N

HAL

open science

Approximation by PDEs

Julien Vovelle

» To cite this version:

‘ Julien Vovelle. Approximation by PDEs. Master. France. 2020. hal-02460703v1

HAL Id: hal-02460703
https://cel.hal.science/hal-02460703v1
Submitted on 30 Jan 2020 (v1), last revised 25 Feb 2021 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://cel.hal.science/hal-02460703v1
https://hal.archives-ouvertes.fr

Approximation by PDEs

Master MA 2019

J. Vovelle

Contents

1

Introduction

1.1 Discrete conservation laws . . . . . . . . .. L Lo L
1.2 The symmetric simple exclusion process . . . . . . . . ... ... ... .. ....
1.3 Imteracting particle systems . . . . . . . ... Lo

Martingales in continuous time

2.1 Conditional expectation . . . . . . . . . .. L
2.2 Martingales . . . . . . L
2.3 A digression on the Calderén-Zygmund decomposition . . . . . .. ... ... ..

Markov processes

3.1 Definition . . . . . . L
3.2 Semi-group property, Chapman-Kolmogorov property and Markov property . . .
3.3 Invariant measure. . . . . . . ... oL e
3.4 Infinitesimal generator . . . . . . . ...
3.5 Martingale property of Markov processes . . . . . . . . .. ... ... ..

Evolution of a random interface

4.1 Change of scale and limit behavior . . . . .. . ... ... 00

4.2 Markov property . . . . . ... e
4.2.1 From discrete-time to continuous-time Markov process . . . . . .. .. ..
4.2.2  Markov property for the symmetric simple exclusion process. . . . . . ..

4.3 Deterministic limit . . . . . . . .. oL L

4.4 Averaging . . . ... oL e e e e e

Conservation laws and the Finite Volume method
5.1 Discrete conservation laws, continuous limit . . . . . . . . ... ... ... ....
5.2 Discrete fluxes . . . . . . . .
5.3 Discrete fluxes for linear equations . . . . . . . . ... ...
5.4 General monotone fluxes . . . . . . . . ...
5.5 Constants as solutions . . . . . . . . . ... e
5.6 Comparison principle . . . . . . .. oL
5.6.1 Periodic discrete conservation law . . . . .. ... ... ... ... ...
5.6.2 Comparison principle and consequences . . . . . . . . . .. ... .. ...
5.6.3 Asymptotic behavior . . . . ... oL
5.7 Energy estimate . . . . . . . .. L e

S O Ut G = w NN

©

10

12

16
16
18
18
20
22
25



5.8 Approximate weak solutions . . . . . . .. ... 38

5.9 Convergence in the linear case . . . . . . . . . . ... .. ... . 42
5.10 Error estimate in the linear case . . . . . . . . . . . . . ... ... ... ..., 43
5.10.1 Functions of bounded variations . . . . ... ... ... .. ... ..... 43

5.10.2 Comments on the error estimate . . . . ... .. ... ... ... ..... 47

5.11 Error estimate in the linear case: proof . . . . . . . . . . . ... ... ... .... 48
5.11.1 Reduction of the problem . . . . ... ... ... ... ... ... ..... 48

5.11.2 Error estimate . . . . . . . . . . .. 52

6 Interacting particle systems 55
6.1 Empirical measure . . . . . . . .. e e e 55
6.1.1 An alternative description of the system . . . . .. ... ... ... ... . 55

6.1.2 Empirical measure . . . . . .. ..o Lo 56

6.2 Equilibria . . . . ..o 57
6.2.1 Generator . . . . . . ... e e 57

6.2.2 Invariant measure . . . . . . . . . ... e e e e 58

6.2.3 Simple exclusion process . . . . . . ... 59

6.2.4  7Zero range ProCESSES . « v v v v v v e e e e e e e e e e e e e 60

6.2.5 Weak local equilibrium . . . . . ... .. oo oo 62

6.3 Some hydrodynamic limits . . . . . . . ... . Lo 63

7 Solution to the exercises 66

Abstract

In this course, we will see how to understand and describe the large scale limit of various
discrete evolution systems (random and deterministic) with the help of partial differential
equations. This will be the occasion to use, and discover, some standard tools from the
theory of PDEs, of numerical analysis, and of statistical physics.

1 Introduction

1.1 Discrete conservation laws

Suppose that we are given a family 7 of open polyhedral sets forming a partition of the space
R?: for all distinct K,L € T, we assume that K N L = () and that K N L is contained in an
hyperplane of R?. The partition is understood up to a negligible set: the Lebesgue measure of
R\ Uk o7 K is zero. The picture 1 below gives the example of a triangulation of the plane.
We consider the following evolution of an extensive quantity u: let 0 =t <t; < - - <t, <---
be some discrete times, let U denote the amount of the quantity u in the cell K at time ¢,,. We
assume that U}}+1 is given by the formula

Ut = U + Aty > KILIQY - (1.1)
LeN(K)

The notations used in (1.1) are the following ones: At,, is the length ¢, 1 —¢, of the time interval,
N(K) is the set of neighbors of K: L € T is a neighbor of K if K|L := K N L is non-empty
and of finite (N — 1)-dimensional Hausdorff measure |K|L| (in particular, K is not a neighbor
of K). The quantity At,|K|L|Q}_, ; represents a certain flux of the quantity u that has passed
through the interface K|L from the cell L to the cell K between the times ¢, and t,y;. We
have put in factor the term At,|K|L| because we prefer to work with densities, rather than with



K|L

Figure 1: A mesh in R?

scale-dependent quantities (the typical scales here depend on the size of the cells and of At,, and
will tend to zero at some point later on). For the same reason, it is more appropriate to introduce
| K|, the Lebesgue measure of the cell K, and to work with the scaled quantity v = UR/|K|,
which satisfies the equation

At
K|

n+l _ n
Up' ~ = U +

Y IKILIQE k. (1.2)

LeN(K)

Assume that the densities of flux Q}_, ;- satisfy the following condition:

QTLL/—>K = *QnK—>La (13)

for all n € N, for all K, L € T being neighbors. The condition (1.3) ensures that the (algebraic)
quantity of u that was given by the cell K to the cell L is the quantity of u received by the cell
L from the cell K. Under (1.3), the evolution given by (1.2) is conservative: we will show in
particular that, when it makes sense, the quantity

> Kk

KeT

is constant with respect to n. Our objective will be to explain what is the limit of (ul%) when
At,, and |K| tends to 0. We need to be more specific on our framework to achieve this goal. Let
us simply say for the moment that what we will obtain in the end are some conservation laws

Byu + div,(Q) = 0, (1.4)

where Q(z) is a function of z, u(z) and Vu(x). The derivation of (1.4) is related to the analysis
of the Finite Volume method, which is used to compute the solution of conservation laws such
as (1.4) with the help of the discrete formulation (1.2).

1.2 The symmetric simple exclusion process

Let 0 < N < L be some integers. Consider NV particles located at one of the site 1,..., L — 1
that evolve according to the following process: there is always one particle at site 0 and, for each
site x € {1,..., L — 1}, we draw a random time T} that follows an exponential law of parameter
A > 0, so that the family {7} } is independent. Consider the point x, at which x +— T} is minimal
and let the particle at x, jump from its original site x to a new site y with probability p(x«,y),
the jump occurring under the restriction that the arrival site y is vacant. Then start over. This



process is called an exclusion process for the reason that jumps to occupied sites are excluded.
It is termed simple to make the distinction with some more complicated situations, where the
probability of a jump from x to y may depend not only on x and y, but on the whole interval
[x,y] and on the disposition of particles in this interval. We also call the process symmetric when
p(x,x + 1) = p(x,x — [), whenever the quantities are well defined. Here we will consider the case
p(x,y) = 01if |x — y| # 1, so that only jumps to left or right immediate neighboring site are
possible, and equi-probable. At the boundary, we assume p(0,1) =0, p(L —1,L —2) = 1. We
can put in correspondence this evolution of particles with the evolution of a random interface
described as follows: we set H(0) = 0 and, for x € {1,..., L}, define H as the discrete primitive

function
x—1

H(x) =) (2n(y) — 1), (1.5)
y=0

where 7(y) € {0,1} is the number of particle at y. Then we interpolate linearly between those
points. Conversely, we deduce n(x) from H by the “differentiation” formula n(x) = [1 + H(x +
1) — H(x)]/2. In the situation where the site x is occupied and the site x+ 1 is vacant, the shape
(above {x,x+ 1,x+2}) of the function H is A. If the particle at x jumps at x+ 1, it becomes V,
— and conversely. We consider then the following problem: assume that L and N are very large.
For definiteness, we will take L = 2N, which ensures that H(L) = 0. Consider the change of

scale
hX(z) = L7 H,(Lz), x€(0,1). (1.6)

What can we say about the evolution of the profile t — hF, for, possibly, t very large? We will
see that, under adequate conditions on the initial data, and after the following parabolic change
of time scale:

hE(z) =ht,, = L7 Hpey(Lz), x € (0,1),t >0, (1.7)

we have a kind of law of large numbers: for all final time 7' > 0, h” is converging in probability
in L°°(0,7; L?(0,1)) to a deterministic profile A which is completely determined as a solution of
the heat equation with homogeneous Dirichlet boundary conditions.

1.3 Interacting particle systems

We will now consider a problem similar to the previous one, with the difference that it is multi-
dimensional and that jumps to occupied sites are not excluded. Let Ay be a finite subset of
72, We consider a system of particles scattered on Ay, which interact as follows: let x denote a
typical site of Ay and let 7¢(x) denote the number of particles located at site x at time ¢t. We
will be interested in the evolution in time of the functions x — 7;(x). The state space is therefore
En = N2~ the set of functions Ay — N. The evolution is described by the following algorithm:
each site x has its own clock that is independent from the clocks at other sites, and that rings
after a time Ty which is a random variable of exponential law of parameter A(n(x)). Assume
that it is at the site x, that a clock is ringing first. If n(x.) > 0, then one particle of the site x,
jumps to an other site y chosen at random in Ay, according to a transition probability p(x.,y)
(possibly, at that stage, some exclusion rules may be added, see Section 6.2.1). Then we start
over. Let us consider the case where Ay is the discrete torus 'I[‘ﬁlv = 7Z4/NZ% and p is compatible
and translation invariant: for all [ € NZ%, m € Z,

px+1Ly)=pkxy), px+my+m)=pxy). (1.8)
Let us zoom out (¢f. (1.6)) by considering the function

[0,1)% 5z +— N~1n,([Nz]) (1.9)



extended by periodicity. In (1.9), [Nx] is the element x of T¢, ~ {0,--- , N — 1}% such that
% < Nzx; <x;+1forall i =1,...,d. May it be the case that, possibly after a change of time
scale (¢f. (1.7)), some averaging phenomena would lead to a given deterministic behavior? We
will see that the question has to be refined, before being answered positively (at least in certain
cases).

2 Martingales in continuous time

2.1 Conditional expectation

Proposition 2.1 (Conditional expectancy). Let (Q, F,P) be a probability space and let G C F be
a sub-o-algebra of F. Let X be real-valued random variable which is integrable: X € L*(Q, F,P).
Then there exists a unique G-measurable and integrable random variable Z such that

E(14X)=E(14%2), VA€eqg. (2.1)
We call Z the conditional expectancy of X knowing G, denoted E(X|G).

Roughly speaking, E(X|G) is the average of X with respect to all the events not relative to G.
The following facts or examples illustrate this fact.

Fact 1. If G = F, then E(X|F) = X a.s. If G is the trivial o-algebra {0, Q}, then E(X|G) =
E(X).
Example 1. When G is the o-algebra generated by an event A € F, G = {(), A, A¢,Q}, then

E(14X)
P(A)

E(14-X)

E(X|0) = SO

14
If X = 15 where B € F, this gives E(15|G) = P(B|A)14 + P(B|A°)1 4.

Fact 2. One has the following tower property: if H is a sub-o-algebra of G, then
E(E(X|G)|H) =E(X|H) a.s. (2.2)

As a particular case, when H = {0, Q}, we obtain E[E(X|G)] = E[X].

Example 2. Let X, Y be two independent random variable and let f: R? — R be a bounded
Borel function. Then Z = E(f(X,Y)|o(Y)) is o(Y)-measurable, and it is known that such a
function can be written h(Y"), where h is Borel. In general, when saying that a o(Y')-measurable
function has the form h(Y'), we have no particular information on h. Here, however, we know
very well what is h: it is the function obtained by averaging with respect to “all that is not Y7,
i.e.

E(f(X;Y)|o(Y)) = h(Y), hly) = E(f(X,y)). (2.3)

Example 4. Let D denote the set of dyadic cubes in [0,1)¢, and for n € N, let D,, denote the
subset of dyadic cubes of length 27 all cubes in D,, are translation by an element of 27"Z¢ of
the basic cube [0,277)%. Let f:[0,1)? — R be integrable. The piecewise-constant function f,,
equal to the averaged value of f over each cube Q) in D,, can be seen as the conditional expectancy
E(f|F,) by taking Q = [0,1)2, P being the Lebesgue measure, F the Borel o-algebra, and F,



being the o-algebra generated by all the cubes in D,, (verification left as en exercise). There is
a consistency property in this approximation process, which is the following one: for all m < n,
averaging the finer approximation f,, over the coarser grid corresponding to D,, gives f,,:

E(fn|Fm) = fm a.s. (2.4)

The property (2.4) follows from the tower property (2.2) for example. It is an instance of a
martingale property.

2.2 Martingales

Definition 2.1 (Filtration). Let (2, F,P) be a probability space. A family (F;);>o of sub-o-
algebras of F is said to be a filtration if the family is increasing with respect to t: Fy C JF; for
all 0 < s <t. The space (2, F, (Fi)i>0, P) is called a filtered space.

Definition 2.2 (Adapted process). Let (Q,F, (Fi)i>0,P) be a filtered space. A real-valued
process (X¢):>0 is said to be adapted if, for all t > 0, X; is F;-measurable.

Definition 2.3 (Martingale). Let (Q,F, (F¢)i>0,P) be a filtered space. Let (X¢);>0 be an
adapted real-valued process such that, for all t > 0, X; € L'(Q2). The process (X;);>0 is said to
be a martingale if, for all 0 < s < ¢, X, = E(X|Fs).

Remark 2.1. A martingale with continuous (resp., cadlag) trajectories is said to be a continuous
(resp., cadlag) martingale.

Remark 2.2. With respect to a fixed time ¢ > 0, conditioning on Fs with s < ¢ is a way to
average X; over all events which occurred between times s and t. For a martingale X, this will
let the position Xy unchanged. We expect a martingale not to wander too much therefore. We
will see and use several instance of this general principle. See Section 2.3 for a first example.

Theorem 2.2 (Doob’s martingale inequality). Letp > 1. Let (M;)icjo,1) be a cddlag, real-valued
martingale, such that E|Mp|P < 4o00. Then the inequality

p
E [(Mg)?] < <p1> E|MrlP, Mj= sup |M,, (2.5)

- te[0,T)

is satisfied.

2.3 A digression on the Calder6n-Zygmund decomposition

Let f:[0,1)¢ — R be a non-negative, integrable function. Let A > 0 be a fixed threshold such
that the integral of f over [0,1)¢ is smaller than A\/2. In terms of Example 3. in Section 2.1, this
means E[f] < A\/2. Consider (see Remark 2.2) that being below A is “not wandering too much”,
while being above ) is “wandering too much”. What is the behavior of the martingale (f,,) defined
in the Example 3. in Section 2.1? Let T be the stopping time T' = inf{n > 0; f,, > A}. We know
that T > 0 almost surely. If T' = +o0, then f,, < A for all n, and thus f = lim f,, < A. Here
we use the intuitive fact that f = lim f,,. We have to specify the mode of convergence however
and to justify the convergence. The convergence is almost sure. One can use the martingale
convergence theorem for example (probabilistic approach) or the dyadic version of the Lebesgue
differentiation theorem (analyst’s approach). The set {T' < 400} can be written as an at most
countable collection (Q;);er of dyadic cubes. Indeed, it is the union over n > 1 of the sets
{T = n}, and {T = n} is a union of dyadic cubes in D,,. If Q is one of the cubes that enter in



the decomposition of {T' = n}, and if @’ € D,,_; is the twice bigger cube containing @, then the
averaged value of f on @’ is smaller than A (otherwise T' < n). It follows that

1 1 24
A< —/ fl@)dx < — flz)dr = —/ f(z)dx < 29N (2.6)
Q| Jo Q| Jor Q'] Jo
From these considerations on martingales, we can deduce the following statement.
Lemma 2.3 (Calderén-Zygmund). Let f: R* — R be a non-negative, integrable function. Let
A > 0. There exists an at most countable family (Q;)icr of dyadic cubes such that

1
Viel, X<
1Qil Jo,

and f < X a.e. on the complementary set R? \ U;crQ;.

(z)dx < 29N, (2.7)

Proof of Lemma 2.3. fix N large enough such that 2_Nd||fHL1(Rd) < A/2. Consider the countable
decomposition of R? by all the dyadic cubes of size 2. On each such cube R, we apply the
analysis performed before the statement of the lemma. This analysis was done with the starting
cube R = [0,1)%, but can be readily adapted to the general case. The final family of cube (Q;);er
is then the union of the families obtained on each such cube R. O

The Calderén-Zygmund lemma is applied to obtain a decomposition of f = g 4+ b, where

1
9= Z ['Qzl . (aj)d‘x} 1, + fle\UielQi

iel

and

b=f—g=S"b, b= [f— ! f(m)dx} 1o.
ey 1Qil Ja,

The function ¢ is considered as the good part, since it is controlled in size by A; the function

b is considered as the “bad” part. It is not controlled in size but has the properties that b;

is supported in @; and has zero integral. The Calderén-Zygmund is fundamental in harmonic

analysis. Note that, if we come back again to the probabilistic approach (and restrict things to

[0,1)%), then g is simply fr, while b = f — fr.

3 Markov processes

We consider Markov processes taking values in a Polish space E. This is a framework that is
quite general, all the more since we shall apply it in the case of a finite state space E. The
generality of the approach used here may be useful elsewhere however.

3.1 Definition

If E is a Polish space, we denote by BM(E) the Banach space of bounded Borel-measurable
functions on F with the sup-norm

||90||BM(E) = sup |p(x)|.
zeE

The set BC(FE) is the subspace of continuous bounded functions. By Markov process, we mean
the triplet constituted of a Markov semi-group, some probability kernels, and the associated



Markov processes. More precisely, we suppose first that we are given a Markov semi-group
P = (P,);>0, which is defined a priori as a family of endomorphisms of the space BM(E) that
satisfy the initial condition Py = Id, the semi-group property P, o P, = P4, for ¢t,s > 0, the
preservation of positivity P;p > 0 when ¢ > 0, while fixing the constant function 1 equal to 1
everywhere: P,1 =1 for all ¢t > 0. The second element of our set of data is a probability kernel
Q(t,z, B): for all p € BM(E), for all z € E,

awwzémmmem (3.1)

where, for every t > 0, for every x € E, Q(t, x,-) is a probability measure and the dependence in
x is measurable, in the sense that the right-hand side of (3.1) is a measurable function of z. The
third and last element of our set of data is the set X = {(X[);>0;2x € E} of Markov processes
indexed by their starting points z: X§ = x almost surely. The finite-dimensional distributions
of (X7)i>0 are given by

P(XgGBO,thl EBl,...,Xévk GBk):/ Q(tk—tkfl,ykfl,Bk)
Bo B 1

X Q(tk—1 = th—2,Yk—2,dys—1) - - - Q(t1, Yo, dy1)dx(dyo), (3.2)
where 0 < t; < --- <ty and By,...,Br € G and the Markov property

is satisfied for all s, > 0, ¢ € BM(E), where (F¥) = (o(X*(s)o<s<¢)) is the filtration generated
by X* (see the proof of (3.3) in Section 3.2 below). There is a certain redundancy in the
description above since the existence of probability kernels satisfying (3.1) can be deduced from
the properties of (P;)¢>0, [1, Proposition 1.2.3], while, starting from a semi-group and a family
of probability kernels related by (3.1), the construction of a Markov process with the required
finite dimensional distribution is established in [6, Theorem 1.1 p.157] for example. It is not
limiting, however, to assume that all these elements are given altogether, all the more since the
processes (X[ );>o will generally have additional pathwise properties, being typically continuous
or cadlag. They may also satisfy the Markov property (3.3) with respect to a given filtration
(F:) larger than (F;X). See Section 3.2 below.

Remark 3.1 (From the probability kernels to the Markov process). Actually, it is established in
[6, Theorem 1.1 p.157] that, for every Borel probability measure p on E, there exists a Markov
process (X¢)¢>0 with finite-dimensional distributions given by

P(XgGBo,thl EBl,,ka EBk):/ Q(tk—tkfl,ykfl,Bk)
By By 1

X Q(th—1 — th—2, Yr—2, dyr—1) - - - Q(t1, vo, dy1)(dyo). (3.4)

The difference between (3.2) and (3.4) is the initial distribution of (X;): Xy = « almost surely
in the first case, Xy ~ u in the second case. The law at time ¢ of X; is then given by

P%EE=AL@MMWWM) (3.5)

We will use the notations

P, (X% € By, X{ € By,...,XE € By), E,o(X)) (3.6)



to denote (3.4) and the quantity

/ / () QUL o, dyn ) a(dyo)
EJE

respectively. When p = §,, we simply use the notations P, and E,. For example, Pip(z) is

3.2 Semi-group property, Chapman-Kolmogorov property and Markov
property

From the semi-group property to the Markov property. Taking for ¢ the characteristic
function ¢ = 14 in (3.1), we obtain Q(t,x,A) = Pla(z). From the semi-group property
P,y = P; o P, and the relation (3.1), we can then draw the following consequences

Qt + 5,2, 4) = /E PA()Q(t . dy) = /E Q(s, 9, A)Q(t, x. dy). (3.7)

The equality between the extreme sides of (3.7) is called the Chapman-Kolmogorov relation. In
the approach to Markov processes described in the previous section 3.1, the Markov property (3.3)
is deduced from the knowledge of the finite dimensional distributions (3.2) and (3.7). Although
(3.2) is expressed in terms of sets By, - - - , By, the Markov property (3.3) is expressed in terms of
functions ¢ € BM(FE). To verify that (3.3) is a consequence of (3.2) and (3.7), we need to switch
from measurable sets to bounded measurable functions. The procedure is standard: take ¢ =14
for once, and, conversely, given ¢ € BM(F), consider a sequence of simple functions (¢,) that
converges pointwise, while being bounded, to ¢ (the existence of such a sequence is true in a
context more general that the one of Borel measure space, [17, Theorem 1.17]). The former mode

of convergence is denoted ¢, plag . So we say that there is bounded pointwise convergence of
a sequence () in BM(E) to ¢ € BM(E) if sup,, |[¢nl/Bm@E) < +oo and pn(x) — () for all
z € E. Using b.p.c. sequences, we can give the following version of (3.2):

E[p1(Xe) - on(Xe,)] = /E /E o (U) Qb — tuts s i) - 21 () Qb1 2.y, (3.8)

for all 1, ..., ¢, € BM(E). At the same time, the o-algebra F;X is generated by all the random
variables X ,..., X, , where n € N* and 0 < ¢; < --- < t,, < t. Therefore (3.3) is equivalent to
the fact that

E[141p(Xiys) = E[1aP1p(Xy)], (3.9)

for all A of form
A= {th S Bl,...7Xt" S Bn}’

Note that, for simplicity, we have dropped the explicit dependence on z in the notations. By
(3.2), the left-hand side of (3.9) is

/ / Q(t+s_tn7ynaB)Q(tn_tnflvynfladyn)"'Q(tlamvdyl)- (310)
B, B,
This term (3.10) is also

/ / /PslB(Z)Q(t*tn,yk;dz)Q(tn*tnflvynflvdyk)"'Q(tlaxvdyl)' (311)
B B E

n



by (3.7). We apply (3.8) with k =n + 1 and
801 = ]-Bl;"'aso’n - ]-Bnason—‘rl - PslBa
to conclude that (3.11) is equal to E [14P;15(X})].

From the Markov property to the semi-group property. It is often the case that a
Markov process is given as a dynamical system. We start from an initial X, with distribution
i, a given probability measure on E, and then compute a trajectory (X;);>o which satisfies the
Markov property

E[p(Xits)|Ft] = Pop(Xy), (3.12)

where P is defined by the identity Pip(x) = E,p(X:) (¢f. Remark 3.1 for the notation E,),
and (F;) is a certain filtration. See Section 4.2 for instance. We emphasize the fact that, in this
approach, what is really given is P/, defined as the law of X; when Xy ~ u: what is naturally
given here is the evolution in time of the distribution of X;. Then P,p(x) is simply obtained by
the duality formula

<Pt*ua SD> = </J,, Pt(P>7 (313)

where we take p = 0,. To cast this framework into the one described in Section 3.1, we have
essentially to show that (P;) has the semi-group property, the probability kernel Q(t, z, A) being
simply defined as P,(X; € A). The semi-group property is obtained as follows: by the tower
property (2.2), we have

Piysp() = By [p(Xi4s)] = Ea [Ea [0(Xii o) |[F] -
We us the Markov property (3.12) to obtain

Prisp(x) = Ey [Psp(Xy)] = (P o Ps)p(x),
which is the desired identity.

3.3 Invariant measure

Let (P,Q,X) be a Markov process as in Section 3.1. If p is a probability measure on F, we
denote by P;u the law at time t of X;, when Xy ~ p. The notation is explained by the fact
that, for B a Borel subset of F and with ¢ = 1p, we have by (3.1) and (3.5), the identity

(P71, ) = (p, Prp).- (3.14)
Since B +— (i, P;1p) is a measure, the identity (3.14) is then true for all ¢ € BM(E).

Definition 3.1 (Invariant measure). A probability measure p on E is said to be an invariant
measure if Pp = p for all ¢t > 0.

If @ is an invariant measure and one chooses X according to the law u, then X; follows the same
law p for all ¢ > 0: an invariant measure is a fixed-point for the evolution in distribution of the
Markov process.

Exercise 3.2 (Invariant measure). Let Xy, X7,... be the sequence of random variables on R
defined as follows: Xj is chosen at random, according to a law pg, then, X being known, a
random variable Zn 4 taking the values +1 or —1 with equi-probability is drawn independently
on Xg,...,Xy and Xy given by

1
Xny1= §XN +ZN41-
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1. What means ug = dp7 What are then the law pq, puo of X7 and X5 respectively?

2. Consider the case pp = %5_2 + %5+2. Compute p1, p2, p3. Can you guess a general formula
for pn?

3. Find an invariant measure.

The solution to Exercise 3.2 is here.

3.4 Infinitesimal generator

Given a Markov process as in Section 3.1, we would like to define the associated infinitesimal
generator. There are various possible approaches. In [1] for example, it is assumed that the
process admits an invariant measure pu. The semi-group can then be extended as a contraction
semi-group on L?(u). By assuming additionally that this extension gives rise to a strongly
continuous semi-group, [1, Property (vi), p.11], one can use the standard theory of strongly
continuous semi-group, [16], to define the infinitesimal generator. One may wonder why not
simply working in BM(E), or BC(FE), which are Banach spaces, to apply the standard theory
of strongly continuous semi-group. The difficulty is that the continuity property P;p — ¢ when
t — 0 is too stringent in that context, at least when FE is infinite-dimensional. Consider for
example the simple deterministic case where P,y is given as the composition ¢ o ®; with a flow
(®;). Let E be the Hilbert space E = (?(N), with orthonormal basis (e, )nen, and let ®; be
given by

Dy (x) = Z e Mz e,)en,
n=0

where (A,) is an increasing sequence converging to +oco. In general, one cannot control the
distance ||®(x) — 2||¢2 () uniformly in z (this is possible when x is restricted to a compact set),
so even if ¢ is uniformly continuous, one does not expect the convergence

}im sup |Pyp(z) — ¢(x)| = 0.

—02cE

We consider a different mode of convergence therefore, the bounded pointwise convergence defined
in Section 3.2 (see also [6, p.111]). A function ¢ € BM(E) is in the domain D(%) of the
infinitesimal generator . of (P;) if there exists ¥ € BM(E) such that

th—wbﬂ)»w

. , (3.15)

when t — 0. We then set Z¢ = 1. Note that, on the elements ¢ € D(Z), the property of
continuity

Pip "25 (3.16)
when t — 0, is satisfied. By the semi-group property, (3.16) implies more generally the property

of continuity from the right Py g P, o when t | t., for every t, > 0. The semi-group
property, and the continuity of P, with respect to b.p. convergence, that can be deduced from
(3.1), have also the following consequence: if ¢ € D(.¥), then Py € D(Z) for all ¢ > 0 and

Piing — Pig bpe.
W PP P gp = PPy, (3.17)

when h — 07,

11



3.5 Martingale property of Markov processes

Consider a Markov process as in Section 3.1, which is Markov with respect to a filtration (F),
and has a generator £, as defined as in Section 3.4. We make the following hypotheses:

1. stochastic continuity: we have Py P P;, ¢ when t — t, for every ¢ € BC(E) and every
te 20,

2. measurability: for all x € E, the application (w,t) — X7 (w) is measurable ! x Ry — E.
We have then the following result.
Theorem 3.1. Let ¢ € D(ZL)NBC(E) and x € E. Then

M7 = p(XF) — () - / Lp(X?)ds (3.18)

is a (F;)-martingale. If furthermore |¢|? is in the domain of £, then the process (Z¥) defined
by
¢
75 = M = [ (21l = 2020)(X)ds. (3.19)

is a (F)-martingale.

Remark 3.2. Since ||Piollme) < l|@llsme), the convergence P Dpg P, is equivalent to
the convergence Pyp(x) — P ¢(x) for all z € E. The hypothesis of stochastic continuity can
therefore be rephrased as the continuity, for the topology of the weak convergence of probability
measures, of ¢ — P;"d,, where P/, is the law of X7. This continuity property is satisfied if
(X7) is stochastically continuous in particular: for all § > 0,

Jim P(dg (X}, XE) > 8) =0, (3.20)

where dg is the distance on E. Under (3.20), we can also assume, up to a modification of
the process, that the measurability property of Item 2 is satisfied, [3, Proposition 3.2]. If the

. o b.p.c. . .
stochastic continuity property P;¢ LAY P, ¢ is satisfied, then

Pr(@) = pla) = [ PZo(wis, (3.21)

for all p € D(Z), z € E, t > 0. Indeed both sides of (3.21) are continuous functions that
coincide at ¢t = 0 and have same right-differential at all points.

Remark 3.3 (Quadratic variation). If (X7) is continuous, then

A7 = / (L]0l — 20.20)(X7)ds (3.22)
0

is the quadratic variation (M®, M*);, [11, p.38], of (M;). In the general case where (X7) is
cadlag, (A7) is the compensator, [11, p.32], of the quadratic variation [M*, M*], [11, p.51], of
(MF). For instance, if (X; = N) is a Poisson Process of rate A, then Zp(n) = A(p(n+1) —p(n))
and

Ay = /\/0 (o(Ns + 1) — @(Ny))?ds.

Taking ¢ = Id, gives the standard fact that (N; — At) is a martingale.

12



Proof of Theorem 3.1. Since z is fixed, we will suppress the superscript x in the proof. Let
0 < s < t. By the Markov property, we have

E[Mtu:s] - M = E[Mt - MS|]:S]
= Prp(X.) — (X)) — / [Py L) (X,)do.

We use (3.21) to conclude that E[M;|Fs] — M; = 0. The proof of the martingale property for
(3.19) is divided in several steps. First, we fix two times 0 < 7 < 7/ < T. We fix a subdivision
o = (ti)o,n of [0,7], chosen in such a way that 7 is always one of the ¢;, say 7 = t; (the index
[ may hence vary with o). By C(p), we will denote any constant that depend on ¢ and is
independent on ¢ and may vary from lines to lines. We also denote by A = O(B) any estimate
of the form |A] < C(p)|B]|. At last, we introduce the following notations: we denote by d;, K the
increment Ky, , — Ky, of a function ¢ — K;. We also denote by E;, the conditional expectation
with respect to F;,. Our aim is to show that

n—

1
Al = lim Ey, [|6:, M|?], (3.23)

—0
7120525

where the limit is taken in L?(£2). Indeed, taking (3.23) for granted, E[Z, — Z,|F,] is the limit
when |o| — 0 of the quantity

n—1
B[|My, P~ 1My [2 = 3 By, (10,02 | 7] (3.24)

1=l

Let us show that (3.24) = 0. To simplify the presentation’, we will treat the case t; = 7 = 0,
Fo = {0,Q} (it makes sense to consider that Fy is the trivial sigma algebra since My = 0). We

have )

E[|M,|*] =E (3.25)

n—1
> 6 M
i=0

In (3.25), we can expand the square. The contribution of the double products is zero since, if
J > i, then, using the fact that d;, M is F;,-measurable, we have

E [6,, M, M] = E [E,, [0;,M] 6, M] = 0.

The last identity follows from the martingale property E¢, [0;,M] = 0. This implies (3.24) = 0,
and thus E[Z., — Z.|F;] = 0. The proof of (3.23) is divided into three steps.

Step 1. We show that A,/ = lim|,|_,o S0 By, [0, A], with a convergence in L2(9). Since A,/ =
S 84, A, we have to show that lim, o S0 0 ¢ = 0 in L2(Q), where ¢; := &, A — Ey, [0, A].
The method is similar to the analysis of (3.24) above: we decompose

n—1 2
> G
=0

By conditioning with respect to F,, we get that each term in the last sum in (3.26) is trivial.
Since ¢; = O(dt;), the first sum in the right-hand side of (3.26) is O(|o|). This gives the result.

E =S E[icl]+2 Y B (3.26)

0<i<j<n

Lthe general case is left as an exercise, use the tower property (2.2)
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Step 2. We show that E, [|6;,¢(X)[?] = O(6t;). First, by the Markov Property, we have
E:, [0:, M] = 0. Using (3.18), which implies

tit1
0, M = 0y, 0(X) — Lo(Xs)ds, (3.27)

ti
we deduce Ey, [6;,0(X)] = O(6t;). We can apply the previous estimate to |p|?, since |¢|? is in the
domain of £ by hypothesis (cf. (3.29) below), to get Eq, [6;,|¢[*(X)] = O(6t;). On the other
hand, we have also the identity
16, 0(X)[? = 61, ]*(X) = 20(X4,)dr, 0(X). (3.28)
Taking expectation with respect to F3, in (3.28) and using the fact that
5:,0(X)[?] = O(6t;). We can insert this result in (3.27) to obtain

gives the desired estimate E, [
also By, [|6:, M|?] = O(6t;).
Step 3. We conclude the proof. First, we note that (3.27) applied to ¢? gives

tit1
60, M@ = ¢, |o*(X) - Zpl*(X)ds, (3.29)
where M = |p|2(X;) — |@[?(x) — [5 Z]p[2(X,)ds. We combine (3.27), (3.28) and (3.29) to
obtain the identity

tit1 2

Lp(Xs)ds

tit1
t

i

ti
tit1 tit1

= 5tiM(2) + ZL)el*(X,)ds — 20(Xy,) (5tiM +

ti

f(p(Xs)ds) . (3.30)

123

Taking the conditional expectation E;, in (3.30) and using the Markov property gives us
tit1
B, (100 P) = B, 4] - 28, | [ (01X) — o) Zo(X)ds| + OQa). (331
t;

Indeed, we have discarded the terms
tit1 tit1 27
E., [25tiM i’gp(Xs)ds] and E, l Zo(Xs)ds

ti

t;

which are respectively O(|6t;|>/2) and O(|5t;]?). To obtain the O(|6t;|>/?)-estimate, we use the

bound
2

Lop(Xs)ds|

tit1
20, M Lop(Xs)ds

t;

< 77|6t1M| + 7771

‘ tit1

t;
then Step 2, and then we choose = (5ti)1/2. We can repeat Step 2, where we consider the time
interval [t;, s] instead of [t;,;11], to obtain the estimate E;, [|¢(Xy,) — o(X,)|*] = O(6t;), when
t; < s < tiy1. Consequently, the last term in (3.31) is also O(|dt;]3/2). By summing with respect
to ¢ in (3.31), we deduce finally that

n—1 n—1
ZEti [6t1A] = Z]Eti [|5t¢M|2] + O(|U|1/2)
i=0 i=0
This equality, combined with Step 1, yields (3.23). This achieves the proof. O
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The results of Theorem 3.1 can be extended to the case where the test function ¢ also depends on
t. We will need this result only in the simple case where the test function has the form 0(t)p(x).

Corollary 3.2. Let ¢ € D(%) satisfies |p|*> € D(Z). Let 6 € C*Ry) and let Y(t,z) =
0(t)p(x). Then, for all x € E, the process

t
M = (e, X7) = 00,3) ~ [ (01 L)i(s, XDds (3.32)
0
is a (Ft)-martingale and the process (Z7) defined by
t
28 = MEP = [ (0+ L) - 20000+ 2)0)(5, X3)ds, (3.33)
0

is a (Fy)-martingale.

Proof of Corollary 3.2. By the Markov property, we have
E (M} - MZ|F)]
= 0()(Pr—sp)(X3) — 0(s)p(XT) — /:(9'(0)(1%_5@)()(?) + 9(0)6%(1[’0—#)()(5))@-
By explicit integration, we see that (M) is a (F;)-martingale. We compute then
O+ D)0 =200 + L) = 0°(Lp|* = 20.L).

Let us examine the proof of the second part of Theorem 3.1. Since 6 is locally Lipschitz continu-
ous, we have 6(t) ~ 0(t;) + O(t;), for ¢ € [t;,t;+1]. Using this approximation, it is easy to show,
by adapting the proof of Theorem 3.1, that, in our context, (ZF) is a martingale. O

Exercise 3.3 (Markov process with finite state space). Let (P,Q,X) be a Markov process.
Assume that the state space E is finite, F = {z1,...,21}. We introduce the family of matrices
A(t) = aij(t), Wlth aij(t) = Q(t,xi, {(Ej}), i.e. aij(t) = ]P)g:1 (X(t) = .’Ej).

1. If ¢: E — R, we still denote by ¢ the vector (¢(x;))1<i<r. Give the expression of Py as
a product matrix-vector.

2. If p is a probability measure on E, we still denote by p the vector (u({z;})i<i<r. Give the
expression of P;*u as a product matrix-vector.

3. We assume that t — A(t), from R, into M (R) is of class C'. Show that A(t) = e,
where £ = A’(0) is the generator.

4. Give the equation satisfied by an invariant measure.
The solution to Exercise 3.3 is here.

Exercise 3.4 (Markov process in discrete time). We consider now a Markov process (X,,)n>0
in discrete time.

1. Assume that the state space FE is finite. How can you rephrase the questions and answers
of the previous exercise 3.37
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2. Give and prove the equivalent statement to Theorem 3.1. More precisely, let . = P; —1d,
let ¢ € BM(FE). Show that

My = p(X) - o(X0) — 3 ZolXs) (3.34)
k=0
and .
Zn 1= |Myf* = 3 Tlpl(X) (3.35)
k=0

are martingales. In (3.35), I'(¢) is a certain non-negative expression that you will have to
identify.

The solution to Fxercise 3.4 is here.

4 Evolution of a random interface

In this part we establish the limit behavior of the symmetric simple exclusion process. More
precisely, we show in Theorem 4.1 that, after an adequate change of scales, the random interface
associated to the symmetric simple exclusion process converges in probability to the solution of
a heat equation.

4.1 Change of scale and limit behavior

Let X; denote the discrete interval X, = {0,...,L — 1}. Let Ep be the set of functions
H: X; — R. Let Eg) be the convex subset of Ej constituted of the functions H such that
H(0)=0and |[H(x+1)— H(x)| =1 for all x € X, (in the case x = L — 1, we use the convention
H(L) = 0). The space E(Ll) is the state space for the process described in Section 1.2. To
H € Ey, we associate a function H: [0,1] — R defined by

H(z) = L7*H(|Lz)), (4.1)

where p = |y|, defined for y > 0, is the integer such that p <y < p+ 1. The map H — H is an
isometry E;, — L?(0,1) when E;, and L?(0,1) are endowed with the respective scalar products

L-1 1

1

(H.G)r, = 35 Y H@WGX), (fghn = [ T@gla)da. (12)

x=0 0

Indeed, given H,G € E},, we compute
o L-1 oxfl R L1y

.Gy =Y [ BWGWy = Y. SHEOW = (H.Gr,. (13)
x=0"T

M

We will also work with the C° norm defined by || f|c(jo,17) = SUPgeo,1) |f(2)] for f continuous

on [0,1]. Since H — H is an isometry, a natural left-inverse is given by calculating the adjoint
operator. This is easily done, and we obtain a map L?(0,1) — Ey, which, to h € L?(0,1)
associates the function in Ey, given by

Jn:x e LP / h(x)dx. (4.4)



However, we will work preferably with the related application h +— h, defined on C ([0,1]) by
h(x) = Lh(L~'x). The reason of this modification is apparent in Proposition 4.4. If h is Lipschitz
continuous on [0, 1], then |Jj,(x) — h(x)| is bounded by Lip(h). This implies that

|<FI7 h>L2(0,1) - <H7 }vL>EL| < Lip(h)L72 SGH)P |H(X)‘7 (45)
x€X

for all H € Er. Let h;y, be a continuous function on [0, 1], which is 1-Lipschitz continuous and
satisfies the boundary conditions hi,(0) = hin(1) = 0. Given such a function hy,, we build an
initial datum H;, € E(Ll) for the evolution of the random interface. We want h;, and flin to be
close in a certain norm. It is simpler to consider things in the space £, in which case we require
H;, and the function hi, to be at distance O(1) for a certain norm. Note that the graph of a
profile H € E(Ll) is a subset of the lattice

%:{(XaH);Xe{O"“ 7L}aH€Zx}a

where we have set Z, = 27 if x is even, Zy = 2Z + 1 if x is odd. To build Hj,, we draw the graph
Grp, of iLin. Then we choose the closest points of Gry, in % to obtain the graph of Hj,. We have
then
sup hin(x) — Hin(x)| < 1. (4.6)
x€{0,...,L}

Since hy, is 1-Lipschitz continuous, this implies
| Hip — hinllz2(0,1) < | Hin — hinlleqon) < 2071 (4.7)

Let (H;) be the Markov process described in Section 1.2 (we will show below in Section 4.2 that it
is a Markov process indeed) that starts from H;,. We fix a time T' > 0 and consider the solution
to the heat equation on [0, 1] with Dirichlet homogeneous boundary conditions and initial datum
hin: this the function h € L?(0,T; H}(0,1)) such that d;h € L*(0,T; H=1(0,1)) and

(0:h(t), 9) 12(0,1) + (O2h(t),029) 12(0,1) = O, (4.8)

for all g € H}(0,1) and a.e. t € (0,T), and h(0) = hiy, see [7, p.374]. We call such a function h
a weak solution to the following problem:

Oth — 9%h = 0 in (0, +00) x (0, 1), (4.9)
h(t,z) =0 for (t,z) € (0,+00) x ({0} U {1}), (4.10)
h(0,z) = hiy(z) for x € (0,1). (4.11)

We will establish the following result.

Theorem 4.1. Let hi, be a 1-Lipschitz continuous function on [0,1] vanishing at 0 and 1 and
satisfying’ hin € H2(0,1). Let h be the unique solution to (4.9)-(4.10)-(4.11) (see (4.8)). Let
H;, € E(Ll) satisfy (4.7), and let (Hy) be the Markov process described in Section 1.2 that starts
from H;,. Then the rescaled process (H’Lat) converges to h in probability when L tends to +oo,
in the sense that, for all T > 0, for all 6 > 0, one has

lim P( sup |[Hp2 — h(t, )lz20,1) > 6 | =0. (4.12)
L=+co  \ tejo,1)

2check
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4.2 Markov property

We will show in this part that the process (H;) described in Section 1.2 is a Markov process and
give the expression of its generator. First, the general procedure using “clocks”, that transform
discrete-time Markov processes into continuous-time Markov processes is analyzed. In a second
step, we study the discrete-time Markov process that gives rise to (Hy).

4.2.1 From discrete-time to continuous-time Markov process

Notation: if Z = (Z;)ser is a process (I may be continuous or discrete), we denote by (F7Z ) the
filtration generated by Z: F7 is the o-algebra generated by all random variables Z;,,...,Z; ,
where m € N*, t1,...,t,, in I, t <t for all k.

Proposition 4.2. Let E be a Polish space. Let (X,)n>0 be a discrete time-homogeneous Markov
chain on E with transition operator P,,, n € N. Let N(t) be a Poisson process of exponent A > 0
independent on (X,,)n>0 and let § = XNy Let also Fy = ]-'f \Y, .7-"tN be the minimal o-algebra

containing ]-'f and FYN. Then (&)i>0 is a time-homogeneous Markov process with respect to
(Fi)i>0, with transition operator and infinitesimal generator given by

II; =exp(=At(Id — P)), Z=-\Id-P), (4.13)
respectively.

Proof of Proposition 4.2. Note first that P,, = P* for all n > 0. This is the semi-group property
in discrete time. Then, we want to establish the following kind of Markov property: for all
A € F, for all ¢ € BM(E),

E [1a0(Xninw)] =E [1aPup(Xnw)] - (4.14)

Indeed, (4.14) means that E [o(X,1n@))|[Ft] = Pie(Xn()). Assuming that (4.14) is satisfied
for the moment, we use the decomposition

Elo(Xn@ts)Ft] = ZE (XN (t+8) LN (t45)— N (8)=n| Fi]-
n=0

By independence, this gives
Elo(Xn(t45))|Ft] = Z P(N(t +s) — N(t) = n)E[p(X n(#)4n) | Fi]-

In the last summand, we replace

—As (/\S)n
n!

The summation over n gives E[¢(&i45)|Ft] = (sp) (&), where 11, is defined by (4.13). Then we
are in the situation described in the last paragraph of Section 3.2, ¢f. (3.12)-(3.13). It follows
that (&)¢>0 is a time-homogeneous Markov process with respect to (Fi)i>0. It is also clear
that ¢ = —(Id — P;). To establish (4.14), we observe that each side of the equality defines a
set-function, by dependance on A, which is a finite measure. By [2, Theorem 3.3, it is sufficient
to prove (4.14) for all sets A in a class M which is a 7w-system generating F;, in the sense that
o(M) = F;. To that effect, we consider the class M of sets of the form BN D N{N(t) = m},

P(N(t+s) = N(t) =n) =e o EBlo(Xn@+n)lFi] = Pro(Xn)-
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where m € N, B € FX, D € FN. It is clear that M is a 7-system. The o-algebra F; is
generated by all the random variables Xy, ..., Xn(,) and N(s1),..., N(sg) for j,k € N* and
times t;,s; < t. By considering all the possible values taken by N(t1),...,N(t;) and N(t), the
event

{XN(tl) S Flv"'vXN(tj) S Fj,N(Sl) S El,...,N(sk) € Ek},

where I'y,...,I'; € B(E), E,..., E, CN, can be written as a union over m; € N,...,mj,m € N
of the intersection A := A; N Ax N {N(t) = m} of the events A; = {Xm1 €el,....Xp, € Fj}
with the events

AQZ{N<t1) :ml,...,N(tj)zmj}ﬂ{N(sl) €E1,...,N(8k> EEk}.

Since N is non-decreasing and t; < t, the set A is possibly non-empty only if the integers m;
are all smaller than m. In the latter case, we have A € M. We conclude that (M) = F;. For
A=BNDN{N(t) =m} € M, we have then

E [1a9(Xnin()] = P(DN{N(t) = m}E [1p0(Xnim)]

by independence. By the Markov property, E [15¢0(Xp4+m)] is equal to E [15P,¢(X,,)]. We use
independence again to conclude. O

Exercise 4.1 (Poisson process). Let (T},) be a sequence of i.i.d. random variables with expo-
nential law of parameter A > 0: P(T,, > t) = e~ . We define a sequence of times Sy, S1,... as
follows: let Sp =0 and, forn > 1, S, =11 + ...+ 1;,. Given an interval I of R, we denote by
I'(I) the number of times S, in I:

() =#(SNI), S={Su:necN}

It is often understood that some particular events take place at the times .S,, and that we are
counting the number of such occurrences in the time interval I, see also Remark 4.1 below.

1. Compute the (density of the) law of S,,.

2. Let N(t) = I'([0,¢]). Show that N(¢) is cadlag and non-decreasing and is Poisson of
parameter At (hint: compute first P(N(t) < n) = P(S, > t)).

3. Establish the “memoryless property” of exponential random variables: for all ¢,s > 0,
P(T >t+s|T>s)=PT >t), (4.15)
for all exponential random variable T

4. Generalize (4.15) to the case where s is replaced by S, a random variable with values in
R, independent on T'. More precisely, establish the formula

P(T >t+S5)=PT > t)P(T > S5), (4.16)

where T is exponential random variable, t > 0, S a random variable with values in R
independent on T'.

5. Our aim now is to prove the following result: let I and J be two disjoint interval of R
Then T'(I) and T'(J) are independent and T'(J) is Poisson of parameter M|J| (where |J| is
the length of J ).
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(a) If we reach the desired conclusion, then the law of T'(J) should be unchanged if we
modify the extremities of J (replacing for instance J = (s,t] by [s, t], or all possible
variations). Justify this fact.

(b) Prove the result when I = [0,t], J = (¢, o] (hint: adapt the proof of (4.16)).
(c¢) Establish the general case.

The solution to FExercise 4.1 is here.

Remark 4.1 (Terminology, point Poisson Process). In the framework of Exercise 4.1, the process
(N(t)) defined by N(t) = T'([0,t]) is often called a Poisson process. We insisted to introduce the
random variables I'(I), where I is an interval of R (actually, I may be a more complicated set)
to relate the Poisson process on Ry to general point Poisson processes. Let us define the latter
on the space R?. Let 1 be a o-finite Borel measure on R?. A Poisson point process I' on R,
with mean measure y, is a random map B(R?) — N, where B(R?) are the Borel sets of R, such
that

1. for any Borel sets Ay, ..., A,, the random variables I'(A4;),...,T'(A,) are independent,

2. the random variable I'(A4) is Poisson with parameter p(A):

P(T'(A) =n) = e_“(A)ﬂ.

n!

See [12, p.11-12]. In Exercise 4.1, we draw an explicit set of points S = {S,;;n € N} and define
T'(I) as the number of points of & in I. We obtain then a Poisson point process with mean
measure 4, the one-dimensional Lebesgue measure restricted to R;. One may wonder how to
construct point Poisson processes, and even if such random objects exist. We refer again to [12]
again, p. 23.

4.2.2 Markov property for the symmetric simple exclusion process

If T and T’ are two exponential independent random variables of parameters A and ), then
T AT’ is also an exponential random variable of parameter A + \'. Indeed,

P(TAT >t)=P{T >t} N{T" > t}) =P(T > t)P(T' > t) = e Me N = ¢~ O+,

Instead of considering L independent clocks given by exponential random variables of parameter
1 at each site 0,--- ,L — 1 and then looking at the site where the first clock is ringing, we can
select a particular location by just having one single clock of parameter L. When it rings, we
choose a location x uniformly in X. With that approach, we see that H; = Hy ), where (N (1))
is a Poisson process of parameter L and (H,) is an independent process that evolves in discrete
time. To describe this evolution, we introduce the following notation® let Ap be the discrete
Laplace operator defined on functions H € E by

ApH(x)=H(x+1)+ H(x—1)—2H(x), Vxe{2,...,L—1}, (4.17)
ApH(1) = H(2) — 2H(1), ApH(L—1)=H(L—2)—2H(L—-1). (4.18)

The index D in Ap is for “Dirichlet”; since Ap is actually the discrete Laplace operator with
homogeneous Dirichlet boundary conditions. This can be seen in (4.18), which is consistent with

3Note that the notation Ap is reserved for the discrete Laplace operator (4.17). The continuous Laplace
operator on (0, 1) is denoted 92.
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(4.17) if H(0) = 0 and if we set H(L) := 0. In (4.17)-(4.18), the value of ApH at x = 0 has
not been defined. We set this value to be 0: ApH(0) = 0. In this way, denoting by Eéo) the
subset of Ep, constituted of the functions H such that H(0) = 0, we may consider Ap as an
operator E(LO) — Eéo) (see Proposition 4.4 for instance). Let us come back to the description of
the evolution in discrete time of (H,). If H has no corner at x, then ApH(x) = 0. If H has
a corner pointing upwards at x, then ApH(x) = —2. When the corner is pointing downwards,
then ApH(x) = 4+2. Given H,, the profile H, 1 is obtained as follows: choose x uniformly in
XL- Set Hn+1 =H, + 5XADH717 where

Ox(y) = 14—y if x € X (4.19)

One can check that H,, — H, 41 is the desired transformation. Indeed, nothing happens if x = 0,
or, whenx € {1,...,L—1}, ifH, has no corner at x. If H,, has a corner at x, then H,, 1 is the graph
deduced from H,, by flipping this corner. The process (H, ) is Markov and time-homogeneous with
transition operator P; given by

L—-1
Pip(H) = Eng(B) = 7 > o(H + 5, ApH). (4:20)
x=0

From Proposition 4.2 and (4.20), we deduce the following result.

Theorem 4.3. Let E(Ll) be the set of functions H: X1 — R such that H(0) = 0 and |Hyy1 —
Hy| =1 for all x € X1, (in the case x = L — 1, we use the convention H(L) = 0). Let Ap
and § be defined by (4.17) and (4.19) respectively. The symmetric simple exclusion process (Hy)
described in Section 1.2 is a Markov process with generator £ given by

L
ZLoH) = (p(H + 6ApH) — p(H)), (4.21)

X

|
—

i
=

with domain the set of functions ¢: E(Ll) — R.

Exercise 4.2 (Independent clocks). Justify the assertion used at the beginning of the present
section 4.2.2. The situation is the following one: let X = {0,...,L — 1}. We consider two
different processes that, at a given time ¢, will have chosen N(t) points xi,...,xy() in Xf.
To define the state space of this process, we introduce an arbitrary point {. Then, we set
Xz = X U{t}, and complete the finite sequence x1,..., %y by the infinite sequence 1,1, ...,
to get an element of (X;)N, the state space being then N x (XE)N. We want to compare the law
of these processes, i.e. to compute

P(N(t) € E,xg, € A1,...,%, € Ayn),
where £ C N and A,,... A, C Xl. Clearly, it is sufficient to compute
P(N(t) >mn,x1 € A1,...,x, € Ay), (4.22)

where Aq,... A, C X;. Now that we have reached this point, the question is the following one:
show that the value of (4.22) is the same in the two following cases:

e Case 1. Given some random variables T3 indexed by x € X, and n € N*, the whole family
of random variables that it constitutes being independent, set T = min(T7;x € X},
N(t) = max{n > ;7" + ... + 7™ < t} (with the convention that max(f) = 0), and, if
N(t) = n, x, = argmin(T%), 1 < k < n.
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e Case 2. The process (N(t)) is a Poisson process of parameter L, and, given that N(¢) > n,

X1,...,Xpn, are uniform on X and independent. Precisely, this means that
L)k | A |An]
122) = i U 4.23
( ) = ¢ kKL L’ ( )

where |A| is the number of elements in A.

The solution to Fxercise 4.2 is here.

4.3 Deterministic limit

The result of Theorem (4.1) is a kind of law of large numbers (a “functional law of large num-
bers”). Indeed, let us introduce the average (H;) = E[H;]. The convergence (4.12) is a conse-
quence of these two following facts:

1. after change of scale, the symmetric simple exclusion process is close to its average value
with high probability: for all § > 0,

lim P( sup [[Hp2e — (Hpze)llr200) >0 ) =0, (4.24)
L—+0c0 te[0,T)

2. we have the deterministic convergence

lim  sup |[|h(t,-) = (Hr20)| L2 (0,1) = 0, (4.25)
L—+4o0oteio, 1

where h is the solution to (4.9)-(4.10)-(4.11).

In this section, we will establish the convergence (4.25). Before we proceed, let us study (H;)
more closely. Given x € {1,...,L — 1}, we consider the evaluation map my: H — H(x). We
have (Hy(x)) = Eny(H:) = Pimy(H). By definition of the generator .Z the derivative in time
is Oy (Hy(x)) = P.%my(H). The explicit formula (4.21) gives Lmy(H) = ApH(x). By linearity
of the operator Ap, we deduce that 0;(H;(x)) = Ap(H(x)). After examination of the various
boundary conditions, we conclude that (H) is solution to the following problem:

Oy (Hy) — Ap(Hy) =01in (0,+00) x {1,...,L —1}, (4.26)
(H:(0)) =0 for all t € (0, 400), (4.27)
(Ho(x)) = Hip(x) for allx € {1,..., L —1}. (4.28)

Different approaches to the convergence result (4.25) are possible. Our proof will be based on a
spectral decomposition that will be exploited also to establish the averaging property (4.24) in
Section 4.4.

Proposition 4.4 (Spectral basis). The Laplace operator with homogeneous Dirchlet boundary
conditions in dimension 1, which is the operator —92, with domain

D(—82) = {h € H*(0,1); h(0) = h(1) = 0}

admits a spectral basis (ay)pen+, where ay(z) = v/2sin(rkz). This constitutes an orthonormal
basis of L2(0,1). The eigenvalue associated to ay is py, = 72k,

Let E(LO) be the subset of Ey, constituted of the functions H such that H(0) = 0. The discrete
Laplace operator —Ap: E(LO) — Eéo) is self-adjoint and admits the spectral basis (ax)1<k<r—1-
wk

The eigenvalue associated to ay, is v = 48in? (ﬁ)
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Proof of Proposition /j./. We simply give the proof of some assertions about the discrete case.
If we extend any H € EEO) to the value L by setting H(L) = 0, then for H,G in EEO), we easily
check that —ApH = D_ o D, H, where

D H(xx)=H(x+1)—H(x), D_H(x)=H(x)—H(x—-1).
Then we use the formula (D_H,G)g, = —(H,D;G)g, to get
(-ApH,GYg, =(D+H,D.G)g, = (H,—ApG)g, . (4.29)
This shows that —Ap is self-adjoint. The elementary trigonometry formula
1 — cos(2a) = 2sin*(a) (4.30)
gives —Apay = vag, with
, . wk
ve = (e E ek L _ 9y — 45in? (2L> .

Let 1 < k,l < L—1. Using (4.29) and the fact that vy # v, if k # [, we obtain the orthogonality
relation (dg, a;) g, = 0 when k # [. If k = [, the trigonometric identity (4.30) gives

L-1
(g, ay)p, = L7" Z (1 —cos(2mkx/L)) =1 — L™ 'Re <Z eQi”kx/L> =1.

x€X] x=0

The family (Gx)1<k<r—1 is free since (Gx, &) g, = dki- It constitutes a basis of Eg)) hence, since,
clearly, dim(EéO)) = L — 1. This concludes the proof. O

Regularity of functions can be expressed in terms of decay of the “Fourier” coefficients. This is
what accounts for the following result.

Lemma 4.5. Let hy, be a 1-Lipschitz continuous function on [0,1] vanishing at 0 and 1. Let h
be the unique solution to (4.9)-(4.10)-(4.11) (see (4.8)). Then

sup |<h(ta ')7ak>L2(O,1)‘ < (431)

V2
te(0,T) nk’
for all k > 1, where (ag)ren+ s the orthonormal basis defined in Proposition 4.4.

Proof of Lemma 4.5. At time t, we have (h(t,-), ak>L2(0,1) = e’“kt<hin,ak>Lz(071). It is sufficient
to consider the case ¢t = 0. The estimate (4.31) then follows from the fact that the function h;y,
is 1-Lipschitz continuous. Indeed, integration by parts gives

x \/§
(hin, @) r2(0,1) = = (Wi A¥) 2201y, Ar(z) = / ar(y)dy = %(1 — cos(tkx)),
0

and the bound |(hin, a¥) 20 1| < V2/7k. O
We need a result similar to Lemma 4.5 on functions of the discrete variable x € X,.

Lemma 4.6. There exists a constant C > 0 such that

%, (H, ar)r201)] < % (4.32)
for all H € E(Ll), forallk € {1,...,L — 1}, where (a)ren~ is the orthonormal basis defined in
Proposition /./. One can take C = /2.

|(H,ax) e, | <
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Proof of Lemma /4.6. This time we use a discrete integration by parts:
=
(HLin) s, = =5 S0 (H(x) — H(x — 1) B(x), (4.33)
x=1

where By(x) := 2L ZyL;; sin(kny/L) satisfies |By(x)| < v2L2k~" for all x € X. Indeed, we
compute

1— eiwk(fo)/L
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L—-1
irky/L
Im} e =1 = eimh/L|

y=x

| Bi(x)| = V2L

S\@L‘

1 — eimk/L
We have '
11— e™*/L| = 2sin(rk/(2L)) > 2k/L,
| <

since sin(z) > (2/m)x if z € [0,7/2], which gives |Bj(x) V2L2?k™! as desired. The product
(H,ak)r2(0,1) satisfies an identity similar to (4.33), with

L=l r(y+1)/L
By(x) := L*V?2 Z sin(mkz)dz.
y=x ¥/ L
Using the bound
2L 2V2L?
| B (x)| = V2 | cos(mk) — cos(mkx/L)| < V2 ,
mk wk
we obtain the second estimate in (4.32). O
Proof of the convergence (4.25). Let K(L) satisfy
lim K(L)=+oco, K(L)=o(LY?).
L—+o0o
By Lemma 4.5, Lemma 4.6 and the Parseval identity, we have
A K(L) . 9
sup [[h(t,) = (Hra) [T = sup D [(h(t,) - <HL2t>’ak>L2<o,1)‘ +o(l)  (4.34)
t€[0,T) te[0,T) .=

when L — +00. We will show that (4.34) can be approached, still with an o(1) error, by

2

sup Z |<h(t7'>7ak>L2(0,1) - <<HL2t>adk>EL’ . (4.35)

We use (4.5) and the fact that H(x) < L for all x € X, when H € Eg). Since Lip(ax) = O(k),
we obtain

K@) , K@) ,
> ‘<<HL2t>,ak>L2(071) —((Hp2e) an)p, | = Y |O(L7'E)|” = O(LT*K(L)*) = o(1) (4.36)
k=1 k=1

where the O and o are uniform in ¢t € [0,7]. By Proposition 4.4, (4.35) is equal to

K(L)

— gt —L2ut o
sup E ‘6 Hx <hinaak>L2(O,1) —e N (Hin, dk) By,
125 (U &

2
(4.37)
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Let us now compare (hin, ax)r2(0,1) t0 (Hin, dr) g, - By (4.6), we have

sup [hin(2) — Hin(@)] < L7 sup [hun(x) — Hin(x)| < L1
z€[0,1] x€X

We have also

sup |hin(@) — hin(2)] = sup |hin([L]/L) — hin(x)| < L7,
z€[0,1] z€[0,1]

since hi, is 1-Lipschitz continuous. Finally, we can estimate the L?-norm by the L>-norm to
obtain ||hin — Hinll12(0,1) < 2L7* and

|<hin7ak>L2(O,1) - <I:[inaak>L2(0,1)| < 2L (4-38)

By (4.5), we also have (Hi,,dr)g, = <ﬁinaak>L2(0,1) + O(L7'k). An estimate similar to (4.36)
gives then shows that (4.37) is equal (up to o(1)) to

K(L)

. 12
sup e M — e (B, ak)T2(0.1)- (4.39)
tel0,T] 1

At that point, we need to compare the eigenvalues ju;, to the rescaled eigenvalues L%v,. The two
standard inequalities 2z < sin(z) < z, [sin(z) — z| < 23, for 0 < 2 < Z, have the consequence
that there exists a constant C' > 0 such that

4 K3
3 < Lo < pgy, g — LPp < Cf’ (4.40)
for all k € {1,---,L —1}. We deduce that (4.39) is bounded from above by
C*TL™?K (L)°||hin| 20,1,

which is o(1) since K (L) = o(L/3) by hypothesis. This concludes the proof. O

4.4 Averaging

In this section, we will establish the convergence (4.24). We use (4.3) and Proposition 4.4, which
give
L-1

1H e = (Hro)3 200 = D [(Hroe = (Hro), i), (4.41)
k=1

We need to analyze the behavior on [0, L>T] of the process (Hy,ax)g,, which is of the form
or(Hy), with ¢p(H) = (H,dg)gp,. The formula (4.21) for the generator £ of (H;) gives
Lor(H) = (ApH,d,)E,. By Proposition 4.4 and the fact that Ap is self-adjoint on E(LO)7

we obtain Lor(H) = —vppr(H), when H € Eg)). Let us then apply the corollary 3.2 with
P(t, H) = e"*' i (H). The quantity (0; + £)¢ vanishes and we obtain that

M = e (H, a3 g, — (Hin, dr) e, (4.42)

and .
k) @ [ 2us >
zZ" =M, e (Z ekl 201 L k) (Hs)ds (4.43)
0
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are both martingales. Since ¢t — E [Mt(k)} is constant, by the martingale property, and vanishes
at t = 0, we have
0= B [M®] = e (), ) 5, — (Hins ),

Consequently our quantity of interest is (H; — (Hy), dg) g, = e‘”’“tMt(k). We can use the Doob’s
martingale inequality (Theorem 2.2 with p = 2), and the trivial bound e~“** < 1, to obtain the
estimate

. 4
P ( sup |(Hy — (Hy), a1, | > a> < SEIMYE) |2 (4.44)
t€[0,L2T] a

Since E [Zt(k)] =0, (4.43) gives us the bound from above

5 4 LT
P ( sup |(Hy — (Hy), Gr)pL | > a) < —2/ 25 (Llor|? — 208 L) (Hy)ds.  (4.45)
t€[0,L2T) a= Jo

We will compute the “carré du champ” .Z|pi|? — 20k L) to understand better what gives
(4.45). Before we start, let us pause a moment to consider the inequalities that we have used.
We come back to (4.44) in particular, where we have discarded the term e~*'. We may have
lost something here. If k is O(1), then vy, is of order L2 for L large, and t ++ e~¥** is not smaller
than a given positive constant on the time interval [0, L2T). If k takes greater values, then things
are different. However, as soon as k > K (L), where K (L) is a quantity that grows to 400 with
L, but possibly very slowly, we can use the bound of Lemma 4.6 to get the estimate

L—-1

y 1 _
> WHpee— (Hpa),an)p, |* < C* ) = < C?°K (L)~ (4.46)
k=K (L) E>K (L)

We have only to consider the indexes k < K(L) hence. If this is not exactly a bounded range of
indexes, we will see that the loss of the e %! factor in (4.44) is not a problem.
We go back to the computation of the carré du champ now. We can write ¢y as the sum over

x € {1,...,L—1} of L73d,(x)my, where my is the evaluation at x. We need to compute £ (7, @y)
therefore, where 7y, ® 7y(H) := H(x)H(y). By (4.21), this is
L—1
L (me@my)(H) = Y [(H(x) + 6.(x)ApH(x))(H(y) + 6(y) Ap H(y)) - H(=)H(y)],
z=0

which is equal to H(y)ApH (x) + H(x)ApH(y) if x # y, and to 2H (x)ApH (x) + |Ap H (x)|? if
x =y. We obtain

L—-1
(LIonl? ~ 2L (H) = 75 3 lia()PIApH)P. (147

x=1

If H e E(Ll), then |ApH(x)| < 2 for all x. This shows that the right-hand side of (4.47) is
bounded by 4L73||ax |7, . Since @y is normalized, we conclude finally that

0 < (Llpnl* — 20k Lpr)(H) < 4L72, (4.48)
for all H € Eg). Let 6 € (0,1/2) be fixed and let A;, denote the event

A= ﬂ { sup [(Hy — (Hy), i), | < L_e}.
1<k<F(r) (tEOLT]
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Let us choose K(L) = (log(L))'/3. We will show that we have then limy,_, ., P(AL) = 1. By
(4.41) and (4.46) and, we see that

e [Hp2e = (Hp2e)l|72(0,1) < C*(log(L))~? + (log(L)) /2L,
|0,

when Ay, is realized, so it is clearly sufficient to prove limy_, 1o P(AL) = 1 to get the desired
result. The union bound gives

P(A)< Y P ( sup [(Hy — (Hy), dk) g, | > L0> :
I<k<k(L) \€[0.L°T]
Using (4.45) and (4.48), we obtain

el/k LZT

I/kL2 '

L*r
P(Ag) <16L* > / e L73ds < 161271 ) (4.49)
0

1<k<K(L) 1<k<K(L)

From the inequality 2z < sin(z) < z for 0 < = < %, we infer that v, L? is bounded between 16k
and 47%k2. We deduce then from (4.49) that

2.2
. 20-1 etm kT 20—1_4m>T(log(L))*/?
P(AS) < L ) o < SL e :
1<k<K(L)

where S =37, -, k7% = 7%/6 is finite. This shows that limp_, o P(AL) = 1, as required.
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K|L

Figure 2: A mesh in R?

5 Conservation laws and the Finite Volume method

5.1 Discrete conservation laws, continuous limit

We go back to Section 1.1 of the introductory part. We considered a discrete evolution equation

At
i =+

> IKILIQY k- (5.1)

‘ | LeN(K)

The quantity u’ represents the density of a certain extensive quantity u in the space-time cell
K X (tp,tne1). The time grid is constituted from the discrete times top < t1 < -+ < t, < ---,
where t, = nAt, n € N for a fixed time-step At. The space R? is partitioned as follows: we are
given a family T of disjoint open sets such that:

e for all distinct K, L € T, the interface K N L is contained in an hyperplane of R?,

e up to a negligible set for the d-dimensional Lebesgue measure, the union of the sets K in
T is equal to R?,

We also use the following notations:
e K|L is the intersection K N L,

e | K| is the d-dimensional Lebesgue measure of K and |K|L| is the d—1-dimensional Lebesgue
measure of K|L,

e N(K)={LeT;0<|KI|L| < +oo} is the set of neighbors of K,

e when K € T and L € N(K), nk_,1, is the outward unit normal to K along K|L and Q"% _,
is some numerical flux, At Q% _, ; representing the amount of u that has passed from K to
L trough the interface K|L on the time interval (t,,%,1)-

In the introductory section 1.1, we also assumed that the condition
Tk = QL (5.2)

for all n € N, for all K, L € T being neighbors, is satisfied. The condition (1.3) ensures that, in
the time interval (t,,tn41), the (algebraic) quantity of u transferred from the cell K to the cell
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L is the exact opposite of the quantity of u transferred from L to K: no loss of creation of u
occurs at the interface K|L. Define

h = sup diam(K), upar= Z Z UL LRt tnin)- (5.3)
KeT neNKeT

Under some additional conditions on the the discrete fluxes Q% _, ;, we will study the limit when
h, At — 0 of up_ ;. We will show that we obtain in the limit a conservation law

Opu + div,(Q) = 0, (5.4)

where @ = Q(x,t). There are various instances of such conservation laws. For example the heat
equation 9, — div(K'Vu) = 0 or the diffusion equation d; — div(DVu) = 0, the flux being then
given by the the Fourier law, Q = —KV u, or the Fick law, Q = —DVu respectively. An other
example is the continuity equation

Oyu + divy (au) = 0, (5.5)
where a is a vector-field over R%. The continuity equation can be rewritten
Ou+ a - Vyu+ divy(a)u =0, (5.6)

and coincides with the transport equation Ou + a - V,u = 0 when « is divergence-free. We can
also mention the Fokker-Planck equation of the kinetic theory of gases,

Of+v-Vof + F(x) - V,f =div, (Vo f +vf), (5.7)

which is of the form (1.4), or more precisely 9, f + div, (@) = 0, with a flux

R CRTR
Fx)f = (Vof+0f))"
In all these examples, the equations are linear. We can also consider the non-linear equations
Oru — Ag(u) =0, (5.8)

or
Opu + div, (A(u)) =0, (5.9)

where A: R — R%. The hydrodynamic limits of particles in stochastic interaction that we will
consider later can be of very different types, including in particular (5.8) and (5.9). Although
both (5.8) and (5.9) may be considered in our framework, we will restrict our attention to models
with (5.9) as continuous limit. We refer to [10] for the derivation of (5.8).

5.2 Discrete fluxes

We will begin this section with a discussion on expected discrete fluxes in some specific situations,
before giving the description or our general framework.
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5.3 Discrete fluxes for linear equations

Consider the continuity equation (5.5). Assume for simplicity that the vector field a is constant.
Then (5.5) is equivalent to the transport equation (5.6). What one would observe by looking at
the behavior of the solution to (5.6) on the interface K |L between the times ¢,, and ¢,,4; is a flow
of u across K|L in the direction u. Let nx_,; denote the unit normal to K along K|L in the
direction of L. The value of |a - ng_, 1| ponders the amplitude of the flux across K|L, while the
sign of a - nx_,1, determines the direction of the flow of u across K|L. It is quite natural then to
set Q% _p =a-ngopul if a-ng_p > 0. The condition of conservation (5.2) will be satisfied
then if we also set Q% _,;, = —a-ng_ru} when a-ng_;y < 0. This can be summed up in the
formula,

)+

wor = (a-ngp)Tuk —(a-ng_p) uy. (5.10)

A generalization of (5.11) in the case where a is a non-constant vector field is
Qi = a?{—»L“?{ - aI_(—>Lu1[1n (5.11)

where

1

|K|L] K|L a(z) - ng_pdo(z). (5.12)

OK L =

A further generalization of (5.10) can be given in the case where the flux A(u) in (5.9) actually
depends on z also and is of the form A(z,u) = f(u)a(z), where f is a non-decreasing locally
Lipschitz function R — R and a: R? — R? is a divergence-free smooth vector field. Indeed,
(5.9) can be rewritten as the non-linear transport equation dyu+ f'(u)a-V,u = 0 and, using the
definition (5.12), the sign of f'(u)ax 1 is the sign of ax 1 since f/(u) > 0. In that situation,
one can consider the flux

Q= af f(uf) —ax_, f(u}). (5.13)

5.4 General monotone fluxes

Consider the case of a general flux A in (5.9). By general flux A, we mean any function A: R — R¢
that is locally Lipschitz continuous. Sometimes, we also the consider the extension to some fluxes
A(z,u) depending also on the space variable. What kind of numerical flux may be compatible
with such an expected limit as (5.9)7 Inspired by the examples in Section 5.3, we look for some
numerical fluxes Q% _,; given by a relation

Ko = Ax—r(ufe,ug), (5.14)
where Ak _, 5, is a function with the following properties:
1. compatibility with the flux A:
Agp(v,v) = A(w) - ngp, (5.15)
for all v € R,

2. regularity: the function Ag ., is locally Lipschitz continuous: for every R > 0, there exists
a constant L4(R) > 0 such that

[ A= (v,w) = Ao p (v, 0')] < La(R)(Jo = ' + |w — w']), (5.16)

for all v,v',w,w’ € [-R, R] and for all neighboring cells K,L € T,
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3. monotony: for all v,w € R, the function Ax_,r(v,-) is non-increasing, while the function
Ak (-, w) is non-decreasing,

4. conservation property:
AK_>L(’U,1U) = 7AL_>K(w,’U), (517)
for all v,w € [—R, R] and for all neighboring cells K, L € T.
If we choose the definition (5.14) of the flux, then (5.17) yields the conservation property (5.2).
There is some redundancy in the properties required above: (5.17) and the single fact that
Ak 1 (v,-) is non-increasing implies that Ax_, 1 (-, w) is non-decreasing for instance. In the next

two paragraphs we infer some consequences on the discrete evolution equation (5.1) of (5.14),
(5.15), (5.16), (5.17) and the monotony properties of Ax_, ..

Exercise 5.1 (Godunov flux, Engquist-Osher flux). Define A% . (v,w) as follows: if v < w,
then A, (v,w) is the maximum value of u — A(u) - nx_ 1, on the interval [v,w]. If w < v,
then A%, (v,w) is the minimum value of u — A(u) - ngx_,z, on the interval [w,v]. Define also
AEO (v, w) by the formula

AR o) = | C(al€) - nsr) e — / " (al€) - ) e,

where a(u) = A’(u). Show that A ., and AEC ; have the required properties and show that
they coincide with the upwind flux (5.10) in the linear case A(u) = au.
The solution to Ezercise 5.1 is here.
5.5 Constants as solutions
Any constant function u% = v is solution to (5.1). By (5.15), we have indeed
S OIKILIQk = > IKILIA®W) kL= Y / A() - ng_pdo(x).
LEN(K) LeN(K) LeN(K) 7 KIL

We use the Stokes formula

/ U(z) ng_pdo(z) = / div ¥(z)dz, (5.18)
LeN (k) "’ KIL K
to obtain
LeN(K)
as desired.

Exercise 5.2 (Spatially dependent flux). Assume that A(z,u) satisfies the divergence-free con-
dition (div, A)(z,u) = 0 for all uw € R. Assume also that Q% _, ; is given by (5.14), where Ax_, 1,
satisfies the following generalized version of (5.15):

1
Ag_p(v,v) = K| i A(z,v) - ng_pdo(x). (5.19)

Show that constant are solutions.
The solution to Exercise 5.2 is here.
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For later use, we record the identity

> KL Ak p(ufe, ul) =0, (5.20)
LeEN(K)

valid for all neighboring cells K, L € T. We can use it to transform (5.1) into the identity

At,
== Y KL Ak (e, ) — Agp(ufe, uf)]. (5.21)

i = vt ]
LeN(K)

On the formula (5.21), we can see the stabilizing effect of the monotony of the numerical flux.
Imagine that u% > u} for all neighboring cells L of K. Then

Agrn(uf,uf) — Axso(uf,up) <0
for all L since Ax_.; is non-increasing in its second argument, which implies that u?(ﬂ
The estimates in the following two sections essentially use this.

n
< uf.

5.6 Comparison principle
5.6.1 Periodic discrete conservation law

In all that follows we will consider for simplicity a periodic setting. We assume that the mesh T
is periodic, in the sense that there exists a mesh 7% of the hypercube (0,1)? such every K € T
is the translation of an element K* of 7% by a vector of Z%. We also assume that K + uf
is periodic, in the sense that K ~ L (where the relation of equivalence K ~ L is defined by
K =/(+L,(¢eZ? implies uf = uY. This will be the case if we assume, as will be done later,
that

1
VK € T,ud = —/ uo(x)dz, (5.22)
K| Jx
where ug: R? — R is Z%periodic. We denote by T? the d-dimensional torus T = R?/Z¢.

5.6.2 Comparison principle and consequences

The value of up a¢(tn,-) in (5.3) is 0. We slightly modify the second identity of (5.3) as

Uh, At = Z Z u7[l(]-K><[tn,tn+1)~ (5'23)

neNKeT

With this new definition, we have up a¢(tn, x) = v if © € K. We will use the following notation
also: if F': R — R is continuous,

/dF(uhyAt(tmx))d:v: S IKIF(u). (5.24)
T KeTt

Proposition 5.1 (L'-contraction). Let up at and vy ar be two sequences defined by (5.1), with
a flux given as in Section 5./. Define

R (upar) = max {|up|; L € N(K)U{K}}, [0K|:= > [|K|L|.
LeN(K)
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Let n € N be fized, and assume that the conditions

At|OK]|
K|

At|OK]|
K|

2 La(R%(unat))) <1, 2 La(R%(vnar))) <1 (5.25)

are satisfied for oll K € T, where Ly is defined in (5.16). We have then

/ (. a(bnst) — vnae(tss)) e < / (un.ae(bn) — vnae(tn)) da. (5.26)
Td Td

Remark 5.1 (CFL condition). Recall that h is defined in (5.3) by h = sup g5 diam(K). Suppose
that there exists o > 0 such that

1
oh® <|K|, |0K|< —h"", (5.27)
for all K € 7. Then (5.25) is satisfied if

At < Ch, (5.28)

where C' = 2a72L 4(R), and R is a bound for all the quantities R (w), w = up sz or vp Ay (We
will see soon how to ensure that R is finite). The condition (5.28) puts a constraint of the size of
the time step, depending on the size of the space-step h. It is called a Courant-Friedrichs-Lewy
(CFL) condition.

Exercise 5.3 (Spatially dependent flux). Give some examples of meshes in dimension d = 2
which do not satisfy one of the two bounds in (5.27).
The solution to Exercise 5.3 is here.

Proof of Proposition 5.1. Here, and later in the analysis of (5.1), we will use the notation
aAb=min(a,b), aVb=max(a,b). (5.29)

We have then the formula
(u—v)T =uvVov—uv, (5.30)

for all u,v € R. Our first goal is to estimate u?(ﬂ \% v?(ﬂ. Let us consider the right-hand side
of (5.21). It is a non-decreasing function of the variables u?, L € N(K). With respect to the
variable u’, it can be written as a sum Id + f, where f is a locally Lipschitz continuous function.
On the domain where Lip(f) < 1, it will be also an non-decreasing function of /. Actually, our
function f here is has the form F(u,u,u), where

Aty,

& Y KL Ar—r(ur,us) = Ax—r(ug, uf)]

LeEN(K)

F(ulau27u3) =

is a non-decreasing function of u;. We are only interested in the Lipschitz dependency of this
function with respect to ug and ug, which, using (5.16), is bounded by the first term in (5.25).
To sum up, as long as the first condition in (5.25) is satisfied, we have

it = Hip(ul, ut; L € N(K)), (5.31)
where H} is a non-decreasing function of its arguments. We deduce, under (5.25), that

uhtt v ottt < HE (e Vol ul Vol L € N(K)), (5.32)
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for all K € T. Then we use (5.30) and (5.31) to obtain the inequality
(ui™ =i < Hi (ufe Vol uf Vol L e N(K)) — Hig (vi, v L€ N(K)).  (5.33)
We write (5.33) under the form

(ug! —og™)*

n n At” n n n n n n n n
< (uf —vg) "+ K| Z |K|L|[® ke (ufe, ufc; Vi, V) — Pror(uf, ul; v, vr)],  (5.34)
LeN(K)
where
S p(v,w;v W) = A (v Vo, wvaw') — Ag (v, w'). (5.35)

We multiply (5.34) by | K| and sum over K € T*. It gives us the desired estimate (5.26), provided
we can show that

S S UKL @k (e e v ) — B (e, s v, 0] = 0. (5.36)
KcT? LEN(K)
The cancellation property (5.36) follows from the two identities
Z |K|L|[® k- 1 (ufe, uke; Vi, v ) = 0, Z Z |K|L|® g 1 (ug, up; vic, vE)] = 0.
LeN(K) KeT? LeEN(K)
(5.37)

The left identity in (5.37) follows from (5.20). The second identity in (5.37) is a consequence of
(5.17) and of the formula

> Y kD=3 Y Y (@K L) +a(LK)), (5.39)
KeTt LEN(K) KeTt LEN(K)

satisfied by any periodic function a: 7 x 7 — R. Indeed, if K, € 7% and L, € N(K), then the
term a(L., K,) in the right-hand side of (5.38) will appear in the sum on the left when K = L,
and L = K, (in the case where the interface K,|L, is on the boundary of (0,1)¢, we need to use
the periodic character of a to complete this argument). O

From Proposition 5.1, we deduce first a comparison principle and an L°° estimate.

Proposition 5.2 (Comparison principle, L! estimate). Under the hypotheses of Proposition 5.1,
we have

/ et et 1) — v adltg e < / M e(tn) ~ v () (5.39)
T T

Besides, if vpat(tn) > unai(tn) a.e. in T, then vy a(tns1) > unar(tni1) a.e. in T2

Proposition 5.3 (Comparison principle, L estimate). Assume |up a¢(0)] < R a.e. in T9.
Then, under the CFL condition

At|OK]|
|K]|

we have the L™= bound |up a¢(t)] < R a.e. in T?, for a.e. t > 0.

VK eT, 2

La(R) <1, (5.40)

Proof of Proposition 5.2 and Proposition 5.3. We exchange the roles of up_a+ and vj, a+ to deduce
the Ll-contraction (5.39) from (5.26) and we use the fact that vy a¢(tn) > up at(ts) a.e. in T¢
if, and only if the integral over T? of (up a¢(tn) — vh.a¢(tn))T vanishes to prove the comparison
principle. The L*° bound |up at(t,)| < R is proved by recursion on n, using the comparison
principle and the fact that the constant functions R and —R are solutions of (5.1). O
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5.6.3 Asymptotic behavior

We consider the behavior of the numerical solution to (5.1) when the characteristic scales h and
At get smaller and smaller. Let (Aty) be a sequence of positive reals that converge to 0, let
(Tk) be a sequence of meshes that are Z?-periodic and such that hi := supger, diam(K) tends
to 0 when k& — 4o0o. We assume that (5.27) is satisfied for all k, for all K € T, where «
is independent on k. We also assume that (5.16) is satisfied with a Lipschitz constant L4(R)
independent on k. Let (u%)xer, be given by (5.22), where ug € L>(T%). Consider the CFL
condition

At La(R) < o’hy, (5.41)

where R > [|ugl| oo (re). Let T > 0 be fixed. By Proposition 5.3, the solution wy := up, a¢, of
(5.1) satisfies the bound |[uk)|| e (rix 0,7y < R for all k. Consequently, there is a subsequence
still denoted (u(x)) which converges to a certain function u in L>(T% x (0,T)) for the weak-*
topology. We would like to show that u is solution to the conservation law (5.9). In the case
where A is not a linear function, there two difficulties to this approach:

1. we use a weak mode of convergence (convergence in L>(T¢ x (0,T)) for the weak-* topol-
ogy), which is not sufficient in all generality to deal with the convergence of non-linear
terms,

2. the theory of the Cauchy Problem for (5.9) in L requires a specific treatment, via the use
of entropy solutions.

We will establish the convergence of (u(y)) towards a solution of (5.9) in the linear case only, see
Section 5.9. Some additional estimates on u ) are necessary for this, and we will give them in the
following section 5.7, for a general numerical fluxes, associated, via (5.15), to a not-necessarily
linear flux A. We refer to [9, Chapter 6] for the proof of convergence of (5.1) in the general case.
5.7 Energy estimate

Consider the parabolic equation

uy + div(A(u)) — nAu = 0 in T¢ x (0, +00). (5.42)

Here n > 0 is supposed to be small. The flux in (5.42) is A(u) —nVu. This is a perturbation of
the flux A(u). The addition of the term —nVu has a stabilizing effect, of the same nature as the
stabilizing effect discussed at the end of Section 5.5, in relation with the monotony properties
of the numerical fluxes. In (5.42), the additional term —nAw has a positive contribution in the
energy estimate: if we multiply (5.42) by u (say, a smooth solution) and integrate over T% x (0, ¢),

we obtain
t1d t t
/ f—/ u2dzds+/ / udiv(A(u))dzds—n/ / uAudzds = 0. (5.43)
0 2 dt Td 0 Td 0 Td

We develop the term
udiv(A(u)) = uA'(u) - Vu = B'(u) - Vu = div(B(u)), B'(u) := uA'(u),

and, using periodicity, we obtain

1 ! 1
= |u(a?,t)|2da:+n/ / |Vu|?dzds < f/ luo|*dzx.
2 Jpa o Jrd 2 Jra

We will establish a similar result in the discrete case.
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Proposition 5.4 (Energy estimate). Let ug € L°°(T?) satisfy |uol|=(ray < R. Define

1N
EEPIED M I / {Axc (e, u}) — Axcp (2 2) bz

KeT LeN(K)
Assume that the following CFL condition is satisfied: there exists £ €]0, 1] such that

K|

20—
K|

Ls(R)<1-¢, VKEeT, (5.44)
for all K € T. Then we have the energy estimate

1
*||Uh at(EN)1Z2ay + ED(tn) < *IIUoHLz (Td)> (5.45)
for all N > 1.

Remark 5.2. the term D(ty) is non-negative. Indeed, using the monotony properties of Ax_,
we have Ag_p(uk,u}) — Axp(z,2) > 0 if u? < z < wl. Similarly, Ag_,(u}%,u}) —
Arg_p(z,2) <0if ul <z <uf.

Proof of Proposition 5.4. We multiply the identity (5.21) by |K|u}% and we sum the result over
K e T%and n €{0,...,N — 1}. We obtain an identity Ja; + Ja, = 0, where

N-1
Jar= Y D IK|ufe(uf —uf), (5.46)

n=0 KeTt

and

ZAtz Z up{A (W, ul) — A (U, uly)} (5.47)
KeTt LeEN(K)

We use the formula a(b — a) = P—a? _ @, which is the “finite difference” version of the the

continuous identity udu = 10,u?. It gives

1 1 n n
Jar = §||Uh,At(tN)||2L2(Td) - §||Uh7At( )72 (ray — Z Z |K||uf = ue]. (5.48)
n=0 KeT*

We leave as an exercise the proof that (5.22) implies |[un,a¢(0)[|z2(1ay < [[uollL2(1ay. From (5.48),
we deduce that

N-1

1 n
IIUhAt(tN)IILz 14y T Jaz < 2||Uo||Lz 19y T 5 Z > K[t = up? (5.49)
n=0 KcTt

The remaining term in the right-hand side of (5.49) will be absorbed in Ja,, by means of the
CFL condition. The summation formula (5.38) and the conservation property (5.17) give the
following expression of Ja,:

Zk‘ Z Z UK{AK—>L(UJK,UL) App(uf,ug)}

n=0 KeT?LeEN(K

—up{Arr(uk,ul) — Axo(uf,uy)}.  (5.50)
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Denote by ¥k, an anti-derivative of z — z%AK%L(z, z). Integration by parts shows that

Yo () —Yrp(w) = v{Axp(v,v) — Agp(v,w)}
—w{Axg_p(w,w) — Ag_ (v, w)} —|—/ {Axop(v,w) — Ag (2, 2)}dz. (5.51)

w

Taking w = w7, v = u}% in (5.51) shows that

N—-1
1 n

—§Zk >y {AK%L(UK,UL) Ag_p(z,2)}dz+R%, ¢, (5.52)
n=0

KeTt LEN(K) Y YL
where the remainder term is
R, = Z Z leaL ug) — Yr—r(ul).
KeTﬁ LeN(K

The cancellation property (5.20) and (5.38) give R}, = 0. We conclude that Ja, = D(tn). The
estimate (5.45) will be established (as a consequence of (5.49)) if we can prove that

N-1
1 n
52 > 1Kl — i < (1= €)Jae (5.53)

n=0 KeT*
We use Equation (5.21) and the Cauchy-Schwarz inequality to get

a g [f < (IOK

Jufe™ —ufk]” < K > IKI|L|[Axop(ufe, uf) — Agp (ufe, ufe)].

LeN(K)

The CFL condition (5.44) gives then (5.53) with a term J3 , instead of Ja,, where

ZNZ > IKI|L|Ax o (ufe, ul) — Agp (ufe, ulfe) .

KeTt LeEN(K)
To conclude, we show that J} , < D(tx). To that purpose, we use the following inequality:
" 1
dz>———B(r)?, rel0,R 5.54
| B> g bR ren (551)

valid for any non-decreasing Lipschitz continuous function B on [0, R]. To obtain (5.54), we
simply use the formula

B(r)? = 2/ B(s)B'(s)ds,
0
and bound B’(s) by Lip(B). Suppose ul > u?} for instance. Then (5.54) applied to B(z) :=
Agp (W ult) — Axsp (W, z +u}) and r = wl — u} will give
uf
| Ak (uf, up) = Ax o (uf, uf )] < 2LA(R)/ {Ax-r(uf, ul) — Ax—r(uf, 2)}dz. (5.55)

n
ur

We use the fact that Ax_,(u%, 2) > Ak (2, 2) since u}, > z to get the desired identity. The
reasoning in the case u% < uf is similar. O
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Remark 5.3 (Discrete H'-estimate in the time variable). Note that (5.53) and (5.45) give the
estimate

1—
S5 IRl - k< (0 D) < ol (5.56)

n=0 KeTt ¢

for all N > 1. Note also that the inequality J%, < D(tx) in the proof above and (5.45) give the
estimate

AL A (R
ZAtZ S KLl Ao (e, ) — Ages (e, o) < Ag(  uolZaggay,  (5.57)

n=0 KeTt LEN(K)

for all N > 1.

5.8 Approximate weak solutions

In this section, we will prove that u ) obtained in Section 5.6.3 is an approximate weak solution

of (5.9).

Definition 5.4 (Weak solution). Let ug € L>(T¢), assume that A: R — R? is a locally Lipschitz
continuous function. Let T > 0. A function u € L°(T? x (0,T)) is said to be a weak solution to
(5.9) on (0,7T) with initial datum wg if

T
/ / (s + A(u) - Vo) dadt + / wo(@)p(a, 0)dz = 0, (5.58)
0 Td

Td
for all test-function ¢ € C°(T? x [0,T)).

Notation: if u: T¢ — R and 1 < p < +00, we denote by wr»(u; k) the modulus of continuity in
LP(T4):

ue 1) = S =+ e, (5.59)
Theorem 5.5 (Approximate weak solutions). Let ug € L>(T?%) and let R > |Jug||p(ra). As-
sume that the CFL condition (5.44) is satisfied for all K € T*. Then up a¢ is an approvimate
weak solution to (5.9) on (0,T) with initial datum ugy in the sense that

(up,atpr + A(un at) - Vyp)dadt + / uo(x)p(x,0)dx

TP Td

< (h.ans [91) + b aes 1060l + (i ar I Voil),  (5.60)

for all test-function p € CX(T? x [0,T)), where /u’;z,At’ i € {0,1,2)} are some non-negative
measures on T¢ x [0,T] which satisfy the estimate

1 ae(T4 % [0,T]) < C(AE2 + 12 + wia (ug; b)), (5.61)

where C' is a constant depending only on the dimension d, on T, on the constant a in (5.27), on
R, on La(R) (c¢f. (5.16)), and on the constant & in (5.44).

Remark 5.4 (Entropy solutions). When A is non-linear, weak solutions to (5.58) are non unique.
The Cauchy Problem for (5.9) is solved in the class of weak entropy solutions. A function
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u € L>®(T? x (0,T)) is said to be a weak entropy solution to (5.9) on (0,7) with initial datum
(') if

/ / u)pr + (u) - Vyp)dadt —|—/ n(uo(x))e(x,0)dx > 0, (5.62)

Td Td

for all non-negative test-function ¢ € C2°(T¢ x [0,7)) and all entropy, entropy-flux pair (n, ®).
This means that 7 is of class C?, convex, ® is locally lipschitz continuous, ®'(u) = n’(u)A’(u)
for a.e. u € R. Actually, it is sufficient to establish (5.58) for a family of generating entropy,
entropy-flux pairs. One generally considers the Kruzhkov entropies n(u) = |u — r|, where the
parameter r runs in R. Such a 7 is not of class C?, but the associated flux is well defined. We
can also work with the semi Kruzhkov entropies n* (u) = (u — r)*. The associated fluxes are

O (usr) = A(uvr) — A(r), @ (wr) = A(u) — A(uAr). (5.63)

We can see on the expressions (5.34) and (5.63) (we take v = r in (5.34)) that we have already
established a discrete version of (5.62):
n+1 + n At n n n n
(u Upe —r)" < (ufk — ) +W Z |K|L|[®Kk . (uf, uf;7) — Prr(ufe,ufsr)], (5.64)
LeN(K)

where O, (v,w;r) = Ag(vVr,wVr) — Ag_,(r,r). If we start from (5.64) and adapt in
a suitable way the proof of Theorem 5.5, we can establish that u, a: is an approximate weak
entropy solution to (5.9) on (0,7") with initial datum ug in the sense that

T
/ / (0 (s P)e + 8% (un e ) - Vap)dadt + / 7 (o (2); 7)ol 0)d
0 T4

']l‘d
> = ars o) = (Bh.aes 10e0]) — (15 ass IVa]),  (5.65)

for all non-negative test-function p € C2°(T¢ x [0,T)) and for all 7 € R, where puj, o satisfies an
estimate similar to (5.61). See [9].

Proof of Theorem 5.5. Let ¢ € C2°(T? x [0,T)). We first look at the error done at initial time.
Define the error gq(g) by the formula

cop) = /T (o) — wn, a0, 0)) o, ). (5.66)

By decomposition of the integral in (5.66), we have
Z / up(z) — ule)p(z, 0)d.
KeTt

For x € K, uo(x) — upae(z,0) is the average over K of y — ug(z) — uo(y). Using Fubini’s
theorem, this gives the inequality [eo(¢)| < ) A,(|¢l), Where

1
phade) = 3 [ o [ (o) — w0, 0)dsdy
KeTt
In particular, we have

ad® 0.7 < 3 [ o [ uo(e) = woluldady.

KeTt

39



This can be written

< 0N < Y g [ dk@ote) ey

KeTﬁ

We do the change of variable y = x + z to obtain

|Hh ae(T? < [0,T])| < 4] / / x)|ug(z) — uo(x + 2)|dxdz,
KeTﬁ z€Td JzeK—x

and thus

N XD S | o)l (z) — oz + =) dadz,
Ko zeTe J2e B(o, h)

since K —x C B(0,h) if x € K. We use the first bound of (5.27) and the fact that the sum over
K of 1x(x) is 1 for a.e. x to get

OIS o [ [ funle) — wola + 2o
«a €T J2€B(0,h)

We can exchange the integrals in # and z then to obtain

B(0,h
s < 0. < 8 sup [ fuo(e) — oo + 2o
zeTd

ah? jzy<n
This gives the first estimate
|, A (T % [0, T])| < @™ B(0, 1)[w(uo; h). (5.67)

Let us now study the term

T
It:/ / uh,AtSDtdxdt+/ up,a(,0)p(z, 0)d.
0 JTd T

Let N € N be such that ty_; < T < ty. Since ¢ is compactly supported in T¢ x [0, T), we can
assume that T = ty. We expand I; as

N-1
L= > IK|uk(pr(tnn) —ox(ta) + Y [Klukex(0),

n=0 KTt KeTt

where @ (t) is the average value of ¢(-,t) on the cell K. A discrete integration by parts gives

N—-1
3N K|~ uf)er (tar)- (5.68)

n=0 KeTt

We proceed similarly with the term

T
I, = / / A(up,at) - Vypddt.
0 J1d
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We expand I, as
N—1 tnt1
L=> Y / / A(ul) - Vppdxdt.
n=0 KeTt " tn K

By the Stokes formula, this gives

I, = Z At Y > KILIA(ug) - nk oL@, (5.69)

KeT? LEN(K)

where cp?ﬂL is the average of the function ¢ on K|L X (t,, t,+1). We use the consistency proper-

ty (5.15) to write A(u%) - nx—r = Ax—r(u%,ulk). We also add a corrective term to the sum
n (5.69) to obtain

ZAtZ Z |K|LI(Ag -1 (ufe, uk) — AKeL(UTIL{aUZ))W?QL- (5.70)
KeT? LEN(K)

By the anti-symmetry property of the term Ax—, 1 (u,u}))¢} , (¢f. (5.17)) and the summation
formula (5.38), (5.69) and (5.70) coincide indeed. Let us now denote by ¢% the average value
of the function ¢ over K X (tn,tn+1). If we replace the quantities @ (fn41) in (5.68) and @i
in (5.70) by ¢%, then we obtain I + I, = 0. This follows from (5.21). Consequently, we have
I + I, = el (p) +e%(p), where

Z Z [K|(uf! = ufe) (0% — @k (tns)),

n=0 KcT#

and
Z At Y Y KL Ak (uf, ufe) — Axon(uhe, uf) (5L — 95)-
KeTt LEN(K)

To conclude to (5.60), we need to examine the error terms () and €2(¢). Since

tntt tnt1  ptnt tnt1
/ {o(tnsn) — ()}t = / / S)dsdt = / (bnsr — )pe(s)ds,
t tn t

n n

we have

n 1 trtl
lor (tns1) — Ok| < ?/ / lps(x, t)| dadt.
(K] Ji,  Jx

This gives | (¢)] < {11} ap:|0rp]). where

¢7ﬂh At Z Z |uf — u"+1|/ / Y(x, t)dzdt. (5.71)

n=0 KcTt

In particular, the total mass of p1j A, is

1th A (T % [0,T7) Z At K] Jufe — ul. (5.72)
n=0 KeTt
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By the Cauchy-Schwarz inequality and (5.56), we have

2 1-¢
[, 2 (T? % [0, T))]” < TTHUOHQL?(W)At (5.73)

Similarly, we develop
1
_ R — dxd
PKIL = K = TR KL/KIw(x) ¢(y)|dzdo(y)

and use the development ¢(z) — ¢(y) = fol Vo(ry + (1 — r)z) - (x — y)dr to obtain |e%(p)| <
</L%,Atv |Vel), where

N—-1
WGotpae) = > > Axor(uf,uf) — A (uf,up)|

n=0 KeT!t LEN(K)
1 [ten 1
X — / / / Y(ry + (1 —r)z,t)|x — y|drdedo(y)dt.  (5.74)
K| Jy, Kx|LJK Jo

We have | —y| < h when z € K, y € K|L, so
N1
ph ad(T? % [0,T])) <h Z At Z Z |K|L||Ak—r(uf, uk) — Ax—p(uf,up)|.  (5.75)
n=0 KeTt LEN(K)

We use the Cauchy-Schwarz inequality and the estimate (5.57) to get the bound

2
(15 Ae(T? % [0, T))]” < W*TLa(R)|uol|72(ga)-
The factor I is

F—ZAt o > IKIL=T ) |9K|.

KeTt LEN(K) KeTt

By (5.27), we have the bound I' < Ta~2h~!, which shows that
2 _
(12 (T4 % [0,T])]” < Ta 2 La(R)|luol 72 (zayh- (5.76)
We can bound the L?-norm of ug by R in (5.73) and (5.76). This gives the desired estimate

(5.61). O

5.9 Convergence in the linear case

We restrict now our analysis to the case of a linear flux A: A(u) = au. In this context, we consider
a possibly non-constant vector field a. More precisely, we will assume that a € C*(T¢;R%) and
that a is divergence free: div(a(z)) = 0 for all z € T?. We consider then the scheme (5.1) with
a numerical flux given by (5.11)-(5.12), which is called the upwind, or upstream, flux. We have
then (5.14) with some numerical flux functions

Agp(v,w) =aj_ v —ag_w (5.77)
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which satisfies all the properties listed in Section 5.4, with L4(R) = ||a| pec(ray. We will admit
that Theorem 5.5 remains valid, in the sense that we have

T
/ / (un,atpr + up,aca(z) - Vyp)dzdt —|—/ uo(x)e(x,0)dx
o Jrp

Td

< (up avs lol) + (h ae 10e0]) + (i aes [Vaipl),  (5.78)

and (5.61). In the asymptotic situation At — 0, h — 0 described in Section 5.6.3, we can pass
to the limit in (5.78). This shows that u is a weak solution to (5.5) on (0,7") with initial datum
ug. We use then the following theorem.

Theorem 5.6. Let ug € L>(T?%) and T > 0. The continuity equation (5.5) admits a unique
weak solution on (0,T) with initial datum ug. It is given explicitly by u(z,t) = ug o ®t(x), where
(®;) is the flow associated to the ODE i = a(x) and ®' is the inverse* of x +— ®y(x).

Exercise 5.5 (Uniqueness in transport equations). Prove Theorem 5.6.
The solution to Exercise 5.5 is here.

5.10 Error estimate in the linear case
Our aim in this section and the following ones is to establish the following result.

Theorem 5.7. Let ug € L NBV(T?) and T > 0. Let A(x,u) = a(z)u, where a € C1(T%RY) is
divergence-free. Let up . be the solution of the upwind Finite Volume method (5.1) with fluzes
given by (5.14)-(5.77)-(5.12). Let u € L>(T? x (0,T)) be the weak solution to (5.5) on (0,T)
with initial datum ug. Assume that (5.27) and (5.44) are satisfied. Assume also that 6t < Coh
for a certain constant Cy. Then, there is a constant ¢(d) > 0 depending on d only such that, for
h, At < ¢(d), we have the error estimate

llun,a¢(t) = u(t)]| 1 (ray < C|Dug|(TH)A'?, (5.79)

for all t € [0,T], where C is a constant depending only on the dimension d, on T, on Cy, on
llallcr(ray, on the constant o in (5.27) and on the constant & in (5.44).

We will make some comments on Theorem 5.7, but first we need a brief remainder on the space
BV.
5.10.1 Functions of bounded variations

Let U be an open subset of R%. If ¢ € C(U;R?), we denote by [|¢[|c(y the sup over z € U of
the euclidean norm |¢(x)| of ().

Definition 5.6 (Functions of bounded variation). Let U be an open subset of R?. A function
u € LY(U) is said to have bounded variation in U if

sup {/ udiv gpdz} < 400 (5.80)
U

where the supremum is taken over all ¢ € C}(U;R?) such that [|¢[|c(y < 1. We denote by
BV(U) the space of functions of bounded variations.

4an expression of ®t is ®*(x) = ®_(x), this is a consequence of the group property ®; o &5 = ®;s; when

the sense of the time evolution does matter, for instance in the study of stochastic differential equations, it is
important to define ®! as the inverse of x — ®;(x), not as ®_(x)
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We denote by BV),.(U) the space of functions having locally bounded variations, defined as the
set of functions u € L{ _(U) such that u € BV(V) for all open subset V' CC U (this last notations

loc

means that there exists a compact K of R? such that V C K C U).

Exercise 5.7 (Some functions of bounded variation). 1. Let U = (—1,1). Let u: U — R be
defined as the integral over [0, ] of a function f € Ll (U). Show that u € BV}, (U) and
that w € BV(U) if, and only if, f € L*(U).

2. Let U = (—1,1). Let u: U — R be the Heavyside function: u(z) =0 if z <0, u(z) =1 if
x > 0. Show that u € BV(U).

3. Let U = B(0,1) in R?. Let u be the characteristic function of the disk B(0,1/2). Show
that v € BV(U).
The solution to Exercise 5.7 is here.

To enunciate the following structure theorem for functions of bounded variations, let us recall
the following facts about measures.

1. (See [17, Chapter 6]). Let (X,.A) be a measure space. A complex measure over (X, A) is
a set function p: A — C such that, for all A € A, one has

pu(A) = Zu(A», (5.81)

for all countable partition (A4;);>1 of A, the sum in (5.81) being absolutely convergent. If
w1 is a complex measure, the formula

|[1|(A) = sup {Z ,U(Ai)|} : (5.82)

where the supremum is taken over all countable partitions (A;);>1 of A, defines a non-
negative finite measure || on A called the total variation of p.

2. (See [17, p. 130]). A complex measure p defined on the Borel subsets of a topological
Hausdorff space X is said to be regular if for all Borel set A,

|| (A) = sup {|p|(K); K compact C A} = inf {|u|(V);V open D A}. (5.83)

Theorem 5.8 (Structure theorem for functions of bounded variations). Let U be an open set in
Re. Let uw € LY(U). Then u € BV(U) if, and only if, there exists a non-negative reqular finite
measure & on U and a Borel map n: U — R? such that |n(x)| = 1 for k-a.e. z € U and

/ udivdr = —/ ¢ - ndk, (5.84)
U U

for all p € CH(U). The sup in (5.80) is then equal to k(U).

Proof of Theorem 5.8. In essential, the proof is an application of the theorem of representation
of Riesz. We take as a reference Theorem 6.19 in [17]. In [17], the result is given for a functional
of complex-valued functions. Since we need to consider a functional of vector valued functions,
we will come back on the main steps of the proof of Theorem 6.19 in [17]. For simplicity, we will
use the same notations as Rudin. Consider the functional

o(f) = —/Uudiv(f)dx
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It is defined for f € C1(U;R%). By (5.80), it can be extended to a linear continuous functional
(still denoted ®) on Co(U;R?). We consider then the further extension to Co(U; C%) defined by
D(f) := ®(f1) + i®(f2), where f; is the real part of f and f; the imaginary part of f. Our
aim is to prove that there exists a non-negative regular finite measure A\ on U and a Borel map
g: U — R? such that |g(x)| = 1 for M-a.e. z € U and

B(f) = /U £ - gd, (5.85)

for all f € Co(U;R?), where (f - g)(x) = Z?Zl fi(z)gi(z). For f € C.(U;Ry), we set
A(f) = sup {|<I>(h)|;h € C’C(U;(Cd)7 |h(z)| < f(x) for all z € U} ) (5.86)

For a general f € C.(U;R), we set then A(f) = A(fT)— A(f™). This defines a linear continuous
functional A on C.(U;R) which is positive. By the representation theorem of Riesz, [17, Theorem
2.14], there exists a a non-negative regular finite measure A on U such that A(f) = [,; fdA for all
f € C.(U;R). In the previous assertion, the fact that A is linear is of course not obvious. This
is the delicate point here. That we consider ®(h) with h € C.(U;C) or h € C.(U;C?) changes
absolutely nothing to the proof that A(f + g) = A(f) + A(g). We give the sketch of the proof
for completeness. Let f,g € C.(U;Ry), ¢ > 0 and hy, hy € C.(U;C%) such that

A(f) <le(m)l +e, Alg) < |P(ha)] +e.

There are some complex numbers a1, ay € C of modulus 1 such that |®(h;)| = a;®(h;). Then
the sum A(f) 4+ A(g) is bounded by

Oél‘I)(hl) =+ agq)(hg) + 2 = (I)(Oélhlaghg) +2e < A(f + g) + 2¢,

which shows that A(f) + A(g) < A(f + g). To prove the converse inequality, consider h €
C.(U;C?) satisfying the constraint |h| < f + g and set V = {f + g > 0} and

_f _ 9
f+g f+g

Then hy, hy € Co(U;C4), hy+hy = h, |h1| < f, |ha| < g, which shows that |®(h)| < A(f)+A(g).
Taking the sup over h gives the desired result. Once the representation of the functional A by
the measure \ has been established, we obtain by definition of A the estimate

hy

1Vh7 h2

1yh.

()| < /U |l (5.87)

for all f € C.(U;C%). Then we use the fact that there is a correspondence between the maps of
the form

@:fk»jgf-mﬂ, g € L>®(U;CY (5.88)

and the continuous linear forms of E := L' (U, X\; C%). This is an extension of [17, Theorem 6.16] to
the vector valued case. We admit this result, which can be proved by a systematic examination
of the proof of [17, Theorem 6.16]. We also obtain the fact that ||¥| gz = ||g||Le () in this
correspondence, where ||g||z () is the the essential supremum over € U of the euclidean

norm |g(x)| of g(x) and ||¥| g is the norm of the linear form W. Since C.(U;C?%) is dense in
LY (U, X\;CY), || ¥ is equal to

19z = sup {[¥(f)]; f € Cc(U; C), [ fllrcn) < 1} (5.89)
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This gives us the desired representation (5.85). There remains to prove that |g(z)| = 1 for A-a.e.
x € U. By (5.87), we have ||®[/z < 1, hence ||g|zo ) < 1. On the other hand, it follows from
(5.85) and the Cauchy-Schwarz inequality |f - g| < |f]lg| that

B(f)] < /U gl feC.UiCY), |f@) <L

Taking the sup over f in the previous inequality, and considering the definition (5.86), we see
that A(1) < [, |gldA. Since A(1) = A(U) at the same time, |g| is equal to 1 M-a.e. O

Notation: if uw € BV(U), we denote by Du the (vector-valued) complex measure nk in (5.84)
and by |Du| the measure . The norm |lu||gy ) of u is defined as

lullevwy = lullpr @y + [Dul(U). (5.90)

Exercise 5.8 (Some functions of bounded variation). Compute Du, |Du| and ||ul[gy vy for the
functions u considered in the exercise 5.7.
The solution to Exercise 5.8 is here.

Definition 5.9 (Set of finite perimeter). 1. A Lebesgue measurable set E of R? is said to
have finite perimeter in U if 1z € BV(R?). In that case, we set P(E) = |D1g|(R?).

2. Let U be an open subset of R?. A Lebesgue measurable set E of R? is said to have finite
perimeter in U if 15 € BV(U). In that case, we set P(E;U) = |D1g|(U).

We now state without proof the following results.

Theorem 5.9 (Local approximation by smooth functions). Let U be an open set in R%. Let
u € BV(U). There exists a sequence of functions uy in BV(U) N C>®(U) such that

1. up — u in LY(U), and

2. |Dug|(U) = | Dul(U).
Remark 5.5. Note that if u € BV(U) N C*>(U) then uw € WHY(U) and
|Du|(U) = / [Vu(z)|d. (5.91)
U

Theorem 5.10 (Trace of functions of bounded variations). Let U be an open bounded set in RY,
with OU Lipschitz continuous. Let o denote the surface measure on OU and n the outward unit
normal to U on OU. There exists a bounded linear application

v: BV(U) = LY(0U, o),

such that
/ udiv pdx = —/ ¢ -dDu + / (vu)g - ndo, (5.92)
U U ou

for all p € C*(R%;RY).
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Theorem 5.11 (Patch of functions of bounded variations). Let U be an open bounded set in
R?, with OU Lipschitz continuous. Let o denote the surface measure on OU and n the outward
unit normal to U on OU. Let v € BV(U), w € BV(R?\ U) and let u € L'(R?) be the function
defined as u = vly + wlga\g. Then u € BV(R?) and

/ go-dDu:/cp-de—i—/ 7¢-dDw+/ (yv — yw)p - ndo, (5.93)
R4 U RA\T U

for all ¢ € C.(R%RY). The BV norm of u is

lllvgs = Iollsv) + lwellyens + /8 o=l (5.94)

Theorem 5.12 (Co-area formula for functions of bounded variations). Let U be an open set in
R?. Let u € L'(U) be a non-negative function. Fort € R, we denote by E; the super-level set
{u>t}. Then, for a.e. t € R, E; has finite perimeter in U, and we have

oo

lullza ) = / 115 2 dt,  |Dul(U) = / D1, |(U)dt. (5.95)

See [8, Theorem 5.3 for the proof of Theorem 5.9, [8, Theorem 5.6] for the proof of Theorem 5.10,
[8, Theorem 5.8] for the proof of Theorem 5.11 and [8, Theorem 5.9] for the proof of Theorem 5.12.
To complete this section, let us give the definition of the norm ||u||gy(ra) of a Z?-periodic function
u: RY — R. First, by BV(TY) we denote the set of Z?-periodic functions u € BVj,.(RY). Let
(€;)1,4 denote the canonical basis of R%. Let @ denote the unit cube (0,1)¢. For o almost all
x € 0Q, there is a unique & = z(mod Z%) in Q (located on the opposite side...). If v: 0Q — R,
we denote by v the function that assign to « — v(Z). This is simply the function z — v(z +¢;),
depending on the side of @) to which = belongs. We define then

1 .
| Dul(T?) = |Dul(Q) + 3 /E)Q yu —uldo, ||ullgy(rey = llull (@) + [Dul(T?). (5.96)

The integral on 0Q in (5.96) accounts for the possible jumps of u across Q) and is coherent
with (5.94). Observe also that, with the definition (5.96), we have also the following identity:
for u € L*(T?), denote by uy, the piecewise constant function defined by

1
up(z) = ug = K] /Ku(x)dx, reK. (5.97)

Then we have

Dup|(T) = Y > Juk —ugl. (5.98)

KeTt LeN(K)

5.10.2 Comments on the error estimate
If 1 < p < +00, one can establish the error estimate

lwn,ae(t) = u(®)| Le(rey < C||U0|\lez>(1rd)h1/2- (5.99)
See [14]. The estimate (5.99) cannot be generalized when the flux in the conservation law (5.9)

is non-linear, for the reason that W1?(T%) is not stable in the evolution: if ug € W1?(T%), there
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may be some time ¢ > 0 such that the (entropy) solution w of (5.9) starting from wug loses the
WLP(T4) regularity at time ¢. This is a consequence of the apparition of discontinuities and is
already clear in dimension d = 1. On the contrary, the space BV(T?) is stable in the evolution by
(5.9). For general fluxes A, the error estimate (5.79) is observed in numerical practice, but has
not been established yet, except when the mesh is a cartesian mesh, i.e. each cell is a product
of one-dimensional cells of a one-dimensional mesh.

5.11 Error estimate in the linear case: proof

The following proof of the error estimate (5.79) is taken from [15]. A different proof, using
probabilistic tools, has been given in [4].

5.11.1 Reduction of the problem

Projection on piecewise constant functions and BV-norm. We will us several times the
following result.

Proposition 5.13. Consider the map u — uy, defined by (5.97). There exists a constant C' >
only depending on d and on the constant o in (5.27) such that, if u € BV(T?), then

|Duy|(T?) < C|Du|(T?) and |Jup, — ul| g1 (pay < C|Du|(T?)h. (5.100)
Proof of Proposition 5.13. Let K € T* and let L € N(K). We will establish first the estimate

24+ max(|K], |L])h
K| [Z]

lug —ur| < |Du|(B(z g, 2h)), (5.101)

where g = ﬁf}( xdx is the center of gravity of K. Note that K,L C B(zg,2h). By

Theorem 5.9 applied with U = B(zg,2h), we may suppose that u € BV N C(B(xx,2h)), in
which case (¢f. (5.91))

|Dul(B(wr,2h)) = / |Vu(z)|dz.
B(JZK,Qh)

Since |z — y| < 2h for every (z,y) € K x L, we have then

fuge — ur| < |K|L|//|u y)|dudy
|K|\L|/// |Vu((1 —r)z + ry)|drdzdy.

Now we perform the change of variables (z,y,7) — (w = 2 —y,z = (1 — )z + ry,r = r) (of
Jacobian determinant equal to 1). This gives

2h
_ <
lug —ur| < KL oo |Vu(z) (/ / (w, z,7 dwdr) dz,

g is defined by g(w,z,7) =1if z4+rw € K and z — (1 — r)w € L, and g(w, z,7) = 0 otherwise.
We remark that, for (z,7) € B(zx,2h) x [0,1], we have [y, g(w,z,r)dw < 2¢|K| if r > 1/2 and
Jpa 9(w, z,7)dw < 2¢|L[ if r < 1/2. The estimate (5.101) follows. Using (5.27), we deduce from
(5.101) that, for all K € TF,

> IK|L|juk — ur| < 24 a7?|Dul(B(xk, 2h)).
LeN(K)
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Summing on K € T%, we get
Z Z |K|L||lug —ur| < 2d+1a_2/ Z LB (ax 2n) (2)d| Dul(2).
KeTt LEN(K) RY gers

Let us set x(2) = > g7+t 1B(ax,2n)(2). We have d(zx, K) < h, so x(z) = 0 if 2 is at a distance
superior to 3h of Q. We may assume that 3h < 1, and then x(z) = 0 if z ¢ Q’, where Q' is the
cube (—1,2)¢ - which contains 3¢ translates of Q. By (5.27), we also have

ahfx(2) £ Y lpeeamGIKI< Y |K]

KeTt K:d(z,K)<3h

Indeed, |z — xx| < 2h implies d(z, K) < 3h. Since the cells in 7T* are disjoint, we have

S Ikl=| | K| <IB(24h)| = 41B(0,1)|h?.
K:d(z,K)<3h K:d(z,K)<3h

It follows that x < 4¢|B(0,1)|a~!1¢/, which gives us

1

LY KL — ] < 8%~ B0, 1) [Dul(Q) < 24 B(0, 1) | Dul(T?)

KeTt LeEN(K)
Let K € T. Similarly, we have
1
[ o)~ u@lds < o [ ute) — u(y)ldedy < 28Dl (B, ).
K |K| KxK

Summing on K € T and using the fact that the cardinal of the set {K : d(K,z) < h} is bounded
by Ca™!, we get the second estimate of (5.100). O

Exercise 5.10 (Modulus of continuity of functions of bounded variation). Show that
wri (us h) < C|Du|(T4)h, (5.102)

for all u € BV(T?), for all 0 < h < 1, where wy1(u;h) is the modulus of continuity defined by
(5.59) and where C is a constant depending on the dimension d only.
The solution to Exercise 5.10 is here.

Contraction in L'. We will also need the following proposition.

Proposition 5.14 (LP-conservation). Let u,v € L>(T%x (0,T)) be some weak solutions to (5.5)
on (0,T) with respective initial data ug, vo € L>°(T?). Assume that a is divergence free. Then,
for every p € [1,400], we have

) — o(E) o zay = o — voll ooy, (5.103)
forallt € (0,T).

Proof of Proposition 5.14. We use Theorem 5.6. By linearity, we can assume v = 0. We have
u(w,t) = ug o ®*(x). This gives (5.103) since ¢ is a bijection of T? (case p = +00) and preserves
the measure (case p € [1,400)), since a is divergence free. O
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A trivial consequence of (5.103) is that
[u(t) — o)1 rey < lluo — vollL1(ray- (5.104)
We will also use Proposition 5.2, which gives (with obvious notations)
l[un,ac(t) = vn,ae@) rray < fluo — voll L1 (rey (5.105)

for all t > 0.

Reduction 1. Discrete time. Let ¢ € [0,7]. There is a unique n > 0 such that ¢, <t < t,_1.
We have up at(t) = up,ae(tn) and

[u(t) = u(ta)ll L ray = lluo © @° —ug 0 @[ 11 (ray < C|Dug|(T)[|@* — @ [| (0
by (5.102). The group property of the flow ®; is also satisfied by ®¢. We have, therefore,
() — @' ()| = [~ (@' (2)) — @' ()] < @' —Tdllc(pay = [ Per, — Tdllc(ra).
Since @4(z) —x = fg a(®s(x))ds, we obtain finally the bound
[u(t) = u(tn)|| L1 (rey < C|Duo|(T?)At < C|Duo|(T)h,

where C' depends on d, Co and ||al| ;o (pay. This shows that it is sufficient to establish (5.79) for
a time ¢ in the discrete grid {¢,;n > 0}. We proceed to this reduction to extend the analysis
done in the proof of Theorem 5.5. Indeed, in the proof of Theorem 5.5, it was assumed that the
test function ¢ was compactly supported in T¢ x [0, 7). It is easy however to extend our proof
to the case where T =ty and ¢ € C1(T? x [0,7]). In that case we have an additional term for
t =T and (5.60) will be replaced by the inequality

T
/ / up,At(pr +a- Vyp)dedt + / uo(x)p(x,0)dx — / up,at(x, T)o(x, T)dx
o Jrd Td Td

< {h, e 120) + (b aes [0:01) + (h ae [ Vaipl). (5.106)

Reduction 2. Non-negative functions. Since constants are solutions to (5.1) and (5.5)
and since the addition of a constant to a function u € BV(T?) does not modify the quantity
|Du|(T%), we may replace ug by ug + [[uol|pe(pe), which allows us to work with non-negative
functions only. This reduction step is not fundamental actually. The co-area formula for BV
function, Theorem 5.12, has been stated for non-negative functions for simplicity; this is what
accounts for the present procedure.

Reduction 3. Projection on a cartesian grid. Let L € N, L ~ h~'/2, for example
L = [h=Y?]. Let vy be the L*-projection (see (5.97)) of ug on the functions piecewise constant
with respect to the periodic mesh 7o = L~(Q + Z%). This mesh satisfies (5.27) with hg = L1
and o = (2d)~! since

|Ko| = hd, |0Ko| = 2dhi™",

for all Ky € 7Bn. By Proposition 5.13, we have

|Dug|(T?) < C|Dug|(T?),  |luo — voll 11 (ray < C|Dug| (T2,
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where C' depends on the dimension d only. In view of (5.104)-(5.105), of the second estimate
in (5.100) and of (5.102), we can replace ug by vy to establish (5.79). Consequently, we may
assume without loss of generality that wug is piecewise constant with respect to 7y. We use this
first reduction step for the following reason: let ¢ > 0 and let A = {ug > ¢t} be a super-level
set of u. Then A is an union of distinct cells K((]l), ce K((]j) of To. Let A1z, denote the L1
neighborhood of JA:

A<h1/2> = {.’17 S Rd;d($7aA) < L_l}.

We estimate the volume \A<h1/2>| as follows: let Ko C A andlet Ly € Ty be such that Ky|Lo C 0A.
The points at distance less than L=! of Ky|Lg are either in Ky, Lo or one of their neighboring
cells, thus in a set of volume less than 4dL~?. Since |Ky|Lo| = L=(¢~Y and L~ < 2h'/? (assume
c(d) < 1/4), it follows that

|Ai/2y] < C|OA|RY2, (5.107)

where the constant C' depends on d only.

Reduction 4. Co-area formula. We apply Theorem 5.12. The equations we consider are
linear: they satisfy a superposition principle. By (5.95), we may replace by ug by the character-
istic function of a super-level set A with finite perimeter. The advantage of this manipulation
is the following one. Since 0 < up ar < 1 by the comparison principle (Proposition 5.2), and
u(t) = ug o ' = 1), A(t) := ¢'(A), we have

|uh,At(x7 t) —u(z,t)| = (u(z,t) - uh,At(mvt))QOﬁ (z,1), @ﬁ (t) := (1A(t) - 1A(t)°)'

Note that ! (t) = ©#(0) 0 @, s0 (J; +a-V,)p! = 0. If we could use this ¢¥ as a test function in
(5.106), we would get (taking T' =t = t,,) the estimate

lun,at(t) — u(t)|| L1 (re
< une(©) — w(O)ll s ooy + e |69 + (i as [0059 D + 1 a0 Vo], (5.108)

and then would have to work on the error terms. Since ¢ has not the regularity properties that
justify (5.108), we proceed differently and consider a regularized version of ¢¥. Let ¢y be defined
by

wo(z) = min(1, Ld(x,0A))1 4 — min(1, Ld(z,0A))1 e
and let ¢(z,t) = pgo ®!(z). The function (g is Lipschitz continuous, this is enough regularity to

justify, after a preliminary regularization procedure, that (5.106) is valid with ¢ as a test-function.
Since [|@ol| oo (1ay < 1, we obtain

/ (un,at(t) — u(t))p(z, t)de
']l‘d
< lun,ae(0) = w(0)|| Lrcray + (uh aes [21) + (tthas 18e2l) + (1h A [Vatol),  (5.109)

instead of (5.108). In the next section, we will explain how to exploit (5.109) to obtain (5.79).

Remark 5.6. The step consisting in Reduction 3 is necessary in our method of proof. We can
illustrate this in dimension d = 2. Indeed, assume from the start that ug is the characteristic
function of a set A of finite perimeter, in which case the “Reduction 4” step is irrelevant. Assume

that the volume of |A| is positive, say > %, to discard trivial sets that have a too small volume.
Consider the case where A is the union of small discs of radius > 0 centered at the points
(k/n,1/n), where 0 < k,I < n are integers. There are (n — 1)? such points. If 7 < -, then

2n?
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the volume of A is (n — 1)*7r?. We take r = 5~ to obtain [A| > 7/9 > 1/3. If € (that will
be h'/?) is smaller enough to ensure that 7 +& < 5= (i.e. £ < &) then the volume of A, is
(n —1)*7(r + €)%, We cannot have

|A<5>| < C|0Ale, (5.110)

with C' independent on ¢ then, because |0A| = 2m(n — 1)%r. If (5.110) were true, we would get
(r + €)% < 2Cr, which leads to a contradiction when r — 0.
5.11.2 Error estimate

We examine first the integral in the left-hand side of (5.109), that we would like to compare to
the exact L'-norm |lup,a¢(t) — u(t)|| 1 (ray. Since [Jup,at(t) — u(t)|| oo (ray < 1, we have

o e(®) = wacooy < | [ (0n,0(0) = )l 0]+ 1650) = p0lr e,

By the conservation property (5.103) for p = 1,
9% (8) = o ()ll 2 ray = 9#(0) = @(O)l L2 (ay < [Aguy -
We use the estimate (5.107) (and the fact that |[0A| = |Dug|(T¢) in our context) to obtain

lun,at(t) — ()| L1 (rey < '/Td(m,m(t) —u(t))p(x, t)dx| + C|Dug| (TR (5.111)

The first term |[us, a¢(0)—u(0)]| 11 (ra) in the right-hand side of (5.109) is bounded by C|Dug|(T%)h
as a consequence of Proposition 5.13. By (the proof of) Theorem 5.5 and (5.102), we have

(1h aes |el) < lloll o (raywrs (wo; h) < C|Dug|(T%)h.

We can now begin the study of the two most important terms in (5.109): (5 o4, [Dep]) and

(13 At [Vazl). To that purpose, we need to come back to the definition of uj, A, and pj, 5, in
the proof of Theorem 5.5, ¢f. (5.71) and (5.74):

trnt1
’(/J7/’[’hAt Z Z |U’ u7[l{+1|/ Aw($,t)dxdt, (5112)
tn

n=0 KeT!

and (taking into account the expression (5.11) of the numerical flux in (5.74)):

%Mhm: Z Z Z aK%L|uK up|

n=0 KeT* LEN (K

K] / B /KIL/ / Y(ry+ (1 —r)z, )|z — y|drdedo(y)dt.  (5.113)

The norm of the gradient V,o(x,t) = (VO (2))* (Vo) o ®¢(x) is bounded by
V|| oo (14 Vol Lo (7 -

We have ||V, o (ray < L < h™Y2 and [|V®!|| foo (ay < e'lelerawd)  This last bound comes
from the identities (where V® = (0;®;); ;)

V&, =exp (/Ot Vao <I>Sds) ;L= Vo (2) (VO (D4(2)),
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for all 2 € T<. Using the transport equation 0, = —a - V¢, we deduce from these estimates
that
[Vt,2@ll Lo (raxio,r)) < Ch™1/2, (5.114)

where C' depends on |[|al|¢1(ra,re)y and T' only. We also remark that the derivatives Vi . are
supported in the “streak”

Sy = |J ®i(Apzy) x {t}.

0<t<T
This has the consequence that

N-1

(tth,ae Opl) < CRTV2NY AL Y K| |ufe — up X (K X (b tnsr)),
n=0 KeTt

where X(K X (tn,tn+1)) = 1if K X (t,,t,41) intersects the set Sin1/2y, and 0 otherwise. By the
Cauchy-Schwarz inequality and (5.56), we obtain

N—-1

[(pah, a0, 10D P < ChTIAED () 0 AL Y [KIXK X (tn, tagr))- (5.115)
n=0 KeTt

To estimate the term

N-1
Spirzy = > At Y |KX(K X (tn,tng1))
n=0 KeTt

in (5.115), we will use the Lipschitz bounds [[V®;||p ey < C, [|[V®!||pc(pay < C satisfied by
the flow and the inverse flow. First, we notice that

X(K X (tn,tnt1)) =1=xn(z) =1, xz€K,

where %, (z) = 1 if, and only if, there is a t € (¢,,t,+1) such that x is at distance at most h of
the set ®;(Aj1/2). We then have, for a certain a € A 12y,

d(z,®(a)) < h = d(®'(z),a) < Ch = d(®" (x),a) < C(h+ At) = " (x) € Ay1/2o(hsan)):

with quite clear notations. We use the bound 6t < Cyh and we see that we have shown that
Xn < 1A(h1/2+0” o &t Tt is easy to adapt the proof of (5.107) to show that the estimate

|Apireyonyl < ClOAIR? (5.116)

holds true, with possibly a different constant C'. Eventually, we have

N-1
tn — tn
g /K LA 2 o © o' (z)dx = g At /']I'd LA /2 com © o' (r)dx.
n=0

KeTt

N-1
Sipzy < > At
n=0

We use the fact that the Lebesgue measure is invariant by ®» and (5.116) to obtain the bound
Sipir2y < C|0A|hY/2. We report this estimate in (5.115) (and use the bound At < Coph) to
conclude that

[(h,ae: 10:0) 2 < CD(tn)R2. (5.117)

By similar arguments, we obtain the analogous estimate

[ a0 V2 [* < C|Duo| (T)D(tw )2, (5.118)

53



We have, indeed, by (5.113) and the bounds on V¢,

N-1

(ki aes IVae) S CRYEY AL Y Y K| Llag_pluf = uf [X(K X [t tos1])-
n=0 KeT* LEN(K)

The first inequality in (5.57) reads

N

At Yy Y IK[Lllagpluk = ug]]® < 4llal oo Ditn).-
0 KeT? LEN(K)

n=

By the Cauchy-Schwarz inequality, we obtain

N-1

(a0 Vo) P < CRD(tn) D AL Y > |K[LIX(K X [t trga])-
n=0 KeTt LEN(K)

Since
ho Y |K|L| = h|oK| < o ?|K],
LeEN(K)
by (5.27), we see that |<,ufl,m, [Va@l)|? < ChD(tn)S /2y and the estimate on S(p1/2y given above
yields (5.118). To sum up, we have shown that

1/2
[, ae(£) = u(®)|| 1 (pay < C {\Du0|(Td)D(tN)h1/2} + C| Dup|(T%)p1/2 (5.119)

We see here that, simply estimating D(ty) from above by ||u0||%2(']1*d) will not be enough to
conclude. Instead, the energy estimate (5.45) must be fully exploited. It gives, indeed (recall that
t € [tn,tn+1]) a bound on the quantity 26D (tx) by the difference [|uol|7pay — lun,ae(t)172 pay-
By the conservation of the LP-norms in the continuity equation(5.5), ||u0||%2(Td) = ||u(t)H%2(Td).
Since u(t) and up a¢(t) are bounded by 1 in L>(T?), we obtain

ED(t) < llun,ae(t) — ult)][ 1 e, (5.120)

We report the estimate (5.120) and use the inequality 2ab < na? + =6 with a parameter n

small enough (with respect to the constant C') to obtain

llun,a¢(£) = u(t)l| 1 (ray s + C|Duo| (T)h/2,

N | =

[un,at(t) — ut)|[L1(re) <

and the error estimate (5.79) follows.
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6 Interacting particle systems

We recall the situation described in Section 1.3. Let Ay be a finite subset of Z¢. We consider a
system of particles scattered on Ay, which interact as follows: let x denote a typical site of Ay
and let 7m;(x) denote the number of particles located at site x at time ¢. We will be interested in
the evolution in time of the functions x + 7;(x). The state space is therefore Ey := N4~ the set
of functions Ay — N. The evolution is described by the following algorithm: each site x has its
own clock that is independent from the clocks at other sites, and that rings after a time T, which
is a random variable of exponential law of parameter A(n(x)). Assume that it is at the site x,
that a clock is ringing first. If n(x.) > 0, then one particle of the site x, jumps to an other site y
chosen at random in Ay, according to a transition probability p(x.,y) (possibly, at that stage,
some exclusion rules may be added, see Section 6.2.1). Then we start over. Let us consider the
case where A is the discrete torus ']I“]iv = 7Z4/NZ% and p is compatible and translation invariant:
for all l € NZ?, m € Z¢,

px+1Ly) =p(xy), px+my+m)=pxy) (6.1)
Let us zoom out (¢f. (1.6)) by considering the function
0,1)" 52— N~',([Na]) (6.2)

extended by periodicity. In (1.9), [Na] is the element x of T¢, ~ {0,--- , N — 1}? such that
% < Nx; <x;+1foralli=1,... d. In Section 1.3, we raised the following question: may it be
the case that, possibly after a change of time scale (¢f. (1.7)), some averaging phenomena would
lead to a given deterministic behavior? We will explain very briefly how the answers to this
question may differ, depending on the kind of stochastic interaction that govern the dynamics of
the particles, and what is the common approach to these answers.

6.1 Empirical measure
6.1.1 An alternative description of the system

We slightly change our point of view. To each n € Ey = NT¥ we can associate in a unique way
the measure .
N
& [n] = Nd Z n(x)d%, (6.3)
XGT?\,

where % := N~1x. This last change of scale means that we see x” )] as a measure on T¢. This
operation is very natural if, for instance, 7(x) is considered as the height of a sand pile over the
point x: the measure ™[] describes the whole sand-pile then. Note the normalizing factor ﬁ
in (6.3) which ensures that the total mass of x"[n] is bounded, provided the total number of

particles
K=Y nx (6.4)

xe'ﬂ‘?\]

is of order N¢. Let then (1),,) be a sequence of random variables over €y. This may be a sequence
of possible initial data for the process (1;) that we consider, or the values of the corresponding
solutions at a given time T. We say that (1,,) is associated with a measure ¢ on T if the sequence
(kN [nn]) converges in probability to the deterministic measure ¢ in the space of finite measures
on T?. More precisely: let M (T?) denote the set of finite (non-negative) Borel measures over
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T<¢. This is the set of locally finite non-negative Borel measures ¢ over R? that are invariant by
the action of Z<, the latter being defined by translation: if m € Z¢, m - is the measure given by

(m- ¢ h) = / h(xz +m)d¢(z), h € C.(RY).
R4
If ¢ € M (T%) and h € C(T?), then |1, hd( stands for

hdC = (¢, h) = / h(z)d(().

Td [0,1)d

We endow M (T9) with the topology of the weak convergence of measure: a sequence ((,) of
M (T?) weakly converges to ¢ € M (T?) if ((,, h) — (¢, h) for all h € C(T4). Let V be an
open neighborhood of ¢ for this topology. The sequence (7,,) is associated with a measure ¢ on
T4 if
lim P(sVnn] ¢ V) =0. (6.5)
N—+o0

A basis of neighborhood of ¢ for the weak topology is constituted by the finite intersection of
sets of the form

V= {¢" € My(T); (¢ k) = (¢, B < 6},
where § > 0 and h € C(T¢). Therefore (6.5) is equivalent to require

NEIEOOP(KKN[??N], h) = (G| >6) =0, (6.6)

for all 6 > 0 and h € C(T?). If we denote by s, the law of 7,,, then (6.6) can be rewritten as

: 1 -1 —
G o | |5 g;d n(x)h(N~1x) _/w hd¢| > 6 | =0. (6.7)
xCiN

When ( is absolutely continuous with respect to the Lebesgue measure on T¢, with density p,
(6.7) is the definition used in [13, p.43] (the sequence (4,,) is then said to be associated to the

profile p).
6.1.2 Empirical measure

Consider the following situation: each day (or hour, or minute... the unit of time may vary) a
given experiment is conducted. On day n, a given quantity is measured, and after N days, one
considers the average of all the measurements that have been recorded. The situation is modeled
as follows:

1. the result of the experiment n is a point X,, in a state space E (say a Banach space for
example),

2. the measure recorded on day n is ¢(X,), where ¢ is a real-valued continuous bounded
function on E,

3. the state X,, is a random variable with a given law.
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The average over N days is then

1 & 1 &
NZ@(XN) = <7TN7§0>7 TrN = NzéXN' (68)
n=1 n=1

The measure 77 is called the empirical measure, for the reason that it is the central object in the

empirical approach that is considered. From that point of view, in the study of the interacting
particle system, we should reserve the term empirical measure to the measure

1
7TN [7]] - W Z 5(5{,7}77)3 (69)

x€T%

the time variable of (6.8) being now the space variable x. In (6.9), we have used the notation
7¢N to denote the function y — n(y + x). This is a way to describe 1 “as seen from x”. If ¢ is
a function &y — R, we will also denote by 7yp the function ¢ o 7. Let us also introduce the
notation ¢, for the evaluation function n +— n(x). In that way, we have 1y = 7xto and x™[n] is
deduced from 7V[n] by the formula

(Nl by = (7N [n], h ® 1), h e C(TY). (6.10)

Beware that the measure k™ [n] in (6.3) is often called empirical measure also (this is meaningful
if n is considered fixed, not random, while the base point x is chosen uniformly in T‘fv; in that
case the state space is Tj’lv hence). In what follows, we will simply speak of measure, and specify
if we consider xV[n] or 7V[n], depending on the cases.

6.2 Equilibria
6.2.1 Generator
Using the results of Section 4.2.1, one can show that the generator associated to the process

()0 is

(Lne)m) = Y elxym)(em™) —em), (6.11)

x,y€TY,

where n*Y denotes the configuration deduced from 1 when a particle at site x has jumped to site

yZ
7Y (z) = 9(2) = o=y + Lomy. (6.12)

The coefficient ¢(x,y,n) is given by ¢(x,y,1m) = A(n(x))p(x,y), up to the possible exclusion rules
mentioned in the beginning of Section 6. We will consider the following examples:

Simple exclusion process. There is zero or one particle at each site (vacant or occupied), and

a particle cannot jump to an occupied site. In that case n(x) € {0,1}, A(n(x)) = 1,x)=1 = n(x)
and the exclusion rule leads to a a coefficient cc(x,y,n) = A(n(x))p(x,y) given by

c(xy,m) = nx)(1 =n(y))p(x,y). (6.13)

57



Zero range process. In that case A(n(x)) = g(n(x)) where g: N — R is a function which
satisfies the following hypotheses: g(0) = 0, g(k) > 0 for k¥ > 0 and g is of bounded variation:

g  =suplg(k+1)—g(k)|] < +o0. (6.14)
k>0

We have then
(Lne)m) = D gn(x)p(x ) () — ¢(n)). (6.15)

XJET%
Some particular examples are given by

1. independent random walks: this corresponds to g(k) = k.

2. the case g(k) = 1p>o: this models a system of queues with mean-one exponential random
times of service.

6.2.2 Invariant measure

Let Ex[K] denote the set of configurations n € £y with total number of particles K, as in (6.4).
The evolution of the process (1;) takes place in Ex[K], where K is fixed by 19. We assume that
the Markov process (1) is irreducible on Ex[K]. This property may, or may not, be realized,
depending on the choice of the transition probabilities p(x,y). The invariance by translation
(6.1) implies that p(x,y) = p(y —x) for a given function p. When d = 2 for instance, we may well
consider the case where p(e1) +p(—e1) =1 (e; is the first basis vector). Only horizontal jumps
are possible then, and our system may be decoupled into a series of given equivalent systems
on the one-dimensional discrete torus T}. For simplicity, we will assume that, p has range 1:
p(v) = 0 if |v| # 1, and that for each direction e;, we have

p(ei) +p(—ei) > 0. (6.16)

Under condition (6.16), the Markov chain (7;) is irreducible on the finite state space En[K].
Consequently, it admits a unique invariant measure vg, . In the models that are considered, we
expect these invariant measures vk y to have a limit v, when N — +oo with KN~ — p € R;.
In the examples given in the previous section 6.2.1, we have an explicit expression of these
equilibrium measures v,. These measures are measures on the state space NZd, because they are
obtained as limits of measures on NT#. They are product measures, in the following sense: let
vy, denote the measure on N defined by

vy (A) =v,(n(x) € A). (6.17)

The measure v} is the push-forward of the measure v, by the evaluation function ix: 7+ n(x).
That v, is a product measure means that

v, = ® vy (6.18)

x€Z4

It is equivalent to say that, when n € NZ s picked up at random under v,, then the family of
random variables (7(x))ycz« is independent (and i.i.d. actually, because we assume invariance
by translation in the system). We will see, for our examples of interest, what are these measures.

We will also consider the measure on Ey = NT¥ obtained by making the product in (6.17) over
x € T}, instead of x € Z%. We denote by v}’ this measure:

V‘I)V = ® vy (6.19)

XET%
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We will show that is an invariant measure for the particle system considered on Ey.

6.2.3 Simple exclusion process

Proposition 6.1 (Invariant measures for simple exclusion processes). For p € [0,1], define vy,
as the Bernoulli measure with parameter p. Then VZ)V defined by (6.19) is an invariant measure
for the simple exclusion process. The adjoint process with respect to VZ)V is the simple exclusion
process with rate p, where p(v) = p(—v).

Proof of Proposition 6.1. Let Zx be the generator associated to the the simple exclusion process
with rate p. Let ¢,1 be some given function £y — R. The second part of the statement of
Proposition 6.1 is expressed by the formula

Lnp(nyp(mydrY () = / o) Zn(n)dwY (), (6.20)

ENn EN

that should be satisfied for all ¢, ) bounded cylinder functions (¢f. Section 6.2.5). Since Dn1=0
(where 1 is the constant function equal to 1), (6.20) implies

) Lne(n)dv) (n) =0,

which means that v, is invariant. To prove (6.20), we expand

Lnemepmdvy (n) = > [5 p(x,y)n(x) (1 = @) e(r*) — o) (n)dv) (n) (6.21)

En x,yeTY,

Let us set sxy(n) :=n™Y. Then each term in the sum (6.21) is of the form
P Yy tx(1 = ty)(p 0 85y — )). (6.22)

Taking into account that 7(x)(1 — n(y)) vanishes when 7(x) = 0 or n(y) = 1 and that v} is a
product measure, we obtain the following identity:

<V;J)vv tx(1 = ty)(p 0 8xy¥p) = <Véva ty(1 = tx)pth 0 sy5x). (6.23)
We exchange the roles of x and y then, to get the expression
1 -
5 30 B RO (1= )00 8ey — D))+ B — W)W tx(1 = 1y)p(0 8y — ) (6.24)
XJET%

of the right-hand side of (6.20). The expression (6.24) is the sum of the following terms:
1

3 > ey = D)@ (1= 1y)@ 0 sxyth) + By — %) (V) s tx(1 = 1y)pr) © sy sy), (6.25)
x,yET‘Ji\,
and
1 N ~ N
3 P(y — 2V, , taly o) + By — 2)(V,, , talypP), (6.26)
x,yeTY
with 1
3 p(y — %) (1), o)) + By — %) (1), xot)). (6.27)
X, GT?V
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The two terms (6.25), (6.26) are invariant by the operation (p, ¢, ¥) < (p,%, ¢). The third term
(6.27) is equal to

Z <Vé\/'7 L),

x€TY,
because the sum of p(x, y) over y is equal to 1. It follows that (6.27) also has the desired invariance
property. This concludes the proof. O
6.2.4 Zero range processes
Consider the zero range process defined in Section 6.2.1. Denote by Z(a) the generating function

k

a )
Z(a) = Z W7 g(k)! = H?:19(])a (6.28)
k>0 guv):
with the convention that ¢g(0)! = 1. Assume that Z has a radius of convergence a* € (0, +]
and that
hTm* Z(a) = +o0. (6.29)
For instance, for independent random walks, which corresponds to g(k) = k, the partition

function is Z(a) = e, with radius of convergence a* = +oo. In the case g(k) = 1p>o (queues
with mean-one exponential random times of service), the partition function is Z(a) = (1 —a)™?,
with radius a* = 1. In the following proposition, we give a family of invariant measures indexed
by a € (0,a*). We will see then how to modify this parametrization, to obtain a parametrization
by the density p.

Proposition 6.2 (Invariant measures for zero range processes). For each a € (0,a*), consider
the product measure v, = ®xeT‘}\, vr, where V% is the probability measure on N given by

y 1 dF

Then v, is an invariant measure for the zero range process. The adjoint process with respect to
U, 18 the zero range process with rates (g,p).

(6.30)

Proof of Proposition 6.2. We proceed as in the proof of Proposition 6.1. We start from the
following expansion:

Enomv(n)dva(n) = Z P(x,7)(Va, g © txp © Sx y¥) — Z (Va, g 0 Lxipt)). (6.31)

2 x,yeTY x€Tg,

We have used the fact that y — p(x,y) is probability distribution to obtain (6.31). The last term
in the right-hand of (6.31) is of course invariant under the operation

(0, 0, ¥) < (B, ). (6.32)
We focus on the first term in the right-hand of (6.31), that is

k+j

S b)Y A Tayelh— L+ UL, (63
xyeTs, k21,520
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where T y¢(a,b) denotes the function 1 — ¢(n) with the variables n(x) and 7(y) frozen to the
values a and b respectively. We use the identity

N N s
gl )g(k‘)!g(J)' 96+ )g(kfl)!g(jﬂ)!
to get
‘ g(j) ot . )
633 = 9 77 NO /1INl o\ a;Tx k7 Tx k ]-, —1 . 634
( ) x’y%%}ivp(x Y)j>§>oz(a)29(k)!g(J)!<V gk, ) Teyb(k + 1,5 )) ( )

Note that Ty yo(k, j) = Ty x¢(j, k). It remains therefore to exchange the role of x and y and of
k and j in (6.34) and to compare the result to (6.33) to establish the equivalent of (6.20). O

To obtain a parametrization of the invariant measure by the density, we proceed as follows. Let
R(a) denote the average

ak WA
R(a) = " ki ({k}) = Zza) > bt = 22D _ 5 10 2(a). (6.35)

keN k>0 (a)

Lemma 6.3. The function r— InZ(e") is strictly convez.

Proof of Lemma 6.3. Set 6(r) = In Z(e"). The convexity of # is the property
OAr + (1 —=XN)s) < X0(r)+ (1 —=XN)b(s), Ae(0,1), r#s. (6.36)

Setting ' = Ar, s’ = (1 — A)s, p=A"1, ¢ = (1 — )71, and rearranging the expression, (6.36) is
equivalent to L ) )
Z(e" ) < Z(eP )Pz (e85 )1, (6.37)

which follows from the Hélder inequality, once we rule out the equality case, which reads e” =
e’. O
Lemma 6.4. The function R: [0,a*) — [0, +00) is onto.

Proof of Lemma 6.4. Assume first that o* is finite. If R is bounded in the neighborhood of a*,

then Z also by (6.35), which is in contradiction with (6.29). If * is infinite, we use (6.14), which
gives g(k) < g*k. We may assume g* > 0 (otherwise g = 0). We obtain in (6.35) the estimate

1 a® 1 ak a
R = 7 250 % 7@ gt

k>0 :
This shows that limg 4o, R(a) = +00. O

Let ®: [0,400) — [0,a*) denote the inverse of R, which is well defined by Lemma 6.3 and
Lemma 6.4 (and is a non-decreasing function). Then

Vp 1= Va(p) (6.38)

is an invariant measure for the zero range process, parametrized by the density p:

Vo) = S R2({RY) = p.

keN
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Note, using this parametrization, that we have also

(Va

k>0
and thus
(v, 9) = ®(p). (6.39)
6.2.5 Weak local equilibrium
Remember that a cylinder subset of £ = NZ* is of the form
m by 1(BX)7
x€EA

where B, is a subset of N and A is a finite subset of Z%. A bounded cylinder function ¢ on & is

a function of the form
e(n) =0(n(x1),....n(xm)),

where #: R™ — R is measurable bounded. To each bounded cylinder function ¢, we associate
the function ¢: Ry — R defined by

#0) = B lel = [ wlanyfo). (6.40)
Let p: T — R be a measurable function. We can then consider the measure 7[p] defined by
(rlolheg)= | h@ dm—//w 1@ ol m)dvy o (1) (6.41)
X
for all h € C(T%), and ¢ bounded cylinder function on £. In (6.41), we have used the notation

h @ o(x,n) = h(z)p(n).

Definition 6.1 (Weak local equilibrium). Let (ny) be a sequence of random variables, each

with values in NTV. Let p: T? — R be a measurable function. We say that (ny) is a weak
local equilibrium of profile p if the sequence of measures 7V [ny] (with 7V [n] defined by (6.9))
converges in probability to 7[p] defined by (6.41), in the sense that one has

Jim P (V] h @ ¢) - {xlpl, b o)l > 8) =0, (6.42)

for all § > 0, for all h € C(T9), and ¢ bounded cylinder function on &.
Note that, in terms of the law py of 7y, (6.42) can be expressed as (¢f. [13, Definition 0.2 p.43]):

Nl_l}r_rﬁoou Nd Z h(&) e — / h(z)g(p(z))dz| > §| =0, (6.43)

xer

If sufficient equi-integrability conditions are satisfied, then one can extend (6.42) to non-bounded
functions. In particular, taking ¢(n) = to(n), we deduce from (6.42) (and (6.10)) that

im P ([N o), B — (o, B)] > 6) =0, (6.44)

N—+4o00

for all § > 0, for all h € C(T9).
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6.3 Some hydrodynamic limits

We give now the description of the hydrodynamic limit of some interacting particle systems. The
situation is the following one: we will start initially close to some equilibrium state with profile
po, say po continuous. If we let time evolve, then, basically, nothing will happen since the system
is locally (locally in space) at equilibrium. However, after a very long time, some transformations
may begin to manifest themselves since pg is not globally constant a priori. If we assume that
the system has a natural trend to equilibrium, then we may obtain a new equilibrium with
profile p{ which may be deduced from pg. This description is very schematic since time evolves
continuously. The situation we are inclined to consider is more the following one: we consider a
time change of scale ¢t — 8(N)t such that:

1. at each time t0(NN), the system is close to some equilibrium state with profile p(¢, ),
2. an evolution equation for the parameter p(t,-) can be given.

This evolution equation is what is termed the hydrodynamic limit. Under a change of scale, it
gives a description of the system that involves only the macroscopic parameters of the equilibria.
In our context, there is only one macroscopic parameter, the density.

Let jyy denote the instantaneous current between x and y, i.e, the rate at which a particle jumps
from x to y, minus the rate at which a particle jumps from y to x: jx (1) = c(x,y,1) —c(y, %, 7).
By (6.11) and (6.12), we have

ENlxe = Z C(X7yﬂ ')(1X*:y x*fx Z ]x x* . (645)

x,yeTY xeTY,

Let h be a smooth function T¢ — R. Let

on) 1= (Nl ) = 3 S AG/NInx) = 17 S hlx/N sl
xeTY, x€TY,
Let M} (t) denote the martingale
My (t) = @(ne) = () —/0 Lnp(ns)ds. (6.46)

By (6.45), the action of %y on ¢ is given by

e = W Z h(x/N)jyx = 2Nd Z h(x/N) = h(y/N))jyx: (6.47)
aYET ,yE']T
We have used the antisymmetry property jxy = —Jjyx to transform the sum in (6.47). Recall

that ¢(x,y,-) is non-trivial if, and only if, x and y are at distance 1. Then the same is true of
Jxy(n). We deduce from (6.47) the expression

L = Nd > Z (x/N)=h(x/N=ei/N))jx—esxt (h(x/N) =h(x/N+¢i/N)) jrte,zs (6.48)

xETd i=1

Doing the change of indexation x’ = x + e; in the last sum of (6.48) yields

Dno = Nd > Z (x/N) = h(x/N — €;/N))jx—c, x- (6.49)

xE']I‘d =1
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Let us assume now that (jyx,,) is non-trivial. By invariance by translation, this means that
there is at least one direction e; € R¢ (1 <4 < d) such that the function

At p (Jx—es % Vp) (6.50)

is non trivial. Then, at each time ¢, we expect that a jump of a small step ~ N~ in the direction
e; will occur. In a time of order N, we should observe therefore a global displacement in the
direction e;. Let us rescale time by a factor N: we obtain

MY (VD) = plaws) — ol) — [ ZNd S NIGe/N) — hx/N — e/ N) e xln)ds.

x€TY,
This reads
t d 1
MY (Nt) = o(nni) — @(m0) — /0 va 2 (Oh)(x/N)jx—e; x(vs)ds + O(N7H).
i=1"" xeTd
Taking expectancy, we obtain
Bk el B — / Nlnnsl, 05k @ o o)ds = ONY).  (6:51)

We assume, according to our formulation (6.42) of equilibrium that there is a time-dependent
profile p(t), such that, when N is large,

E(k" [nne], h) = (p(t),h),  E(n¥[nns], 0ih @ j-e,0) = (Ai(p), Oih), (6.52)

see (6.42) and the definition (6.50). We can pass to the limit in (6.51) then, to obtain the
equation

¢ d
/Td h(z)p(t,z)dx — /11‘d h(z)p(0, x)dx = /0 Z; » Oih(z)A;(p(s, x))dsdz,

which is the weak form of the non-linear conservation law
Op(t, x) + divy (A(p(t, z)) = 0, (6.53)

with initial condition pli—¢ = po.
In a second step, let us consider a situation where all the fluxes A; in (6.50) are trivial. This
happens in particular if, for all i € {1,...,d},

Jx—eix() = [Tx—e; 8i(1(0)) — 7 L:(n(0))], (6.54)

for a given function 5;: R — R. Then we can perform a second integration by parts in (6.51)
and take t = t'N (which amounts to a total rescaling by a factor N2 on the microscopic time
N), to obtain, dropping the primes,

MY (N*t) = p(nnz) — / Z > N2 (h(x =€) + h(x + e;) — 2h(x)) 722 i (nn25(0))ds.

i=1 xeT4,

The reasoning that leads from (6.51) to (6.53) can be adapted here. The hydrodynamic limit
that we obtain is then the second-order non-linear equation

Dep(t,x) — O%(Bi(p(t,x)) = 0, (6.55)
with initial condition pli=o = po, where B;i(p) := (i, V).
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Remark 6.1 (Rigorous derivation of (6.53), (6.55)). To what extent the system is close to equi-
librium, and in which sense (c¢f. Definition 6.1), are difficult points that one has to address to
establish rigorously the hydrodynamic limit. Various tools have been developed in that context
(one block estimate, two blocks estimate, entropy estimates, etc.). See [13].

In what follows, we consider different examples of interacting particle systems.

Simple exclusion process. We have seen that c(x,y,7) = n(x)(1 —n(y))p(y — %) and that v}
is the Bernoulli measure with parameter p. We compute

Jr—erx(n) = n(x =€) (1 = n(x))p(e:) — n(x)(1 = n(x — ei))p(—ei),

and
Ai(p) = (Jx—es oo Vp) = @ip(l = p), i = p(ei) — p(—ei). (6.56)

If the process, is asymmetric (ASEP), in the sense that p(e;) — p(—e;) # 0 for at least one index
i, then we obtain the hydrodynamic limit (6.53) with the flux A; given in (6.56). Let us examine
the case of the symmetric simple exclusion process (SSEP), where p(e;) = p(—e;) =: p; for all 1.
We have then

Jr—eix() = Pi[0(x =€) (1 = n(x)) = n(x)(1 = n(x —e))]. (6.57)
Using the fact that n(x) € {0,1}, we check that the bracket in (6.57) can be rewritten

Jx—eix(1) = pi [N(x — i) = n(x)],

which is of the form (6.54) with 8;(n(0))
B;(p) = pip- In the isotropic case p; =
this fact in Section 4).

p:n(0). We obtain the hydrodynamic limit (6.55) with
(6

= pan(
ﬁ, .55) is the Heat equation thus (we have established

Zero range process. For the zero range processes considered in Section 6.2.4, (6.39) gives

Jxy = 9x)p(x,y) —9m@)p(y,%), (x> Vo) = (p)(p(x,5) — (¥, %))

Once again, we need to make the distinction between the symmetric and the asymmetric case.
In the asymmetric case, there exists ¢ such that p(e;) — p(—e;) # 0 for at least one index ¢, and
we obtain the hydrodynamic limit (6.53) with the flux A, given by

Ai(p) = a;®(p), a; =p(ei;) —p(—es).

In the symmetric case, we have

Jr—eix(n) = Pi [9(n(x — 1)) — g(n(x))],

which is of the form (6.54) with 38;(n(0)) = pig(n(0)). We obtain the hydrodynamic limit (6.55)

with B;(p) = pi®(p). In the particular cases where g(k) = k (independent random walk), the
P

equations are linear, with ®(p) = p. When g(k) = 1;>¢, we obtain ®(p) = %5
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7 Solution to the exercises

Solution to Exercise 3.2.
1. That pp = dp means that Xy always take the value 0 (Xj is deterministic). We have then
X1 = 1 with equi-probability, so
1 1
p1 = 5571 + §5+1,

which is an example of Bernoulli’s Law b(3). We have then
P(Xy— —2) = &, P(Xy=0) =+, P(Xy=+2) =~
2 — - 47 2 — - 27 2 = - 4
The law of X5 is therefore

1
M2 =7 [6_3/2+0_1/2+ 612 + 032] .

2. The law ppy is

1 1 1
UN = W672 + Z 27]\76 k_2 + W672. (71)

N
—2N-1<k<2N -1 ’

3. The answer is that pg is the uniform law on [—2, 2]:
1
po(4) = 714N [-2,2],

where |A| is the Lebesgue measure of a Lebesgue set A C R (see the proof below for fis).
This answer can be simply guessed by examination of the evolution of the process (X,,).
An other way to find the right ug is to look at pn for large N. Indeed, a usual way to find
an equilibrium for a system in evolution is to look as the behavior for large times: if there
is convergence to a limit object, this will most probably be an equilibrium of the system.
Here, for example, one can look at the evolution starting from the binomial b(1/2) with
values in {—2, 42}, as in Question 2. If ¢ € BC(R), then

/Rwlluv = > 2%@ <2JfQ> +0(1)

_2N—1<k<2N—1
1 1 k
=1 > w=¥ (QN_Q> +o(1).
—2N-l<k<aN-1

We recognize a Riemann sum, which converges to

1 2
/tpduoo = Z/ o(x)dz.
R —2

The limit law poo is an invariant measure for good. Indeed, if Xy ~ p, then, by the
formula of total probability,

P(X,€A)=P(X;€A|Z,=-1)P(Z; =-1)+P(X; € A|Z1 = +1)P(Z1, = +1)
= %]P’(Xo/z €eA+1)+ %]P’(Xo/z €eA-1),
for any Borel subsets A of R. This gives
8P(X1 € A)=|ALN[-2,2]|+|A_N[-2,2]|, Ay :=24A+2.
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We compute, by the invariance by translation of the Lebesgue measure and the change of variable
formula,

Ay N[-2.2)| = [240 [-4,0] = 24N [-2,0], |4 N[-2,2]] =2[4Nn[0,2].

If follows that P(X; € A) = |AN [-2,2]| = poo(A): X7 has law ficc.
Back to Ezercise 3.2.

Solution to Exercise 3.3. We have

L L L

Pip(2:) = Ba,0(Xe) = > B, [1x(t)=a,0(75)] = D> Po (X (1) = z)p(x5) = Y _ aij(t)p(a;),

Jj=1 Jj=1 Jj=1

which gives Py = A(t)e. With the conventions that are used, we observe that (¢, u) = (¢, 1),
where (-, -) is the canonical scalar product in R”. Consequently,

(@, P ) = (Pip, ) = (A(t)p, 1) = (g, A(t)" ),

and we obtain Pfu = A(t)*u, where A(t)* is the adjoint of the matrix A(t). The semi-group
property reads A(t + s) = A(t)A(s). It follows that

A(t) -1 A(t) -1
— a2 =l A0 =T,

4 t

By letting ¢ — 0, we deduce that A satisfies the ODE A'(t) = L A(t) = A(t).%, which implies
A(t) = e since A(0) = Ir. The equation satisfied by an invariant measure is A(¢)*u = p for all
t > 0. By differentiation, we obtain Z*u = 0. Of course the latter equation implies (£*)"u = 0
for all n > 1, and thus

At + s) — A(s)
t

A)'p=ep=> pu=p
n>0 ’
Consequently, there is strict equivalence between A(t)*u = p for all t > 0, and £*p = 0.
Back to Ezercise 3.5.

Solution to Exercise 3.4. Assume E = {x1,...,21} as in Exercise 3.3. Let A denote the
matrix A(1): a;; = Py, (X1 = z;). We still have P, = A(n)e and Pypu = A(n)*u. By the
semi-group property, we have A(n) = A™ for all n > 0. The equation satisfied by the invariant
measure is (A* —Id)p = 0 (the equivalent to .Z here is A — Id). Let us come back to the case
of a general state space E (a Polish space in our framework). Let us first prove that (M) is
a martingale. We can use the tower property (2.2) to show that it is sufficient to establish the
identity E [M,,+1|Fn] = M, for all n > 0. By the Markov property, we obain

E [ My 1| Fn) = Pro(Xn) — 0(Xo) = > Lo(Xy).
k=0

Since . = Py —1d, this is precisely the desired identity E [M,,11|F,] = M,,. Let us look at (3.35)
now. Again, we want to prove that E [Z,,11|F,] = Z,,. We write

n
Mn-‘rl = @(Xn-l-l) =Y, Y,.= QO(XO) + Zggp(xk)v
k=0
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where Y,, is F,,-measurable. This gives

E [|Mn+1|2‘fn] =E [|90(Xn+1)|2|}—n] =2V, E[o(Xny1)|Fn] + ‘Yn|2
= P1|<p|2(Xn) - 2YnP1<p(Xn) + |YTL|2
= P1|90|2(Xn) + Yo (Yo — 2P1p(X,))
We have also Y,, = ¢(X,,) + Lo(X,) — M,, = Pyp(X,) — M, hence
E [| My 41?1 ] = Pulol*(Xn) — (Pro(Xn) — M) (Pro(Xp) + My).

and
E [|Mys1*|Fn] = [Ma|? = Pilp]*(Xn) — |Pro(Xa) %

We obtain then (3.35) by using the definition T'[p] = Pi|p|> — |Pip|?. The Jensen inequality
applied to

Piota) = [ otz
E
shows that I'[¢] > 0.
Back to Ezercise 3.4.

Solution to Exercise 4.1. FEach T,, has density f:t — /\e”‘tlﬂhr (t) with respect to the
Lebesgue measure on R. By independence, S,, has the law f *--- % f (convolution n times). We
compute

t
f % f(t) _ /]R)\Qe—Ase—A(t—S)lRJr(S)]_RJr(t _ s)ds :/O )\26_)‘td51R+(t) — )\Qte_/\th+(t),

and, by recursion on n, fx---x f(t) = A" (f:fll)!e_’\th+ (t). We compute then

e} n—1
P(N(t) < n) =P(S, > t) = /t A" (;_ 1)!6_)‘Sd8.

This gives P(N(t) = 0) = P(N(t) < 1) = e *. Assume n > 1. By integration by parts, we
obtain X
At (A"

+P(N(t) <n-—1),

n—1
which shows that P(N(t) = n — 1) = e™ (()‘;ll)! . The assertion that N(t) is cadlag and non-
decreasing is a deterministic statement, it is obvious since I' is a measure: indeed, we note that,
whatever the Radon measure p on R, the map ¢ — ([0, ¢]) is cadlag and non-decreasing.

Let T be an exponential random variable of parameter A > 0. We have

s s s e~ At+s)
s oo ML) (Tt

This gives P(T > s+ t|T > s) = e~ = P(T > t). To establish (4.16), we write

P(T >t +S) = / P(T > t + 8)dps(s), (7.2)
Ry
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where pg is the law of S. By (4.15), we have P(T > t + s) = P(T > ¢)P(T > s). Using again
(7.2) (with ¢ = 0) gives the result. A proof of (7.2) is as follows:

P(T >t +S) = E[lrarss] = / / Loorsadicr.s) (7. 5).
R+ ><]R+

By independence, the law p(r,sy of the couple (7', .5) is the product pr ® ps. This gives

Ry

P(r>t+5)= /]R [/ 17>t+sd/¢T(7)] dug(s) = /]R P(T >t + s)dus(s),

as desired. For all ¢, for all n, the event {S, = t} has probability 0 since the law of S, is
absolutely continuous with respect to the Lebesgue measure. Consequently: for all ¢, the event
Sn{t} # 0, which is the union over n of the events {S,, = t}, has probability 0. This shows that
['(J) =T'(J) P-a.s. if J is deduced from J by modification of the extremities of J. In particular,
I'(J) and T'(J) have the same law. Let us now consider the case I = [0,t], J = (t,0]. We want
to prove

n» k
P(D(I)=n & T(J) =k) = e—Wl% X e—w%. (7.3)
The event {I'(I) = n & I'(J) = k} corresponds here to the event
Sp <t < Spp1 <o < Sngk L0 < Sngkr- (7.4)

What will be relevant here is the time 7}, := T),11 — (t — S,) (indeed, starting from ¢, this is
after the time duration 77, ; that we see the first event being counted in I'(J)). We rewrite (7.4)
as

S, <tandt-— S, < Th+t1 and Sn+1 <. < Sn+k <o < Sn+k+1~ (75)

This is also equivalent to
Sp<tand 0 < T, and Spyg —t < < Spyp—t <0 —t < Spipr1 — L. (7.6)
Eventually, we rewrite (7.6) as
Sp<tand 0<T, ,and S, <--- <S8 , <o—t<S) 141, (7.7

where S’;H_l = T/IH 4+ Thqo+ -+ Ty It is quite clear that things will work now. In terms
of the laws of the different random variables involved, using independence, we can write (same
reasoning as in the proof of (4.16)):

P(T(I) =n & T(J) = k)

/ d,us Sn / d,LLTn (tn)P(tn+Tn+2+ . '+Tn+l <o-t< tn+Tn+2+ . '+Tn+l+Tn+l+1)-

n

After the change of variable ¢, = t,, — (t — s, ), we obtain

P(C(I) = n & T(J /dus su)P(N(o — 1) = k),

which gives (7.3). In the general case, where I has extremities s < ¢ and J has extremities s’ < t/,
with ¢t < s’, we introduce the intervals K, L having extremities 0 < s and ¢ < s’ respectively and
an empty intersection with I and J. Then we prove, by some similar reasoning, that

P(N(K) =m & T(I) =n & T(L) = p & T(J) = k)
=PI (K) =m)P(I'(I) = n)P(I'(L) = p)P(I(J) = k). (7.8)
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Summing (7.8) over m and p gives the desired result.
Back to Ezercise 4.1.

Solution to Exercise 4.2. We have seen at the beginning of Section 4.2.2 that (T”) is a
sequence of i.i.d. random variables with exponential law of parameter L. Consequently (see
Exercise 4.1 for instance), (N(t)) is a Poisson process of parameter L. Let us first treat the case
n = 1. We have then

P(N(t) > 1,x € A)) =P(T" < t,x; € Ay).

It is sufficient to consider the case where A; is the singleton A; = {y}. The probability that we
consider is thus

P{Ty <t}()({Ty > Ty} |- (7.9)

x#y

By independence, using the explicit form of the exponential law, (7.9) is

t
/0 e S L Dsgs = %(1 —e Iy,
and we obtain (4.23) for n = 1, |A;| = 1, as required. When n = 2, we have
P(N(t) > 2,%x1 € A1, %2 € Ag) =P(T" +T? < t,x1 € A1, x5 € A3).
Again, we assume A; = {y1}, A2 = {y2}, and obtain the probability

P {1y, +To <t}() () {Th > () {7 >To) |- (7.10)

x17£y1 X2 £Y2

We use independence as above, to obtain the following expression of (7.10):

t
// e~ (trta) o~ (=Dt o= (L-Vta g gy l/ eIt (1 — e~ P gy
0<t1+t2<t L 0

which again is (4.23) for n = 2, |A;| = |A2| = 1. The case of a general n is proved similarly: we
obtain an integral
/. . / e Lltttt) g g
0<t1+-+t, <t
which is L~"P(T] +---+ T, <t) where T7, ..., T, are some independent exponential variable of

parameter L. Therefore the computed probability is L="P(N(t) > n), which is (4.23) for n = 2,
(A == An = 1.
Back to Ezercise 4.2.

Solution to Exercise 5.1. Clearly, the properties (5.15), (5.17) and the monotony property
are satisfied. To establish the regularity property (5.16), we use the fact that A is locally Lipschitz
continuous.

Back to Ezercise 5.1.

Solution to Exercise 5.2. Same proof as in the case A = A(v). This times we use the
divergence-free condition (div, A)(x,v) = 0.
Back to Exercise 5.2.
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Solution to Exercise 5.3. We suppose that « is fixed of course. Consider a mesh with
triangles only. If one triangle as a basis of length ~ h, but a height that is almost 0, i.e. if there
is an almost flat triangle in the mesh, then the first condition in (5.27) may not be satisfied.

If we consider triangles only then |0K| < 3diam(K) < 3h for any K. Now, consider a triangle
with a basis of length ~ 1, and a height ~ h. Then fold the “arrow” of this triangle to form
a polygonal set of diameter O(h) and perimeter ~ 1. If 7 contains such kind of set, then the
second condition in (5.27) will not be satisfied.

Back to Exercise 5.3.

Solution to Exercise 5.5. We only give the sketch of the proof. By linearity, it is sufficient
to consider the case uy = 0, in which case we want to prove u = 0. If u is smooth, then
Owu + a - Vu = 0 (recall that a is divergence free). By the usual chain-rule formula, it follows
that 9;8(u) + a - VB(u) = 0 for any function 3 of class C*. By integration, we obtain

» Blu(z,t))dx = » B(u(z,0))dz = 5(0). (7.11)

It is sufficient to apply (7.11) with a non-negative function 8 such that 8(s) = 0 if, and only
if, s = 0, for example [(s) = s2, to conclude. All the difficulty of the proof is to justify this
approach for weak solutions. The idea is to use convolution in xz with a smooth approximation
of the unit (pe). One then needs to control the commutator (au) * p. — a(u * ps). This is possible
if @ is smooth enough, if a is Lipschitz in particular, but even if a has only a Sobolev regularity.
See the paper by Di Perna and Lions, [5] (Theorem II.1 and Lemma II.1 in particular).

To show that (z,t) — ug o ®(z) is a weak solution, do the change of variable 2’ = ®!(x) in the
weak formulation. Back to Ezercise 5.5.

Solution to Exercise 5.7.

1. Let ¢ € CL(U). We have

1 1 1

/ u(x)y' (x)dx = —/ v (z)p(z)dx = —/ f(@)p(x)d. (7.12)
—1 ~1 ~1

If ¢ is supported in (—r,r) with r < 1, then (7.12) is bounded by || f|| 1 (= |¢llc(=1,1)- We

have u € BV(U) if, and only if there is a finite constant C' such that |f_11 f(@)p(z)dz| <

Cllelle(=1,1) for all ¢ € CHU). Clearly, f € L*(U) implies u € BV(U). Conversely,

if u € BV(U), let us consider, for ¢ > 0, x. the characteristic function of the interval

(-=14+¢&,1—¢) and (p.), an approximation of the unit with p. supported in (—¢,e). Let
also ¢ be a function in C}(U). We have then

1
‘/1fsign(f)s¢dx <0, e = (pXe) * pe- (7.13)

Taking the limit € — 0 in (7.13) gives

‘ / 11 | Flbde

We consider then a non-decreasing sequence of functions 1 € C}(U) which converges
pointwise to the constant function 1. By monotone convergence, (7.14) gives f € L'(U).

<C. (7.14)
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2. Let p € CH(U). We have

[ we)d@n = [ ¢ @)e = =00 < Iello-ra, (7.19

hence u € BV(U).

3. By the Stokes’ formula, we have, for p € C1(U),

/ udiv pdx = / div pdz = / e(x) -n(x)do(r) < wllplle-1,1), (7.16)
U B(0,1/2) 8B(0,1/2)

hence u € BV(U).

Back to Exercise 5.7.

Solution to Exercise 5.8. In the first case, we assume f € L!'(—1,1). Then (7.12) shows
that Du = f\, where X is the Lebesgue measure on (—1,1). By [17, Theorem 6.13], we have
|Du| = |fIX then and ||ullgvw) = l|lullzrw) + | fllor ). In the second case, (7.15) shows that
Du = dg, the Dirac mass at 0. Then |[Du| = 4o also and |[ullgy@w) = l|lullpr@w) +1 = 2.
In the third case, (7.16) shows that Du = no, where n is the outward unit normal to U on
OU and o the surface measure. By [17, Theorem 6.13] again, |Du| = 0. We compute then
ullpvw) = /447 = br/4.

Back to Exercise 5.8.

Solution to Exercise 5.10. Assume first that u is of class C*. Let h € [0,1]. For z € Q =
(0,1)? and z € R? with |z| < h, we have

lu(z + 2) — u(z)| = /0 (Vu)(z +rz) - zdr| < h/o [Vu|(z + rz)dr.

We do the change of variable (2/,7') = (z + rz,r) of jacobian determinant 1 to obtain

u(x + 2) —u(x)|de < h Vu(x)|dzdr < h Vu(z)|dx = h|Du|(Q'),
Lt~ < [ [ wu@idrir < | vuids = noui@)

where Q' = (—1,2)¢. This gives wri(u;h) < |Du|(Q')h. This estimate remains true in the
general case by Theorem 5.9 applied on U = Q’. Since |Du|(Q’) < 3¢|Du|(T%), we obtain the
desired result with C' = 3.

Back to Exercise 5.10.
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