - 12E1T /{ _(53 —3£2l+l3) (%)3 ! dx
0 0

l
0

HE U -9Y + [35¢ - ag?]
l
= GEry e - | (§)3J 0
(€0 =3¢+ |5 (3)']

0

L P -9+ e g
12ET || +(6% — 3¢ + €2l — (&8 — 362 + 1)L
_ 1 4 3 242

= BB {2¢* — 51¢% + 3¢}

Remark: For 0 < & <, one has to integrate r? = |z — &|° as follows

0
o048 aYSL
- [ s
1
Ly 4
= S (E+0-9Y
Finally, one finds the deflection for any position £ € [0,1] to be

2
w() = —wl% (%) {% — 3} + —48‘%] {2¢* — 51¢% + 31°¢%}
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which is, as easily can be checked, the exact solution for these boundary conditions and
the constant loading.

3.1.3.3 Exercise 11: Green’ functions for beam problems

Determine the adequate Green’s function for a beam which has
a) a clamped support at both endings
b) a clamped support at x = 0 while the other ending is free:

3.1.4 Indirect integral formulations: the singularity method

One important feature of the indirect method is that the physical variables of the boundary
value problems, the unknown boundary reactions, do not remain the unknown quantities
of the integral equation: Intermediary unknowns - unknown intensities of certain
singularity layers - are introduced instead. For these singularities, so-called
influence functions, i.e., the complete response to the action of a singularity
(e.g., a unit point force) must be known everywhere in the considered material.
Then, these singularity layers are distributed on a ’fictitious’ boundary I'" in
a certain small distance d. from the real boundary I' outside the domain (2
and their intensities have to be determined such that the integrated response
is equal to the prescribed boundary values on the real boundary I'.

Since it is difficult to choose an optimal size of this small distance d., it is the best
choice to use d. = 0, i.e., let the fictitious boundary I'* coincide (in the limit from outside)
with the real boundary I'.

3.1.4.1 Representation of Poisson equation problems: Stretching of bars

The differential equation for the axial displacement u(x) of an elastic bar with sectional
area A and modulus of elasticity E under the prescribed axial loading p(z) is by (see
(3.35), Example 6):
Pu(z) _ p(x)
=—— 3.127
dx? EA ( )

and we know (see (2.79)) the fundamental solution u*(x, ) = r/2 of the Poisson equation

0*u*(z,§)

S = 0(z.6)

Comparing both equations, it is obvious that from its physical meaning

(up) (z,&) = —u*gf) = —QErA (3.128)

gives the axial displacement at the point x due to a axial unit point force at point &, i.e.,
is the influence function of a point force with intensity 1 for the axial displacement in the
bar stretching problem.
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Since the resultant axial force N(z) is related to the axial displacement wu(z) via
N(z) = EAu (z), the corresponding influence function for this state is obtained by ap-
plying this definition to (3.128) as

up) ( 10r 1 1
(V9) (26) = EATDEE) 2 S ati(a - )~ 1] = —Jsenla ) (3129)

Following the above described idea of the indirect method, one has to in-
troduce at the points ¢ on the fictitious boundary I't (which is either enclosing
the real boundary I' with a certain distance d. or both boundaries coincide
with each other) the intensity p*(¢) of an adequate singularity, here, of a point
forces, as new unknown function. Then, this intensity p*(¢) of the singularity
layers must take such a distribution that all prescribed boundary conditions
on the real boundary I' will be satisfied, either pointwise or in some other
sense (certain norm).

For demonstrating this idea, the stretching of an elastic bar of length [ = b — a with
sectional area A and Young’s modulus E under the prescribed axial loading p(z) (see,
Exercise 6) is considered with mixed boundary conditions: the bar shall be fixed at the
boundary point x = a, i.e., u(x = a) = 0, and shall have a free ending at the other
boundary point = = b, i.e., N(z = b) = 0.

The prescribed axial loading p has to be considered as a point force singu-
larity layer with prescribed intensity p(¢) in the interior of the bar’s domain
Q= (a,b).

The axial displacement u at the point x caused by the point force distribution with
unknown intensity p*(£) on the fictitiuos boundary I'twith an arbitrary small distance d.
from the boundary points * = a and x = b, i.e., at £ = a —d. and at £ = b+ d., and
by the axial loading in the bar’s interior (a,b) with the prescribed intensity p(§) may be
expressed applying the influence function (up) (z, &) as

) = [(up) (2, " QNS + [ () (5, ) ) (3.130)

Correspondingly, using the influence function (Np) (z,§), the resultant axial force N(z)
may be expressed as:

B b
N(z) = [(Np) (. Op" (I + [ (Np) (2, )p(€)dg (3.131)
These two boundary ’integral’ equations give the boundary value problem solution at all

points z in the closed domain a < x < b if the intensities p*(a — d.) and p*(b + d.) are
determined so that the prescribed boundary conditions are satisfied, i.e.:

a(a) = 0 = [(up) (0, O (O + f (up) (0, )pl€)e (3.132)
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N(b) = 0= [(Np) (0. 0" €220 + 1 () 5, p(e)de (3.133)

or, more detailed, by inserting the above defined influence functions (r = |z — &|, | = b—a,
d. > 0)

—b—d.| , — de| bla — &|
e )+ P gy = TS peae
(4 d)pbrd) fdpla—d) = [(€—apE)de  (3.134)
_Sgn(b _2b - da)p* (b + ds) + Sgn(b —2CL + da)p*<a o de) }Sgn<z_ g)ﬁ(f)df
Pord)+pla—d) = [pe)de (3.135)

For demonstrating the correctness of these two indirect boundary integral forms, an ex-
ample shall be solved explicitly and compared with the exact analytical solution.

3.1.4.1.1 Example: Fixed-free bar under linear axial loading The above equa-
tions (3.134) and (3.135) are for a prescribed axial loading p(z) = po™7% :

* * b g —a p0l2
~(+de)p"(b+de) +dep(a—de) = J(§ —a)po=7—dE == (3.136)
and
* * b 5 —a l
p (b + da) +p (a - da) - fp() I df = p[)§ (3137)
These two equations give the sought intensities
. ol Bl + 3d. . pol 21 — 3d.
—d.) = — d b+d.)=——— 3.138
prla—do) ="y ad pbad) = =T (3.138)

For the special case d. = 0, i.e., for choosing the fictitious boundary to be identic with the real
boundary, i.e., for ' = I, the result is simplified to

5 1
p(a) = épol and p*(b) = —gpol (3.139)

With the intensities (3.138) the indirect integral equations (3.130) can be evaluated for any
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arbitrary interior point x as

_ E=b+d. B B
u(z) = {—um)} _fle=gl fay

26 A taq. a 2BATC
- g (0T ve-ar )
e (/ - ?) (¢ = €)(¢ — a)de
- 12EA1(9;Z+ 50 (32l + 2bl — 5al + d-(62 — 3a — 3b+ 71))
- (525

At first, this solution does not look like the exact solution which easily can be determined by
direct integrations to be

tesace () = =0 (xﬁ_l D (2 — a)? - 37] (3.141)

but eliminating b in (3.140) by b = a + [ shows that one can cancel the term (I + 2d.) in

pol (3xl + 2bl — 5al + d.(6x — 3a — 3b+ 71)) pol (3l(z — a) + 21 + d.(6(z — a) + 41))
12EA( + 2d,) 12EA( + 2d.)

pol
= A 2d) C@ A T2 (2
pol
= TEA (3(z —a)+2I) (3.142)

Obviously , this term, i.e., the result of the boundary ’integral’ on the fictitious boundary I'*, is
independent on the distance d.. Now, subtracting from (3.142) the result of the domain integral

_ Pl po [(x—a)P (z—a)® P
ur) = 1 B a2 - op ( 5 2 §>

= 12%)141 (3P%(x —a) + 2 = 2(z — a)® + 3(z — a)I* — 21%)

— p—of(jé’;ll@ (37 = (z — a)?)

the exact solution (3.141) is obtained. Evaluating in the same way the indirect integral equation
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(3.131) for the resultant axial force

E=b+d. b .
V@) = |- o0 ©] - [l - om
fma—d. O
. 1 pol 21 — 3d. 1 pol 50 + 3d. Po (% b
- {‘5? I72d. 726 l+2d€] o (f_f> (€ —a)ds

. p0l3l—|—6da Po 9 l2 _p()l Po 2 l2
R TRy TH (ANl B TS a7l NSO >

Do (50 2
= 5 (I = (z — a)?) (3.143)

gives again the exact solution.

Remark: Obviously, for one-dimensional problems where no approximation errors (no
discretization of the boundary, no ansatz functions for the state functions, no numerical
integration, no point collocation, and no numerical equation solver) occur, the exact
solution is always obtained and the distance d. of the fictitious boundary I't does not
influence the solution.

3.2 2-d and 3-d problems: Transformation of partial
differential equations

In the case of two- and three-dimensional problems, a direct analytical integration of the
partial differential equations is not possible. It is necessary to transform the differential
equation either by the method of weighted residuals or by the so-called singularity method
in integral equations. Their solution is generally possible only by using discretization
techniques.

3.2.1 Direct integral equations by the method of weighted resid-
uals

The Poisson or Laplace equation is a partial differential equation for a scalar function
and can, therefore, be handled relatively simple. Hence, the transformation of a partial
differential equation to an integral equation shall be demonstrated for this case first.
Problems governed by this equation appear in different fields. Without aiming to be
exhaustive a certain number of them have been summarized in the following table.
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Problems Scalar function Boundary conditions Constants
AP =0 P d=73 g=K2® (K)

o Thermal
erma
Heat transfer T;Hipgature T=T I:Ie_at fi\og; conductivity
( = leg ) q=— on ( )\)
. Stream function = o0
Ideal fluid flow (@ = m2s1) =97 q=75,
Groundwater Hydraulic head D—d G 0P Permeability
flow (®=m) — 4= 2 on (K)
Hydrodynamic Pressure P=Pp q= —pa, Density
pressure on (P = Nm~2) free surface: (a, normal accel) ()
moving surfaces - P=0 " ' p
: Field potential 5 v Permittivity
Electrostatic (V = volt) V= qg=—¢c3, (e)
Electric Electropotential E_F __10E Resistivity
conduction (E = volt) N 1= kon (k)
. : Magnetic
Magnetostatic x\jgie;;;memlal M=M B=—pu%M Permeability
- (1)

3.2.1.1 Stationary heat conduction - a Poisson equation

In the case of a homogeneous isotropic body with constant thermal conductivity Ag, the
stationary (not longer changing with time) temperature field ©(x) is governed by the
scalar Poisson equation

(3.144)

where W, (x) represents the heat source generation rate. Associated boundary conditions
may involve either a fixed given temperature (a so-called Dirichlet boundary condition)
at a part of the boundary I"

O(x) = O(x) forx €' (3.145)

or a prescribed heat flux through a boundary part (a so-called Neumann boundary con-
dition):

00(x)
on(x)

where n(x) is the outward normal unit vector. This heat flux can be zero when the
boundary is insulated.

Almost no real problems have purely temperature or flux specified boundary condi-
tions, so it is necessary to consider mixed boundary conditions from the beginning, i.e.,

one has on one boundary part I'; the condition (3.145) and on the remaining part I'y the
condition (3.146).

gn(X) = Ao

= q,(x) firx el (3.146)
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Now, as in the above discussed one-dimensional problems, the weighted residual of the
considered differential equation (3.144) is integrated over the domain 2 of the problem
and set to be zero:

Wy(x)
Ao

7o +

] O (x,£)dd = 0 (3.147)

where the fundamental solution ©*(x, &) of the respective differential equation is taken as
special weighting function.
The respective fundamental solutions are known (see, (2.88) and (2.86)) to be (r =]

x =& )

O*(x,§) = o ln(g) = g[ln(r) —1In(c)] in R? (3.148)
0% (x,€) = O(r) = ﬁ in 7 (3.149)

where ¢ > 0 is an arbitrary real constant making the ratio r/a dimensionless, e.g., in the
case of a numerical solution procedure, taken as the smallest geometrical dimension of
the discretization.

Now, following the above introduced rules for deriving an equivalent integral equation
representation by the method of weighted residuals, the first differential operator term in
(3.147) has to integrated by parts till all differentiations are transfered from the unknown
function ©(x) to the known weighting function, the fundamental solution ©*(x,¢). This
gives (a%i =) for £ €

[ 208" xgin = [(B6)00" (x

Q

I
— ®

({1060].6"(x. &)}, — [O(x)][6"(x, )], )

|
H— QD

O(x)],0" (x, £ (x)dT — / O()],[0° (x, €)].1d%

=[50 (90" (x, )T
" A0

- [ (107 0.3, ~ 0000 (x.6).)

Q

= [—q.(x)O%(x,£)dlx — {@(X)[@*(X, €)].ini(x)dlx

+/@(X)5(X, &)dx

[ (x)07(x,§) — O(x)q, (x, )] dl'x — O(E)  (3.150)
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where, as defined in (3.146), the heat flux ¢,(x) was introduced as second boundary
state. Combining this transformed expression with the other terms of (3.147) delivers the
following integral equation for the temperature at an arbitrary interior point & € €:

06) = [ (1(X)O(x.€) = O (x. &) Ty + [T 200" (x, )i (3151)

where
0 (x,6) = N[O%(x,8)]mi(x)
Aol 0 Z '
B 27r0ra;”(x): o sl Tf) ni(x) in R? (3.152)
- 47?7“[;8_;ni(x): 47T0( ng) ni(x) in R’ (3.153)

This integral equation (3.151) contains unknown boundary terms: the heat flux, where
the temperature is prescribed, and the temperature, where the flux is prescribed. In
order to obtain equations which are only dependent on boundary values and can be used
to determine the unknown boundary reactions, the point ¢ has to be shifted from the
interior to the boundary I'.

Then, the kernel ©*(x, ) and ¢ (x, &) in the boundary integral becomes weakly and
strongly singular, respectively, when integration points x coincide with &, and, hence, it
is necessary to avoid this. For this purpose, in the two-(three-)dimensional case, a small
e-intervall I'. ahead and behind (circular region of radius € around) £ is cut out on the
boundary line (surface) I', and the integration around ¢ is performed along a circle line
(on a spherical surface) I'f with radius e (with lime — 0):

09 = [+l [ Mo x g, @15y

I'-T'+I'}

where Q' = Q — Q. with Q. = {x €Q:| x — £ |[<e}.

The integrals with the weakly singular kernel ©*(x, ) can be evaluated as improper
integrals, while those with the strongly singular kernel ¢*(x,£) can be determined on
I' — I'. as Cauchy principal values (see, above the respective section), and on I'f, one has
to consider two integrals

[ vemamod. = [ e o) [ 0o

I—Te+T% r-r. r*

£

+ [ 51869 - B(©lai(x. ) (3.155)

Iz

where the second exists as an improper integral delivering zero since the temperature
field is continous while the first one can directly be evaluated. One obtains in R? with
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Or/On =1 and dl'x = rdp and in R?® with n;(x)dlx = r X1 odpdd (see [1], p.37)

1 —1v21 Or Yo — Y1 . 9

— [ G Odly = — [ rdp=-—1 1

Ao 4 (% &) 27 g{lr@n s o k (3.156)
I

1 -1 . £ -1

" 0, (x,§)dl'x = y (I’T—f’)m(x)drx = / / sin pdpdf in R¥(3.157)
I I

€ €

where, in R?, ¢, — ¢ means the 'external angle’ of the boundary I" at the point &, i.e., the
difference of the outer normal direction at the beginning and at the end of I'}. Finally,
one obtains from (3.154) the following boundary integral equation:

260 = [ L a6 6 - 0wt ol + [ MiPerx g,
J

I'-Te

(3.158)
where for Q in R?, AQ(£) = 27 — (2 — 1) means the internal angle of I at the point &,
i.e., AQ(E) = 7 for all points £ besides for corner points while for Q in R*, AQ(£) means
the inner solid angle, i.e., AQ(§) = 27 for all points £ besides for points at corners and
edges.

3.2.1.2 Stationary sound radiation - a Helmholtz equation

Adding to (or subtracting from) the Laplace operator A a constant factor x? gives the
so-called Helmholtz operator, e.g., for the stationary sound radiation problem

Ap(x) + k*p(x) = —b(x) = +ickpoa(x) (3.159)

where p(x) is the sound pressure distribution when considering time-harmonic processes,
the so-called wave number k = w/c with the excitation frequency w and the sound speed
¢ in the considered medium (air, water, a.s.o) with the density poy, and a(x) is the sound
source intensity distribution.

Remark: In general, the Helmholtz equation is the result of a resolution in the Fourier
domain or in the Laplace domain of a transient dynamical problem, or is decribing the
response to steady-state excitations assuming that a permanent regime has been reached.
In any case, the field variables are time-harmonic with a fixed angular frequency w, i.e.,
of the form

plx, 1) = R[p(x)e ] (3.160)

where p(x) is a complex-valued function which encodes amplitude and phase information.
In the sequel, following the traditional convention, the factor e“? is systematically omitted
and the notation p(x) is used instead of p(x).

Associated boundary conditions may involve either a fixed given sound pressure (a
so-called Dirichlet boundary condition) at a part of the boundary I'

p(x) = p(x) forx €I’y (3.161)
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or a prescribed sound flux through a boundary part (a so-called Neumann boundary
condition):

Op(x)

Q(X) - an<x)

where n(x) is the outward normal unit vector, or a certain connexion between both can
be described.

The boundary condition p = 0 models a ’free’ surface, e.g., the free surface of a water
domain when gravity waves are neglected, while ¢ = 0 describes the complete reflexion
of an incoming pressure wave. A boundary condition ¢(x) = ¢(x) # 0 means a ’sound
production’ with a prescribed spatial change of intensity.

= q(x) fiir x €'y (3.162)

A partial reflexion, i.e., a damped reflexion of waves may be described by (i = —1)
() = iwAp(x) = i —p(x) (3.163)
x) = iwAp(x) = iw -p(x .
q b 1+« P

where the damping coefficient A depends on the reflexion coefficient —1 < o < 1, who
describes the ratio of reflected to incoming pressure wave, i.e., &« = 0 means no reflexion
and | a |= 1 a complete reflexion, either symmetric or antimetric corresponding to the
sign of .

The weighed residual of the Helmholtz equation (3.159) is similar to that of the Poisson
equation (3.147)

é [Ap(x) + K*p(x) + b(x)] p*(x,£)dQ% = 0 (3.164)

The adequate fundamental soution p*(x, ) is for a real x (see (2.90) and (2.91))

* o * o 1 —iKT % 3
p(x,&) = p'(r)= p— in R (3.165)
‘ 1
PxE) = p(r) = —%H((f)(m) = o Ko(irr) in B (3.166)

where H” (kr) is a Hankel function of second kind and order zero, while Ko(irr) is a
modified Besselfunction of order zero (Macdonald function).
Remarks: The derivatives of this Besselfunction are obtained by the following rules (7 =

or/dxy):

OKo(ikr) . . or

- Or. MKI(IW)@_xk (3.167)
0 Kolinr) | e

8xZ(9a:j _KZQK()(IHT)T,]CTJ + ?Kl(mr) {2r k7 ; — 61} (3.168)

such that with (7"71)2 + (7"72)2 = 1 and d11 + d92 = 2 the homogeneous Helmholtz equation is
shown to be satisfied for x # :

O?Koy(ikr) N D?Ky(ikr)

AKy(ikr) =
ofirr) Oz? 03

= —k*Ky(ixr)
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For (3.168), the following recursion formula have been used:

d

_Q@Kn(?/) = Kn—l(y) + Knq1 (y)
—2n
TKn(y) = Ky1(y) — Kuya(y)
which gives by eliminating K, 1(y)
d n
_Kn = _an __Kn ’
a0 (y) 1(y) y (y)
e ) = o)+ Ki)
oy 1 0 y 1

Hence, one obtains with y =ikr

0 ) d Jy
a—kal(l’fr> = d_yKl(y)ﬁ_:m

= —(Koly) — éKl(?J))iW,k
= —(irKo(ikr) — %Kl(iHT))T,k

The integration by parts of the first integral term in (3.164) is formally identic to
that in the case of the Poisson equation in (3.150) and can, therefore, be transfered (only
the constant factor Ay has to be taken as 1). Hence, one obtains the following integral
transformation of (3.164)

/ [Ap(x) + £%p(x) + b(x)] p* (x, £)d0 = / (40P (%,€) — ()4, (x, €)] dT

Q T
4 / p(x) [Ap* (%, ) + 12" (x, £)]
Q
+ / b(x)p* (x, €)dx (3.169)

or, since Ap*(x, &) + k*p*(x,€) = —d(x,€) due to the filtering effect of the d-function

pl€) = / 000" (%,€) — () (x, )] T + / b(x) " (x, €)% (3.170)

r Q

where the normal derivative of the fundamental solution ¢*(x, ) is (see, for R?, (3.167))

* o 8p*(x, 6) _ "k : —iKT 3
qn(X, g) = a—xknk(X) = —m [1 + 1/{)7”] (§] 1mn R (3171)
a * 9 i . .
o (x,&) = pa<—;(k®nk(x) = —%Kl(mr)r,knk(x) in R? (3.172)
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Since the integral equation (3.170) for the sound pressure at interior points £ €
contains unknown boundary reaction terms, one needs a boundary integral equation for
their determination. Hence, as for the Poisson equation analysis, £ has to be shifted on
the boundary I', whereby the integral kernels p*(x, &) and ¢ (x,&) become weakly and
strongly singular, respectively, for x — ¢ as well in R? due to the 1/r and 1/r? behaviour
as in R? since Ko(z) — —1In(z) and K;(2) — 1/z.

As already explained in detail in the derivation of (3.158), the weakly singular integral
in (3.170) exists as improper integral while the integral with the strongly singular kernel

(%, )
[ p(x)gy(x,8)dl'x = fp(X)QZ(X,@de+p(f)Ff*QZ(Xaf)de (3.173)

0 A r-T.
exists on I' — I'. as Cauchy principal value, and can be evaluated on I'} explicitly giving
the same factors as in the Poisson equation case, e.g.:

iK . or ike2 1 Y2 — Y1 . 9
* dl'y = — [ —K —dl'y = —— [ —edp = — R
Ff;qn(X, §) pf;27r i Hr)ﬁn 27@{111156 v s i

Finally, one obtains from (3.170) with b(x) = —ickppa(x) the boundary integral equation

c(§)p€) = [ [g.(x)p"(x,§) — p(x)q,(x, )] dl'x — f{ ickpoa(x) p(x,§)d  (3.174)

€

with

Ap(§) P2—P1 . o
c(é) = o =1 S in R
which is, besides the use of different fundamental solutions, formally almost identic
to(3.158). The main difference to the scalar integral equation for the Poisson equation is
the necessity of calculating with complex numbers.

3.2.1.3 Linear elastostatics - the Navier equations

When the state variables are vectorial states, boundary value problems are described
by systems of partial differential equations. As a representative example, the Navier
equations describing the deformation displacements u(x) of an linearly elastic body under
body forces b(x) are considered here:

pAu(x)+(A+ p)VV - u(x) = —b(x) (3.175)

where the Lamé constants p, v are related to the Young’s modulus £ and the Poisson’s

ratio v by p = G = 2(1—11/) and \ = (1—+ﬁ1+y) for three-dimensional and plane strain
vE

states and A\ = ;%5 for plane stress states, respectively.
The weighted residual for (3.175) is in indicial notation

82ui X 82u» X
/ {“ B 8(35) A+ ,j(a(x.) +bi(x) | u” (x,€)d0% =0 (3.176)
J J 7 1
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where the adequate fundamental solution, the so-called Kelvin solution ugk) (x,&) repre-

senting the response to a unit point force b (x) = d(x — f)egk) applied at a given fixed
point £ € Q along the k-direction, is given by (note the different definitions of A in R?
and in R3)

1 1
ugk)(x, ) = o {—(3 + %)@k Inr+ (1+ 2)7“17";9} in R? (3.177)
1 1 1 A A
= bl 236, 1+ 2, in R 1
G {(3 + M)ézk +(1+ M)Tﬂr,k} in R (3.178)

For the integration by parts, it is helpful to substitute the Navier equations, which are the
displacement representation of the interior equilibrium to the body forces, by its original
stress-based form

Puj(x)  Oop(x)
ijﬁxi N 6mk

= —b(x) (3.179)

since, then, it is easy to perform the first integration by parts:

90(x)
8.§Cj

u? (x,€)d0x = / [[aij(X)ugk)(X, )],j—Uij(x)[“z('k)(x’g)]’j] 2

(k)
000 (x, Oy ()T [ 9 i o,

Te— T —_ ©
©

ou
= | Ti(x)ulP (x,€)dlx — / aij(x)M Ay (3.180)
2 al’j
where T; = o;;n; is the so-called traction vector.
From the definition of the strain tensor ¢;; = 0.5(u;; + u;;), one obtains due to

the symmetry of the stress tensor oy, the symmetry of the elastic constitutive law for
isotropic material 0;; = 2pg;;+Ad;;€y, and the reciprocity with its inverse form ¢;; = (0;;—
Noijou/ (2 + 3X)) /21 and €55 = (045 — Adiou/(2p + 2X))/2p in 3D and 2D, respectively,
ie., O';}é‘ij = 5;}0@-

Ouy (x, 1 (0P (x,6) ol (x,
O'ij(X)%jg) - crz-j(x)5 ( uzag{ ) ugai): )) _ UZ](X)EZ(;?)(X’ )
eii(x)0))) (x,€) OulX) 1)y g) (3.181)
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which allows the second integration by parts of the remaining domain integral

Ju;(x) (k)
8x]~ O-ij

xOd% = | [l x,0]; - )l (x,6),] do

wi(x)0 (x, €)n; (x)dTx — / w(0)o® (%, 6)],; dOs

I
S— T O

wi(3) T (x, €)dT + / w(x)5(x — €)™ do, (3.182)
Q
Taking (3.181) into account when substituting (3.182) in (3.180) and in the equivalent

weighted residual form (3.176), respectively, yields with the filtering effect of the §-function
the integral equation for the displacements at arbitrary interior points & € €2:

u(€) = / Tx)u? (x,€) = wi() TP (x, )| dr + / bix)ul(x, )do (3.183)
T Q
The boundary traction vector Ti(k) (x, &) of the fundamental solution may be determined

by differentiating the fundamental solution (3.177) and (3.178), respectively, via the def-
inition of the strain tensor and the constitutive relations as:

1 1 n; .
1 1 n; .
T 4r 20 + )\7“_; (u(rk0ij — 7305k — 7 30) — 3(pu + Ayraryry) in R (3.185)

3.2.1.4 Exercise 12: Strain tensor of the elastostatic fundamental solution

Determine the strain tensor EZ(-;-C) (x, &) of the fundamental solution ugk) (x,£) (3.178) in R3.

Since the displacement integral equations (3.183) contain unknown boundary reactions
(at each boundary point two and three in R? and R3, respectively), the arbitrary source
point & is placed on the boundary I' to obtain equations which connects, besides the
known body force domain integral, only boundary terms with each other. Then, the
integral kernels uz(-k) (x,&) and Ti(k) (x,&) become weakly and stronly singular for x = ¢,
respectively, and, similarly, but not identically (see [1], page 71) to the above considered
scalar problems, the weakly singular integrals exists as improper integrals, while the those
with the strongly singular kernel Ti(k) (x, &) produces two contributions: the first are their
Cauchy principal values on I' — I'. (the remaining part of the boundary contour (surface)

[’ from which the part I’ was cut out by a circle (sphere) of some radius ¢, centered at

¢) and the second is an integral over the singular traction Ti(k) (x,€) itself on I'Z, i.e., on
the outer (outside the domain ) part of the contour (surface) of that circle (sphere) with

radius € which was used for the Cauchy principal value cut-out:

wi ()T (x,)dlx = [ wi(x)T (x,€)dlx + ui(€) [T (x,6)dlx  (3.186)
r-T. r:

| R
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Since on I'} the components n; of the outward normal unit vector and those of the deriva-
tive of r are identic, i.e., n; = r,; and, therefore, dr/0n = 1, one obtains in R? where
(ra1,7m2) = (cosg,sinp) and dI'x = rdy
-1 1 1
- —_— - (51 2 >\ i de
or 2/~b+>\rf;7“ [0k + 2(p + A)r 7 ]
-1 1 “[ p+2(u+Acos?e 2(u+ N singcosp
— : . 9 dp
2m 24 4+ Aoy | 2(n+ A)singcos 4 2(p + A) sin®
-1 (2 — ©1)0ki
= 5o patil sin2py —sin2p;  — cos 2y + cos 21 (3.187)
2| —cos2py + cos2p;  —sin2py + sin 2¢q

i(§) = 1;f*Ti(k)(X,£)alFx

2p+A

while in R® with (r1,72,73) = (cos¢sind, sin psind, cos?) and dl'x = r?sin Ididyp

-1 1 1
wlt) = rj:kTi(k) (3, )l = 2 2p + /\pf*ﬁ (116 + 3(p + N)rir i) dUx
1 1 w2 U2
- ;_7? 20+ A / / (1463 + 3(p + N7 1] sin ddddyp (3.188)
p1 Y1

In general, the actual values of these factors dependent on the shape of the actually
considered boundary. But, when the position of ¢ is on a smooth boundary region, i.e.,
03— = min R? and py — o = 21 with ¥y — ¥, = 5 in R3, both above integrals (3.187)
and (3.188) become simply

caal€) = _71% (3.189)

Finally, the boundary integral equations for determining unknown boundary reactions
read as (k=1,2in R? and k =1,2,3 in R?)

[5]% -+ cm(f)]ul(f) :F;/.F [Tz(X)ufk) (X, 5) — UJZ()()Z(IC) (Xa f) de + éf/bz(x) ul(k) (X, f)de
8 (3.190)

3.2.2 Indirect integral formulations: the singularity method

As already explain for one-dimensional problems, the basic idea of this indirect method is
to introduce intermediary unknowns - unknown intensities of certain singularity
layers. For these singularities, so-called influence functions, i.e., the complete
response to the action of a singularity (e.g., a unit point force) must be known
everywhere in the considered material. Then, these singularity layers are dis-
tributed on a ’fictitious’ boundary I'" in a certain small distance d. from the
real boundary I' outside the domain {2 and their intensities have to be deter-
mined such that the integrated response is equal to the prescribed boundary
values on the real boundary I'.



68 3 Transformation of Diflerential Equations to Integral Equations

In a second step, when these intensities of the singularities are determined,
the unknown physical boundary reaction as well as corresponding interior
states can easily be found by the same integral equation used in the first step
to find the singularity intensities.

3.2.2.1 Sound pressure and sound flux in stationary acoustics (Helmholtz
equation)

As known, the stationary sound radiation problem is described by the Helmholtz equation
(see (3.159))
Ap(x) + k*p(x) = —b(x) = +ickpoa(x) (3.191)

for the sound pressure distribution p(x) and the fundamental solution solving the equation
Ap* (Xv 5) + K2p* (Xv 5) = _5(X7 5)
is in R? (siehe (3.166))
1
pi(x,€) = 2—K0(im’) (3.192)
T

Hence, the influence function decribing the sound pressure at a point z due to a unit point
sound source a(x) = §(x, &) at point £ is found by comparison to be

(pa) (x,€) = —icmpO%Ko(i/w) (3.193)

Since the sound flux ¢,(x) in the direction of the normal vector ny(x) is defined as the
normal derivative of the sound pressure, the corresponding influence function for the
sound flux is determined by (r = |x — ¢])

9 (pa) (x,§)
8mk

ng(x) = —cx2p0iKl(im“)ﬁnk(x) (3.194)

(qna) (X7§> = o O

Following the above described idea of the indirect integral equation method, at points
€ on a fictitious boundary I't, which is either enclosing with a certain distance d. the
real boundary I' or is coincident to I', layers of point sources are introduced with such
an intensity a*(§) that the prescribed boundary conditions on the real boundary I' are
satisfied.

For a sound radiation problem where on one part of the boundary I'y the sound pressure
p(x) = p(x) and on the remaining part I'y the sound flux ¢, (x) = ¢,(x) is prescribed, and,
moreover, a sound source density a(x) is acting in the interior of the considered domain
), the two indirect integral equations for determining the unknown point source layer
intensity a*(§) are simply given by

F/; (pa) (x,€)a™(§)dl +Sf2(pa) (x,£)a(§)dle = p(x) for x €Iy

Ff+ (gna) (x,&)a*(§)dl +£(qna) (x,6)a(€)dQ = Gu(x) for x €l
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which is explicitly

fKO(mr) (5)dF§+fKo(1/{r) (£)dQe = %ﬁp(ox) for x €3;195)
(%) Fj;i/{Kl(iw)%a*(ﬁ)ng—i— (/;mm(m)aa—;a(g)mg _ —%;éx) for %3196)

Since the size of the distance d. of the fictitious boundary I'* from the real boundary T’
has a large effect on the solution if these integral equations have to be solved numerically,
it is mostly better to transfer the fictitious boundary into the real boundary, i.e., d. — 0.
In this case, the influence function (pb) (x, &) becomes with Ko(ikr) — — In(ikr) weakly
singular and (¢,b) (x,&) with K, (ikr) — 1/(ixr) strongly singular for £ — x.

Hence, similarly to direct integral equation method, the singular point x = £ has to
be avoided in the integration on I'" — T", but different to the handling there, the integral
on I'" is only to split into one on I'* — I'T and one on I'Y (while the integration on the
e-circular arc I'7* is dropped here), and, for both contributions, the limit towards I" — I
and I'; is performed.

In the case of the weakly singular integral equation (3.195) for the sound pressure,
the integral on T'Y — T'. gives no contribution such that the equation remains formally
unchanged:

I EKofimr)a (€ + [KoGinr)a(e)age = 222

for x eI’y (3.197)
Ie CKpPo

The integral with the strongly singular kernel in the equation (3.196) for the sound flux

nk(x)fiﬁKl(imr)ﬁa*(f)ng = ng(x) [ i/iKl(iliT’)ﬁa*(f)ng
r+ 8xk r+-rt 8xk
+ng(x)a” (x) [ikK;(ikr) =— or —dl’;
I Oy

—|—nk(x)rf+[a*(§) —a*(x )]lﬁKl(lliT>5a—xde%3 198)

is split in three parts where that on ' —I'T — I" — I'; exists as Cauchy principal value,
that on I'T can be analytically integrated while the third one on I'Y — TI'. gives zero
assuming at x = £ a continous intensity a*(§).

Since here, different to the direct integral equations, the normal vector nj(x) =
(cos p,sin ) is not that of the integration point £, and is only on a smooth boundary
uniquely defined, for the evaluation on I'T | a smooth boundary I'" is assumed which is
in a distance d. parallel to the real boundary I'. Denoting the distance of the projection
of x on I'* from £ with s, one can express the distance r between x € I' and £ € T't

y r = +/s*+d2 and r; = r,n; + rt; can be described by (¢ is the angle between the
b 24+d? and r 7 st be d ibed b, is th le b th
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normal direction and the x;-axis)

Ty 1|z —& 1| —d.cosp— ssinp d. | ny(x) s | t1(x)
’ = — —_ — . e —— + —
o r| xo—& r | —d.sinp+ scosp r | na(x) r| ta(x)
(3.199)
Applying this and the approximation of Kj(ikr) &~ 1/(ixkr) for small distances r, gives,

since ng(x)ng(x) = 1 and ng(x)tx(x) =0

ni(x)a” () lim, fm12<1(1m~)§—dr5 — @*(x)ng(x) lim [ {m%{ _:_fk((’;) }}ds

de— r+ de—0 _¢

* : r d€
- oo pm { T

= —a*(x) lim [arctan i}

d-—0 de|_.

= —a’(x) lim |arctan S _ arctan —
d:—0 d. d.

= —ma*(x) (3.200)

Finally, the following singular version of (3.196) for satisfying prescribed sound flux con-
ditions is obtained

a*(x)  m(x) o O o i, (%)
5 o | i) 5 et (€l + [inK (inr) 5 al(€) e ] rcp 0T X €Tz
(3.201)

When by solving the two equations (3.197) and (3.201) the adequate intensities a*(§) are
found to represent the prescribed boundary values, the same two equations can be used to
find the unknown boundary reactions p(x) on I's and ¢,(x) on I'; , and the two equations
(3.195) and (3.196) (due to I't — T by integration on I') for finding the sound pressure
and the sound flux at any interior point x.

3.2.2.2 Displacements and stresses in elastostatics (Navier equations)
The Navier equations (3.175)

0?u;(x) 0%u;(x)

u@xjaxj a.l‘]al’z

describe the displacements of an elastic body under its dead weight b;(x) and as a result of

prescribed displacements u;(x) =;(x) on a part of the boundary I'; and/or of prescribed
boundary tractions 7;(x) = T;(x) on the remaining boundary part I's.

Besides these, other dynamic or geometric states, e.g., point forces, single moments,

or dislocations, may occur and produce displacements and deformations.
The solutions uz(»k) (x, &) of the equations

(x, )
H O0zx;0x;

+(A + p) = —b;(x) (3.202)

) _ —b(x, ) = —0(x — ) (3.203)

+<A+u)%
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i.e., the displacements (see (3.177))

(k) _ 11
uz (X7§)_ 471—2/45—'—/\

A A
—(3+4 =)0 Inr + (14 =)rry| in R? (3.204)
M Iz
are the reactions at a point x on a unit point force bf(x,¢) = F;(x,§) = d(x — f)egk)
applied at a given fixed point & € () along the k-direction. Hence, this fundamental
solution is also a influence function representing displacements due to unit point forces

(WF), , (x,€) = u” (x,€) (3.205)

Then, following the idea of the indirect integral equation method, point force layers with
unknown intensity F}(€) along the k-direction at points £ on a fictitious boundary I'*
enclosing with a distance d. the real boundary I' are introduced which produce together
with the known prescribed dead weight loading by, (&), & €9, displacements at points x

() = (uF), . (5, ) FE () + f (uF) (e, () (3.206)

For representing prescribed displacements u;(x) on a part I'; of the real boundary I'; the
intensities £} (£) have to satisfy the indirect boundary integral equation:

[ (uF),, (x,§)F;(§)dle + sz (uF), . (x,6)b(£)dQe = u;(x) for x €Ty (3.207)

T+

When on the remaining part I'; = I' — I'; boundary tractions T;(x) are prescribed, influ-
ence functions representing boundary tractions are needed which can be determined by
differentiating the displacement influence function (3.205), respectively (3.204), via the
definition of the strain tensor and the constitutive relations (see (3.184))

(TF) (x:6) = o (c,ns(x) = (2 (x,€) + Adyelf (%)) my ()

1 o) 1| r kézj — Tiéjk - Tj(sik
- 7 - : : . 3.208
2T 2p+ Ar { —2(L+ )rar v 73(x) (3:208)

This gives the indirect boundary integral equations for representing boundary tractions
as

[ (TF); (6 F(€)dTe + [ (TF); . (x, §)br(€)d2 = Ti(x) for x €l (3.209)

T+

In this regular version of the indirect boundary equations (3.207) und (3.209) for a
mixed elastostatic boundary value problem, the distance d. between the fictitious bound-
ary I'" and the real boundary I" has a large effect on a numerically determined solution.

Therefore, it is advantageous to shift with d. — 0 the fictitious boundary I'* towards
the real boundary I'. Then, the integral kernels (uF),, (x,§) and (T'F), , (x,£) become
for £ — x weakly singular and strongly singular, as Inr and 1/r, respectively.
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Hence, similarly to direct integral equation method, the singular point x = £ has to
be avoided in the integration on I'" — I', but different to the handling there, the integral
on I'* is only to split into one on I'* — I'Y and one on I'Y (while the integration on a
e-circular arc I'7*, equivalent to I'} in the diect method, is dropped here), and, for both
contributions, the limit towards I' — I'. and I'; is performed.

In the case of the weakly singular integral equation (3.207) for the displacements,
the integral on I' — T'. gives no contribution such that the equation remains formally
unchanged:

[ (uF), , (x,8)F;(§)dle + é (uF), . (x, )by (€)d2 = 1;(x) for x €Iy (3.210)

I'-Te

The integral with the strongly singular kernel in the equation (3.209) for the boundary
tractions

ni(x) p 1| 7x0ij — 70k — 7 0 .
f_ _2(1 4 ﬁ)r,z‘r,jr,k Fk (@@Tgll)

Ff'*‘ (TF)zk (X7€>Fl:(£)drf = o1 2N+/\F+r

HEL) [ (TF),, (x,)dT

+ [ [FE(6) = FLNTF); . (x,§)dTe (3.212)

rt

is split in three parts where that on I'" — '/ — T" — T, exists as Cauchy principal value,
that on I'T can be analytically integrated while the third one on I'Y — I'. gives zero
assuming at x = £ a continous intensity Fy ().

Since here, different to the direct integral equations, the normal vector nj(x) =
(cos g, sin ) is not that of the integration point £, and is only on a smooth boundary
uniquely defined, for the evaluation on I'!" | a smooth boundary I'" is assumed which is
in a distance d. parallel to the real boundary I'. Denoting the distance of the projection
of x on I'* from £ with s, one can express the distance r between x € I" and £ € I'" by

r=+/s*+d?and r; = r,n; + rt; can be described by (see (3.199))

re= %0 - 1) (3.213)

r

Following the evaluation in (3.200), one obtains for the essential singular part

lim f—s—Tng B dhmo f { Tl {%nk(x) + ;tk(x)] } ds = —mn(x) (3.214)

de—0 rs T OoXg
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and with limg__,¢ for

19r or or B —1 [ %ni(x) En;(x) 1 (x)

— o

B 7 =1 [ dningng + d2s (ningty + nitng, + tingng) ds
Tt | Hdes® (ntity + tingty + tityng) 4+ 3tttk
( € \
[% + 3 arctan d—j __mang

_q2 ¢
+ [—SQJFZF} (nmjtk + nitjnk + tinjnk)
€l—e

€
+ |:—2(;25_g22) + % arctan di:| (nzt]tk + tm]tk + tzt]nk)
= ] _¢

€
+ [% + 3 In(s? + dg)] tit ity
€ —€

\

= —g {ninjnk + nitjtk + tmjtk + titjnk} for de — 0 (3215)

Vs

This yields with n;n; =1, t;n; = 0, and n;ny + t;ty, = d;, for

. 1 u —m(nkn; — ning — n;0um;)
1 TF). r. = ——~
40 s (TF):y (%, €)dl 2 20 + A { +2(1+ 2) 5 (ninyny + nit ity + tingty + titng)n,
1 u A 1
_ - 5 1+ 5)(n, tit = —¢; 3.216
22M+A{ k+(+u)(nnk+ k)} 5O (3.216)

Finally, the singular version of the indirect boundary integral equation for the boundary
tractions is obtained to be

%Fz*(x) + F—fF (TF), , (x,&)F;(&)dle + é (TF),, (x, E)br(£)dQe = Ty(x) for x €Ty

(3.217)
Are the singularity layer intensities F}(£) determined by solving the integral equations
(3.210) and (3.217), in a second step, the unknown boundary reactions, i.e., u;(x) for
x €'y and T;(x) for x €I’y can easily found be evaluating the integral equations (3.210)
and (3.217), respectively.
Then, it is also possible to analyse the stresses at interior points by evaluating with
the determined intensities F}(€) the integral relation

0ij(x) = { (JF)ij.k (x, ) F (§)dle + sfz (UF)ij.k (x, f)gk(f)dQﬁ for x € (3.218)

where the influence function (0 F),; . (x,§) for the stresses is easily found from that of the
boundary tractions (3.208) to be

11
2w 2u 4 Ar

A
(UF>ij.k (X, 5) (r,kéij - r,iéjk - r’jéik. - 2(1 + ;)T’Z‘TJT’]C) . (3219)
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3.2.3 Integral formulation with Green’s functions

As defined above, the so-called Green’s function G*(x,£) of a boundary value problem is
a special fundamental solution, i.e.,

L(D)G"(x,§) = 6(x,¢)

which satisfies homogeneous conditions for those boundary states which are prescribed in
the actual problem, i.e.,

E(G*(x,£)) = 0 forx el
N(G*(x,§)) = 0 forx el

The meaning of this definition shall now be demonstrated for some explicit problems.

3.2.3.1 Temperature distribution in stationary heat conduction

As described above in equation (3.158), the direct form of the integral equation for the
temperature ©(£) on the boundary, i.e., for £ € ', reads

A8 ey = — / L 10, (x)0" (x,€) — Ox)q (x, €)] dT'y — W) e (. )i,

2 )\0 )\0
r-r. Q
(3.220)
while it is given in the interior, i.e., at points £ € Q (see equation (3.151)) by
1 . . Wy(x) .
009 = - [ - (060" (.9 — Ol (x. ) are — [ e gpane  (322)
T Q

When the actual boundary value problem is defined by a prescribed temperature ©(x) =0 (x)
on a part of the boundary I'y and/or of prescribed temperature flux ¢,(x) = ¢,(x) on the
remaining boundary part I'y, the more detailed form of (3.226)

o) = - / Ai (00 (306" (x, €) — B(x)q},(x,€)] dT'y — / Aio[qax)@*(x,g) — O(x)q (x.£)] dTx
. WK(X) 0" (x, £)dy (3.222)

Q

shows explicitly the unknown boundary reactions ¢,(x) on I'; and ©(x) on I's. Hence,
it is obvious that the temperature ©(&) could directly be determined by this integral if
the respective integrands containing unknowns would be zero, i.e., if one finds a special
fundamental solution G(x,&) which satisfies additionally the conditions

G(x,8) =0 forx €'y and ¢,(G(x,£)) =0 for x €I’y (3.223)
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Then, the temperature at any interior point £ € €2 is expressed by

o(e) = Aio@(xm(e(x,g))drx— / L D()G(x, T / Wol) ix. )d0, (3.224)

Iy T2

without determining first the unknown boundary reactions by solving the boundary inte-
gral equation (3.225).

3.2.3.2 Sound pressure in stationary acoustics

As described above in equation (3.174), the direct form of the integral equation for the
sound pressure p(§) on the boundary, i.e., for £ € T, reads

Ap(§)

20O = [ a0 (x.) — pR)G: b O Al + B0 (x % (3229

I'—I's

while it is given in the interior, i.e., at points £ € €2 (see equation (3.170)) by

p(€) = / [0 ()" (%,€) — () (x, €)] T + / b(x) " (x, €)d% (3.226)

T Q

When the actual boundary value problem is defined by a prescribed pressure p(x) =p(x)
on a part of the boundary I'; and/or of prescribed sound flux ¢,(x) = g,(x) on the
remaining boundary part I's, the more detailed form of (3.226)

plE) = / 100 (X)p" (%,€) — (), (x,€)] AT / 10 ()p" (%, €) — () (x, £)] dT

I 1)

+/b(x) P (x,&)d )y (3.227)

Q

shows explicitly the unknown boundary reactions ¢,(x) on I'; and p(x) on I';. Hence, it
is obvious that the sound pressure p(&) could directly be determined by this integral if
the respective integrands containing unknowns would be zero, i.e., if one finds a special
fundamental solution G(x,&) which satisfies additionally the conditions

G(x,§) =0 forx €'y and ¢,(G(x,£)) =0 forx €'y (3.228)

Then, the sound pressure at any interior point £ € €2 is expressed by
(€)= = [P0 (G T+ [ GG Ol + [HX) Gx, e (3:220)

without determining first the unknown boundary reactions by solving the boundary inte-
gral equation (3.225).
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3.2.3.3 Displacements in elastic bodies

As described above in equation (3.190), the direct form of the integral equation for dis-
placements u;(§) on the boundary, i.e., for £ € I', reads

s+ @) = [ [T 06,6) = (T 0, [+ 1) x, )

o
(3.230)
while for interior displacements u;(§) with & € © holds (see equation (3.183))

uel€) =/ | Tix)ul) (. ) = ()T (x.€)| Al + i) (x )% (3:231)

r

on a part of the boundary I'y and/or of prescribed boundary tractions T;(x) i(x) on
the remaining boundary part I's, the more detailed form of (3.183)

When the boundary value problem is defined by prescribed displacements u;(x) =u;(x)

ul®) = J |[T0u (.6 ~ T ) dlx + [ Tiou (x.6) — w7 (x.6) ] dl

IR

+Jbi(x) u? (x, €)ds (3.232)
Q

shows the unknown boundary reactions 7;(x) on I'; and u;(x) on I';. Hence, it is obvious
that the displacements (&) could directly be determined by these integrals if the respec-
tive integrands containing unknowns would be zero, i.e., if one finds a special fundamental
solution ng) (x, &) which satisfies additionally the conditions

G (x,6) =0 forx el and T,(GY(x,€)) =0 for x €l (3.233)
Then, the displacement at any position £ € €2 is determined by
ul€) = —[wITGL (2. &)l + [ T(x)G{ (x, )l
1 2

+bi(x) G (x, €)d€)y (3.234)
Q



4 Numerical solution of boundary integral
equations: The boundary element method

In the case of two- and three-dimensional problems, in general, boundary integral equa-
tions can only approximatively be solved, i.e., approximations have to be introduced for
the boundary and/or the state functions, integrations are performed numerically and not
analytically, the integral equations are satisfied only pointwise (i.e., point collocation ),
and, finally, the resulting system of algebraic equations is solved also only numerically
either by a direct solver (Gauss elimination) or iteratively.

These steps are explained in the following sections.

4.1 Approximation of the boundary and of boundary
states

The first discretization step is the partition of the boundary curve I' in non-intersecting
so-called boundary elements ' (e = 1,..,m) by introducing on the boundary so-called
node points x' (I = 1,..,n) where the nodes on the interface between two neighbour
elements ' and ['**! have the same coordinates but different node indices, e.g., X" =
x'etl in R2.

Inside these elements, both the boundary curve (if it is not straight) and the state
functions of the boundary value problem have to be approximated usually by polynoms
as exact as wanted or needed. The polynomial order for approximating the geometry and
the boundary states may be different; if these orders are chosen to be equal, one uses a
so-called isoparametric concept.

Remark: Of course, exactly the same considerations led in past to the concepts and tech-
niques now commonly used in finite element methods. The usual concept of boundary elements
is a mere transposition of that of a finite element and, hence, based on the use of nodes and
shape functions.

4.1.1 On boundary curves in R?

For the geometric approximation of the boundary, usually a mapping of each physical
boundary element I'® onto a parent element A, in a parameter space is introduced where
the parent element assumes a simple shape, i.e., a line segment n € [0,1] or n € [—1,1]:

ne€ A —x(n) = x“N/'(n) with 0<n<1 (4.1)
=1

7
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where the index [ (1 < [ < n) defines the local numbering of the nodes on element e.
The n shape functions, usually of polynomial type and at least linear, since the boundary
approximation should be continous, are subjected to the following restrictions:

Np(g) =0y and ) Ni'(n)=1VneA, (4.2)
=1

where n, € A, is the antecedent of the physical node x%. Of course, the specific choice of
shape functions and the number n of nodes defining the element are related, e.g.,

for a linear approximation is n = 2 with initial and end node x!¢ and x?¢, respectively,
the shape functions are defined as

Ni(n) =1—mn: Ni(n)=n for neA.=[0,1] (4.3)
and the boundary element is approximated by

x°(n) = x'(1 —n) + x> (4.4)

for a quadratic approximation is n = 3 with initial, middle, and end node z}¢, x%

1
and z3¢, respectively, the shape functions are

Ni(n) = (1—=n)(1—2n);
N3(n) = 4n(1—n);
Ni(p) = n@n—1) for ne A, =[0,1) (45)

and the boundary element is approximated by
x“(1) = x'“(1 = n)(1 = 2) +x**4n(1 — n) +x*n(2n — 1) (4.6)

Remark: It should be mentioned that on a straight boundary element when ¢ is taken
to be the central node, i.e., is taken as the arithmetic mean of the initial and the end
node coordinates, x?¢ = 0.5(x'® + x3¢), the quadratic approximation (4.6) is reduced to

x‘(n) = x"(1—n)(1—2n)+ 0.5(x" +x*)dn(1 — n) + x*n(2n — 1)
x1(1 =) +x*9

i.e., to the linear approximation (4.4)

4.1.1.1 Exercises 13: Shape functions with the local coordinate —1 <n <1

Determine the linear and the quadratic shape functions (corresponding to (4.3) and (4.5),
respectively) when the local coordinate 7 is defined in the range —1 < n < 1.

In the same way, the boundary states of the problem can be approximated by
shape functions in the local coordinate 7, but, here, it is not necessary to guarantee a
continuous approximation across the elements; sometimes it is even necessary to simulate
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discontinuities, e.g., when one element is loaded by constant tractions and the next is
unloaded. Hence, besides the above introduced linear and quadratic shape functions (4.3)
and (4.5), respectively, a single middle node z;¢ and the constant shape function (n = 1)

Ni(n) =1 (4.7)

can be used to approximate a boundary state ®(x).
This means that a boundary state ®(x;) may be approximated in a boundary element

I', as
n

O (xf(n) = D) = Y BNJ'(n) with 0<n <1, (4.8)

=1

where n indicates the number of applied nodes per element.

4.1.2 On boundary surfaces in R?

Again, the first step is to divide the boundary surface I' into m, in general, curved either
quadrilateral or triangular surface elements ' by introducing on the boundary surface
node points x (I = 1,...,n) where [ defines the local numbering of the nodes on the
element. The position of a point on I'* is expressed by

“(n1,m2) ZXZ@Nl (11, m2) (4.9)

with the given nodal position vectors x'® multiplied by appropriate shape functions N;*(ny,72)
with local coordinates (1;,72) lying in the range (—1,1) or (0,1). Every shape functlon
has unit value at its associated node and zero value at all other nodes.

Remark: These shape functions have been developed in the Finite Element Method
and taken over into the Boundary Element Method.

The parameters (n;,72) define a plane and the curved element is thus mapped, for
quadrilateral elements onto a square in this plane. An element represented lmearly in each
of the local coordinates 1; and 7, is specified by four given nodal values x* (I =1, ...,4)
each of which has an associated shape function N;'(1;,72). The following Table shows the
shape functions for the four node so-called serendipity element in the range (—1,1):

X' (171, m2) N (7, m2)

x' (1,1) (1+n1)(1+n2)/4

x* (=1,1)  (L=m)(1+mn)/4 (4.10)
x** (=1,-1) (I—m)(l—1m)/4

x' (1,-1)  (IT+m)(1—mn)/4

It can easily be seen that, e.g., N{(ny,n) is 1 when 7, = 1 and 7, = 1, that is at node

x!¢ while N} (771, n2) = 0 when either 7, = —1 or 77 = —1, and hence it is zero at nodes

xze, 3¢ and x*
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When the variation with respect to each of the local coordinates shall be quadratic,
one needs eight nodes, i.e.,

8
X (11, 72) = Z XN} (1, 1o) (4.11)

=1

and the following shape functions in the range (—1,1)

o~
o

NP (m1,1m2)

1) (T+m)(L+n2)(m +ne—1)/4

1) =) +m)(m —m—1)/4

(=)A= n2)(m +m2+1)/4
—(1+771)(1—772)(m —np+1)/4 (4.12)
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Checks confirm the wanted shape function properties, that is of having unit value at their
‘'own’ node and zero at other nodes. e.g., the shape function N§(n;, ;) associated with
the node x¢ gives at (—1,—1)

Ny(—1,-1)=—-(1+1D1+1)(-1-1+1)/4=1
and evaluated at (1,1)
N (1,1)=—(1-1)(1-1)(1+1+1)/4=0

Similarly, the values of N¥ at the remaining nodes are all zero.
An approximation using triangular elements and being linear in each of the local
coordinates n; and 7, needs only three nodes, the three corner nodes of the triangle

3
X (11, 72) = ZXZ@NZS(UM%) (4.13)

=1

where the shape functions associated with these corner nodes are dependent on the range
(—1,41) or (0,+1) of the local coordinates (n;,72) defined as

X Eh g é\{l?’(??l,;??; x'e E7171,07)72) Ng3<7717772)

x1e , +m x!e ) T

(<11 ()2 % 00) (4.14)
x* (=1,=1) —(m+m)/2  x* (0,00 1—m—mn

Obviously, this simple three node triangular element produces planar approximations.
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For curved surfaces, six node triangular elements with the associated quadratic shape
functions NP (n1,n2), (I =1,2,...,6) on the range (—1,+1)

X' (n,m2) NP ()

x'c (1,-1) 771(1 +11)/2

x* (=1,1)  m(1+mn2)/2

x¥ (=1,=1) (m+m)(m+mn+1)/2 (4.15)
x'c (0,0) (L+m)(L+m)

x* (=1,0)  —(1+n2)(m + )

x% (0,-1)  —(m 4+ 1)(m +m)

are more appropriate.

In the same way as the element surface, the boundary states of the problem can be
approximated by shape functions in the local coordinates 7, and 7, but, here, it is not
necessary to guarantee a continuous approximation across the elements; sometimes it is
even necessary to simulate discontinuities, e.g., when one element is loaded by constant
tractions and the next is unloaded. Hence, besides the above introduced bilinear and
biquadratic shape functions (4.10) and (4.12), respectively, for quadrilateral elements and
(4.14) and (4.15), respectively, for triangular elements, a single middle node z;¢ and the
constant shape function (n = 1)

Ni(nmi,me) =1 (4.16)

can be used to approximate a boundary state ®(x).

Remark: It should be mentioned that, as in the Finite Element Method, also higher
order discontinuous elements are possible, e.g., a four-node discontinuous quadrilateral
element with the shape functions (for more details, see [9])

x¢ (M1, m2) Nl4(771a 72)

x' (3,3) (14 2m)(1 4 2nm2)/4

X26 (—%,%) (1 —2771)(1 +27]2)/4 (417)
X% (—3,—3) (1—2m)(1—2np)/4

x* (3,-3)  (T42mp)(1—2ny)/4

Hence, a boundary state ®(z;) may be approximated in a boundary element I'® as

n

O (25 (1, 12)) = (1, m) = 3 _ BN/ (1, mp) (4.18)

where n indicates the number of applied nodes.

4.2 Integration over boundary elements

After the first step, the discretization of the boundary in boundary elements, the integrals
over the whole boundary I' are decomposed into a sum of m integrals over single elements
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I'“. As a consequence of the next steps, the elementwise approximation of the boundary
geometry and of the boundary states, the integration over the boundary elements has to
take into account the actually applied approximation schemes. This will be described in
the following sections.

4.2.1 Elements on boundary curves

When integrating along the boundary curve I, in each boundary element I', the mapping
between the global physical coordinates x and the local coordinate 1 has to be taken into
account by

dx¢ dxs
dly = D2 4 (222 = | J d 4.19
\/<dn) (dn) n=|Jn)|dn (4.19)

where | J(n) | is the so-called Jacobian. For a straight boundary element with linear
approximation is
d‘T’f le

=T

dn ‘
which results with the element length [,

| Jn) | = (@ — ol + (o — b =1,

(=1) + @i (+1) = 27 — z;° (4.20)

1

so that in this case

dl'x = l.dn (4.21)
For a parabolic boundary element with quadratic boundary approximation (4.5) is
dxe
da;; = 2;°(=3 4+ 4n) + x7¢(4 — 8n) + 27°(—1 + 47) (4.22)

and, hence, the Jacobian | J(n) | (see, (4.19)) becomes rather complicated and analytical
integration are rarely possible.

When a boundary element I'* of a two-dimensional domain is circular with a curvature
radius R¢ and the coordinates’ center of the circumference zf,, the coordinates of a generic
point along the element can be expressed by means of these 3 parameters as a function
of the angle ¢ (between the x;-axis and the radial vector x° — x§) in the form

x] = R°cosp+ x5, (4.23)
5 = Rsingp + x5, (4.24)

Representing the angle ¢ by quadratic shape functions in the local coordinate n

©(n) = Ny (n)gf + N3 (n)e5 + N3 (n)gs (4.25)

where 1, o,and 3 is the angle of the initial node, of an inner node, and of the end node,
respectively, on the circular element, gives the quadratic expression

e(n) = Dsn* + ESn + Fy (4.26)
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Dependent on the definition range of 7, these coefficients are
D5 = 2(p7 — 205 + ), By = =307 +4¢; — ¢, Fy =¢] for0<n <1 (4.27)
Dy = 0.5(] — 205 + ¢5), B = 0.5(p5 — 1), F§ =¢f  for —1 <7 <1(4.28)

The quadratic relation (4.26) between ¢ and 7 allows also an explicit definition of 7 as a
function of ¢

- { abs (B + VE 4D, — ) for Dy #0 (4.29)

E%((p—Fg) for D3 =0

where D3 = 0 means ps = 0.5(p1 + 3), i.e., the node with the angle ¢, has the same
distance to the initial node of the circular element with the angle ¢, and to the end node
with the angle 3.

The Jacobian of this transformation is calculated via

dz§ dz$ do .
= —— =R 2D + E5
dn do dn sin g (2D5 + EX)
dz§ dz§ do
= —— =R 2D5 + E3
L= o = Feosp (2054 EY)
to be
dzx§ dzx$
I(n) = \/<d%1)2 + (di;)2 — R°(2D5 + E%) for Dy #0 (4.30)
= R°ES for D3 =0 (4.31)

Hence, when D3 = 0, the Jacobian is simply equal to the length of the circular element:
J(n) = As® = R(§— ) for 0 < n < 1, or to the half of it: J(n) = $As® = R°1(¢§— ¢f)
for -1 <n < 1.

When the angle ¢ is represented by linear shape functions in the local coordinate n

©(n) = Ni(n)e§ + N3 ()¢5 (4.32)

where ¢; and ¢ is the angle between the outer normal vector at the initial node, at an
inner node, and at the end node, respectively, on the circular element and the z;-axis,
this linear expression is

p(n) = Esn+ F; (4.33)

with
B = @5 —¢f, Fy =] for0<n<1
E; = 0.5(p; — i), F5 = 05(05 +¢7) for —1<n<1

From (4.33) one obtains
p— I3
12

’]7:
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and the Jacobian of this linear transformation with

duy _dride _ pe s oE; dos _ d509 _ pe s pE;
dn dy dn 2 dn d dn ’

as
J(n) = R°ES (4.34)

Hence, as in the case of the quadratic approximation for the choice D3 = 0, the Jacobian
is simply equal to the length of the circular element: J(n) = As® = R¢(p5 — ¢f) for
0 <7 <1, or to the half of it: J(n) = 1As® = R°1(p§ — ¢f) for =1 <n < 1.

A boundary integral with the kernel g(x, &) and the state variable ®(x) over a boundary
element I'® is then transformed into an integral over the local coordinate 7 as:

n

[ ORI, = [ g (0).€) > @N () | J(o) | d
= Yo { Tt onm S} (@3

For points ¢ in a different boundary element I'®', ¢ # e, the integrand of (4.35) is regular
for all possible kernels g(x, &) so that those integrals can be numerically evaluated by a
Gaussian quadrature formula

1

T a6 ONF ) | 00) [ dn = [ f(n)dn =30 ), (430)

n=0

The number of Gaussian points with the abscissae 7” and the weights w, is dependent on
the distance of the point ¢ from the integration element I'°, generally, between 4 and 10
Gaussian points are taken.

Coincides the point ¢ with one of the nodes x' of the considered boundary element I'®,
most of the integral kernels become either weakly singular or strongly singular, some even
hypersingular. Such integrals should be integrated analytically if possible (see Appendix
B).

4.2.2 Elements on boundary surfaces

When integrating over a boundary surface I, in each boundary element I'*, the mapping
between the global physical coordinates x and the local coordinates 7, and 7, has to be
taken into account by the surface Jacobian which relates the element of area dI'x on the
surface to the element of area dn;dn, in the local parameter domain

dlsx =[ J(n1,n2) | dnrdny (4.37)

The surface will contain lines corresponding to constant values of the local coordinates 7,
and 7. Moving along the constant 7;-coordinate line from (7, 72) to (91,72 + dny) results



4.2 Integration over boundary elements 85

in a point x(n;,n2 + dne) with the approximative position vector

0
X+ die) = X0, 712) + i + O((de)?)
2

and similarly, moving along a constant ny-coordinate line gives

0
X(m + dni,n2) = x(m1,m2) + %dm + O((dﬁl)z)
1

Hence, the vectors along the sides of the surface element of area dI'y are
0x 5
X(n1, M2 + dng) —xX(N1,1m2) = 8—772d772 + O((dn2)")
0x 9
X(m + dnu,n2) — x(n1,me) = a—mdm + O((dm)?)
To the first order, the surface area will be plane and dI'y is thus given by the formula from

vector calculus relating the area of a plane rectangle to the cross product of the vectors
on its sides:

0x ox ox 0x
dly = | —dmx—d = | —x— | dnd 4.38
| (9?’]1 Ui 87’]2 772’ ‘ 8771 aUQ | Tharnz ( )
By comparison with (4.37), the surface Jacobian is
ox 0Ox
J(n, RVl 4.39
| J(n1,m2) | . o, (4.39)
Since the cross product may be expanded as (see (2.11)
ox O Cfom om | fem am | | om om
Uit T2 On2  On2 on2  On2 Oz On2
= &my + €miz + €3mys
where m;; are the minors of g—;‘l X g—é. Thus
ox 0Ox
[ Jmme) | = o o | = \/m% +mi; + mi (4.40)

A boundary integral with the kernel g(x, &) and the state variable ®(x) over a boundary
element ['“ is then transformed into an integral over the local coordinates n; and s, e.g.,
with the range —1 < n,1m5 < 1 as:

1 n

F/;g(X,f)fb(X)de = }’g(Xe(m,nz),S)ZﬂeN{l(m,nz)!J(m,nz)\dmdnz

m=—1n=-1 —1

= 0 T b mm) ON ) | ) | i)

=1 m==lne==1
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For points ¢ in a different boundary element I'“’, ¢ # ¢, the integrand of (4.41) is regular
for all possible kernels g(x, &) so that those integrals can be numerically evaluated by a
Gaussian quadrature formula

1 1 1 1
J fQ(Xe(ﬁlﬂlz)?f)Nzn(Ulﬂ?z) | J(7hﬂ72)|d771d772: J flfz”e(m,m)d?hdnz

nm=—1n=-—1 m=—1ln=-—

- Z Z T (ap, ag)wyw, (4.42)

The number of Gaussian points with the abscissae a, and the weights w, as well as with
the abscissae a, and the weights w, is dependent on the distance of the point £ from the
integration element ', generally, between 4 and 10 Gaussian points are taken.

Coincides the point ¢ with one of the nodes x' of the considered boundary element I'®,
most of the integral kernels become either weakly singular or strongly singular, some even
hypersingular. Such integrals should be integrated analytically if possible (see Appendix
B).

4.3 Boundary element equations by point collocation

A 'direct’ integral equation, e.g., in the case of a scalar boundary value problem (see, e.g.,
(3.158))

AOB(E) + 905, P(X)T = [h(x, )W(x)dTs (4.43)

with a weakly singular and a strongly singular kernel h(x,¢) and g¢(x, &), respectively,
will be transformed by partitioning the boundary I' into elements I'. (e = 1,...,m), i.e.,
decomposing the integrals over the whole boundary I' into a sum of m integrals over single
elements I,

{[....] ATy =) [ [..]dIx (4.44)

and by the approximation of the boundary, i.e., of the boundary coordinates z¢ (see,
(4.1)), and of the boundary states ®(x) and ¥(x) (see (4.8)), as it is shown in (4.35)),
into the following approximate equation

(©26) = =330 { ] o). 9N | T | o

e=1 [=1

2D U {nzoh(xe(n),ﬁ)i\fﬁ(n) | J(n) | dn} (4.45)

e=1 [=1

Remark: In many physical boundary value problems, the state variable ®(x) is continous
along the whole boundary (e.g., the temperature in the case of heat conduction problems) while
the state W(x) is discontinuous since it is often related to the normal vector which jumps at
corner points. Such discontinuities have to be taken into account in approximating this state.
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The number of unknown node values ®¢ or W!® of the shape functions of ®(x) and
U (x), respectively, in this single equation (4.7) is dependent on the grade (n — 1) of the
applied shape functions: - for constant shape functions, i.e., n = 1, as well as for linear
shape functions, i.e., n = 2, one has m unknowns in the case of a closed smooth contour
(i.e., in the linear case assuming along the whole boundary a continous approximation)
and 2m unknowns for quadratic shape functions, i.e., n = 3, ( again assuming a continous
approximation). Hence, one need m and 2m, respectively, equations for their unique
determination.

The most simple and mostly used way is to evaluate this equation (4.45) at as many
points & = x/ as one needs where it is advisable and useful to choose for this purpose,
i.e., as these collocation points, the node points x¢ of the shape functions:

() D(x) = —ZZ@Z@{ x(n), )N () | ()| dn}

e=1 [=1

+30e] hewN @ | ) ) (00
e=1 =1
Since for linear and all higher grade approximations (n = 2) the end node of an element
I, is also the initial node of the sequent element Iy, i.e., X" = x!T! it is helpful to
introduce a global node numbering x/,j = 1,2,..., N, as follows
forn = 2,ie. N=m: x!=x"=x x?=x"=x2 x*=x2=x3, ...

forn = 3,ie. N=2m: x!=x1=x% x*=x x*=x% =x?, ..

4.3.1 Approximation by constant shape functions

Physically not realistic but most simple is an approximation of the state functions by
constant shape functions (n = 1) and collocation at the middle node x!¢ = x¢ of each
element I..

With N{(n) = 1 one has only one representative value ®'¢ = ®¢ and ¥'¢ = ¥¢ for
the boundary states in each element and (4.46) yields with a linear approximation of the
boundary I" (i.e., | J(n) |= L)

5 = 500) = =30 { ot} 4> v { Jhoeon e} aan

where, due to the collocation at the middle nodes x? of the straight and, therefore, smooth
boundary elements, the factor ¢(x?) is always c(x?) = 1/2. Finally, one obains with the
matrices

1 4 1 A
Gje = [ 9(x*(n),x")ledn and Hje = [ h(x(n),x’)lcdn (4.48)
n=0 n=0
the following system of m equations for m unknown boundary values

m 1 m
> (56]-@ + Gje) ¢ =) H; U forj=12..m (4.49)
e=1

e=1
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4.3.1.1 Example: Stationary heat conduction

In the case of a stationary heat conduction problem, the boundary states in (4.49) are
the temperature © and the heat flux g,, i.e., ® £ ©° and ¥¢ £ ¢¢ | and the kernels
g0 (n), €) 2 —g(x,6)/ Ao = ora/r and h(x(n),x) 2 —0°(x,6)/Ag = 5=k In(r/0)
(see, (3.152) and (3.148)). Hence, one has to evaluate the following expressions for the
matrices G, and Hj,, respectively, (r'¥ = x'¢ — x7):

—1 L 1 9rjln) ln 1 ozle(1 —n) +a2en — 2!

Gie = f nfledn: f i i ldn
J 27T n:OTje(T}) &L‘Z 27]' n=0 ,,,.]26 (77)
Lt (@l — o) 4l — ot
_ It ) : ( " (4.50)
27 n=0 Tje(n)
—le e e dn
R ‘ ' 451
2 L vl [ (451)
—le 4 (T5e(n)
H'e = ¢ 1 Jje d
! 47T)\017£0 I < l% > n

_ e b (B2l [P
= Taglo ™ 2 7

e jl« In 2_'_21.163' te +M +1n @ d (4.52)
N 471')\017:0 " le 7 lz l(Q) ! '

where the constant reference value ¢ in ©* has been taken as the length of the shortest
element I';, i.e., [ = min{l.|e = 1,...,m} and, moreover, the following relations hold for
a linear boundary approximation

e e 12 e e 12
r2(m) = [z —n) + i — ] + [23°(1 —n) + 23y — 2]
Zn? + 2(x} — 2))letin + (2 — o)) (2} — 2))
= Pn?+ 20!t | et |2 (4.53)
(:c?e — :clle) = [t — (:1:’12e - :z:lle)nf =l tin; =0 (4.54)

For the singular elements, i.e., for a collocation at the middle node ! = 0,5(z?® + z}¢)
of the considered element I'., one obtains

8l ol = 0,5 —ak) = —0,5L4

r i

so that

e lej &

n°-r' £ nf(x°

—2l) = —0,5lnft¢ = 0

(2

and, hence, one obtains from (4.50) regarding also (4.54)

Gee = 0.
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The reason is dr/0dn = 0 for this middle node collocation point.
For a collocation at this middle node is due to

te . I,1ej

lej

to(zle —2l) = —0,5.t5¢ = —0, 51,

)

L
A (gl — gl (ale — 27) = 0.2502

r (2 (3 3

the respective singular element in the H-matrix (for details about the evaluation of this
improper integral, see Appendix B, 4.5.1)

- L 4, 1\? | 12 p
= () () g
—le %f_sl 12d+ } 1 12d +1 L
= 1m n - = n - = n\ -
47‘(‘)\0 e=0 [ p=0 " 2 g TIZ%‘FE g 2 " l%
le

= [1+1n(2) — In (L /l)] (4.55)

For all other collocation points (where n¢(z} — 27) = n® - r'¥ # 0) holds

—le le te - I'lej =1
Gjo = —n° 1'% | ————— —arctan H—
2T 2l | n¢-rlei | | ne - rles | =0
—1 lej le+t¢- 1'% te.r'e
= —sign(n®-r¥)<{arctan ———— — arctan — 4.56
o1 g ( ){ |ne_rlej ’ ‘Ile'I‘lej ’ ( )
(le 4 te. rlej) In(1+ %te . rlei + \rl;j|2
—1 . lej|2 62
_ e le rte] le
He= _te . ple (l—> ~ 2, +1,n (r) | (4.57)
+2 | n® -l | [arctan l|:1“trflj|J — arctan %}
Remarks:

a) There holds the following separation of components for length of the distance vector
between the collocation point :Cz and the initial node x%e of the element I,

01| = (2l — &)zl — &) = [nf(z)e - xf)f + [t (2 - xf)f

(2 K3 2 3

where n{ and ? means the unit normal vector and unit tangential vecor, respectively, in the
straight element I'..
b) In the above evaluation of G, the following integral was applied (for 4b — a® > 0):

2n+a

In(n? + an +b)dn = +91 >4 an+0b) — 2n + V4b — a? arctan ————
[n(n” +an +b)dn = (n+ 5) In(" +an +b) = 2n + v a”arctan —rr——s
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4.3.1.2 Exercise 14: Stationary heat conduction in a rectangular domain-
constant shape functions

In a rectangular domain Q2 = {(z1,29) |0 <z <} = 1m, 0 < x5 <y = 2m}, the tem-
perature is prescribed at two opposite sides 5 = 0 and 25 = l; to be ©(z1,0) = 0 and
O(z1,12) = © > 0 while at the other two sides 71 = 0 and x; = [; the heat flux is stopped,
i.e., ¢, = 0. For this problem (see [2]), the exact temperature distribution is known to
be O(zy1,73) = © x5/l from which one can determine via (3.146) the heat flux across the
boundary to be as q,(x1,72) = Ani(x1, 12)00 (1, T2) /01 = Aona(w1,72)0 /.

Solve this problem applying the above given boundary element approximation by taken
each of the four sides as a boundary element and compare with the known exact solution.

4.3.2 Approximation by linear and higher grade shape functions

Continous state functions ®(x) and W(x), which are approximated by shape functions
with n (2 2) nodes per element, have in successive boundary elements I'. und I'.;; the
same node value, i.e., ®"¢ = dlet! and "¢ = Wletl respectively, and, hence, an equal
global node value numbering ®* and ¥*, respectively. Therefore, for each collcation point
x/, the elements in one line of the matrices G and H related to the boundary state node
values ® and W', respectively, read as:

;

nzog<xe<n>,xj)Nﬁ(n)\ J(n) | dn+ni G, )N () | () | dn
Gji = for = ¢ = Pplet! (4.58)
T b @ NI | )|y for @ = @ 0% 1 (0> 2)
’ nzoh(xe(n),xjwﬁ(n)\ J(n) | d?7+nz0h(xe+1(77),xj)]\7{‘(n) | J(n) | dn
Hj; = for W' = gre = glet! (4.59)
\ nioh(xe(n),xﬂ‘)zvﬁ(n)| J(n) | dn for Wi =Wk if | £1.n (n>2)

With that, for continous state functions on a smooth boundary of a 2d-body, the following
system of equations for the N (for n =2 is N = m and for n = 3 is N = 2m) unknown
node values is given (¢/ = ¢(x?) and & = ®(x7))

N N
Y (05 +Gu) @ =Y Hu¥' forj=1,2,.,N (4.60)
i=1 i=1

Remark: For a linear approximation of the boundary I' and linear shape functions in each
boundary element [’ for a continous state function ® the elements (4.58) are explicitly:

1 . 1 .
fori = 2:Gu= [ gx“(m),x)nl.dn+ [ gx*'(n),x)(1=n)ley1dn withi=e+1
n=0 n=0

1 . 1 .
fori = 1:Gj= [ gx"(m),x)nlndn+ [ g(x'(n),x))(1—n)lidy atx'=x"*"
n=0 n=0
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At corners of the boundary approximation, the direction of the normal vector jumps
and, hence, a boundary state, e.g., ¥(x), which is dependent on the normal vector, is
also discontinous there, i.e., ¥"¢ # ¥l when the boundary elements I', and I'.,; form
a corner. But also at a point on a smooth boundary, the prescribed boundary state
function W(x) itself can be discontinous, e.g., in a heat conduction problem when the
permeability and consequently the heat flux changes suddenly. For the case that such
discontinuities W™® # Wletl are assumed at the transition points between all elements
increase the number of node values ¥, e.g., for n = 2 from N = m to N = 2m and for
n=3from N =2mto N = 3m:

(05 + Gy) @ =D HLU® fiirj=1,2.,m (4.61)

i=1 e=1 [=1

where, different to (4.59), the coefficients of ¥’ i.e., the elements of H are defined as

Hi = HGe) NP )| ) | dn

withj = 1(1)mand = 1(1)n, e=1(1)m (n > 2) (4.62)

It should be mentioned that in spite of those discontinuities, ¥™¢ # Wletl for the most
types of boundary conditions, the system (4.61) obtained by collocation at the nodes of
the shape functions allows to determine all unknown nodal values uniquely since:

e at a node on a smooth boundary, a discontinuity of ¥(x) appears only when it is
prescibed, i.e., only the nodal value of the continous state ®(x) is unknown at those nodes,

e at a corner node, almost all combinations of boundary conditions ’ahead’ and ’be-
hind’ a corner produce only one unknown nodal value, e.g.,

-when ahead U™ and behind W'¢*! is prescribed: ®"¢ = ®!¢*! is the single unknown,

- when ahead "¢ and behind ®!¢*! (= ®"¢) is prescribed: Wt is the single unknown,

- when ahead ®"¢ (= ®“*1) and behind U!**! is prescribed: ¥ is the single unknown,

Only for the case

- when ahead ®"¢ and behind ®'¢*! = ®"¢ is prescribed, the two values U™ and Wlet!
are both unknown and, since the collocation at the corner node delivers only one equation,
one equation is missing.

Often, these needed two equations (instead of only one) are produced by using the

"double node concept’ (for more details see [6], pp. 87), i.e., two collocation points (instead
of the one at the corner) located 'near’ the corner in the element ahead and behind,
respectively, in the case of linear shape functions often in a distance of I./3 from the
corner.
If the discontinuity at a corner x = x¥ is only produced by the jump of the normal
vector ahead and behind the corner, i.e., n=(x”) # n™(x¥), sometimes a physically based
extra condition can be found and the ’double nodes’ at the corner can be avoided (see the
following example).
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4.3.2.1 Example: Stationary heat conduction

In the stationary heat conduction problem, the state W(x) means the heat flux ¢, (x) which
is defined on the boundary I' as g,(x) = A\gn;(x)00(x)/0z; and, hence, is dependent on
the normal vector n;(x). Since the gradient of the temperature is continous also at a
corner x¥ of the boundary, the following relations hold for the normal and tangential

components of this temperature gradient ahead and behind a corner
8@(i<) ne + 8®(i<) = 00(x) _ 00(x) nt + 00(x) . (4.63)

on ot ox; on*t ott
where n~ = (cosp,sinp~), t— = (—sing ,cosp~) and nt = (cospT,sinpt), tT =
(—sin ™, cos ™) are the normal and tangential unit vectors, respectively, ahead and be-
hind the corner. With that, the above mentioned extra equation (which is only necessary
when ahead and behind a corner the temperature is prescribed and, consequently, the
tangential derivatives ahead 0©(x)/0t~ and behind 0O(x)/0t™ are known) at a corner
with internal angle Ap = © — ¢ 4+ ¢~ can be given as the following relation between

the heat flux ¢, (x) and ¢ (x) ahead and behind the corner, respectively:

00(x) , 00(x) _
¢ (x) =\ el Ao sin Agpat—i — cos Apgq,, (x) (4.64)
or equivalently
_ 00(x) , 00(x)
q, (x) = Xo o=~ 008 Apg!(x) — Ao sin Ay g (4.65)

Applying a linear approximation for the boundary and linear shape functions for ©(x)
and ¢,(x), one obtains for heat conduction problems without interior heat sources, i.e.,
with W,(x) = 0, from (3.158) the following integral equation for the temperature at a
point x7

1 .
m | g fo@*(xe(n),xj)(l —n)ledn
’r]:

c(x)0(x’) = 1 ,
e=1 +q2¢ [ ©*(x%(n),x?)nl. dn
n=0
1 .
m | ©% ] gn(x*(n),x")(1 = n)ledn
-> =0 | (4.66)
e=1 +0% [ gy (x*(n),x")nle dn
n=0
with .
o(x) = % for .bour}dary points xJ (4.67)
1 for interior points x’

or corresponding (4.61) in a matrix notation (¢ = 0! with ©2¢ = @1¢*1)

c(xO) =Y {Hj g+ HoqX} = > Gp0° firj=1,2,..m (4.68)
e=1 e=1
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where Ap(x?) = 27 — (g — 1) means the internal angle at a boundary point x.

Related to the everywhere continous temperture nodal value ©F = ©% = @!et!,
k=e+1,e=11)m (0™ = 0! = O means that the boundary contour is closed)
one Obltalns from (3.152) explicitly the following expressions for the matrix coefficients
Gy (11 = 21 — 2f)

for 2/ = 21! = 22 and each k = 1(1)m (even when the collocation point 27 is at
a corner of the linearly approximated boundary):
G =0,

for 27 7é glett — 22 and k= e+1 > 1 and nf(zl*—27) = n®-r'% # 0 or n°t'.rletl

K
# 0 (for n® - r'% = 0 or n°t . rletlJ = (, the respective integrals with those factors

disappear):

G'k: — _le né lej f ndn
J 27'(' 77 + 2te . rlei] N+ | rlei |2
1 —
_le+1 petl . pletl (1 —n)dn
2 . -
2 77:0le+1772 + 2te+1 . rle+1jle+1?7+ | I.16+1] ‘2
. 1 ot l2
_n€ . rlej 111 (1 + 2 |I‘15]‘2 + ‘r167|2>
B 2ml _ e +terles te.rlei
e e red] arctan ! Tne_rlej‘ arctan e Ted]
1 le41toTtrletts 124
ne+1 ) r1€+1j 2 ln <]. ‘I’ 2 |I‘18+1j‘2 + ‘r1€+1j|2
- +t6+1 le+1j
+ ol log1+tetlpletls arctan —e*":leﬂ ) (4.69)
etl T neFlplerl] (el pletly
— arctan m

for ] # x}' = z/™!' = 22" and k = 1 as well as n*(z}™ — 2) # 0 or n}(z}! — z7)
# 0 (for n(z; Im _ $Z) =0 or nl(x11 z?) = 0, the respective integrals with those factors
dlsappear).

¢ - W@ m) lo (HQ iy +|x1m—x1|2> |
Vi - 1m J\+m 1m _ ..J\pm Im_ .J\+m
27l _% < bt (2™ =2t (z; wz)tz )
m T (oI ) arctan T (eI ) arctan —|n;"(lem—x§)|

1 2
L1 (1+2 afload |X11l_xj|2>

Lzt —a)t!
ol l1+(m%1—zg)t% arctan W (470)
' )] (@ —ah)e?
e ' | 1( 11_ J)|
Related to the heat fluxes ¢'¢ and ¢ respectively, at xi one obtains from (3.148) the both
contributions from the adjacent elements I'® and I'**!

H} = } 2y 2oyl +|r1€j|2 +1In L d (4.71)
je = 4m0n T T T z) '

HL _ let f (1—n)dn(n?+ ite+1'rle+1jn+ | pletli |2 n lgi &)
jett 477)\07] 0 l5+1 le+1 Z(Q) '

ng(z;’ — )

— arctan
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where these two contributions are only added to Hj, = H?, + H},,,, k = e + 1, if g} is
continous at this point. This gives explicitly:

for ZL’ — xle—l—l — :L,Qe
ie., xle xj =2l — 22 = —[ ¢ — t°- v = t¢(—[ %) = —l. and | r'9 |= [,
and .’E16+1 ZE] — I18+1 r2e — 0 — tetl. rletli — 0 and | rletl |: 0

l l2 l l2
H2 = I In (n” — 2 ! - -
je 47r)\o slg(l) f 77{ N (77 e ) M (P) } = 8m Ao {3 ( 94}73)
N L :
1 _ et1 _ 2 etl _ tetl e+1
- - Jo-ofoeen (-5 o (e

for z! = x}°
: le J _
le, z;¢—x; =0

I, 12 l 12
H2 — li 1 dp=——q1—-In{% 4.
2 47%55% fn{ () + n(lg)} n smo{ “(zg)} (4.75)

2e+1

forx =1;

ie., x1e+1 x _ xle+1 l,?eJrl _ —l€+1tf+1 Ly petl . pletli tf“( lovs te+1)

and | pletls |= les1

l 12 [ [?
1 e+l 2 e+1 e+1 e+1
H]e+1 4)\lr%f(1 n){ln(n —2n+1)+1n(l2 )}dn——S)\o{l—ln(P)}

= _le+1

(4.76)
for ] # zl¢ and 2! # 22 = 2}°"" and nf(z}* —z]) =n° 1! £0:
4 |ne~r18j|2 \
12 l te.r lej
( Jte-r1ed |2 > In <1 + 2%+ \rleJP) —|—1n< >
I Tz
—le ej|2 .
Hj, = +1n (1 + 2te . pled 4 1 ) 2o ple — ] (4.77)
877-)\0 le le Los
lot°-rles
_%te . rlej | ne - rlej | arctan |ne,;.161{3|j
te — arctan T
\ Ine-rted| )
for v # z;™ and n{t! (2} — 2]) = ntL . pletY L O withe+ 1=k
( ltk . rlkj )
. |nk.r1kj|2 l tk 1kj 2
2 In (14 2% [rTF7 |2 + ‘rlk]‘2 +In
|tk~r1kj|2
—l - 72
= Y, 4.78
jk — 1k] 2 ) ( . )
87?/\0 +1n <1 + %tk lkg 4 [rthI]2 > _ %tk . rlk] -3
1
k. 1kj
4 1+ & 1kj arctan %
T\ Lgk . plki | n® -t | tap 5T
L Ik — arctan m )
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Remark:

a) Integration by parts yields the following result which was important for the integration
of Gje (for 4b — a® > 0):

(n+ %) In(n* +an+b) — 2

[In(n* +an+b)dn = 2+a
++/4b — a? arctan \/4’(’7_7[#

Inn(n® +an + b)d _! (772—1—19—“—;)ln(n2+an+b)+a7y—172
i " g 2 —a\/4b—a2arctan\/2—f%

b) In evaluating the integrals, one obtains the following difference of two In-terms which can

be assembled as follows:
9 ‘ ‘ rlei ’2 | rlei ‘2
In(1+=t¢-r'¥ 4+ — " ) —In(—"
( AR 2

Lte . lej l2
— 1n<1+26 r e >

| rlei |2 | rlei |2

c¢) It is well known that the scalar product of a directional unit vector with an arbitrary
vector gives the vector’s component in the direction of the unit vector. Hence, for the unit
vectors t¢ and n®, which are orthogonal to each other, holds (see Fig. )

| rlej |2:| te. rlej |2 4 | ne - rlej |2

4.3.2.2 Exercise 15: Stationary heat conduction in a rectangular domain-
linear shape functions

In a rectangular domain Q2 = {(z1,29) | 0 <z <[y = 1m, 0 < x5 <y = 2m}, the tem-
perature is prescribed at two opposite sides o = 0 and z3 = l; to be ©(z1,0) = 0 and
O(z1,12) = © > 0 while at the other two sides 71 = 0 and x; = [; the heat flux is stopped,
i.e., ¢, = 0. For this problem (see [2]), the exact temperature distribution is known to
be O(z1,73) = © x5/l from which one can determine via (3.146) the heat flux across the
boundary to be as q,(x1,72) = Ani(21, 12)00 (1, T2) /01 = Aona(w1,72)0 /.

Solve this problem applying the above given linear boundary element approximation
by taken each of the four sides as a boundary element and compare with the known exact
solution
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5.1 A: Exercise Solutions
5.1.0.3 Exercise 1: Nabla Vector

gradU = S_Zél+§_ﬂié2

<3—Uﬁ + 8_U(9_g0) (&, cosp — &, sin @)
Or 0ry Oy 0xy " v

N <8Uﬁ oU Oy

o 02s + %87@) (é,sing + &, cos p)

Since
5 5 or Ty or T .
ro o= r{+x] > —=—=C08p, — =— =8Iy
o0xq r 0xy T
T 0 —I sin 0 T1  COS
¢ = arctan(—) — LA = 90, v _n_ 8%
1 0xy r r  Ory 12 r

the above expression for gradU may be expressed as

(aa_i{ cos p + g—g(—smwo (&, cosp — é,sin )
oU . oUcosp\ . . «
+ — (&, sinp + &, cos p)

gradU =

ar ¥ * dp

5.1.0.4 Exercise 2: Laplace operator

0 10 0 10

AU =(é,—+é,——) - (é,— +é,——

( 8r+ ‘prago) ( 87“+ G07“890)

The scalar product is only 'working’ between unit vectors, i.e., &, -&, = &, -&, = 1 and
é, - &, = 0, but the differentiations have to be performed following the chain rule, i.e.,

U

.0 .10 0e, 0 . 9* 08,10 10 1 02
o tera)) T wrar e T o rap T8 s i agar
D6 D 10 D P 10 15

dp" " or “rdp Oy Or "Ordp 0o rdp r 02

96
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For the differentiations of the unit vectors of the Polar coordinate system holds

08, 08, 08, . 08,

ar  or ,%:e@,%:

_ér

which reduces the above results to
0? . 1 0 1 02

N
or' " or rop’ T or2 Y200 1 0por

a(é 2_{_@ 12) = @& 2_{_@_82 _é1£+é 18_2
oo "or  Frop’  For  TTordpe  rde  Trop?

~

+ €,

97

Now, performing the scalar product of the first line result with &, and of the second one

with é@% gives finally
9% 10 1 0?

AU =Gat g T ez

U

5.1.0.5 Exercise 3: Integration by parts

a) in R' on the intervall a < x < b :

b b
. xn«H z=b anrl 1
/x In(z)dx = [n 1 ln(x)} . - / -y 1de

$n+1 xn+1 r=b
— ] _
|: 1 1’1(1') (n + 1)2:| s
b) in R? on the circular domain Q = { T1,23) 3+ 22 < R} :

27 R

R
/T”ln(r)dﬂ = //7‘ In(r Tdegp—Qw/ " n(r)dr
0

Q 0
R
n+2 R n+2 1
= o |l In(r)| — 27r/ T Car
n+2 0 n+2r
0
n+2 n+2 R
= 27 [ r In(r) — T 2}
n+2 (n+2)%],

5.1.0.6 Exercise 4: Reversed order integrations

a)
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—4 7T=s 5 4 6 4 qs=z
A= _ T S | e
{[{xsdx}ds = {LLSLZQCZS—{LL 4s}ds {24 3 L:a
6 1 6 6 1
= ;——§a4x2—;—4+%—ﬂ(x6 3a*z? + 2a%)
2757 2 =5 —67T=T
e =S N I I B e
{km sds] dz = {[a: QLZIdx—g[x ) Q]da: [83396 12] .
6 6 1 6 1
= % — % — —a'z? + ?—2 = ﬂ(:cG — 3a*2? + 2a%)
b)
x [ b Tz |x z |b
f[fG(a:,s)d:c] ds = f[fG(x,s)dx] ds+ [ {fG(:B,s)dx} ds
z |z b |z
= f[fG(i’, s)ds} dz + [ {fG(f,s)ds} dz (5.1)

[T z [bts &0 bis? 67T
{24“%—£hffﬂ“—P?‘ﬂ}

S=a

T | T 3 3 b $_3 T _382 S§=T B b _382 s=x B
[ [z°sds|dz + [ fxsdsdx:fxg dx—i—fx? dz
e [a5 o b ' 2
_ 5{%_x3%}dx+£[x3% 3@2}@;
0 a2 [zt a2 @27
- - [F e
O Y XA S R S
- T etethG )y oY)

5.1.0.7 Exercise 5: Integral equation by straightforward integrations

One integration of both sides of the differential equation (3.8) gives

d?iif) = [ / f(:z)dj] . + co




5.1 A: Exercise Solutions 99

and satisfying the boundary condition y/(b) = 3//1
b
- [ @

b

vy =vio— | [ | [f@az)as| e

s s=x

Then, a second produces

and finally

I

o) =+ (o -l - ] | Freoyia] as

when the further constant of integration ¢; having been taken so that y(a) = yo. Applying
the formula (5.1), derived in Exercise 2, to the above double integral gives

ir@as|as = F|ir@as dx+f[ff<> s as

Q=8 28

(z —a)f(T)dT + {(az —a)f(z)dz

and the final simplified expression for the solution of the boundary value problem:
b

(z —a)f(z)dz — (x —a)[ f(z)dz. (5.2)

T

’

y(r) =yo + (xr — a)y, —

Q—8

5.1.0.8 Exercise 6: Beam deflection under prescribed moments

When in (3.28) the prescribed boundary conditions are taken into account and the system
is reordered, one obtains

e H’ } ——f{ oy |4 [ Lo ][]

which has the solutions ( =

1

w(b) = ﬁf(x — a)M (z)dz + wo + lw,
w(a) = % (EZ(b —x)M(z)dr — wy + w(b))
_ % (%Z(b — )M (x)dz — wo + %}(gg — ) M(z)dz + wo + m;)
1

= 5 (i}(b — a)M (z)dx + zw’l)

= EIM( z)dx + w,
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With these boundary reactions and the prescribed boundary values, the solution (3.27)
becomes

w() = %w(a)+§;aw/(a)+%w(b)—(b;£>w,(b) z]\/gf); r—¢&|dx
- %wo + § ; a (%ZM(x)dx + w’1> + % (%?(w —a)M(x)dx + wy + lwll)
= wpt (€ au +§%7(s—2a+x—|x—s|>M<>x
= wy+ (£ — ) EEII( m—Qa)M(:E)dx—F%%z(%—Qa)M( x)dx

= wy+ (€ —a)w) + %j (x —a) M(z)de + —(§ — a)}M(x)dx
a 3

This is exactly the solution (5.2) when one recognizes that £ and x are there x and Z,
respectively, and f = —M/FEI.

5.1.0.9 Exercise 7: Bending moment of an elastic beams under transversal
loading

By formally setting M, @, and ¢ instead of w, w’, and M/FEI, respectively, the solution
is directly obtained from (3.27) as

S0+ 3 me) - P00 - fawg le-glar (63

while the algebraic system (3.28) to determine the unknown boundary reactions becomes
(b—a=1):

M(a)

1 0 -11 Qa bl (x—a)q(x

~1 =11 0 M((b)) ?{Hmﬁ?&”dw (5-4)
Q(b)

5.1.0.10 Exercise 8: Axial displacement of elastic bars

By formally setting u, N/EA, and p/EA instead of w, w', and M/EI, respectively, the
solution is directly obtained from (3.24)

*(x b obp(a
(@) = — | M ) @) 2O G g (55

a a
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and with N(z) = FAY (z)

we) = - |5 —u ] P i (50

or in detail with (3.27) as

u(a) + E= 2N (@) (b—&N(b)  tp(x)1

1
5 Ba T3t 24 U Ea3

|z —¢ | de (5.7)

Then, the algebraic system (3.28) to determine the unknown boundary reactions becomes
(b—a=1):

u(a)
1 0 —11 Na) 11 b (2 —a)p()
~1 =11 0 u((l;)) __ﬂa[(b x)]f(x) }dﬂj (5:8)

5.1.0.11 Exercise 9: Bar stretching under axial loadings

The system (5.8) becomes for this case

L = mad s o=

and its solutions are

o] T | T
_

Do I

wl) = Fa3
| EA I I
N et — —_— l: — —_ — —
© = g+ =m (g +5) =my

Inserting the prescribed boundary conditions and these boundary reaction in the solution
(5.7) gives

_EN(0) 1 L pg xl
W) = 5 v [gayale-cld
_Epl  1pg P &py ol Lpo xl
= %284 T2pA3 LEara v gyl - Ode
~ po (€&l S 1 3 2 3
- EA(4 T iy A )

Do 53
~ 6EA <3§l_7)
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5.1.0.12 Exercise 10: Torsional twist of an elastic bar

The adequate fundamental solution of this Helmholtz type equation is (3.39)

P, = 0°(r) = e

which has the first derivative

819*(3:75) _ 1 —hrar _ 1 —hr s
5 =3¢ B = 3¢ sign(x — &)

Hence, substituting the corresponding fundamental solution terms and introducing the
actual state variables ¥(x) and ¥'(z) in the integral form of the solution (3.53) yields

1 1 _ 1 Myp(z) _
V(&) = —e M=0Y(1) + —e M0y (1 "9 (0) 4+ —e 90 hle=¢lg
(€)= 5;e () + (1) = g e 0 (0) + 5e™™9(0) + fECT2he x
and, correspondingly, one obtains from (3.55)
9(0)
1 1 —ehl e s0'0) | 1 } My(x)e~he J
—e M e7hl -1 V(1) ~ ECrhy | Mp(z)eh==l o

70'(0)

5.1.0.13 Exercise 11: Green’ functions for beam problems

a) When the beam has a clamped support at both endings, the boundary conditions for
the Green’s function of this boundary value problem are

Ge(0,6) = 0 and G(l,€) =0

G 8| _ o 9G(wg)
ox =0 Ox

With the polynomial ’ansatz’

G, §) = 12EI

one easily finds the following conditions for the four free constants ci, co, c3, and ¢4
(r=lz—¢,0<¢<])

G(0,6) = 0=E&+¢4

Ge(l,E) = 0=(1-&’+alP+alP+cl+te

=0

=l

{r® 4+ c12® + co2® + cs2 4 cu }

aGa—f’g) » = 0= 3r2rsign(x — €>}x:0 + 3
= _352 + C3
aGa—(xx’f) = 0= 3r’sign(z — 5)}17:1 43¢, 1% + 205l +
=l

= 31— &2+ 311>+ 25l + 3



5.1 A: Exercise Solutions 103

Solving these four equations gives

2 3 2
o=-1v6(§) =a(5) amei-a(§) w2 ()] emaea- e

and, finally, the following Green’s function
3., |_ 2 _ 41 (6V 3
1 P =1+6(5)" —4(5) |
2
REL | 4 [1-4(5) +2(5)7] a¢a® + 3¢%0 - ¢

1 e 3ea® 4+ 36% — €8+ [l — 4¢%) (2)°
- L2B] + (26 ~ 4l£] 3¢ (%)

G(x,¢)

b) For the Green’s function of a beam with a clamped support at z = 0 while the
other ending is free, one starts again with the polynomial "ansatz’

G (w,6) =

12E[ {T —I—clx +02x +03x—|—c4}

There, the following conditions hold

G(0,8) = 0=E+¢4

cf
(96?8—2;7:,5) » = 0= 3r’sign(x f)‘xzo + c3
= —352 +c3
MG (x,€))],., = 0=
0°G (,€)
52 N = 0= 6T|z:l + 6¢1l + 2¢9

= 6(l - g) + 601l + 262
QG (,9)],, = 0—
0*G (,€)
Ox?

= 0= 6sign(x —§)|,_, + 6,
=l

== 6+6Cl

One easily gets
c=-1, =3¢ ¢ =3 cn=-¢

and hence, the following Green’s function

G (z,6) = r? —x3+3§x2+3f2x—53}

12E1 {
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5.1.0.14 Exercise 12: Strain tensor of the elastostatic fundamental solution

Since differentiating the distance r = |x — £| with respect to the coordinates z; gives in
R? and in R3
or S 0%r 1

= ; (5ij —TuTyy )

0x; " r 7 Ox0x, "

it is easy to determine

auMxe 11 1 A A
LS o | (B3 D)y (L + D) (Bt g —3rary k) | in B
Oz 87r2u+/\r2[ (3+M) 7 H +M)( 3Tk 01T =31 Tgrk)} in R

and then via the definition of the strain tensor

1 { ou® ou (x,
e — L[ 9 ()
J 2 8xj @l’z
1 1 1 A .
= 8_77-2,u T )\ﬁ [— (5Z~kr,j +5jk7ﬂ’i ) + (1 + ;) (5ijr7k —37’,1' T,j Lk )} 1mn R3

5.1.0.15 Exercise 13: Shape functions with the local coordinate —1 <n <1
Since the restrictions (4.2) hold, the linear shape functions

N12(77) = a1 + b, N22(77) = agn + by
are defined by the two conditions for each of the shape functions

Nf(—l) = —CL1+61:1, N12(+1):a1+b120
NQZ(—l) = —a2+b2:0, N22(+1):a2+b2:1

This gives easily for —1 <n <1

N2(m) = 5(L—m), N3(m) = 5(1+)

For the three quadratic shape functions
Nf(?]) = a1772 + b177 + ¢y, N23<77) = CL2772 + b277 + ¢, N??(Tl) = a3772 + b377 + c3
the restrictions (4.2) give three conditions for each of them

N}(=1) = a1 —bi+ei=1, NJ(0)=c; =0, NJ(1) =a; +b; +¢; =0
NZB(—l) = ag—b2+02:0, NQS(O):CQIL N§(1)2a2+b2+02:o
Ng(—l) = a3—63+03:0, N33(0)203:O, N§(1)2a3+b3+63:1

and one obtains for —1 <n <1

N () = gnln— 1), N3n) = 1~ o, N(n) = gn(n+ 1)
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5.1.0.16 Exercise 14: Stationary heat conduction in a rectangular domain-
constant shape functions

For the simplest discretization of the boundary, i.e., each side of the quadrilateral domain
as an element, collocations at the middle nodes of these four elements, at x! = (I;/2,0),
x? = (I1,15/2), x> = (I1/2,13), and x* = (0,15/2) yield from (4.55), (4.56), and (4.57),
respectively, the following matrix elements of the algebraic systemrixelemente (4.49):

Gii = Gu=G3=G0Gu=0
1
G12 = G14 = G32 = Gg4 = —% arctan(4) ~ —0.2110
1 1
G13 = G31 = —— arctan(zl) ~ —0.07798
m
G21 = G23 = G41 = G43 = —0.125 und G24 = G42 =—-0.25

1 1 1 0.269473
Hy = Hiz = Hp=_ Hu= (1+1n(2)) = 5
0

2 2 T2\
Hyy = Hyy = Hsy = H3y = 473)\0 {4 - 2ln(¥) - arctan(4)} A %
Hiz3 = Hz = 473)\0 {2 - ln(147) — 8arctan(— } Q1119454 1119454
Hy = Hyy=Hy = Hy = 4_1% {2-m() - g} L0 (;2010
Hyy = Hpp= - A {(4+2In(2) — 7} ~ %i‘m

Taking the boundary conditions ©' = 0, ©3 = ©, and ¢> = ¢! = 0 into account, and
reordering the system with respect to known and unknown node values, gives the system

G2 G2 —Hn —His Ch -G
G2 G —Hizs —Hnp q}] —0.5
Goy 0.5 —Hy —Hoy @ —Ga3

Subtraction of the forth from the second equationt gives ©? = ©* and then by adding
these two equations

G23 ray H21

02—l =
05+ Gor 05+ Gay

1—
(gn +d0) = 5O +4Hai (g, + p)
Finally, subtracting and adding the first and third equation and taking the above result
for ©2 = ©* into account gives

b= 0O s 051Gt
Hys — Hyy Hi + Hyz — 16G12Hs
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Since Gy3 + 2G1, = —+ arctan(5) — 25 arctan(4) = ——(arctan( ) +arctan(4)) = —1% =

—0.5, the nominator 0.5 + G13 + 2G5 = 0 and, hence, ¢! = —¢3. This yields

@2 — @4256
0.5 —Gi3 = 0.5 -G =
L_ 3 = 9l By _ 3 0TV 5 7570,0
Un =~ n n Hi3 — Hyy n n 2(Hys — Hi) '

The exact solution gives for these node points the same value for the temperature ©(ly, l5/2)
= 0(0,15/2) = 0.50, while with ny(l;/2,0) = —1, ny(l1/2,0) = 1, and I, = 2m the heat
flux is there exactly ¢ = ¢,(11/2,0) = —XO/ls = —0.5000 = —¢ = —q,(l1/2,l3) which
means about 50% error. This not at all astonishing since physically wrong elementwise
constant approximations have been used to model the correctly continous temperature
field.

5.1.0.17 Exercise 15: Stationary heat conduction in a rectangular domain-
linear shape functions

When applying the simplest possible discretization of the boundary, i.e., taking each of the
4 sides of the rectangular domain as one boundary element, using linear shape functions
for the temperature © and the heat flux ¢,, and performing collocation at the nodes

= (0,0), x* = (I1,0), x> = (I1, 1), and x* = (0, 1), (here, the 4 corners of the domain),
one obtains the system

4 4
1
S (G0 G ) 0 = X (2t + rLal) (59)
e=1 e=1

where here, since all node points are corner points, ¢2¢ # g¢*! for all 4 elemente I'°.
From (4.69) and (4.70), respectively, result the following matrix elements

Gll = G22 = G33 = G44 =0
1
GQl == G12 = G34 = G43 = 8_7T [ID(E)) — 4&1"0t&11(2)]
1
G31 = G13 = G24 = G42 = g [4 1H(4) - 5111(5)]
Gu = =Gy =Gy = — |In(2) — arctan(2)
41 = 14 = L2z = 32—27T H4 arcan2

while from (4.71) and (4.72), respectively, the elements of Hj, and H}, can be evaluated
corresponding to the location of the collocation point x! from (4.73) to (4.76) and (4.78)
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o (4.77)respectively: (I; =13 =1 = 1m,ly =y = 2l = 2m)

H111 - H§3 831)1\0
R
e
R

With that, and using the abbreviations hy = 21n(4) 42—
3 — 8arctan( ), hs =4In(4) + 1 —51n(5), hy = —% In(5
g1 = 11In(5) — arctan(2), g» = In(4) — 21In(5), g¢

becomes
1
l 3
81 Ao ha
hs

hy

hy

ha
hs
1
3

3ly

Hyy = Hy, = 4—)\0

—ly
H112 34 3271’/\() [3 ln(5) - 4111(4) — 12+ Sarctan(Q)]

[5In(5) —41In(4) —1]; Hyy = Hyp = [51In(5) — 41n(4)
327 )\0
1 Iy

4In(4) —3In(5) — 3 + Sarctan(é) . HY, = Hi, = T
H121 H§3:H2117 H222 :H424:H114
H221 H23:H1113 H122 :H§4=H214
Hgl H123 = Hiﬁ H224 = HZQ = H§4
H? = HZ=Hl; H? =H2—H}

In(5), h
=1In(2) —

Qil 3 hy hz 2 qull
hy %%2 L 6 hy Iy quf _
hy i * hs 2 3 Iy q,’ B
at ho hy 1 6 T
5 91 G2 g3 Ch
1 la 5 95 9 e?
2 | 92 93 5 @ e?
g 92 G 5 Ok

Now, incorporating the actual boundary conditions of the problem, i.e.,

and

reduces the system to:

3

hs
heo

=0?=0 and @ =06*=06

=q'=q’=q'=0
hs  hy ' [ty
hy  hs ! _ O | g2+g3
3 1 a0’ 21 | 5+
1 3 a 5t 0

107

— 4]

2 = —41In(4)+31In(5) +
)+ 2In(4 ) + 6 — 4arctan(2) and
% arctan(3) the system (5.9)
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Subtraction of the second from the first and of the forth from the third equation yield
gt = ¢?! and ¢* = ¢%3, so that only two equations remain

1 1 1
ot + {1 —3 In(5) — 2arctan(§)} g = —%)\o {111(5) + 4arctan(§)

1 1
[1 ~3 In(5) — 2 arctan(g)} g +q)) = %/\0 [27 + In(5) — 4 arctan(2)]

) +arctan(2) = 7 the exact boundary values for the

From that, one obtains with arctan(%

heat flux 5 5
13 23 21
= = —)\g and = =——)\
qn 4y, 91 an q =4, 9] 0
The temperature distribution is by the linear shape function on the element I'2i.e., on x;
=z =222 =1, 0 =22 < 2y < 23% = [y, with n = 23/l5 and the boundary conditions

02 =0 and ©?% = O exactly descrlbed

O(a}(n) = O¥(1 —n) + ©”n =67
2
This is also true on I, ie., 1 = 21t = 224 =0, 0 = 224 < 2y < 2}t =1y, w1th77—w
and the boundary condltlons ©* =0 and O = O by
i iy
O(rin) = O%(1 — 1) + O = B(1 - 1) =672
2 2

From (4.66), the temperature at internal points x/ is in this case , i.e., with the prescribed
boundary values ©' = 0" = 0 =0,0?=0" =0 =0,0’ =07 =0" =0,
0'=0%=0"=0,and ¢ = ¢' = ¢, = ¢;* = 0 and the just determined boundary

reactions ¢* = ¢* = 7)\0 and ¢}' = ¢2' = —9 X, given by
WO L), x) (1 — s — O (x (), x) (1 — )y
Ob) = 5 fo{ +0(x3(), 39 il — ©°(x!(n), %7 )l }d"
Lo [P m), %) + (), %)) (1 — )
© fo{ (@ (2 (), %)z 4+ g (P (), x9)la) }d”

= D [ {07 ().l — O (x (). )y d

170

6 (g5 (x3(n), %7 )13 + ¢, (x* (1), x7)14]
© fo{ + g (x2(n), x7)ly — ¢ (x* (), x)) 4] n }dn (5.10)

(len +1 - t) In (n + 2r¢ e M)

2EY

—2l.n+2|r¥ - n° \ arctan
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and r.; =| x'* — x/ | means the distance between the observation point x? and the
initial point x'¢ of the element I'*. With the angle a,; = <((r®,t%), between r® and the
tangential unit vector t¢ along this element holds

le Jyee e(,.le A ;
(2, —a)t; = —rejcosae;, ni(x,© —x]) =rejsinay;

lg + ng — 2lerejcoS 0 = 7’5+17]~ (5.12)
where for rectangular domains, as here, is especially

le = TejCcOSQej = Teq1jSINQetj

Tet1,j COS Qey1,j = Tej SN fire=1,2,3,4mite=>5 21 (5.13)

With that, the following integral can be evaluated as

B 2 2
1 O* (x° J)l p —1 Te+1,j sin Qley1,j In (Q;—gl,j) - 2le + Tej COS Qtej In (rleg’j)
nio (), x)le iy = Ao | 427, sin -(arctanM + arctan(cot a;)
i eJ €J Tej SIN Qe €J
r 2 2
=1 | reqrsinaqetg ;In (Telglvj) — 2l + 7ejcos e In (Tf§j>
Ao | +2r¢jsin gy (et + 5 — )
From (4.56) is
1 ) 1 ) l _‘_te‘rej te_rej
“(x°(n),x)l,dn = ——sign (n®-r%) < arctan —— — arctan ——————
niQQn( (n) )e n I g ( ){ |n6_rej| |n€.r€]|}
—1

. i Tet1,5 sin Aet1,j
= ——sign (n°-r) { arctan . 2 — arctan(cot o)
Tej S1I1 Qe

and, especially for the actual rectangular domain with a.; < 0.57
g )3y = - {0y + 5 oy )

X XNledn = — § Qey1j + = — Qej

nzan n), n ot +1,5 9 J

and, moreover, from (4.69)

. 1 lot€-red 2
Lo ; —ne -t 5 In (1 + 2|xfi67xj|2 + ‘x1eij|2)
foqn(x (77)7 X )Ule d77 - 27Tl te.red t lo4+te.red t te.rei
n= e ~neper] \ATCHAN SOTESE — arctan ¢ oy
1 : e
57“@]' S1n Oéej ln 5z +
_1 €,] .
= Te+1,j SN Qe 4
. . arctan =l ——=—=J
27le | sign (n° - r) e cos ag; [ Teasinae
‘*’5 — Olej

and especially for rectangular domains

1 : -1 (1 T2 .
o (x€ 7XJ led = 5 7 _e's' e'1 e + e, COS 8'< e i+ = — e'>
nioqn( (n), x7)nle dn 27l, {QT] M Ceej n( ngj ) Tej Oej | Cet1,5 5 Qej
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Finally, one obtains for (5.10) in the actual rectangular domain with [; = [3 = [ and

lho=1,=2I
( [ 745 Sin oy, In (i) — 2l + r3; cos azjIn (;) ]

@(xj) _ -6 +2r3; sin 063] (044J +Z 3= Oé3g) ,
8l _ [ T9; sin g In ( ) 20+ r1jcosaqjln (%) ]
\ +2ry; sin oy (agj + 35— Oé1j)
~ ( [054]' +z —2063]'] + [alj + E - 044]'}
2 +2ll [ T9; sin g In )+ T'9j COS Qg (@33 +3 - 0423')}

2
1 1 T
[27"4] sin Qg In ( = ) + 745 COS Qg (alj + 53— a4j)}

S

\

Taking into account that z} = r1;sinaq; and 20 — z) = r3;sin ag; as well as (5.13) hold,
this is reduced to 5
Ox!) = =27
() = ot

the exact solution for internal points.

5.2 B: Analytic integration of singular boundary in-
tegrals

5.2.1 Analytic integration in the case of logarithmic kernels

In R?, kernels containing In(r/c) are weakly singular and can be represented on a straight
boundary element modelled by the linear approximation (4.1) x¢(n) = z;¢(1 — n) + 2%y
as
r 1 & & 2 & & 2

ln(z) =3 In [(m% (L—n)+zin—&)" + (2351 — n) + 23 — &) } —1In(c)  (5.14)
For an approximation of the boundary state ®(x) in I'. by a constant value <I>( ¢(n)) = ®°
and a collocation at its respective node, i.e., at the middle of the element &; = ( et x2e),
an integral with a logarithmically smgular kernel over this element can be evaluated

exactly

1

S Do0are = @[5 ]G 2 ek - ol 4 (F - o] by 1hn(o)
= o° U}O {m(% —n)? +1n zg} dn — 1. ln(c)]

/—/H MlN N | S

= 9

{2(111— —1) +2In1, } —1, ln(c)}

ln } (5.15)
= —0°, ln2 +1) for ¢ =1, (see the Remark below) (5.16)

= o,
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Remark: The argument of the In-function has to be dimensionless and, hence, the constant

factor ¢ in the above integral kernel has to represent a distance, but can be arbitrarily chosen.

In order to avoid that for smaller elements, i.e., [, — 0, the term In() becomes dominant due

to limy, o {ln } — —00, the factor ¢ should be chosen problem orlentated e,g.,as ¢ = .
When the state function is linearly approximated

D (x5 (n) = D'(1 —n) + P>

and the collocation point £ is placed at the initial node of the element, i.e., & = x}¢,

the square of the distance between this collocation point and the 1ntegrat10n points is
r? = [?n?. Then, the integral with a logarithmic kernel becomes (c is an arbitrary constant
distance, e.g., ¢ = [.)

r(x,§)

C

jl (D55 g (x)ar, = lenzo{{lnnJrln(%)} [@16(1—n)+q>2€n}}dn

_ le le le 2e le
= 4{@ (21n(c) 3)+ @ (2ln(c) 1)}
le
= —7 {30! +@*} for c=1, (5.17)

while for a collocation at the end node of the element, i.e., at & = x?¢, the square of the
distance between this collocation point and the mtegratlon points is 7% = [2(1 — n)? and
the integral becomes

r(x,¢)

C

[ n(E)apgar, - lenio { [1n(1 —a)4 ln(%)] (@191 — ) + 8% } i

- oot oo -

le
= 7 {®'+ 30>} for c=1, (5.18)
In the case of a quadratic approximation of the state function
O(x5(n)) = (1 — 3 + 2°) + *(4n — 41*) + ¥ (21° — )

and collocation at the initial node of the element, i.e., at & = z}° the square of the
distance between this collocation point and the integration points is r* = [?p? and the
integral becomes

®le(1 — 3+ 27%)+

fln(r<xc’€))<1>(x)dfx . [lnn+1n(—e)] @2;(4(2—4772)) d
Te n=0 c + 3e 772_
— %{@1@(1]@(%) — %7)+<I>2€(41 (l ) — 1—;)+<I>36(1 (ZC)+%)}

le
= {1701 4 200% — &%} for ¢ =1, (5.19)
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while for collocation at the middle point, i.e., at & = 27¢ gives r? = [2(3 — n)?and

Ple(1 — 3+ 21°)+
lo 1 1 [
P Deqar, = &1 3 g -neen] | - wh) | ban
Te c n=0 & _|_q)3e(27]2 . 77)
[ [ 1 [ 4
= Z20(d4 %) (In(2) — =) +49%(In = — = 2
@y mE - praxmz-pb )
le le 3e 1 2e 4
= =% (@' + P )(ln2+§)+4® (ln2+§) for ¢ =1,

and for collokation at the end point of the element, i.e., at & = x3¢ gives r? = [?(1 — n)?
and results in

r(x,¢)

C

1 l (Dle(l —3n+ 2772)+
oar, = 1. J & m - +w5)] | -4 | b
i ‘ +@% (2% — 1)

R R

/ In(
Te

= {—®' +200% + 179%} for c =1, (5.21)

36

5.2.2 Analytic integration in the case of (1/r)- kernels

In many cases, integral kernels contain r ¢/ which are strongly singular and, hence, the
respective boundary integral has to be evaluated in the Cauchy principal value sense.
For a linear geometric approximation (4.1), i.e., for a straight boundary element with

z¢(n) = z}¢(1 — n) + x?°n, the tangential unit vector is given as

dx dx¢ dz¢ . dx¢ xe — gle
Ay — 5.22
ds dn le ( )

so that the distance between a collocation point £ and the integration point on the element

r= \/[l’%e(l —n) + 23— &)’ + (2l (1 — n) + afn — & (5.23)

is found to have as tangential derivative

O v €t o/ ek S 00 N € ) Bl = N { 23 — xi ]
" 722 e e e e l — x5
VIt =)+ 230 — & + 2k (1 = ) + 23 — & :
(5.24)
This allows to represent the singular kernel as
E o [x%e(l_77)“‘37%677—51755%6(1_77)+x3677_£2] l |: I _"E%C :| (5 25)
- le .
T ettt =) 4 aden = &+ [ (1) +adin - & — 2
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and gives with a constant shape function for the state function and, accordingly, a col-
location at the middle node of the element, i.e., at & = 2(x}° 4+ 27¢), as distance (5.23)
between the collocation point and the integration points r = [, | % — 7 |. Finally, the
strongly singular boundary integral can be evaluated to

1 ¢ 1 le _ .2e ,le _ .2e1(1 _ 1 2 le
[ (x)dr, = @1, liny <2f o ) [27° — 27, 25" — 23°] (3 — ) {951 xt }dn
n=5+e

re T =0 2lg—nl lo | @3¢ — il
e 1
= ®lim | [ + [ rdn
E—r 77:0 77:%4‘5 — 5
= ®°lim (1 1 ! +1 L 1 =0 (5.26)
= lim{lne—Ino+Ing—Ine) = :

For a linear approximation of the state function
O(x5(n)) = @'(1 — 1) + @*n

and collocation at the initial node of the element, i.e., at & = z}¢ one obtains for the
distance between the integration points on the element I'. and that collocation point
re = l.n. At the same time, that collocation point also coincides with the end point
of the neighbour element I',_;, i.e., & = 27!, which gives for the respective distance
Te-1 = le—1(1 —m). In this case, the Cauchy principal value has to be evaluated with
lim,_,o by considering both neighbour elements I'._; and T, (regarding that ®*~1 = ®1¢):

1]5 [a:%e*lfxfefl,xéeflfx%‘i] |: x%@—l o l_%e—l :| < @16—1(1 _ 77) )dn

r i 15_1(1,7]) x2efl o xlefl _'_(I)Qe—ln
( .[ + f) _,¢(X)d]‘—‘x = K 0 1 2e__,.le ,.2e_ ,.le 2 2e . 126 (Ple 1 .
Pee1 T r +f [951 Z17,x5" Ty ]77 €y T ( 77) dT?
e 1292 :L.ge o x%e +(I>2677
1-e 1 _ o
= foﬁ (@711 —n) + > 'n] dn
”7:
1 le 2e
—i—fﬁ[CI) (I—=n)+@ n]dn
n=e
1—¢ 1 (1 —
— _(I)le—l - (I)Qe—l f Ui d77+q)1e f ( n>d77+q)26
n=0l—1 n=e 1]
e (1 =7 1 (1 —
— CI)26 q)le—l +(I)2e—1 j- ( ,n)dn/+¢)16 f ( W)dn
=1 1 n=e 1]
= @* — ple! (5.27)

The unit normal vector is for straight boundary elements

_ L[ ety
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from which due to the linear approximation of this element at all collocation points, e.g.,
at the initial point & = z}¢

_ [ple _ 2 ,.le _ .2e 1 _2e le
A . HERVCIN (5.29)
’ ’ le/r] le xl - l’l
at the middle point & = 1(z}® + 27)
l.le _ IQe’ :L,le _ 1.26 1 1 2¢e le
- 1 1,% — T JG—m 1 [ NG +$2 } —0 (5.30)
le‘ﬁ_n| le | #1" — 7y
and also at the end point & = x2¢
le _ ..2e ,.le __ ,..2e 1 — 1 _ .2 le
- [21° — @9, 25" — 257 ( n) L sz +£2 —0 (5.31)
’ ’ l6|1—77| le Iy — I

follows that the normal derivative r,, = 0 on straight elements for all types of shape
functions, i.e., an integral containing r,, gives zero on straight boundary parts.
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