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Introduction

The application of optimal control theory to the practical design of multivari-
able control systems started in the 1960s: in 1957 R. Bellman applied dynamic
programming to the optimal control of discrete-time systems. His procedure
resulted in closed-loop, generally nonlinear, feedback schemes. By 1958, L.S.
Pontryagin had developed his maximum principle, which solved optimal control
problems relying on the calculus of variations developed by L. Euler (1707-
1783). He solved the minimum-time problem, de :riving an on/off relay control
law as the optimal control in 1962. In 1960 three major papers were published
by R. Kalman and coworkers, working in the U.S. One of these publicized the
vital work of Lyapunov (1857-1918) in the time-domain control of nonlinear sys-
tems. The next discussed the optimal control of systems, providing the design
equations for the linear quadratic regulator (LQR). The third paper discussed
optimal filtering and estimation theory, which is out of the scope of this sur-
vey, and has provided the design equations for the discrete Kalman filter. The
continuous Kalman filter was developed by Kalman and Bucy in 1961.

In control theory, Kalman introduced linear algebra and matrices, so that
systems with multiple inputs and outputs could easily be treated. He also for-
malized the notion of optimality in control theory by minimizing a very general
quadratic generalized energy function. In the period of a year, the major limita-
tions of classical control theory were overcome, important new theoretical tools
were introduced, and a new era in control theory had begun; we call it the era
of modern control. In the period since 1980 the theory has been further refined
under the name of Hy theory in the wake of the attention for the so-called H;
control theory. Hy and Hs control theory are out of the scope of this survey.

This lecture focuses on LQ (linear quadratic) theory and is a compilation
of a number of results dealing with L.Q (linear quadratic) theory in the context
of control system design. This has been written thanks to the references put
in bibliographical section. It starts with a reminder of the main results in
optimization of non linear systems which will be used as a background for this
lecture. Then linear quadratic regulator (LQR) for finite final time and for
infinite final time where the solution to the LQ problem are discussed. The
robustness properties of the linear quadratic regulator (LQR) are then presented
where the asymptotic properties and the guaranteed gain and phase margins
associated with the LQ solution are presented. The next section presents some
design methods with a special emphasis on symmetric root locus. We conclude
with a short section dedicated to the Linear Quadratic Tracker (LQT) where
the usefulness of augmenting the plant with integrators is presented.
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Chapter 1

Overview of Pontryagin’s
Minimum Principle

1.1 Introduction

Pontryagin’s Minimum (or Maximum) Principle was formulated in 1956 by the
Russian mathematician Lev Pontryagin (1908 - 1988) and his students®. Its
initial application was to the maximization of the terminal speed of a rocket.
The result was derived using ideas from the classical calculus of variations.

This chapter is devoted to the main results of optimal control theory which
leads to conditions for optimality.

1.2 Variation

Optimization can be accomplished by using a generalization of the differential
called variation.

Let’s consider the real scalar cost function J(z) of a vector x € R™. Cost
function J(z) has a local minimum at z* if and only if for all dz sufficiently
small;

J(@" +dz) > J(z7) (1.1)

An equivalent statement statement is that:
AJ(z*,0x) = J(z" +ox) — J(z*) >0 (1.2)

The term AJ(z*,0x) is called the increment of J(x). The optimality con-
dition can be found by expanding J(z* + 0x) in a Taylor series around the
extremun point z*. When J(z) is a scalar function of multiple variables, the
expansion of J(z) in the Taylor series involves the gradient and the Hessian of
the cost function J(x):

— Assuming that J(z) is a differentiable function, the term % is the
gradient of J(z) at z* € R™ which is the vector of R" defined by:

"https://en.wikipedia.org/wiki/Pontryagin’s maximum _principle



8 Chapter 1. Overview of Pontryagin’s Minimum Principle

dJ(z)
dxq
d *
M) iy =] (1.3)
L dJ ()
dxn z=x*

— Assuming that J(z) is a twice differentiable function, the term d25£§*)

is the Hessian of J(z) at z* € R™ which is the symmetric n X n matrix

defined by:
#J@) . P
d2J % 0x10x1 0x10Tn d2j %
W) i@y = | = [ (@ )} (1.4)
4z 2J@) P i Jisijn
O0zndz1 02n02n 1 g=g*

Expanding J(z* + dz) in a Taylor series around the point z* leads to the
following expression, where HOT stands for Higher-Order Terms:

1
J(z* +6x) = J(z*) + 62TV I (z*) + 55;%%]@*)5; + HOT (1.5)

Thus:

AJ(z* 0z) = J(z*+d0x) — J(2") 16
= 62TV J(z*) + 3027 V?J(2*)6z + HOT (1.6)
When dealing with a functional (a real scalar function of functions) dz is
called the variation of z and the term in the increment AJ(z*,dz) which is
linear in 0z is called the variation of J and is denoted §J(x*). The variation of
J(z) is a generalization of the differential and can be applied to the optimization
of a functional. Equation (1.6) can be used to develop necessary conditions for
optimality. Indeed as dz approaches zero the terms dz7 6z as well as HOT be-
come arbitrarily small compared to dx. As a consequence, a necessary condition
for x* to be a local extremum of the cost function J is that the first variation of
J (its gradient) at x* is zero:

6J(z") = VJ(z") =0 (1.7)

A critical (or stationary) point z* is a point where §J(z*) = VJ(z*) = 0.
Furthermore the sign of the Hessian provides sufficient condition for a local
extremum. Let’s write the Hessian V2.J(z*) at the critical point z* as follows:

hii - hap
ViI(z*) = | : : (1.8)
hnl T hnn
— The sufficient condition for the critical point £* to be a local minimum is

that the Hessian is positive definite, that is that all the principal minor
determinants are positive:
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V1<k<nH,>0
H1 = h11 >0
Hy = hi1 hi2 >0
ha1 hao (1.9)
& hii hi2 his .
Hs = |ha1 hos hog| >0
h31 hsza hs3
and so on...

— The sufficient condition for the critical point z* to be a local maximum is
that the Hessian is negative definite, or equivalently that the opposite of
the Hessian is positive definite:

V1i<k<n (-1FH, >0

H1 = h11 <0
Hy = hi1 hi2 <0
o1 Dz (1.10)
& hi1 hi2  his
H3 = |ha1 haa haz| <0
h31  hsa hsz
and so on...

— If the Hessian has both positive and negative eigenvalues then the critical
point z* is a saddle point for the cost function J(x).

It should be emphasized that if the Hessian is positive semi-definite or negative
semi-definite or has null eigenvalues at a critical point z*, then it cannot be
concluded that the critical point is a minimizer or a maximizer or a saddle
point of the cost function J(z) and the test is inconclusive.

1.3 Example

Find the local maxima/minima for the following cost function:
J(z)=5— (r1 — 2)* — 2(z3 — 1)? (1.11)

First let’s compute the first variation of J, or equivalently its gradient:

(z)
(D) _ G0 = [Zdjx(lx)] _ [—2(1’1 - 2)} (1.12)

d@ —4(1‘2 — 1)

dzo

A necessary condition for z* to be a local extremum is that the first variation
of J at x* is zero for all dx:

§5.J(z*) = VJ(z*) = 0 (1.13)

As a consequence, the following point is a critical point:

ot = m (1.14)
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Now, we compute the Hessian to conclude on the nature of this critical point:

V2J(z*) = [_02 _04] (1.15)

As far as the Hessian is negative definite we conclude that the critical point

x* is a local maximum.

1.4 Lagrange multipliers

Optimal control problems which will be tackled involve minimization of a cost
function subject to constraints on the state vector and the control. The nec-
essary condition given above is only applicable to unconstrained minimization
problems; Lagrange multipliers provide a method of converting a constrained
minimization problem into an unconstrained minimization problem of higher or-
der. Optimization can then be performed using the above necessary condition.
A constrained optimization problem is a problem of the form:

mazimize (or minimize) cost function J(z) subject to the condition g(z) =0

The most popular technique to solve this constrained optimization problem
is to use the Lagrange multiplier technique. Necessary condition for optimality
of J at a point z* are that z* satisfies g(z) = 0 and that the gradient of J is
zero in all direction along the surface g(z) = 0; this condition is satisfied if the
gradient of J is normal to the surface at z*. As far as the gradient of g(z) is
normal to the surface, including z*, this condition is satisfied if the gradient of
J is parallel (that is proportional) to the gradient of g(x) at z*, or equivalently:

70g(z")
ox

9J(z")
oz + A

=0 (1.16)

As an illustration consider the cost function J(z) = (z1 — 1)% + (22 — 2)%:
this is the equation of a circle of center (1,2) with radius J(z). It is clear that
J(z) is minimal when (x,2z2) is situated on the center of the circle. In this
case J(z)* = 0. Nevertheless if we impose on (z1,x2) to belong to the straight
line defined by x9 — 2x1 — 6 = 0 then J(z) will be minimized as soon as the
circle of radius J(z) tangent the straight line, that is if the gradient of J(z)
is normal to the surface at z*. Parameter A is called the Lagrange multiplier
and has the dimension of the number of constraints expressed through g(z).
The necessary condition for optimality can be obtained as the solution of the
following unconstrained optimization problem where L(z,)) is the Lagrange
function:

L(z, ) = J(z) + Ag(z) (1.17)

Setting to zero the gradient of the Lagrange function with respect to x
leads to (1.16) whereas setting to zero the derivative of the Lagrange function
with respect to the Lagrange multiplier A leads to the constraint g(z) = 0.
As a consequence, a necessary condition for x* to be a local extremum of the
cost function J subject to the constraint g(x) = 0 is that the first variation of
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Lagrange function (its gradient) at x* is zero:

or ox - Oz

L) _ o 90  \rdela’) (1.18)

The bordered Hessian is the (n +m) x (n 4+ m) symmetric matrix which is
used for the second-derivative test. If there are m constraints represented by
g(z) = 0, then there are m border rows at the top-right and m border columns
at the bottom-left (the transpose of the top-right matrix) and the zero in the
south-east corner of the bordered Hessian is an m x m block of zeros, represented
by Oy xm. The bordered Hessian Hy(p) is defined by:

[0°L(z) 9*L(x) . 0?L(z) dgi(x) .. 9gm(z)
Ox10x1 p Ox10x2 0x10xy Ox1 ox1
9°L(z) L@ . 9*L(z) dgi(z) .. Ogm(x)
0x20T1 012012 0x20Ty 0x2 0o
— 9?L(z) 9?L(z) 9?L(z) 991 (z) dgm (z)
Hb(p) Oxn0x1 O, 0T2 e OxndTy p Oxn e Oxn
991 (z) . oale
8$1 axn
e e e Oumscm
9gm(z) . . 9gm(z)
8:}01 axn 4 x=
(1.19)

The sufficient condition for the critical point z* to be an extrema is that the
values of p obtained from det(Hj(p)) = 0 must be of the same sign.

— If all the values of p are strictly negative, then it is a maxima
— If all the values of p are strictly positive, then it is a minima

— However if some values of p are zero or of a different sign, then the critical
point z* is a saddle point.
1.5 Example
Find the local maxima/minima for the following cost function:
J(z) = x1 + 3x2 (1.20)
Subject to the constraint:
glx) =27 +23-10=0 (1.21)
First let’s compute the Lagrange function of this problem:
L(z,\) = J(z) + ATg(z) = z1 + 3z + M2? + 22 — 10) (1.22)

A necessary condition for * to be a local extremum is that the first variation
of J at z* is zero for all dz:

OL(z*) [1 + 211

_ 2 2 _ 10 —
o - zm] =0st 22 +23-10=0 (1.23)

T

*
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As a consequence, the Lagrange multiplier A shall be chosen as follows:

1
551:*2* 2 2 o 9 o 2 _ 1
= —10=—4+-—-10=0<10—40\ =0 \=%+—
[wz = —3} A ISCRIVE 2
(1.24)

Using the values of the Lagrange multiplier within (1.23) we then obtain 2
critical points:

1, [-1 1. N
)\—2:>:c1—[_3} and \ = 2:>:c2—[3] (1.25)

— For \ = % the bordered Hessian is:

20 —p 0 211 1—p 0 —2
H(p) = 0 2 —p 2x9 = 0 1—-p —6 (1.26)
211 219 0, . -2 —6 0
Thus:
det (Hp(p)) = —40 + 40p (1.27)

We conclude that the critical point (—1;—3) is a local minima because
det(Hy(p)) = 0 for p = +1 which is strictly positive.

— For \ = —% the bordered Hessian is:
2A\—p 0 211 —1—»p 0 2
H(p) = 0 2A—p 219 = 0 —1—p 6 (1.28)
217 219 0 — 2 6 0
Thus:
det (Hp(p)) = 40 + 40p (1.29)

We conclude that the critical point (+1; +3) is a local maxima because det(Hy(p)) =
0 for p = —1 which is strictly negative.

1.6 Euler-Lagrange equation

Historically, Euler-Lagrange equation came with the study of the tautochrone
(or isochrone curve) problem. Lagrange solved this problem in 1755 and sent
the solution to Euler. Their correspondence ultimately led to the calculus of
variations 2.

The problem considered was to find the expression of z(t) which minimizes
the following performance index J(z(t)) where F(z(t),Z(t)) is a real-valued

twice continuous function:

J(z(t) = /0 " P(a(t), () dt (1.30)

https://en.wikipedia.org/wiki/Euler-Lagrange _equation
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Furthermore the initial and final values of z(¢) are imposed:

z(0) = z,
{ x(ty) Zzof (1.31)

Let z*(t) be a candidate for the minimization of J(z(¢)). In order to see
whether z*(¢) is indeed an optimal solution, this candidate optimal input is
perturbed by a small amount dz which leads to a perturbation dz in the optimal
state vector z*(¢):

z(t) = z*(t) + ox(t)
i(t) = (1) + (1)

The change §J in the value of the performance index is obtained thanks to
the calculus of variation:

T T
0J = / OF (z(t),2(t)) dt = / (8F ox + 8—F (5:5) dt (1.33)
o \ 0 ot

(1.32)

x T

. T.. . .
Integrating ‘g—g 0z by parts leads to the following expression:
d (orT _dorTs, aFT

t (1.34)
=00 = fU (3FT x - %g—g @) dt + 9 oz

Because 0z is a perturbation around the optimal state vector z*(t) we shall
set to zero the first variation dJ whatever the value of the variation dz:

0J =0V iz (1.35)
This leads to the following necessary conditions for optimality:
oF s, ia—FTég =0

oxr = d t Oz

As far as the initial and final values of z(¢) are imposed no variation are

permitted on dx:
(02 [ 50)=0 .

z(ty) =z dx(ty) =0
On the other hand it is worth noticing that if the final value was not imposed
we shall have %—J; =0.
= t:tf
Thus the first variation 6J of the functional cost reads:
OFT d OFT
0J = ox — ——— ox | dt 1.38
/0 <6x dt 0z x) (1.38)

In order to set to zero the first variation §.J whatever the value of the varia-
tion dz the following second-order partial differential equation has to be solved:

oFT dorT

5 i (1.39)
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Or by taking the transpose:

dOF OF

= (1.40)

We retrieve the well known Euler-Lagrange equation of classical mechanics.

Euler-Lagrange equation is second order Ordinary Differential Equations
(ODE) which are usually very difficult to solve. They could be transformed
into a set of first order Ordinary Differential Equations, which are much more
convenient to solve, by introducing a control u(t) defined by &(¢) = u(t) and by
using the Hamiltonian function H as it will be seen in the next sections.

Example 1.1. Let’s find the shortest distance between two points P1 = (x1,y1)
and Py = (x2,y2) in the euclidean plane.
The length of the path between the two points is defined by:

Py T2
J(y(z)) = /P Vdz? +dy? = / V14 (/(x) de (1.41)

For that example F (y(x),y'(x)) reads:

2
Fly@) =1+ (U2) =Viswe@? o

The initial and final values on y(x) are imposed as follows:
y(z1) =y

1.43

{ y(z2) = y2 ( )

The Euler-Lagrange equation for this example reads:

d OF OF d !

vl 1+ (y'(x))

From the preceding relationship it is clear that, denoting by c a constant,
y'(x) shall satisfy the following first order differential equation:

=0 (1.44)

S ) B— "(2))? = ¢ "(z))?
s = es @) = (1+(/@)°) s

= (¥ (z))*

2 2
=15z = Y (2) = /157 = a = constant

Thus, the shortest distance between two fizxed points in the euclidean plane
15 a curve with constant slope, that is a straight-line:

y(z) =ax+b (1.46)

With initial and final values imposed on y(x) we finally get for y(x) the
Lagrange polynomial of degree 1:

[V ) =

r — I9 r — X
. + Y2
Z/(@) = Y2 Tl — T2 To — T

(1.47)
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1.7 Fundamentals of optimal control theory

1.7.1 Problem to be solved
We first consider optimal control problems for general nonlinear time invariant
systems of the form:
&= f(z,u)
{ 2(0) = a, (1.48)

Where z € R" and u € R™ are the state variable and control inputs, respec-
tively, and f(z,u) is a continuous nonlinear function and z; the initial condi-
tions. The goal is to find a control u that minimizes the following performance
index:

J(u(t) = G (a(ty)) + /0 Y Pla(t) ult) dt (1.49)
Where:
— t is the current time and ¢y the final time;
— J(u(t)) is the integral cost function;
— F(z(t),u(t)) is the scalar running cost function;
— G (z(ty)) is the scalar terminal cost function.

Note that the state equation serves as constraints for the optimization of the
performance index J(u(t)). In addition, notice that the use of function G (z(ty))
is optional; indeed, if the final state z(¢7) is imposed then there is no need to
insert the expression G (z(ty)) in the cost to be minimized.

1.7.2 Bolza, Mayer and Lagrange problems

The problem defined above is known as the Bolza problem. In the special case
where F'(z(t),u(t)) = 0 then the problem is known as the Mayer problem; on
the other hand if G (2(ts)) = 0 the problem is known as the Lagrange problem.

The Bolza problem is equivalent to the Lagrange problem and in fact leads
to it with the following change of variable:

Ti(u(t) = [y (F(a(t), ult) + @i (1) db

Int1(t) =0 (1.50)
Tp4+1 = G(it(ftf)) Vi

do(t) = F(x(t), u(t)) (1.51)
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1.7.3 First order necessary conditions

The optimal control problem is then a constrained optimization problem, with
cost being a functional of u(t) and the state equation providing the constraint
equations. This optimal control problem can be converted to an unconstrained
optimization problem of higher dimension by the use of Lagrange multipliers.
An augmented performance index is then constructed by adding a vector of La-
grange multipliers A times each constraint imposed by the differential equations
driving the dynamics of the plant; these constraints are added to the perfor-
mance index by the addition of an integral to form the augmented performance
index J,:

Ja(u(t)) = G (z(ty)) + / " (Pt u®) + AT (f@w) — 1) dt (152)

Let u*(t) be a candidate for the optimal input vector, and let the corre-
sponding state vector be z*(t):

() = fz"(t), u*(t)) (1.53)

In order to see whether u*(¢) is indeed an optimal solution, this candidate
optimal input is perturbed by a small amount du which leads to a perturbation
dz in the optimal state vector z*(¢):

u(t) = w(t) + du(t)
{ x(t) = 2*(t) + 6x(t) (1.54)

Assuming that the final time ¢ is known, the change 0.J, in the value of the
augmented performance index is obtained thanks to the calculus of variation 3:

B BG(g(tf))T
O =autyy 02t f
(ff (% Sz + %—Z su+ AT(t) (%5£+ %(52 B %2» dt

: u
0G(z(ty)
%ff)) dx(ty)+

o (" + XT3 sw+ (35" + AT ) ou— AT (1) %2 ) at
(1.55)

In the preceding equation:

9G(z(ts)) orT oF T '
“ox(t;) O Ou and F;  are row vectors;

of of g
oz and By are matrices;

of of déx
— @5@, 5,0 and == are column vectors.

Then we introduce the functional H, known as the Hamiltonian function,
which is defined as follows:

H(z,u,\) = F(z,u) + AT (t) f(z, u) (1.56)

3Ferguson J., Brief Survey of the History of the Calculus of Variations and its Applications
(2004) arXiv:math/0402357
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Then:

ogT _ orT T/N\Of
) =227 L\ ()¢
{ or . 0 ) (1.57)

Equation (1.55) becomes:
_9G (z(ty) " tr (oHT OHT 7, déz
5Ja = W 5£(tf) +/0 87& (5 -+ % (5 _A ( ) dt dt (158)

Let’s concentrate on the last term within the integral that we integrate by
parts:

DT ()82 g = AT (1ol — [ A (t)sw dt
Jo 0
s [7 AT( )d‘% dt = AT(tf)ag(tf) )\T — b AT (o dt

As far as the initial state is imposed, the variation of the initial condition is
null; consequently we have 0z(0) = 0 and:

(1.59)

/tf ATt )djz dt = AT (t)5a(t;) - /tf 3T (46w dt (1.60)
0 0

Using (1.60) within (1.58) leads to the following expression for the first
variation of the augmented functional cost:

[ 9G ()"
8y = (ax(tf) — AT(tf)> Sx(ty)+

aHT oHT .7

In order to set the first variation of the augmented functional cost §J, to
zero the time dependant Lagrange multipliers A(¢), which are also called costate
functions, are chosen as follows:

(1.61)

R S (162

This equation is called the adjoint equation. As far as it is a differential
equation we need to know the value of A(t) at a specific value of time ¢ to be
able to compute its solution (also called its trajectory) :

— Assuming that final value z(ty) is specified to be z; then the variation
6x(ty) in (1.61) is zero and A(ty) is set such that z(ty) = x;.

— Assuming that final value z(t) is not specified then the variation dz(ty)
in (1.61) is not equal to zero and the value of A(ty) is set by imposing that
the following difference vanishes at final time #:

0G (z(tp)" _ _ 0G (x(ty))
th) - AT(tf) =0e A(tf) - W (1.63)

This is the boundary condition, also known as transversality condition,
which set the final value of the Lagrange multipliers.
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Hence in both situations the first variation of the augmented functional cost

(1.61) can be written as:
ty aHT
a = e 1- 4
5 /0<8u6u>dt (1.64)

1.7.4 Hamilton-Jacobi-Bellman (HJB) partial differential equa-
tion

Let J*(z,t) be the optimal cost-to-go function between ¢ and ¢:

ty
(2, ) = miny cu / Fla(r), u(r))dr (1.65)
¢
The Hamilton-Jacobi-Bellman equation related to the optimal control prob-
lem (1.49) under the constraint (1.48) is the following first order partial deriva-
tive equation®:

_6‘];(:"’” = MiNy()cu (F(l‘, u) + Wf(fc, U)> (1.66)
or, equivalently:
_&]*a(zm =i (Wﬂ@)) (1.67)
where
HY(A(t), z(t)) = miny eu (F(z, u) + w;ﬁf(x, U)> (1.68)

For the time-dependent case, the terminal condition on the optimal cost-to-
go function solution of (1.66) reads:

T2, tg) = G xlty)) (1.69)

Those relationships lead to the so-called dynamic programming approach
which has been introduced by Bellman® in 1957. This is a very powerful re-
sult which encompasses both necessary and sufficient conditions for optimality.
Nevertheless it may be difficult to use in practice because it involves to find the
solution of a partial derivative equation.

It is worth noticing that the Lagrange multiplier A(¢) represents the partial
derivative with respect to the state of the optimal cost-to-go function:

A(t) = (W)T (1.70)

*da Silva J., de Sousa J., Dynamic Programming Techniques for Feedback Control, Pro-
ceedings of the 18th World Congress, Milano (Italy) August 28 - September 2, 2011

®Bellman R., Dynamic programming, Princeton University Press, 1957

6 Alazard D., Optimal Control & Guidance: From Dynamic Programming to Pontryagin’s
Minimum Principle, lecture notes
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1.8 TUnconstrained control

If there is no constraint on input u(t), then du is free and the first variation of
the augmented functional cost d.J, in (1.64) is set to zero through the following
necessary condition for optimality:

oHT oH
0Jo=0=> —— =0& —=
“ ou ou
For an autonomous system, the function f() is not an explicit function of
time. From (1.56) we get:

0 (1.71)

dH 0H'dx o0HTdu 0H”d)

o= =, =y 22 1.72
it~ 9z dt ' ou dt | or dt (1.72)
According to (1.48), (1.56) and (1.62) we have
.T o T
AN)=-% dH 7, de  OHTdu . pd)
{W;T:fT:gcT TN T T T (1.73)
Having in mind that the Hamiltonian H is a scalar functional we get:
T, dr .o d\ dH OHTdu
AOGE =T OG> H " @ (L.74)

Finally, assuming no constraint on input u(t), we use (1.71) to obtain the
following result:

oH _
ou

dH

0= —— =0 1.75
= (1.75)

In other words, for an autonomous system Hamiltonian functional H re-
mains constant along an optimal trajectory.

Example 1.2. As in ezample 1.1 we consider again the problem of finding the
shortest distance between two points P = (x1,y1) and Py = (x9,y2) in the
euclidean plane.

Setting u(x) = y'(x) the length of the path between the two points is defined

by:
Py z2
J(u(z)) = / Vdx? 4+ dy? = / V14 u(z)?de (1.76)
Py z1
Here J(u(x)) is the performance index to be minimized under the following
constraints:
y'(z) = u(x)
y(r1) =0 (1.77)
y(z2) = y2
Let \(x) be the Lagrange multiplier, which is here a scalar. The Hamiltonian
H reads:

H =1+ u?(z)+ Ax)u(x) (1.78)
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The necessary conditions for optimality are the following:

{ AN (179)
OH _ A C _ .
5, =0 T +Ax)=0
Denoting by ¢ a constant we get from the first equation of (1.79):
AMz)=c (1.80)

Using this relationship in the second equation of (1.79) leads to the following
expression of u(x) where constant a is introduced:

\/% +e=0=u(z) = 1f202 = u(zr) = 1/% = a = constant (1.81)

Thus, the shortest distance between two fixed points in the euclidean plane
is a curve with constant slope, that is a straight-line:

y(z) =ax+b (1.82)

We obuiously retrieve the result of example 1.1.

1.9 Constrained control - Pontryagin’s principle

In this section we consider the optimal control problem with control-state con-
straints. More specifically we consider the problem of finding a control u that
minimizes the following performance index:
ty
J(u(t) = G(z(ty) + [ Fla),ut))dt (1.83)
0

Under the following constraints:

— Dynamics and boundary conditions:

= f(ia@)
{ 2(0) = 2, (1.84)

— Mixed control-state constraints:

c(z,u) <0, where ¢(z,u) : R" x R™ — R (1.85)

Usually a slack variable «(t), which is actually a new control variable, is
introduced in order to convert the preceding inequality constraint into an
equality constraint:

c(z,u) + a?(t) =0, where a(t) : R — R (1.86)
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To solve this problem we introduce the augmented Hamiltonian function
Hy(z,u, A, u) which is defined as follows T
Ho(z,u, A o) = H(z,u, A) + p(c(z,w) + o?) (1.87)
= F(z,u) + A" (8) f(z,u) + p(t) (c(z, u) + o?) '
Then the Pontryagin’s principle states that the optimal control u* must
satisfy the following conditions:

— Adjoint equation and transversality condition:

At) = -5
_ o0aten) (1.88)

Alty) = Ox(ty)

— Local minimum condition for augmented Hamiltonian:

OHg _
ou (1.89)
s — 0 = 2ua =0
— Sign of multiplier x(t) and complementarity condition: the equation % =
0 implies 2ua = 0. Thus either y = 0, which is an off-boundary arc, or
« = 0 which is an on-boundary arc:

— For the off-boundary arc where p = 0 control u is obtained from

651“ =0 and « from the equality constraint c(z,u) + o = 0;

— TFor the on-boundary arc where a = 0 control u is obtained from
equality constraint c¢(z,u) = 0. Indeed there always exists a smooth
function u(x) called boundary control which satisfies:

c(z, y(z)) =0 (1.90)
Then multiplier y is obtained from % =0:
0H,
OH, OH _ Oc(z,u) .
U

< lu=uy(2)

— Weierstrass conditions (proposed in 1879) for a variational extremum: it
states that optimal control ©v* and o* within the augmented Hamiltonian
function H, must satisfy the following condition for a minimum at every
point of the optimal path:

Ho(z" u®, A" p*, ") — Ho(2", u, A%, p*, ) <0 (1.92)

Since ¢(z,u) + a?(t) = 0 the Weierstrass conditions for a variational ex-
tremum can be rewritten as a function of the Hamiltonian function H and
the inequality constraint:

o(z*,u) < 0 (1.93)

"Hull D. G., Optimal Control Theory for Applications, Springer (2003)
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For a problem where the Hamiltonian function H is linear in the control u
and where u is limited between wu,,;, and u,,,, Pontryagin’s principle indicates
that the first variation of the augmented functional cost §.J, in (1.64) will remain
positive (i.e. J, is minimized) through the following necessary condition for
optimality:

SIS = Su (1.94)
0 g(t) = Uy i 5 >0

Thus the control wu(t) switches from u,,,, t0 U, at times when 0H/Ou
switches from negative to positive (or vice-versa). This type of control where
the control is always on the boundary is called bang-bang control.

In addition, and as the unconstrained control case, the Hamiltonian func-
tional H remains constant along an optimal trajectory for an autonomous system
when there are constraints on input u(t). Indeed in that situation control w(t)
ZS constant (it is set either to its minimum or maximum value) and consequently

u dH

¢ is zero. From (1.74) we get G =0.

1.10 Bang-bang control examples

1.10.1 Example 1

Consider a simple mass m which moves on the z-axis and is subject to a force
f(t)8. Equation of motion reads:

mij(t) = f(t) (1.95)
We set control u(t) as
u(t) = fr(nt) (1.96)
Consequently the equation of motion reduces to
J(t) = u(t) (1.97)

z1(t) = y(t) (t) 2(15) _ | 22(b)
{ 2o(t) = §(1) :>{ & flz,u) = [ ] (1.98)

We will assume that the initial position of the mass is zero and that the
movement starts from rest:
{ y(0) =0 (1.99)

y(0)=0
We will assume that control u(t) is subject to the following constraint:

Umin < U(t) < Umag (1.100)

8 Linear Systems: Optimal and Robust Control 1st Edition, by Alok Sinha, CRC Press
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First we are looking for the optimal control u(¢) which enables the mass to
cover the maximum distance in a fixed time ¢:

The objective of the problem is to maximize y(ts). This corresponds to
minimize the opposite of y(ts); consequently the cost J(u(t)) reads as follows
where F'(z,u) = 0 when compared to (1.49):

J(u(t)) = G (a(t)) = ~y(ty) = —a1(ty) (1.101)

As F(z,u) = 0 the Hamiltonian for this problem reads:

H(z,ul) = At)" f(z,u) = [M(t) Aa(t)] [xg(t)] = M () za(t) + Ao (t)ult)

u(t)
(1.102)
Adjoint equation is:

At) =

o om
oOH {A Mt)y=-32 =0 1.103)
2

C Or (t) = —52 = -\ (1)

Solutions of adjoint equations are the following where ¢ and D are constants:

Ai(t) =c
{A2(t)1: —ct+d (1.104)

As far as final time ¢y is not specified values of constants ¢ and d are deter-
mined by transversality condition (1.63):

O(—z1(ty)
06 Gly) _ [Ml) = L) <

Aty) = (1.105)
dx(t _ (=mlty) _
z(ty) Na(tf) = Zgmp s =0
And consequently:
c=—1 Al(t) = -1
{d— ~t; {M(t) =t—ty (1:106)
Thus the Hamiltonian H reads as follows:
H(z,u,\) = M (t)z2(t) + Aa(t)u(t) = —z2(t) + (t — ty)u(t) (1.107)

Then %—ZI =t—t; <0V 0<t <ty Applying (1.94) leads to the expression

of control wu(t):

OH
Sy S 0= () = tmar VO <t <ty (1.108)

This is of common sense when the objective is to cover the maximum dis-
tance in a fixed time without any constraint on the vehicle velocity at the final
time. The optimal state trajectory can be easily obtained by solving the state
equations with given initial conditions:

. _1 2
{ L=t {””;:(t) = glUmazt (1.109)

QQ = Umax 2( ) = Umagzl
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The Hamiltonian along the optimal trajectory has the following value:
H(z,u, A) = A (t)x2(t)+X2(t)u(t) = —tUmaet+(E—tf)Umar = —Umaaty (1.110)

As expected the Hamiltonian along the optimal trajectory is constant. The
minimum value of the performance index is:

Tu(t) = ~1(t5) = ~ Jmast’} (1.111)

1.10.2 Example 2

We re-use the preceding example but now we are looking for the optimal control
u(t) which enables the mass to cover the maximum distance in a fixed time ¢
with the additional constraint that the final velocity is equal to zero:

Zo(t) =0 (1.112)

The solution of this problem starts as in the previous case and leads to the
solution of adjoint equations where ¢ and d are constants:

AM(t)=c
{)\g(t)lz —ct+d (1.113)

The difference when compared with the previous case is that now the fi-
nal velocity is equal to zero, that is xa(ty) = 0. Consequently transversality
condition (1.63) involves only state x1 and reads as follows:

_ 0G (x(ty)) 0 (—z1(ty))

AMtp) = —57 & Milty) = d1(ty)

Felty) =1 (1.114)

Taking into account (1.114) into (1.113) leads to:

M(t) = -1
{)\gtt) —t+d (1.115)

The Hamiltonian H reads as follows:
H(z,u,\) = M (t)za(t) + Xa(t)u(t) = —z2(t) + (t + d)u(t) (1.116)

Thus %—ZI =t+d=X(t) V0 <t <ty where the value of constant d is not
known: it can be either d < —ty, d € [~t¢,0] or d > 0. Figure 1.1 plots the
three possibilities.

— The possibility d < —t; leads to u(t) = umm Vt € [0,tf] according to
(1.94), that is y(t) := 21(t) = 0.5Umint? when taking into account initial
conditions (1.99). Thus there is no way to achieve the constraint that the
velocity is zero at instant ¢y and the possibility d < —t; is ruled out;

— Similarly, the possibility d > 0 leads to u(t) = wmasz Vt € [0,ty], that
is y(t) := x1(t) = 0.5Upmast> when taking into account initial conditions
(1.99). Thus the possibility d > 0 is also ruled out.
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OH/du = A (1) = t+d
‘ 2

-
A
d>0 |
////
e :
pd t<d<O0
// //‘/ f
— . -
-
O ////” tS tf l'
e i
- A
7 7
e
/’///
e
-~
-
_d < -1

Figure 1.1: Three possibilities for the values of 0H/0u = A\o(t)

Hence d shall be chosen between —t; and 0. According to (1.94) and Figure
1.1 we have:

Umaz V0 <t <ty
u(t) = {umm Vi, <t<ts (1.117)

Instant tg is the switching instant, that is time at which %—Ij = Ao(t) changes
in sign. Solving the state equations with initial velocity set to zero yields the
expression of xo(t) V ty <t <ty

izzumaa:VOStSts
izzummvts<t§tf
[EQ(O) =0 (1.118)
{ x?(ts) = Umagzls
=
T2(t) = Umaats + Umin(t —ts) ¥V ts <t <ty

Imposing x2(t¢) = 0 leads to the value of the switching instant ¢,:

To(ty) = 0 = Umasts + Umin(ty —ts) =0
L ity ity (1.119)

Umin —Umaz Umaz —Umin

From Figure 1.1 it is clear that at t = ¢; we have \a(t5) = 0. Using the fact
that \o(t) =t + d we finally get the value of constant d:

{ izEZ)::t(;Ld = d =, (1.120)

Furthermore the Hamiltonian along the optimal trajectory has the following
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value:

VO <t t, Hizu ) = M(Daa(t) + da(b)u(t)
= —Umazt + (t + d) Umaz = —tsUmaz
Vit <t <ty Hz,u,\) = —Unaats — Umin(t —ts) + (t — ts)Umaa
= —tsUmaz
(1.121)
As expected the Hamiltonian along the optimal trajectory is constant.

1.11 Free final time

It is worth noticing that if final time ¢ is not specified, and after having noticed
that f(ty) — &(ty) = 0, the following term shall be added to §.J, in (1.55):

T
(F(tf) + Wf(tﬂ) oty (1.122)

In this case the first variation of the augmented performance index with
respect to 6tf is zero as soon as:

dG (x(ty))"

F(tf) + Oz

flt;) =0 (1.123)

As far as boundary conditions (1.63) apply we get:

OG (x(ty))

Mig) = =5,0,7 = Flin) + 20 f(tr) =0 (1124)

The preceding equation is called transversality condition. We recognize in
F(tr)+ Alty) f(ty) the value of the Hamiltonian function H(t) defined in (1.56)
at final time ty. Because the Hamiltonian H(t) is constant along an optimal
trajectory for an autonomous system (see (1.75)) it is concluded that H(t) =0
along an optimal trajectory for an autonomous system when final time ¢ is free.

Alternatively we can introduce a new variable, denoted s for example, which
is related to time t as follows:

t(s) =to+ (ty —to)s V s € [0,1] (1.125)
From the preceding equation we get:
dt = (ty —to) ds (1.126)

Then the optimal control problem with respect to time ¢ where the final
time t; is free is changed into an optimal control problem with respect to new
variable s and an additional state ¢7(s) which is constant with respect to s. The
optimal control problem reads:

Minimize:

1
J(u(s)) = G (z(1)) + / (t5(5) — to) F(x(s), u(s)) ds (1.127)

Under the following constraints:



1.12. Singular arc - Legendre-Clebsch condition 27

— Dynamics and boundary conditions:

La(s) = ZOA = (1,(s) — to) f(z(s), uls))
dstr(s) =0 (1.128)

— Mixed control-state constraints:

c(z(s),u(s)) <0, where c(x(s),u(s)) : R" x R™ — R (1.129)

1.12 Singular arc - Legendre-Clebsch condition

The case where 0H/0u does not yield to a definite value for the control u(t) is
called singular control. Usually singular control arises when a multiplier o(t) of
the control u(t) (which is called the switching function) in the Hamiltonian H
vanishes over a finite length of time t1 <t < to:

The singular control can be determined by the condition that the switching
function o(t) and its time derivatives vanish along the so-called singular arc.
Hence over a singular arc we have:

dk;
SF0(t)=0 VHh <t<t, VEKEN (1.131)

At some derivative order the control u(t) does appear explicitly and its
value is thereby determined. Furthermore it can be shown that the control u(t)
appears at an even derivative order. So the derivative order at which the control
u(t) does appear explicitly will be denoted 2¢g. Thus:

d*1o(t)
dt24

k:=2q= = A(t,z,\) + B(t,z, ) u=10 (1.132)

The previous equation gives an explicit equation for the singular control,
once the Lagrange multiplier A have been obtained through the relationship
Aty = —92.

The singular arc will be optimal if it satisfies the following generalized
Legendre-Clebsch condition, which is also known as the Kelley condition®, where
2q is the (always even) value of k at which the control u(t) explicitly appears
in C[l’%a(t) for the first time:

0

(—1)(1@

d*1o(t)
P ] >0 (1.133)

°Douglas M. Pargett & Douglas Mark D. Ardema, Flight Path Optimization at Con-
stant Altitude, Journal of Guidance Control and Dynamics, July 2007, 30(4):1197-1201, DOI:
10.2514/1.28954



28 Chapter 1. Overview of Pontryagin’s Minimum Principle

Note that for the reqular arc the second order necessary condition for opti-
mality to achieve a minimum cost is the positive semi-definiteness of the Hessian
matrix of the Hamiltonian along an optimal trajectory. This condition is ob-
tained by setting ¢ = 0 in the generalized Legendre-Clebsch condition (1.133):

0 B 0’H

This inequality is also termed regular Legendre-Clebsch condition.



Chapter 2

Finite Horizon Linear Quadratic
Regulator

2.1 Problem to be solved

The Linear Quadratic Regulator (LQR) is an optimal control problem where
the state equation of the plant is linear, the performance index is quadratic and
the initial conditions are known. We discuss in this chapter linear quadratic
regulation in the case where the final time which appears in the cost to be
minimized is finite whereas the next chapter will focus on the infinite horizon
case. The optimal control problem to be solved is the following: assume a plant
driven by a linear dynamical equation of the form:

{ :tgg)) - ?Ox(t) + Bu(t) (2.1)

x
Where:
— A is the state (or system) matrix
— B is the input matrix
— z(t) is the state vector of dimension n
— wu(t) is the control vector of dimension m

Then we have to find the control u(¢) which minimizes the following quadratic
performance index:

1 1 [tr

J(u() = 5 (a(ty) - z)" S (alty) — ) + 3 / 2" (1)Qa(t) + u' (t)Ruft) dt
0

(2.2)

where the final time ¢ is set and Ty is the final state to be reached. The

performance index relates to the fact that a trade-off has been done between the

rate of variation of z(¢) and the magnitude of the control input u(t). Matrices
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S and Q shall be chosen to be symmetric positive semi-definite and matrix R
symmetric positive definite.

S=8T>0
Q=Q">0 (2.3)
R=R" >0

Notice that the use of matrix S is optional; indeed, if the final state x; is im-

posed then there is no need the insert the expression 3 (z(ty) — gf)T S (z(ty) — z;)
in the cost to be minimized.

2.2 Positive definite and positive semi-definite matrix

A positive definite matrix M is denoted M > 0 where 0 denotes here the zero
matrix. We remind that a real n x n symmetric matrix M = M7 is called
positive definite if and only if we have either:

— zT™Mz > 0 for all z #0;
— All eigenvalues of M are strictly positive;

— All of the leading principal minors are strictly positive (the leading prin-
cipal minor of order k is the minor of order k obtained by deleting the last
n — k rows and columns);

— M can be written as M M where matrix M is square and invertible.

Similarly a semi-definite positive matrix M is denoted M > 0 where 0
denotes here the zero matrix. We remind that a n X n real symmetric matrix
M = M7 is called positive semi-definite if and only if we have either:

— "Mz > 0 for all z # 0;
— All eigenvalues of M are non-negative;

— All of the principal (not only leading) minors are non-negative (the prin-
cipal minor of order k is the minor of order k£ obtained by deleting n — k
rows and the n — k columns with the same position than the rows. For
instance, in a principal minor where you have deleted rows 1 and 3, you
should also delete columns 1 and 3);

— M can be written as Mfl\/[s where matrix My is full row rank.

Furthermore a real symmetric matrix M is called negative (semi-)definite if
—M is positive (semi-)definite.

1 2

Example 2.1. Check that My = M? = [2 3

] 1s not positive definite and that

M, = MI = [_12 _52] 1s positive definite. L]
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2.3 Open loop solution

For this optimal control problem, the Hamiltonian (1.56) reads:

H(z,u, ) = = (27 0)Qa(t) + v’ (t)Ru(t)) + AT (¢) (Az(t) + Bu(t)) (2.4)

N

The necessary condition for optimality (1.71) yields:

O _ Ru(t) + BTA() =0 (2.5)

u
Taking into account that R is a symmetric matrix, we get:
u(t) = —R™'BTA(t) (2.6)

Eliminating u(t) in equation (2.1) reads:

i(t) = Az(t) - BRT'BTA(t)
{ z2(0) = Zo (2.7)
The dynamics of Lagrange multipliers A(¢) is given by (see (1.62)):
At) = —%H = —Qu(t) — ATA(t) (2.8)
X

The final values of the Lagrange multipliers are given by (1.63). Using the
fact that S is a symmetric matrix we get:

M) = g (5 (et —2)" 8 (alt) ~ 7)) =S (alt) ~ ;) (29)

Taking into account that matrices Q and S are symmetric matrices, equa-
tions (2.8) and (2.9) are written as follows:

At) = —Qu(t) — ATA1)
{ Alty) =S (a(ty) — zy) (2.10)

Equations (2.7) and (2.10) represent a two-point boundary value problem.
Combining (2.7) and (2.10) into a single state equation yields:

=% PR -nf] e

where we have introduced the Hamiltonian matrix H defined by:

(2.12)

_nRp-lpT
H— A BR TB
-Q A

Solving (2.11) yields:

[:r(t)] _ [x(O)] (2.13)
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Ht is partitioned as follows:

JHE _ [En(t) Eu(ﬂ]
Es1(t) Eoot)

When exponential matrix e

(2.14)

Then (2.13) yields:

{20 = Bulhe(0) + Bulox0) 2.15)
A(t) = Ext(0)2(0) + Bz () A0) |

Then two options are possible: either final state z(ty) is set to z; and the
matrix S is not used in the performance index J(u) (because it’s useless in that
case) or final state z(ty) is expected to be close to the final value z; and matrix
S is then used in the performance index J(u). In both possibilities differential
equation (2.11) has to be solved with some constraints on initial and final values,
for example on z(0) and A(tf): this is a two-point boundary value problem.

— In the case where final state z(tf) is expected to be close to the final value
Ty then the initial and final conditions turn to be:

£(0) =2y
{ Alty) =S (z(ty) — zy) (2.16)

Then we have to mix (2.16) and (2.15) at t = ¢ to compute the value of

(0):
z(t) = Eq11(t)z(0) + E12(t)A(0)
A(t) = Eo1(t)z(0) + Eg2(t)A(0)
Alty

= Ea1(t7)2(0) + Eaz(t7)A0) = S (E11(t£)z(0) + E1a(t£)A(0) — zy)
(2.17)

We finally get the following expression for A(0):

A0) = (Ena(tr) — SE1a(ts) ™" (S (E11(ts)z(0) — 25) — E21(tf)fv(<0)) |
218

— In the case where final state g(tf) is imposed to be Ty then the initial and
final conditions turn to be:

z(0) =z,

2.19

{m(tf) =z (219)

Furthermore matrix S is no more used in the performance index (2.2) to be
minimized: .
1 [t

Ha®) =5 [ OQu) + o O Ru(t) di (220)

0

The value of A(0) is obtained by solving the first equation of (2.15):

z(t) = Eni()zg + E12(¢)A(0)
=Ty = Ell“f)ﬁo + Ew@f)&(o) (2.21)
= M0) = (E12(ty)) ™ (z; — E1u1(ty)zg)
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At x(0).x,) —— u(t 1 X()
—» -R'B"' — B | —» L[®(s)] —>

Figure 2.1: Open loop optimal control

It is worth noticing that A(0) can be computed through (2.18) as the limit
of A(0) when S — oc.

Nevertheless, in both situations, the two-point boundary value problem must
be solved again if initial conditions change. As a consequence the control u(t) is
only implementable in an open loop fashion because Lagrange multipliers A(%)
are not a function of state vector z(¢) but an explicit function of time ¢, initial
value z, and final state x -

From a system point of view, let’s take the Laplace transform (denoted L)
of the dynamics of the linear system under consideration:

i(t) = Az(t)+Bu(t)
= L[z(t)] = X(s) = (sI —A)"'BU(s) (2.22)
= &(s)BU(s) where ®(s) = (sI — A) ™"

Then we get the block diagram in Figure 2.1 for the open loop optimal
control; In the Figure, £~[®(s)] denotes the inverse Laplace transform of ®(s).
It is worth noticing that the Lagrange multiplier A depends on time ¢ as well as
on the initial value x, and the final state 2 ;: this is why it is denoted At zg, gf).

2.4 Application to minimum energy control problem

Minimum energy control problem appears when Q := 0.

2.4.1 Moving a linear system close to a final state with mini-
mum energy

Let’s consider the following dynamical system:
@(t) = Azx(t) + Bu(t) (2.23)

We are looking for the control u(t) which moves the system from the initial
state 2(0) = z to a final state which should be close to a given value z(ty) =
at final time ¢ = . We will assume that the performance index to be minimized
is the following quadratic performance index where R is a symmetric positive
definite matrix:

J(u(t))—;(a:(tf)—a:f)Ts(m(tf)—mf)+;/OfuT(t)Ru(t) . (2.24)
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For this optimal control problem, the Hamiltonian (2.4) is:
1
H(z,u,)\) = iuT(t)Ry(t) + AT () (Az(t) + Bu(1)) (2.25)

The necessary condition for optimality (2.5) yields:

%—Z = Ru(t)+ BIA(t) =0 (2.26)

We get:
u(t) = —RIBT)(t) (2.27)

Eliminating u(¢) in equation (2.24) reads:
i(t) = Aa(t) - BR™BTA() (2.28)

The dynamics of Lagrange multipliers A(¢) is given by (2.8):
At) = ——==-ATA(t) (2.29)

We get from the preceding equation:
A(t) = e AT\ (0) (2.30)

The value of A(0) will influence the final value of the state vector z(t). Indeed
let’s integrate the linear differential equation:

i(t) = Az(t) - BR'BTA(t) = Az(t) + BR'BTe A" )\(0) (2.31)
This leads to the following expression of the state vector z(t):

2(t) = eAtpy + e Jo e ATBR BT e AT\ (0)dr

2.32
_ eAtgo + At (f(f e—ATBR—lBTe—AT‘rd7_> A(O) ( )
Or:
z(t) = eAlzy 4+ AW (1) A(0) (2.33)
where matrix W, () is defined as follows:
t
W, (t) = / e ATBR'BTe A dr (2.34)
0
Now using (2.16) we set A(ty) as follows:
Aty) =S (z(ty) — zy) (2.35)

Using (2.30) and (2.33) we get:

Alty) = e A 1A(0)
{5U(tf) = eA{fgo + Aty Wc(tf) A(0) (2.36)
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And the transversality condition (2.35) is rewritten as follows:

Aty) =S (z(ty) —zy)

2.
& eTAN0) =8 (eAlzy + €A W(t) A(0) — z) 0

Solving the preceding linear equation in A(0) gives the following expression:

(efAth - SeAthc(tf)> A0) =8 (M ay — )

~1 (2.38)
< \0) = (e*Ath - SeAthC(tf)) S (eAtfgo - gf)

Using the expression of A\(0) in (2.30) leads to the expression of the Lagrange
multiplier A(¢):

At) = e AT (e_Ath - SeAthC(tf)> o S (eAtfgo —xy) (2.39)
Finally control u(t) is obtained thanks equation (2.27):
u(t) = ~RBTA®) (2.40)
It is clear from the expression of A(¢) that the control u(t) explicitly depends
on the initial state z,.
2.4.2 Moving a linear system exactly to a final state with min-

imum energy

We are now looking for the control u(¢) which moves the system from the initial
state 2(0) = z, to a given final state z(ty) = x; at final time ¢ = t;. We will
assume that the performance index to be minimized is the following quadratic
performance index where R is a symmetric positive definite matrix:

T=, /0 T (0 Rut) dt (2.41)

To solve this problem the same reasoning applies than in the previous exam-
ple. As far as control u(t) is concerned this leads to equation (2.27). The change
is that now the final value of the state vector x(t) is imposed to be z(ty) = z;.
So there is no final value for the Lagrange multipliers. Indeed A(tf), or equiva-
lently A(0), has to be set such that x(ty) = z;. We have seen in (2.33) that the
state vector z(t) has the following expression:

z(t) = Ay 4+ AW (1) A(0) (2.42)

where matrix W(t) is defined as follows:
t
W, (t) = / e ATBR'BTe A dr (2.43)
0
Then we set A\(0) as follows where ¢ is a constant vector:

A(0) = W, (tg)eq (2.44)

c
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We get:
z(t) = My + A W(t) W (E ) (2.45)

C

Constant vector ¢ is used to satisfy the final value on the state vector z(t).
Setting x(ty) = z s leads to the value of constant vector cy:

z(ty) =xp = ¢y = €_Atf£f — Zy (2.46)

Thus:
A(0) = Wil(tf) (eiAtfif - Eo) (2.47)

[

Using (2.47) in (2.30) leads to the expression of the Lagrange multiplier A(¢):

At) =e™A IA(0)
—AT¢yr7—1 —At (2'48>
= e A IW(ty) (e A zy — o)
Finally the control u(¢) which moves with the minimum energy the system
from the initial state (0) = x, to a given final state x(ty) = z; at final time
t =ty has the following expression:

u(t) =-R'BTA(Y)
= —R!BTe A1)\ (0) (2.49)
= —R'BTe AW (1) (e Aty — )

It is clear from the preceding expression that the control u(t) explicitly de-
pends on the initial state z,. When comparing the initial value A(0) of the
Lagrange multiplier obtained in (2.47) in the case where the final state is im-
posed to be z(ty) = z; with the expression of the initial value of the Lagrange
multiplier obtained in (2.38) in the case where the final state z(¢y) is close to a
given final state z; we can see that the expression in (2.47) corresponds to the

limit of the initial value (2.38) when matrix S moves towards infinity (note that
(eAtf)_l — e—Atf):

lims o0 (e‘Ath — SeAls Wc(tf)y1 S (eAtrzg —zy)
= limg o0 (~SATW,(t7)) 'S (Alrmy — ) (2.50)
= limg_ Wc_l(tf)e_Atf S-!S (eAth() - &f)
=W l(tp)e 2 (eArzg — zy)

2.4.3 Example

Given the following scalar plant:

{Jb(t) z(%g)c(i);)bU(t) (2.51)

Find the optimal control for the following cost functional and final states con-
straints:

We wish to compute a finite horizon Linear Quadratic Regulator with either
a fixed or a weighted final state x ;.
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— When the final state z(tf) is set to a fixed value xy and the cost functional
is set to:

L[t
J = / pu”(t) dt (2.52)
2 Jo

— When the final state 2(t7) shall be close of a fixed value z¢ so that the
cost functional is modified as follows where is a positive scalar (S > 0):

1

T =5l —a) St e+ [ i@ (25)

In both cases the two-point boundary value problem which shall be solved
depends on the solution of the following differential equation where Hamiltonian
matrix H appears:

(R v [ [ A R
The solution of this differential equation reads:

5] = o) 2

Denoting by s the Laplace variable, the exponential of matrix Ht is obtained
thanks to the inverse of the Laplace transform denoted £

s—a b2/p
s+a

1( e[ T e
([ =]
-

0 fat

2(,at —at
2(t)] _ ju [xm)] et ) V(oq
=e = 2pa 2.57
o= bol=|e A Lo 237
— If the final state x(ty) is set to the value z; then the value A(0) is obtained
by solving the first equation of (2.57):

L~ 1

I
l\..

1

That is:

2 eat _e—at
e(ty) = ay = etra(0) - 2 T )

= )\(0) = I)Q(eat_f?fp:_atf) (:Ef — eatf:E(O))

(2.58)
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And:

x(t) = ez(0) + S (x5 — e 2(0))

e f—e=f
—a —92pae—at a 259
)\(t) =€ t)\(()) = lﬁ(ﬁfe,m (l‘f — € ffx(O)) ( )
The optimal control u(t) is given by:

—b 2ae~%
)= -RIBTA(l) = —A(t)= 2
U( ) )\( ) P A( ) b(eatf _ e—atf)

(zy —e™2(0)) (2.60)
Interestingly enough, the open loop control is independent of the control
weighting p.

— If the final state z(tf) is expected to be close to the final value x; then
we have to mix the two equations of (2.57) and the constraint \(ty) =
S (x(ty) — x¢) to compute the value of A(0) :

Alty) =8 (x(ty) —zy)
—at _ at bQ(eatf _e_atf)
= e “IA0) =S (e x(0)— T)\(O) —xy
S(eatf z([))—a:f)
Sb2 (eatf —e_atf)
2pa

(2.61)
< A(0)

efu,thr

Obviously, when S — oo we obtain for A(0) the same expression than
(2.58).

2.5 Closed loop solution - Riccati differential equation

The closed loop solution involves the state vector z(t) within the expression
of the optimal control u(t). In order to achieve a closed loop solution we will
assume in the following that the state vector z(¢) shall move towards the null

value:
2, =0 (2.62)
Indeed, z; = 0 corresponds to the single equilibrium point for a linear
System.

2.5.1 Final state close to zero

We will use matrix S to weight the final state in the performance index (2.2)
but we will not set the final state z(¢;) which is assumed to be free.
The cost to be minimized reads:

Tt) = 5" t)Sz(t) + 5 [ £ Q)+ ORu) dt (269
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We have seen in (2.15) that the solution of this optimal control problem
reads:

{x(t) = E11(t)z(0) + E12(£)A(0) (2.64)

where:
JHE {Eu(t) Eu(ﬂ}
Eo;(t) Eggl(t)T
A —-BR 'B
a= |

(2.65)

The expression of A(0) is obtained from (2.18) where we set z; = 0. We get
the following expression where z(0) can now be factorized:

AM0) = (Baa(ty) — SEia(ty)) " (S (B11(ty)z(0) — ) — En(tf)z(0))

(Exa(ty) — SE12(ty)) " (SE11(ts)z(0) — Ex (t4)2(0))
= (Exa(ty) — SEua(ty)) " (SEui(ty) — Ear(ty)) 2(0) 2,68

Thus, from the second equation of (2.64) A(¢) reads as follows where z(0)
can again be factorized::

&f:Q

Ei»
Ei»

A(t) = E21(t)z(0) + Ea(t)A(0)
= (Ezl(t) +En(t) (Baa(ty) — SEna(ty)) " (SEwn(ty) — E21(tf))) z(0)
2.67)
That is:
A(t) = Xa(t)z(0) (2.68)

where
Xy(t) = Eai () + Eaa(t) (Baa(ty) — SE1a(ty) ™ (SEu(ty) — Eau(ty)) (2.69)

In addition, using the expression of A\(0) in the first equation of (2.64) we
can compute z(0) as a function of z(t):
z(t) = En(t)z(0) + E12(£)A(0)
= (Bui(t) + Baa(t) (Baaty) — SE1a(ty)) ™' (SEni(ty) - Ear(ty)) ) 2(0)
2.70)

That is:
z(t) = X4 (t)z(0) (2.71)

where
X1 (t) = E11(t) + Ena(t) (Baa(ty) — SE1a(ty)) ' (SE11(ty) — Eni(ty)) (2.72)

Combining (2.68) and (2.71) shows that when 2, = 0 then Lagrange multi-
pliers A(¢) linearly depends on the state vector z(t):

A(t) = Xo()X7 H(D)() (2.73)
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X =0 u(t) x(®)
)5 e

! R'B'P(t) *——

Figure 2.2: Closed loop optimal control (£~ [®(s)] denotes the inverse Laplace
transform of ®(s))

Then the Lagrange multipliers A(¢) can be expressed as follows, where P(t)
is a n X n symmetric matrix:

At) = P(t)z(t)
{ P(t) = Xa(t)X; ' (2) (2.74)

Once matrix P(t) is computed (analytically or numerically), the optimal
control u(t) which minimizes (2.2) is given by (2.6) and (2.74):

ult) = ~K(Hz(t) (2.75)
where K(t) is the optimal state feedback gain matrix:
K(t) = R7'BTP(¢) (2.76)

It can be seen that the optimal control is a state feedback law. Indeed,
because the matrix P(¢) does not depend on the system states, the feedback
gain K(¢) is optimal for all initial conditions z(0) on the state vector x(t).

From a system point of view, let’s take the Laplace transform (denoted L)
of the dynamics of the linear system under consideration:

£(t) = Az(t) + Bu(t)
= Lla(t)] = X(s) = (sI— A)~ BU(s) (2.77)
= ®(s)BU(s) where ®(s) = (sI — A)!

Then we get the block diagram in Figure 2.2 for the closed-loop optimal
control: note that z; = 0 corresponds to the regulator problem. The tracker
problem where z; # 0 will be tackle in an following chapter. In addition it is
worth noticing that compared to Figure 2.1 the Lagrange multipliers A no more
appears in the optimal control loop in Figure 2.2. Indeed, it has been replaced
by matrix P(¢) which enables to provide a closed loop solution whatever the
initial conditions on state vector z(t).

2.5.2 Riccati differential equation

Using (2.8) and (2.9), we can compute the time derivative of the Lagrange
multipliers A(t) = P(¢)z(t) as follows:

{ Alt) = P(t)z(t) + P(t)i(t)
Alty) = P(tp)z(ty) = Sa(t

5 —Qu(t) — ATA(1) (2.78)
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Then, substituting (2.1), (2.6) and (2.74) within (2.78) we get:

= Az ( ) + Bu(t)
u(t) = —R7'BTA(t)
| A(t) = P(t)a(t)
{P(t)x(t) +P(t) (Az(t) - BRT'BTP(t)z(t)) = —Qu(t) — ATP(t)z(t)
=
P(tf)a(ty) = Sx(ty)
(2.79)
Because the previous equation is true for all z(¢) and z(t) we obtain the
following equation, which is known as the Riccati differential equation:

{—P(t) = ATP(t) + P()A - P()BR'B"P(t) + Q (2.80)

P(ty) =S

From a computational point of view, the Riccati differential equation (2.80)
is integrated backward. The kernel P(t) is stored for each values of ¢ and then
is used to compute K(¢) and u(t).

2.5.3 Final state set to zero

When the final state x(ty) is imposed to be exactly zy = 0 the cost to be
minimized reads:

Hu) = 5 [ £ (OQe() + " (O Ru(e) (281)

We have seen in (2.73) that A(¢) has the following expression:
At) = Xa ()X (1)z(t) (2.82)

Square matrices X;(t) and Xs(¢) can be computed through relationships
(2.72) and (2.69) by taking the limit when S — oo:

Xy(t) = limgoo En1(t) + E1a(1) (E22(tf) SE12(t7)) " (SEn(ty) — Ea(ty))
= lims 00 En1(t) — E12( JE, (t7)S™'SEw(ty)
= Eu1(t) - Era(H)Epy (t7)En(ty)

Xa(t) = limg— oo En1(t) + Ea2(t) (E22(tf) SEi2(t)) " (SEu(t) — Ex(ty))
= limg_o0 E21(t) — E22( JE, (t7)S™'SEn(ty)
= Eai(t) — Ex()E, (t1)Eu(tf)

As far as [EH(O) ElQ(O)} = th‘t:O

(2.83)
_ 0 _ :
Ex(0) En(0) = ¢e" = I, where I is the 2n x 2n

identity matrix, we have:

E11(0) = Ex2(0) =1 X1(0) =1
{Elz(O) =E2n(0)=0 { X5(0) = —E1_21 (t1)Eq1 (tf) (2.84)

Consequently we get for P(0) and A(0) the following expressions:

)
{P() X2(0)X11(0) = —E; (t5)En(ty) (2.85)
A0) = P<0>@<0> = —Eq, (t7)Eui (ty)z(0) '
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Furthermore, the Riccati differential equation (2.80) to get P(t) now reads:

{—P(t) = ATP(t) + P(t)A —P(t)BR'BTP(t) + Q (2.56)
P(0) = —Eq; (t/)En(ty) '
Now let’s compute P(ty). From (2.83) we get:
Xi(ty) =En(ty) — Bty By (tr)En(ty) =0 (2.87)

Xo(ty) =Ea(ty) — En(ty)Ey (tr)Eni(ty)

Consequently P(t;) = Xa(t;)X ' (t;) — oo because X;(t;) = 0 when the
final value z(ts) is set to zero. This is in line with the final value of P(t),
P(tf) = S, as indicated by Equation (2.80). Indeed, when the final value x(ts)
is imposed, then S — oo and consequently P(ty) — oo when the final value
x(ts) is set to zero. To avoid the numerical difficulty when ¢ = t; we shall set
u(ty) = 0. Thus the optimal control reads:

Where:
K(t) = R 'BTP(¢) (2.89)

Besides it is worth noticing that when the final state is set to zero there is
no need to solve the Riccati differential equation (2.86). Indeed, when the final
state z(ty) is imposed to be exactly z(ts) = z := 0, then equation (2.13) can
be rewritten as follows where t is shifted to t — t;:

{ x(t) ] _ Hi [ z(0) ]

A(t) (0)

- Hgg ] = eot) { )\((zf) ] (2.90)
- el ) ]

From Equation (2.90), the state vector z(¢) and costate vector A(t) can now
be obtained through the value of A(tf), which can be set thanks to the value of
z(0) = zy. We get:

zy = z(0) = Ena(—tp)A(ty) < Aty) = Epy (—tf)zg
{w(t) = Eia(t — t7)Epy (—tf)
A(t) = Bao(t — tp)Epy (—ty)

2 (2.91)
Zo

2.5.4 Using Hamilton-Jacobi-Bellman (HJB) equation

Let’s apply the Hamilton-Jacobi-Bellman (HJB) partial differential equation
(1.66) that we recall hereafter:

_0J"(z, 1)

. o0J*(z,t
ot =My eu <F({E, Q) + #

L

faw) o)
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For linear system with quadratic cost (we remind that Q = QT > 0 and
R = R” > 0) we have:

F(z,u) + (%f’”) flz,u) =3 (2"Qz+ u"Ru)

. (2.93)
+ (‘”T(f’t)) (Az + Bu)

Assuming no constraint on control u, the optimal control is computed as
follows:

ANy () e U (F(Lu) + (%) f(@yﬂ)) — Ru+ BT (W;i@ﬂg))T _

xr
s u=-RIBT (L‘];(ft))
(2.94)
Thus, using the fact that R = R, the Hamilton-Jacobi-Bellman (HJB)
partial differential equation reads:

N o

_9J (@) _1(TQ1,+(6] )BR/IT(R 1BT( E))T

ot
dJ* (z,t) —1gT (@) \ T
+< o )(Ax_BR B < o ) ) (2.95)
T
= 1TQu -1 <6J( )) BR- 1BT< 8%,0)
n <8J;(§,t)) Az
Assuming that the final state at ¢t = t; is set to zero, a candidate solution of

the Hamilton-Jacobi-Bellman (HJB) partial differential equation is the following
where P(t) = PT(¢) > 0:

8J*(:c t)

zTP(t)z
J*(z,t) = 32" P(t)z = (dJ*xt))

P(t)z

1
Na (2.96)

Thus the Hamilton-Jacobi-Bellman (HJB) partial differential equation reads:

~0% = _LiTP(t)z = 127Qu — 1aTP(t)BR'BTP(H)z

ot 297
+2TP(t)Az (2.97)
Then, using the fact that P(t) = P7(t), we can write:
1
2TP(t)Az = 2T ATP(t)z = §£ (PHA+ATP(t))z (2.98)

Thus the Hamilton-Jacobi-Bellman (HJB) partial differential equation reads:

~32"P(t)z = 12"Qz — Lz"P(t)BR'BTP(t)x

+32T (P(t)A + ATP(t)) z (2:99)

Because this equation must be true V¥ z, we conclude that P(t) = P7 (¢) shall
solve the following Riccati differential equation:

~P(t)=Pt)A + ATP(t) - P(t)BR'BTP(t) + Q (2.100)
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Furthermore the terminal condition reads:

* 1 1
T tp) = G (a(ty)) & Sz’ (t)P(tp)z(ty) = Sa’ (t)Sz(ty)  (2101)
Because this equation must be true V(ty) we get:

P(t;) =S (2.102)

2.6 Solving the Riccati differential equation

2.6.1 Scalar Riccati differential equation

In the scalar case the Riccati differential equation has the following form:

P(t) = f(t) + g(t)P(t) + h(t) P%(t) (2.103)

The general method to solve it when P(t) is a scalar function is the following:
let P;(t) be a particular solution of the scalar Riccati differential equation (2.103)
and consider the new function z(t) defined by:

2(t) = P(t)_lpl(t) & P(t) = Pu(t) + Z}t) (2.104)

Then the derivative of new variable z(t) leads to:

_ PP fO)+gOPO+R) P ()= f(t)—g(t) P (t)—h(t) PP ()

(P—Py)” SP() Py (1))

& 7 = SOPOROMOWPIO-PO) _ o) ) EOERO (2.105)
(P(0)— P (1)) PO Pi(0) PO—Pi (D)

& Z=—g(t)Z(t) — h(t)Z(t) (P(t) + P1(t))

Using the fact that P(t) = Pi(t) + % we finally get:

Z=—g(t)Z(t) — h(t)Z(t) (P (6)+ 7zt + Pt )>

- (2.106)
& Z=—Z(t) 2P1(t)h(t) + g(t)) — h(?)

This equation is a linear differential equation satisfied by the new function
z(t). Once it is solved, we go back to P(t) via the relation P(t) = Pi(t) + %

2.6.2 Matrix fraction decomposition

The general method which has been presented to solve the Riccati differential
equation in the scalar case is not easy to apply when P(¢) is not a scalar function
but a matrix. In addition, The Riccati differential equation (2.80) to be solved
involves constant matrices A, B, R and Q and this special case is not exploited
in the general method which has been presented. The Riccati differential equa-
tion (2.80) can also be solved by using a technique called the matrix fraction
decomposition. Let Xo(t) and X;(¢) be n x n square matrices. A matrix prod-
uct of the type Xo(t)X ' (t) is called a matrix fraction. In the following, we will
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take the derivative of the matrix fraction Xo(#)X[ () with respect to ¢ and use
the fact that:

4 00 == (%10) (5X00) (%10) = = (%7 0) Ka0) (%1 (0)

(2.107)

The preceding equation is a generalisation of the time derivative of the in-
verse of a scalar function:

d .y, f@)
= 80 -~ (2.108)

Let’s decompose matrix P(¢) using a matrix fraction decomposition:
P(t) = Xo(t) X H(2) (2.109)
Applying (2.107) yields:

P(t) = Xo(t) X7 (1) + Xa(t) X7 ()

& P(t) = Xo()X; (1) — Xo()X] ()X ()X (1) (2.110)

From the Riccati differential equation (2.80), substitution for P(¢) with
X, ()X (t) leads to the following:

Xa()X; (1) = Xa ()X, H ()X ()X () + X ()X (1A

~Xo(t)X7HHOBR B X ()X (1) + Q + ATX ()X M (t) = 0 (2.111)
Multiplying on the right by X;(¢) yields:

~Xo()X; () BRTIBTX,(t) + QX4 (t) + ATX5(t) =0
Re-arranging the expression and putting Xo(t)X [ (¢) in factor yields:

Xo(t) + QX () + ATX,(1)

~Xa()X; (1) (X1 () — AXs (1) + BR™BTXs (1)) = 0 (2.113)
As a consequence, X(t) and X;(t) can be chosen as follows:
X, (t) = AX;(t) — BRT'BTXy(t)
: T (2.114)
Xo(t) = —QXy(t) — ATX ()

Note that equations (2.114) are the linear differential equations with respect
to matrices Xo(t) and Xy (t). They can be re-written as follows:

iboo] Lo el e

We recognize the Hamiltonian matrix H which has already been defined in
(2.12):

(2.116)

_pR-1pT
H:[A BR B}

-Q _AT
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Nevertheless X (t) and Xa(t) are matrices in (2.115) whereas z(t) and A(t)
are vectors in (2.11). The expression of the numerator Xy(¢) and denominator
X1(t) of the matrix fraction decomposition of P(¢) can be represented in the
following matrix form, where eBt is a 2n x 2n matrix:

[28] = @8?] (2.117)

In order to satisfy the constraint at the final time constraint ¢;, we do the
following choice where I represents the identity matrix of dimension n:

P(tr) = Xa(ts) X7 (ty) Xu(ty) | _ | I
{Pw):s 1 %Xxm][s} (2.118)

As a consequence, we get:

E;Egﬂ = [a (2.119)

Using (2.119) within (2.117) leads to the following expression of matrices
X1 (t) and Xa(t):
Xu(8)| _ m(e—ty) |1
{X2(t)] —e S (2.120)

And the solution P(t) of the Riccati differential equation (2.80) reads as in
(2.74):
P(t) = Xa()X;H(2) (2.121)

2.6.3 Examples

Example 1

Given the following scalar plant:

{:i:(t) z(%o)c(i);;bU(t) (2.122)

Find control u(t) which minimizes the following performance index where
S>0and p>0:

1 1 [t
J= 5a:T(tf)Sa:(tf) + 2/ pu?(t) dt (2.123)
0

Let’s introduce the Hamiltonian matrix H defined by:

H- | har ; (2.124)

A —BRlBT]_ a ¥
0 —a

Denoting by s the Laplace variable, the exponential of matrix eH? is obtained

thanks to the inverse of the Laplace transform, which is denoted £71:
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_ -1 1 s+a —b%/p
o (s—a)(s+a) 0 s —a
P (2.125)
—r-1 s—a p(32fa2)
(e
a —b= (e —e—@
= |€ ! T 2pa
0 e

Matrices X;(¢) and Xs(t) are then obtained thanks to (2.120):

i) -l

= (it5) _eme(tts)
_p2(t\tty) _malt=ty
_ ea(tftf) ( 2a ) [é]
|0 eme(t=s) (2.126)
' JECHIECY
_ 6a(t—tf) _ S ( f2pa ! )
i Se—alt=tr)

From (2.121) we finally get the solution P(¢) of the Riccati differential equa-
tion (2.80) as follows:

2pa (2127)

EZG(t_tf) X Sb2 (1_62“(“%))

2pa

Finally the optimal control is:

u(t) =—K(t)z(t)
= -R'BTP(t)z(t)
= —LP(t)x(t)
(2.128)
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If we want to ensure that the optimal control drives z(tf) exactly to zero,
we can let S — 0o to weight more heavily in the performance index J. Then:

—2ab —2a efa(t*tf)

u(t) = » (1 - eza(Hf)) x(t) = . (eia(Hf) - ea(Hf)) x(t) (2.129)

Example 2

Given the following plant, which actually represents a double integrator:

-jfl(t) o 01 xl(t) 0
[ a2(t) ] B [ 00 ] [ @) | T [ (2.130)
Find control u(t) which minimizes the following performance index:

Hult) = 32" (t)Selty) + 5 [ oy (2.131)

Where weighting matrix S reads as follows:

sp 0

_ QT _
S=8 _[O Su

} >0 (2.132)

Hamiltonian matrix H as defined in (2.116) reads

01 0 0
A -BR'B7 00 0 -1

H=| o _ar ]_ 00 0 0 (2.133)
00 -1 0

In order to compute ef* we use the following relationship where £~ stands

for the inverse Laplace transform:

eHt = -1 [(311 - H)*l} (2.134)
We get:
11 1 1
T-H=| g o g [TEIET g 5 F
S
1 1
0 0 1 s P t20 0 e s
= th — £—1 |:(S]I— H>*1:| — O 1 5 —t
0 0 1 0
0 0 —t 1

(2.135)
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Matrices X;(¢) and Xs(¢) are then obtained thanks to (2.120):

) -

b (t—ts)? _=tp)? T 1

1 O . 0
_|o 1 4 —(t —tf) 1
0 0 1 0 sp 0
0 0 —(t—ty) 1 L0 s (2.136)
_ s -
1+Sp(t ézf) t—tf—sv(t ;f)
= Sp (t_;f) 1—sy(t—ty)
Sp 0
| —sp(t —ty) Sv J

From (2.121) we finally get the solution P(¢) of the Riccati differential equa-
tion (2.80) as follows:

P(t) =Xo(t)X;(t)

, -1
:[ $p 0] 1+sp(t‘22f)3 t—ty — s, )
—sp(t —1t5) s sp@ 1 —sy(t—ty)
_+.)2
:1[ Sp 0} 1 syt~ t) ty—t+s," %f)
A —sp(t—tf) sy _Sp(t*;f) 14 p(t ty)"
(2.137)
where:
t—tp)3 t—tg)? t—ty)?
A= <1 n <f>) (L sult —t7)) — spt 0 <t_tf - <f>>
6 2 2
(2.138)

2.7 Second order necessary condition for optimality

It is worth noticing that the second order necessary condition for optimality to
achieve a minimum cost is the positive semi-definiteness of the Hessian matrix
of the Hamiltonian along an optimal trajectory (see (1.134)). This condition is
always satisfied as soon as R > 0. Indeed we get from (2.5):

O*H

5z = H, =R>0 (2.139)

2.8 Finite horizon LQ regulator with cross term in
the performance index

Consider the following time invariant state differential equation:

e

Where:
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— A is the state (or system) matrix

— B is the input matrix

— z(t) is the state vector of dimension n

— wu(t) is the control vector of dimension m

We will assume that the pair (A, B) is controllable. The purpose of this section
is to explicit the control wu(¢) which minimizes the following quadratic perfor-
mance index with cross terms:

Ju®) = 5 [ £ 0l + T ORu) + 26T OSu d (214

With the constraint on terminal state:
xz(ty) =0 (2.142)

Matrices S and Q are symmetric positive semi-definite and matrix R sym-
metric positive definite:

S=ST>0
Q=Q">0 (2.143)
R=RT >0

It can be seen that:

2" ()Qa(t) + u” (HRu(t) + 227 ()Su(t) = 2" (1) Qua(t) + o’ (t)Ru(t) (2.144)

Where: el
Qn=Q—-SR™'S
{ o(t) = u(t) + R1S7z(t) (2.145)
Hence cost (2.141) to be minimized can be rewritten as:
1 oo
Tu®) =5 [ 2T OQua(t) + o O Ru(e) (2.146)
0

Furthermore (2.140) is rewritten as follows, where v(t) appears as the control
vector rather than u(t). Using u(t) = v(t) — R7!STx(¢) in (2.140) leads to the
following state equation:

&(t) = Az(t)+B (v(t) - R7'STz(t))
= (A -BR'S") x(t) + Bu(t) (2.147)
= Apz(t) + Bo(t)

We will assume that symmetric matrix Q,, is positive semi-definite:
Q.=Q-SR !S>0 (2.148)

Hamiltonian matrix H reads:

A, —BRlBT] _ [A—BRlsT —-BR'B”

H= -Qn —AT —Q+SR ST —AT 4+ SR 'ST

(2.149)
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The problem can be solved through the following Hamiltonian system whose
state is obtained by extending the state z(t) of system (2.140) with costate A(t):

[igg] B [fQ_+BSII{t_jlssTT _ A_TBE ;{ELTST} [igg] =H Bgﬂ (2.150)

Ntogramatzidis' has shown the results presented hereafter: let P; and Ps
be the positive semi-definite solutions of the following continuous time algebraic
Riccati equations:

0=A"P, +P;A - (S+P,B)R ' (S+P,B)" +Q (2.151)
0=—-ATP, —P;A — (S—P,B)R ' (S—P,B)" +Q ‘

Notice that pair (A, B) has been replaced by (—A, —B) in the second equa-
tion. We will denote by K; and Ko the following infinite horizon gain matrices:

K; =R (s +B’P
{ K; _ R gST M BTP;% (2.152)
Then the optimal control reads:
_[-K(@t)z(t) YO<t<ty
uft) = { 0 for t =ty (2.153)
Where:
K(t) =R (ST +BTP(1))
B~ X9 (2154
And:
_ J(A-BKi)t _ (A—BKy)(t—t) (A-BK;)t;
Xa(t) =e e (2.155)
Xy(t) = Pre(A-BKt 4 p,o(A- 2)(t1=t5) o(A-BKi )t

Matrix P(t) satisfy the following Riccati differential equation:
—P(t)=A"P+PA - (S+BP())R'(S+BP(1)" +Q (2.156)

Furthermore the optimal state z(t) and costate A(¢) have the following ex-
pressions:

{x(t) =X ()X

1 H(0)z
A = Xo ()X () (2.157)

(0)zo

It is clear that equations (2.91) and (2.157) are the same. Nevertheless when
the Hamiltonian matrix H has eigenvalues on the imaginary axis then algebraic
Riccati equations (2.151) are unsolvable and equation (2.91) shall then be used.

!Lorenzo Ntogramatzidis, A simple solution to the finite-horizon LQ problem with zero
terminal state, Kybernetika - 39(4):483-492, January 2003
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2.9 Minimum cost achieved

The minimum cost achieved is given by:
1
J* = J(u*(t)) = =27 (0)P(0)z(0) (2.158)
Indeed, from the Riccati equation (2.80), we deduce that:

27 (P +PA + ATP — PBR-!BTP + Q) z=0
& 2TPx + 2TPAz + 2T ATPz — 2TPBRBTPz + 27Qz =0  (2.159)
& 2TPz + 2"PAz + (z7PAz)" — 2"PBR'B’Pz + 2" Qz = 0

Taking into account the fact that P = P7 > 0, R = RT > 0 as well as (2.1),
(2.75) and (2.76), it can be shown that:

’PBR'B"Pz = —z"PBu*
= —2"PBR'Ru*
*TRE*
P (Az + Bu* — Bu*)
"Pi — 2" PBu* (2.160)
z"Pi + w*TRu*
2"PAz)" — 2"PBR'BTPz
2"Pz + 2"Pi + " Pz + v Ru*
= & (¢"Pz) + v Ru*

2T"PAx

|
[SRISINIS

= TPz + 2TPAz

I+

As a consequence equation (2.159) can be written as follows:

o7 (2" (OP@)a(t) + 2" ()Qa(t) +u ()R (1) = 0 (2.161)

And the performance index (2.2) to be minimized can be re-written as:

T (8) = 52" (t)Sa(tr) + & Jo7 2T (1)Qu(t) + wT () Ru’ (1) dt
& Jw (1) = 3 (27t)Salty) - i & @ OPO2() dt) (2.162)
& J(w (1) = § (" (t5)Sz(ty) — 2T ()P (tp)x(ty) + 2" (0)P(0)z(0))

Then taking into account the boundary conditions P(tf) = S we finally get
(2.158).

2.10 Extension to nonlinear system affine in control
We consider the following finite horizon optimal control problem consisting in

finding the control u that minimizes the following performance index where ¢(z)
is positive semi-definite and R = R” > 0:

Tt) = G lalty) +5 [ (ala) + 4" Ra) at (2.163)
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under the constraint that the system is nonlinear but affine in control:

= f(z)+g(x)u
{ e (2.164)

Assuming no constraint, control u*(¢) that minimizes the performance index
J(u(t)) is defined by:

W (1) = R (@A) (2.165)
where:
: H\T  o(f(@)+gla)u*
Moy = (3 (%) + S0 -
2.166
2\ | 0(f(2)—gz)R1gT (2)A(t)
(3 ()" (@-g@rg )A(t)>

For boundary value problems, efficient minimization of the Hamiltonian is
possible?.

2Todorov E. and Tassa Y., Iterative Local Dynamic Programming, IEEE ADPRL, 2009



Chapter 3

Infinite Horizon Linear
Quadratic Regulator (LQR)

3.1 Problem to be solved

We recall that we consider the following linear time invariant system, where z(t)
is the state vector of dimension n, u(t) is the control vector of dimension m and
z(t) is the controlled output (that is not the actual output of the system but
the output of interest for the design)

i(t) = Az(t) + Bu(t)
2(t) = Nz(t) (3.1)
z(0) = z

In this chapter we will focus on the case where the final time ¢ tends toward
infinity (£ — 00). The performance index to be minimized turns out to be:

s =5 [ @ 000 + o (ORu(v) d 52)

Where Q = N”N (thus Q is symmetric and positive semi-definite), and R
is a symmetric and positive definite matrix.

When final time ¢7 is set to infinity, the Kalman gain K(t) which has been
computed in the previous chapter becomes constant. As a consequence, the
control is easier to implement as far as it is no more necessary to integrate
the differential Riccati equation and to store the gain K(t) before applying
the control. In practice nfinity means that final time ¢; becomes large when
compared to the time constants of the plant.

3.2 Stabilizability and detectability

We will assume in the following that (A, B) is stabilizable and (A,N) is de-
tectable. We recall that the pair (A, B) is said stabilizable if the uncontrollable
eigenvalues of A, if any, have negative real parts. Thus even though not all
system modes are controllable, the ones that are not controllable do not require
stabilization.
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Similarly the pair (A, N) is said detectable if the unobservable eigenvalues
of A, if any, have negative real parts. Thus even though not all system modes
are observable, the ones that are not observable do not require stabilization. We
may use the Kalman test to check the controllability of the system:

Rank [B AB ... A" !'B| =n where n = size of state vector z  (3.3)

Or equivalently the Popov-Belevitch-Hautus (PBH) test which shall be ap-
plied to all eigenvalues of A, denoted )\;, to check the controllability of the
system, or only on the eigenvalues which are not contained in the left half plane
to check the stabilizability of the system:

vV \; for controllability

V A s.6.R(\;) > 0 for stabilizability (3.4)

Rank [A — NI B] =n {
Similarly we may use the Kalman test to check the observability of the

system:
N

Rank NA 1 _ n where n = size of state vector = (3.5)
NAn
Or equivalently the Popov-Belevitch-Hautus (PBH) test which shall be ap-
plied to all eigenvalues of A, denoted \;, to check the observability of the system,
or only on the eigenvalues which are not contained in the left half plane to check
the detectability of the system:

A — /\iﬂ] _ { V \; for observability

Rank [ N ¥ A s.6.R();) > 0 for detectability

(3.6)

3.3 Algebraic Riccati equation

When final time t; tends toward infinity the matrix P(¢) turns out to be a
constant symmetric positive definite matrix denoted P. The Riccati equation
(2.80) reduces to an algebraic equation, which is known as the algebraic Riccati
equation (ARE):

ATP +PA-PBR'B’P+Q=0 (3.7)

It is worth noticing that the algebraic Riccati equation (3.7) has two solu-
tions: one is positive semi-definite and the other is negative semi-definite. The
solution of the optimal control problem only retains the positive semi-definite
solution of the algebraic Riccati equation.

The convergence of lim; 00 P(t) — P where P > 0 is some positive semi-
definite symmetric constant matrix is guaranteed by the stabilizability assump-
tion (P7 is indeed a solution of the algebraic Riccati equation (3.7)). Since the
matrix P = PT > 0 is constant, the optimal gain K(t) also turns out to be also
a constant denoted K. The optimal gain K and the optimal stabilizing control
u(t) are then defined as follows:

(1055
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The need for the detectability assumption is to ensure that the optimal con-
trol computed using the lim¢, o P () generates a feedback gain K = R-'BTP
that stabilizes the plant, i.e. all the eigenvalues of A — BK lie on the open
left half plane. In addition, it can be shown that the minimum cost achieved is
given by:

7 = 52" (0)Pa(0) (3.9)

To get this result first we notice that the Hamiltonian (1.56) reads:
Lo r T T
H(z,u,A) = 5 (2 ()Qz(t) +u (HRu(t)) +A7(t) (Az(t) + Bu(t))  (3.10)

The necessary condition for optimality (1.71) yields:

%—Z = Ru(t) + B'A(1) =0 (3.11)

Taking into account that R is a symmetric matrix, we get:
u(t) = ~R7IBTA() (3.12)
Eliminating u(t) in equation (3.1) reads:
i(t) = Az(t) - BRTBTA() (3.13)
The dynamics of Lagrange multipliers A(¢) is given by (1.62):

i) = - 90 = —Qu(r) - ATA) (3.14)

The key point in the LQR design is that Lagrange multipliers A(t) are now
assume to linearly depends on state vector z(¢) through a constant symmetric
positive definite matrix denoted P:

A(t) = Pz(t) where P =PT >0 (3.15)

By taking the time derivative of the Lagrange multipliers A(¢) and using
again equation (3.1) we get:

A(t) = Pi(t) = P (Az(t) + Bu(t)) = PAz(t) + PBu(t)  (3.16)

Then using the expression of control u(t) provided in (3.12) as well as (3.15)
we get: )
A(t) = PAx(t) - PBRBIA()
= PAz(t) - PBR'BTPg(t)
Finally using (3.17) within (3.14) and using A(t) = Px(¢t) (see (3.15)) we
get:

(3.17)

—PAz(t) + PBR!'BTPx(t) = Qz(t) + ATPx(t)

& (ATP + PA — PBRIBTP + Q) z(t) = ( (3.18)

As far as this equality stands for every value of the state vector z(t) we
retrieve the algebraic Riccati equation (3.7):

ATP+PA-PBR 'B’P+Q=0 (3.19)
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3.4 Extension to nonlinear system affine in control

We consider the following infinite horizon optimal control problem consisting
in finding the control u that minimizes the following performance index where
q(z) is positive semi-definite:

J(u(t)) = % /U h (q(z) + u"u) dt (3.20)

under the constraint that the system is nonlinear but affine in control:

= f(z)+g(x)u
{ = (3.21)

We assume that vector field f is such that f(z) = 0. Thus (z, := 0,u, := 0)
is an equilibrium point for the nonlinear system affine in control. Consequently
f(z) = F(x)z for some, possibly not unique, continuous function F' : R" —
R™ ™. The classical optimal control design methodology relies on the solution
of the Hamilton-Jacobi-Bellman (HJB) equation (1.66):

1

0 = minyg) cu (2 (q(z) +QTH> +

0T @) (5(2) + g(a) u)> (3.22)

ox = =

Assuming no constraint, the minimum of the preceding Hamilton-Jacobi-
Bellman (HJB) equation with respect to u is attained for optimal control u*(t)
defined by:

(o T
u*(t) = —g" (z) (a‘]agi)> (3.23)

g reaNT
Then replacing u by u* = —gT (z) (()JTEQ)) , the Hamilton-Jacobi-Bellman
(HJB) equation reads:

(3.24)

We finally get:

s+ 22 ) - 5 (25 g @ () 0 ey

In the linearized case the solution of the optimal control problem is a linear
static state feedback of the form uw = —BTP, where P is the symmetric positive
definite solution of the algebraic Riccati equation:

ATP +PA -PBB'P+ Q=0 (3.26)
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where:
of(z)

(

Q

=0

vl |

(3.27)

(SR

q(z
a 2

A
B
Q

=0

Following Sassano and Astolfi!, there exists a matrix R = RT_> 0, a neigh-
bourhood of the origin 2 C R2" and k > 0 such that for all k¥ > k the function
V(z,§) is positive definite and satisfies the following partial differential inequal-
ity:

1

24(x) + Va(z, O f(2) + Ve(z, §) £-

where:

Vi(2,€) g(2)g" (2)Vy (2,€) <0 (3.28)

l\.')\r—l

V(z,&) = P&z + 5(z — & Rz —§)
E—hVI(@E) V(e

The C! mapping P : R® — R™*" P(0) = 07, is defined as follows:

20(2) + P@)f(z) - S P@)g()g" (@ P@) +o(z) =0 (3.30)

where o(z) = 27 (2)z with ¥ : R® — R™" %(0) = 0.
Furthermore P(z) is tangent at z = 0 to P:
OP(z)"
8@ z=0

\ 8

(3.29)

=P (3.31)

Since P(z) is tangent at z = 0 to the solution P of the algebraic Riccati
equation, the function P(z)z : R™ — R is locally quadratic around the origin
and moreover has a local minimum for x = 0.

Let ¥(£) be Jacobian matrix of the mapping P(£) and ® : R” x R” — R™*"
a continuous matrix valued function such that: B

P(g) =" ¥(g)"
{ P(z) — P(&) = (z — )T®(z,6)T (3.32)

Then the approximate regional dynamic optimal control is found to be':

u =—g(@)"V](z,¢)
= —g()" (POT +R(z - ©)) (3.33
= —g(2)" (P(2)" +R(z — &) — (P()T — P(YT)) '
—g(@)" (P(z)" + (R — ®(z,¢)) (z — ©))
where:
E= k(= k(2O z-R(z ) (3:34)

Such control has been applied to internal combustion engine test benches?.

!Sassano M. and Astolfi A, Dynamic approximate solutions of the HJ inequality and of the
HIJB equation for input-affine nonlinear systems. IEEE Transactions on Automatic Control,
57(10):2490-2503, 2012.

2Passenbrunner T., Sassano M., del Re L., Optimal Control with Input Constraints applied
to Internal Combustion Engine Test Benches, 9th IFAC Symposium on Nonlinear Control
Systems, September 4-6, 2013. Toulouse, France
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3.5 Solution of the algebraic Riccati equation

3.5.1 Hamiltonian matrix based solution

It can be shown that if the pair (A,B) is stabilizable and the pair (A,N) is
detectable, with Q = NTN positive semi-definite and R positive definite, then
P is a the unique positive semi-definite (symmetric) solution of the algebraic
Riccati equation (ARE) (3.7).

Combining (3.13) and (3.14) into a single state equation yields:

[igg] - [—% _B—Rf;;BT} Bﬁiﬂ =H [igg] (3.35)

We have seen that the following 2n x 2n matrix H is called the Hamiltonian
matrix:

H-= [A _BRlBT} (3.36)

-Q _AT

It can be shown that the Hamiltonian matrix H has n eigenvalues in the open

left half plane and n eigenvalues in the open right half plane. The eigenvalues
are symmetric with respects to the imaginary axis: if A is and eigenvalue of
H then —\ is also an eigenvalue of H. In addition H has no pure imaginary
eigenvalues.
X1
X
eigenvectors associated with the n eigenvalues in the open left half plane then
X is invertible and the positive semi-definite solution of the algebraic Riccati
equation (ARE) is:

Furthermore if the 2n x n matrix [ ] has columns that comprise all the

P = X,X;! (3.37)

Similarly the negative semi-definite solution of the algebraic Riccati equation
(ARE) is build thanks to the eigenvectors associated with the n eigenvalues in
the open right half plane (i.e. the unstable invariant subspace). Once again the
solution of the optimal control problem only retains the positive semi-definite
solution of the algebraic Riccati equation.

In addition it can be shown that the eigenvalues of A — BK where K =
R!B”P (that are the eigenvalues of the closed loop plant) are equal to the n
eigenvalues in the open left half plane of the Hamiltonian matrix H.

3.5.2 Proof of the results on the the Hamiltonian matrix

To proof that H has n eigenvalues in the open left half plane and n eigenvalues
in the open right half plane which are symmetric with respects to the imaginary

axis we define:
0 I
J= [—H O} (3.38)

Matrix J as the following properties:

JJT = [H 0] and JTJ7 = — B ﬂ (3.39)
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In addition, as far as matrices S and Q within Hamiltonian matrix H are
symmetric matrices, it can be easily verified that:

HI = (H))! = JTHI = J7JTHT = —HT (3.40)

Let A be an eigenvalue of Hamiltonian matrix H associated with eigenvector
z. We get:

Hz =)z
=HIJJ Tz =)z
= JTHII Tz = \JT2 (3.41)

< —HTJT Ty =\
sHI Ty =)\

Thus —\ is an eigenvalue of H” with the corresponding eigenvector J7z.
Using the fact that det(M) = det(M”) we get:

det(—Al — HT) = det ((—AI - H)T) (3.42)

As a consequence we conclude that —\ is also an eigenvalue of H.
To show that H has no imaginary eigenvalues suppose:

| [A -BR BT[] | [z
" [952] - [_Q —AT Lo =2 Lo (3.43)
Where 2, and z, are not both zero and
A+A =0 (3.44)

where \* stands for the complex conjugate of \. We seek a contradiction.
Let’s denote by 2* the transpose conjugate of vector z.

— Equation (3.43) gives:
Az, —BR'BTz, = M\z; = 23BR'B 2, = 25 Az, — \aba, (3.45)

— Taking into account that Q is a real symmetric matrix, equation (3.43)
also gives:

—Qu; — ATzy = Az = Mg = —2{ Q- 25 A = N'ah = —2]Q — z3A (3.46)
Denoting M = BR™'B7 and taking into account (3.46) into (3.45) yields:

3BR™'B' 2, = 2jAz, — Azjz,
T5A = —27Q — \'x3 (3.47)
= 25Mzy, = —27Qx; — N*252, — Azbe, = —27Qx; — (A" + A) 25z,

Using (3.44) we finally get:
3Mzy = —27 Qx4 (3.48)

Since R and Q are positive semi-definite matrices, and consequently also
M = BR'B7 this implies:
M =
{ =0 (3.49)

Ql1 =0
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Then using (3.45) we get:

{Am =Amy [A - Aﬂ]
Qz; =0 Q

If 2y # 0 then this contradicts observability of the pair (Q, A) by the Popov-
Belevitch-Hautus test. Similarly if z, # 0 then z3 [M A +A*H] = (0 which
contradicts the observability of the pair (A, M).

z, =0 (3.50)

3.5.3 Solving general algebraic Riccati and Lyapunov equations

The general algebraic Riccati equation reads as follows where all matrices are
square of dimension n x n:

AX +XB+C+XDX=0 (3.51)

Matrices A, B, C and D are known whereas matrix X has to be determined.

The general algebraic Lyapunov equation is obtained as a special case of the
algebraic Riccati by setting D = 0.

The general algebraic Riccati equation can be solved® by considering the
following 2n x 2n matrix H:

H = { ah ] (3.52)

Let the eigenvalues of matrix H be denoted Ay, ¢ = 1,---,2n, and the
corresponding eigenvectors be denoted v,;. Furthermore let M be the 2n x 2n
matrix composed of all real eigenvectors of matrix H; for complex conjugate
eigenvectors, the corresponding columns of matrix M are changed into the real
and imaginary parts of such eigenvectors. Note that there are many ways to
form matrix M.

Then we can write the following relationship:

(3.53)

HM = MA = [ M4 M2]|:A1 0 ]

0 A

Matrix M; contains the n first columns of M whereas matrix My contains
the n last columns of M.

Matrices A1 and As are diagonal matrices formed by the eigenvalues of H
as soon as there are distinct; for eigenvalues with multiplicity greater than 1,
the corresponding part in matrix A represents the Jordan form.

Thus we have:

{ HM; = M; Ay (3.54)

HM;, = MsA,

We will focus our attention on the first equation and split matrix M; as
follows:

(3.55)

-

\Y% EP

30Optimal Control of Singularly Perturbed Linear Systems with Applications: High Accu-
racy Techniques, Z. Gajic and M. Lim, Marcel Dekker, New York, 2001
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Using the expression of H in (3.52), the relationship HM; = M;A; reads
as follows:

BM11 + DM12 = M11A1

HM; = M;A; =
! H { —CMi; — AM3 = M2y

(3.56)

Assuming that matrix My is not singular, we can check that a solution X
of the general algebraic Riccati equation (3.51) reads:

X = M;;sM (3.57)

Indeed:

BMi; + DMjs = M1 Ay
CMi; + AMyz = —Mj2A,
X = MjpM;}
= AX +XB + C+ XDX =AM} M} + M;sM'B +C
+M oM DM ;M7
= (AM;2 + CMy;) M}
+M M (BMy; + DMyp) M}
= —MpAM ] + MMM A M}
=0
(3.58)
It is worth noticing that each selection of eigenvectors within matrix M;
leads to a new solution of the general algebraic Riccati equation (3.51). Con-
sequently the solution to the general algebraic Riccati equation (3.51) is not
unique. The same statement holds for different choice of matrix My and the
corresponding solution of (3.51) obtained from X = May; M.,

3.6 Eigenvalues of full-state feedback control

Let’s consider a linear plant controlled through a state feedback as follows:

&(t) = Az(t) + Bu(?)
{ u(t) = —Kz(t) + r(t) (3.59)

The dynamics of the closed loop system reads:
i(t) = (A — BK) (t) + Br(t) (3.60)

We will assume the following equation between the state z(¢) and the con-
trolled output z(t):

z(t) = Nz(t) (3.61)
Let ®(s) be the matrix defined by:

B(s)=(sI—A)"! (3.62)
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R(s) A Us) X(s) Z(s)
—b[ﬂ_}é} > B —» O(s) > N —»

? U s)
S K -

Figure 3.1: Full-state feedback control

In order to compute the closed loop transfer matrix between Z(s) and R(s)
we will first compute X(s) as a function of R(s). When we take the Laplace
transform of (3.59) and assuming no initial condition we have:

sX(s) = AX(s) + B(—KX(s) + R(s))
= X(s)(sI — A + BK) = BR(s) (3.63)
= X(s) = (s1— A + BK) " 'BR(s)

And thus:
Z(s) = NX(s) = N(sT — A + BK)"'BR(s) (3.64)

The block diagram of the state feedback control is shown in Figure 3.59. We
get:

X(s) = ®(s)B(R(s) ~ KX(5))
(BB BE) (365)

Using the fact that (AB)~! = B7'A~! we get:

X(s) =(®7'(s)(I+ ®(5)BK)) 'BR(s)
(®71(s) + BK)'BR(s) (3.66)
= (sl — A + BK) 'BR(s)

Thus, using the equation Z(s) = NX(s) we get the same result than (3.64).
The open loop characteristic polynomial is given by:

det (s — A) = det(®(s)) (3.67)
Whereas the closed loop characteristic polynomial is given by:
det(sI — A + BK) (3.68)

We recall the Schur’s formula:

dot [All Aqo

_ o —1
A21 A22:| = det(Agg) det(AH A12A22 A21)

= det(Aq1) det(Ags — Ag1 A Ado)

(3.69)
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Setting A= ‘i"l(s), Asy = —-K, Ajs =B and Ay =T we get:

det (s — A + BK) = det(®!(s) + BK)
7 (s) B
= det [ Ié ) ]J
= det(Aq1) det(Ags — Ag1 A Ago)
= det(®!(s)) det(I + K®(s)B)
=det (s — A)det (I + K®(s)B)

(3.70)

It is worth noticing that the same result can be obtained by using the fol-
lowing properties of determinant: det(I + M1MsM3) = det(I + M3sM;Ms) =
det(I + MoM3M;) and det(M;My) = det(MyM;) . Indeed:

det (s — A + BK) = det ((S]I —A) (11 4 (sI—A)"! BK))
= det (sI — A) det (I + ®(s)BK)
= det (sT — A) det (I + K®(s)B)

The roots of det(sI — A +BK) are the eigenvalues of the closed loop system.
Consequently they are related to the stability of the closed loop system.

Moreover the roots of det(I+K®(s)B) are exactly the roots of det(sI— A+
BK). Indeed as far as ®(s) = (sl — A) ™" the inverse of (sI — A) is computed as
the adjugate of matrix (sl — A) divided by det (sI — A) which finally simplifies
with the denominator of det(I + K®(s)B)

det(I + K®(s)B) =det (I+K (sI— A)~" B)

Adj(sI-A)
= det (I1+ K43 B)

— det det(sI— A)]I-',—KAdJ(s]I—A)B) (3.72)
- det(sI—A)
_ det(det(sI-A)I+K Adj(sI-A)B)
det(sI—A)
= det (sl - A+ BK) =det(det(sI-A)I+KAdj(sI—A)B)

Thus:
det(I+ K®(s)B) =0< det (sl — A+ BK) =0 (3.73)

3.7 Generalized (MIMO) Nyquist stability criterion

Let’s recall the generalized (MIMO) Nyquist stability criterion which will be
applied in the next section to the LQR design through Kalman equality.

We remind that the Nyquist plot of det(I+K®(s)B) is the image of det(I+
K®(s)B) as s goes clockwise around the Nyquist contour: this includes the
entire imaginary axis (s = jw) and an infinite semi-circle around the right half
plane as shown in Figure 3.2.

The generalized (MIMO) Nyquist stability criterion states that the number
of unstable closed-loop poles (that are the roots of det(sI— A +BK)) is equal to
the number of unstable open-loop poles (that are the roots of det (sI — A)) plus
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A/m

Figure 3.2: Nyquist contour

the number of encirclements of the critical point (0,0) by the Nyquist plot of
det(I+K®(s)B); the encirclement is counted positive in the clockwise direction
and negative otherwise.

An easy way to determine the number of encirclements of the critical point
is to draw a line out from the critical point, in any directions. Then by counting
the number of times that the Nyquist plot crosses the line in the clockwise
direction (i.e. left to right) and by subtracting the number of times it crosses
in the counterclockwise direction then the number of clockwise encirclements
of the critical point is obtained. A negative number indicates counterclockwise
encirclements.

It is worth noticing that for Single-Input Single-Output (SISO) systems K
is a row vector whereas B is a column vector. Consequently K®(s)B is a scalar
and we have:

det(I + K®(s)B) = det(1 + K®(s)B) = 1 + K&(s)B (3.74)

Thus for Single-Input Single-Output (SISO) systems the number of encir-
clements of the critical point (0,0) by the Nyquist plot of det(I + K®(s)B) is
equivalent to the number of encirclements of the critical point (—1,0) by the
Nyquist plot of K®(s)B.

In the context of output feedback the control u(t) = —Kz(t) is replaced
by u(t) = —Ky(t) where y(t) is the output of the plant: y(t) = Cz(t). As a
consequence the control u(t) reads u(t) = —KCz(t) and state feedback gain K
is replaced by output feedback gain KC in equation (3.70):

det(sI — A + BKC) = det (sT — A) det(I + KC®(s)B) (3.75)

This equation involves the transfer function C®(s)B between the output
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Y (s) and the control U(s) of the plant without any feedback and is used in the
Nyquist stability criterion for Single-Input Single-Output (SISO) systems.

It is also worth noticing that (I + KC®(s)B)~! is attached to the so called
sensitivity function of the closed loop whereas C®(s)B is attached to the open
loop transfer function from the process’ input U(s) to the plant output Y (s).
3.8 Kalman equality
Kalman equality reads as follows:

I+ K®(—s)B)' R(I+ K®(s)B) = R+ (®(—s)B)” Q(®(s)B)  (3.76)

The proof of the Kalman equality is provided hereafter. Consider the alge-
braic Riccati equation (3.7):

PA+ AP -PBR'B'P+Q=0 (3.77)

Because K = R7!IBTP, P = PT and R = R7”, the previous equation can
be re-written as:

P(sT—A)—(—sl - A)TP + K'RK = Q (3.78)
Using the fact that ®(s) = (sI — A) " we get:

P& !(s)+ (' (—5)) P+ K'RK = Q (3.79)
Left multiplying by BT ®7(—s) and right multiplying by ®(s)B yields:

B7®7(—s)PB + B'P®(s)B + BT @7 (—s)K'RK®(5)B =
BT®7(—5)Q®(s)B (3.80)

Adding R to both sides of equation (3.80) as using the fact that RK = BTP
we get:

R+B 37 (—s)K'R + RK®(5)B + B'®” (—s)KIRK®(5)B =
R+B7®7(—5)Q®(s)B (3.81)

The previous equation can be re-written as:
I+ K&(—s)B)' R(I+K®(s)B) =R + (&(—s)B)" Q(®(s)B)  (3.82)

This complete the proof.

3.9 Robustness of Linear Quadratic Regulator

The robustness of the LQR design can be assessed through the Kalman equality
(3.76).
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We will specialize Kalman equality to the specific case where the plant is a
Single Input - Single Output (SISO) system. Then K®(s)B and R are scalars.
Setting Q = NTN, Kalman equality (3.76) reduces to:

Q=N"N
= (1+K®(—s)B)" (1+K®(s)B) = 1 + & (N®(—s)B)” (N®(s)B)
(3.83)
Substituting s = jw yields:
1
|1+ K®(jw)B|* =1+ EHN{)(jw)BHQ (3.84)
Therefore:
|14+ K®(jw)B| > 1 (3.85)

Let’s introduce the real part X (w) and the imaginary part Y (w) of K®(jw)B:
K®(jw)B = X (w) + jY (w) (3.86)

Then ||1 + K®(jw)B|? reads as follows:

11+ K®(jw)B|” = |1 + X (w) + Y (@) = (1 + X (w))* + Y(w)®  (3.87)

Consequently inequality (3.85) reads as follows:

11+ K®(jw)B|| > 1
&1+ K®(jw)B|?>1 (3.88)
S (14+Xw)Y?+Yw)?>1

As a consequence, the Nyquist plot of K®(jw)B will be outside the circle of
unit radius centered at (—1,0). Thus applying the generalized (MIMO) Nyquist
stability criterion and knowing that the LQR design always leads to a stable
closed loop plant, the implications of Kalman inequality are the following:

— If the open-loop system has no unstable pole, then the Nyquist plot of
K®(jw)B does not encircle the critical point (—1,0). This corresponds
to a positive gain margin of +0o0 as depicted as depicted in Figure 3.3.

— On the other hand if ®(s) has unstable poles, the Nyquist plot of K®(jw)B
encircles the critical point (—1,0) a number on times which corresponds
to the number of unstable open loop poles. This corresponds to a negative
gain margin which is always lower or equal to 20log;,(0.5) = —6 dB as
depicted in Figure 3.4.

— In both situations, if the process’ phase increases by 60 degrees its Nyquist
plots rotates by 60 degrees but the number of encirclements still does not
change. Thus the LQR design always leads to a phase margin which is
always greater or equal to 60 degrees.
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ﬁfm

K ®(0) B

K ®(jw) B

Figure 3.3: Nyquist plot of K®(s)B: example where the open-loop system has
no unstable pole

‘Im

K ®(0) B

K ®(jw) B

Figure 3.4: Nyquist plot of K®(s)B: example where the open-loop system has
unstable poles
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Last but not least, it can be seen in Figure 3.3 and Figure 3.4 that at high-

frequency the open-loop gain K®(jw)B can have at most —90 degrees phase

for high-frequencies and therefore the roll-off rate is at most —20 dB/decade.
Unfortunately those nice properties are lost as soon as the performance index

J(u(t)) contains state / control cross terms *:
1 [t
Tu(t) = 5 /0 T (H)Qa(t) + o (O Ru(t) + 227 (H)Su(t) dt (3.89)

This is especially the case for LQG (Linear Quadratic Gaussian) regulator
where the plant dynamics as well as the output measurement are subject to
stochastic disturbances and where a state estimator has to be used.

3.10 Discrete time LQ regulator

3.10.1 Finite horizon LQ regulator

There is an equivalent theory for discrete time systems. Indeed, for the system:

z(k+1) = Az(k) + Bu(k)
{ 2(0) = (3.90)
with an equivalent performance criteria:
L 7 1= T T
J(u(k)) = 5a* (N)Sz(N) + 5 > 2" (k)Qu(k) + u” (k)Ru(k) (3.91)
k=0

Where Q > 0 is a constant positive semi-definite matrix and R > 0 a
constant positive definite matrix. The optimal control is given by:

u(k) = —K(k)z(k) (3.92)
Where: )
K(k)= (R+B"P(k+1)B) B'P(k+1)A (3.93)
And P(k) is given by the solution of the discrete time Riccati equation:

T T T -l
P(k)=ATP(k+1)A+ Q- A"P(k+1)B(R+B’P(k+1)B)  BTP(k+1)A
P(N)=S

(3.94)
3.10.2 Finite horizon LQ regulator with zero terminal state
We consider the following performance criteria to be minimized:

N-1
> 2" (k)Qu(k) + u” (k)Ru(k) + 22" (k)Su(k) (3.95)
k=0

J(u(k)) =

N |

“Doyle J.C., Guaranteed margins for LQG regulators, IEEE Transactions on Automatic
Control, Volume: 23, Issue: 4, Aug 1978
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With the constraint on terminal state:
z(N)=0 (3.96)

We will assume that matrices R > 0 and Q — SR™!ST > 0 are symmetric.
Ntogramatzidis' has shown the results presented hereafter: denote by Py and
P; the positive semi-definite solutions of the following continuous time algebraic
Riccati equations:

0= P+ (ATP;B+S) (R+B"P,B) ' (BTP,A +57)
~ATP,A - Q

0= Py+ (ATP:By +S;) (Ry + B/ P2By) " (BIP2A, +S7)
—A[PyA, - Q

Where:

Ay = Al
B,=-A"'B
Q,=ATQA! (3.98)
R, =R-STA"'B-BTA TS+ BT"ATQA"'B
Sy =ATS-ATQA'B

We will denote by K; and Ka the following infinite horizon gain matrices:

(3.97)

K, = (R+B”P,B) " (B"P,A +87) (3.99)
Ks = (R, + B/ PyB;) ' (B P2A, + ST) '
Then the optimal control is:
[ —K(k)z(k) VO<k<N
u(k) = { 0 for k=N (3.100)
Where:
K(k) = (R+BTP(k+1)B) ' (BTP(k+1)A +S7) (3.101)
P(k) = Xo(k)X; ' (k)
And:
X, (k) = (A~ BK))" — (A, — BK»)* V) (A - BK;)" (3.102)
X,(k) = Py (A — BK;)* + Py (A, — BK2)* V) (A — BK)Y

Matrix P (k) satisfy the following Riccati difference equation:
P(k) + (ATP(k+1)B+S) (R+ B P(k+1)B) " (B"P(k + 1)A + 87)
~ATP(k+1)A-Q=0 (3.103)

Furthermore the optimal state z(k) and costate (k) have the following
expressions:

{ g(k—i—l) = (A—BK1)61(1€) — (Ab—Bng) eg(k) (3 104)
)\(k‘ + 1) = P1 (A — BKl) 61(]{7) + P2 (Ab — BbKQ) 62(](3) )
Where:
e1(k) = (A — BK)" X71(0)z
{ ea(k) = (Ap — Bsz)(kl_N) (AO— BK1)" X (0)z, (310
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3.10.3 Infinite horizon LQ regulator

For the infinite horizon problem N — oco. We will assume that the performance
criteria to be minimized is:

if(k)%(k‘) +u” (k) Ru(k) (3.106)
k=0

J(u(k)) =

N

Then matrix P satisfies the following discrete time algebraic Riccati equa-
tion:

P+A"PB(R+B'PB) 'B’PA-A"PA-Q=0 (3.107)
And the discrete time control u(k) is given by:
u(k) = —Ke(k) (3.108)

Where:
K = (R+B"PB) ' B'PA (3.109)

If (A, B) is stabilizable, then the closed loop system is stable, meaning that
all the eigenvalues of (A —BK), with K given by (3.109), will lie within the unit
disk (i.e. have magnitudes less than 1). Let’s define the following symplectic
matrix®:

A1 A'G
H= { QA~! AT+ QA'G ] (3.110)
Where:
G =BR'B” (3.111)
A symplectic matrix is a matrix which satisfies:
T 0 I -1
H' JH = J where J = 10 and J7 ' =—-J (3.112)
This implies:
H'J=JH !'< J 'H'J=H"!
_ A+GATQ -GAT (3.113)
1_
=H - |: *A_TQ A—T

Where A=7 = (A~HT. Under detectability and stabilizability assumptions,
it can be shown that the eigenvalues of the closed loop plant (that are the eigen-
values of A — BK) are equal to the n eigenvalues inside the unit circle of the
Hamiltonian matrix H. The optimal control stabilizes the plant. Furthermore

if the 2n X n matrix [Xl] has columns that comprise all the eigenvectors as-
2

sociated with the n eigenvalues of the Hamiltonian matrix H outside the unit

®Alan J. Laub, A Schur Method for Solving Algebraic Riccati equations, IEEE Transac-
tions On Automatic Control, VOL. AC-24, NO. 6, December 1979
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circle (unstable eigenvalues) then X is invertible and the positive semi-definite
solution of the algebraic Riccati equation (ARE) is:

P = X,X;! (3.114)

Thus matrix P for the optimal steady state feedback can be computed thanks
to the unstable (eigenvalues outside the unit circle) eigenvectors of H or the
stable (eigenvalues inside the unit circle) eigenvectors of H™1.



Chapter 4

Design methods

4.1 Characteristics polynomials

Let’s consider the following state space realization (A, B, N):

{ z(t) = Az(t) + Bu(t)

+(t) = N (1) (4.1)

We will assume that (A,B,N) is minimal, or equivalently that (A,B) is
controllable and (A, N) is observable, or equivalently that the following loop
gain (or open loop) transfer function is irreducible:

~ NAdj(sI-A)B  N(s)

G(s)=N(sI-A)'B= ST A) D (4.2)

The polynomial D(s) = det (sI — A) is the loop gain characteristics poly-
nomial, which is assumed to be of degree n, and polynomial matrix N(s) is
the numerator of N (s — A)™'B. From the fact that the numerator of G(s)
involves Adj (sI — A) it is clear that the degree of its numerator N(s), which
will be denoted m, is strictly lower than the degree of its denominator D(s),
which will be denoted n:

deg(N(s)) =m < deg(D(s)) =n (4.3)

It can be shown that for single-input single-ouput (SISO) systems we have
the following relationship where N (s) is the polynomial (not matrix) numerator
of the transfer function:

G(s)=N(sI-A) 'B= det <d[:j(1jHA A)OBD = Jl\;g; (4.4)

Now let’s agssume that the system is closed thanks to the following output
(not state !) feedback control wu(t):

u(t) = —kpKoz(t) + Hr(t) (4.5)

Where:
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— k, is a scaling factor
— K, is the output (not state !) feedback matrix gain

— H is the feedforward matrix gain

Then the state matrix of the closed loop system reads A — k,BK,N and the
polynomial det (sI — A + k,BK,N) is the closed loop characteristics polyno-
mial.

4.2 Root Locus technique reminder

The root locus technique! has been developed in 1948 by Walter R. Evans (1920-
1999). This is a graphical method for sketching in the s-plane the locus of roots
of the following polynomial when parameter k, varies to 0 to infinity:

det (sT — A + k,BK,N) = D(s) + k,N(s) (4.6)

Usually polynomial D(s) + k,NN(s) represents the denominator of a closed
loop transfer function. Polynomial D(s) + k,N(s) represents here the denomi-
nator of the closed loop transfer function when control u(t) reads:

u(t) = —k,Koy(t) + Hr(t) (4.7)

Usually polynomial D(s) + k,N(s) represents the denominator of a closed
loop transfer function.

It is worth noticing that the roots of D(s) + k,N(s) are also the roots of

N(s
1+kaEs§:

N{(s)
P D(s)

Without loss of generality let’s define transfer function F(s) as follows:

N ™ (s — z;
F(s) = (s) = aHJn_l( ) (4.9)
D(s) iz (s = i)
Transfer function G(s) = k,F(s) is called the loop transfer function. In the
SISO case the numerator of the loop transfer function G(s) is scalar as well as
its denominator.

Equation G(s) = —1 can be equivalently split into two equations:

|G(s)| =1
{ arg (G(s) = (2k + 1), k=0,%1, - (4.10)

D(s)+kpyN(s) =0 1+k

=0e G(s) = -1 (4.8)

The magnitude condition can always be satisfied by a suitable choice of k.
On the other hand the phase condition does not depend on the value of &, but
only on the sign of k,. Thus we have to find all the points in the s-plane that
satisfy the phase condition. When scalar gain k, varies from zero to infinity (i.e.
ky is positive), the root locus technique is based on the the following rules:

"Walter R. Evans , Graphical Analysis of Control Systems, Transactions of the American
Institute of Electrical Engineers, vol. 67, pp. 547 - 551, 1948
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— The root locus is symmetrical with respect to the horizontal real axis
(because roots are either real or complex conjugate);

— The number of branches is equal to the number of poles of the loop transfer
function. Thus the root locus has n branches;

— The root locus starts at the n poles of the loop transfer function;

— The root locus ends at the zeros of the loop transfer function. Thus m
branches of the root locus end on the m zeros of F'(s) and there are (n—m)
asymptotic branches;

— Assuming that coefficient a in F(s) is positive, a point s* on the real
axis belongs to the root locus as soon as there is an odd number of poles
and zeros on its right. Conversely assuming that coefficient a in F(s) is
negative, a point s* on the real axis belongs to the root locus as soon as
there is an even number of poles and zeros on its right. Be careful to take
into account the multiplicity of poles and zeros in the counting process;

— The (n — m) asymptotic branches of the root locus which diverge to oo
are asymptotes.

— The angle 0 of each asymptote with the real axis is defined by:

by = TEAB@ AT (4.11)

n—m

— Denoting by p; the n poles of the loop transfer function (that are the
roots of D(s)) and by z; the m zeros of the loop transfer function
(that are the roots of N(s)), the asymptotes intersect the real axis
at a point (called pivot or centroid) given by:

n m
n—m

— The breakaway / break-in points are located at the roots s; of the following
equation as soon as there is an odd (if coefficient a in F(s) is positive) or
even (if coefficient a in F(s) is negative) number of poles and zeros on its
right (Be careful to take into account the multiplicity of poles and zeros
in the counting process):

i (sta),_, =00 & (%15),_, =0 (413

4.3 Symmetric Root Locus

4.3.1 Chang-Letov design procedure

In this section we focus on single-input single-output (SISO) plants represented
by its transfer function (4.2) for which we study the problem of minimizing the
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following performance index:

1 oo
Ju(t) = 5 / (2T(0)2(t) + Ru2(t)) df where R >0 (4.14)
0
Let z(t) be the controlled output: this is a fictitious output which represents
the output of interest for the design. We will assume that the output z(t) can
be expressed as a linear function of the state vector z(t) as z(t) = N z(¢). Then
the cost to be minimized reads:

{ =2 fo (— t) + Ru?(t )) dt
z(t ) = Nx( ) (4.15)
= J(u(t)) =% [7° (2T ())NTNz(t) + Ru?(t)) dt

This cost is similar to cost defined in (3.2):

Ju) =5 [ @O0z + T ORu(r) d (4.16)

Where:
Q=NIN (4.17)

We recall that the cost to minimize is constrained by the dynamics of the
system with the following state space representation:

2(t) = Az(t) + Bul(t)
{ 2(t) = Nu(t) (4.18)

From this state space representation we obtain the following open loop trans-
fer function which is written as the ratio between a numerator N(s) and a
denominator D(s):
N(s)
D(s)

The purpose of this section is to have some insight on how to drive the
modes of the closed loop plant thanks to the LQR design. We recall that the
cost (4.14) is minimized by choosing the following control law, where P is the
solution of the algebraic Riccati equation:

{ u(t) = —Kz(t) (4.20)

N(sI—A)'B= (4.19)

K =R 'BTP

This leads the classical structure of full-state feedback control with is repre-
sented in Figure 4.1 where ®(s) = (sI — A) ™.

Let D(s) be the open loop gain characteristics polynomial and S(s) be the
closed loop characteristic polynomial:

{ D(s) =det(sI — A)

B(s) = det (sT — A + BK) (4.21)

In the single control case which is under consideration, it can be shown (see
section 4.3.2) that the characteristic polynomial of the closed loop system is
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R(s) A Us) X(s) Z(s)
—b[ﬂ_}é} > B —» O(s) > N —»

? U (s)
K |-

Figure 4.1: Full-state feedback control

linked with the numerator and the denominator of the loop transfer function as
follows:

B(s) B(=s) = D(s)D(—s) + %N(S)N(—S) (4.22)

This relationship can be associated with the root locus of G(s)G(—s) =
% where fictitious gain k, = ﬁ varies from 0 to oo. This leads to the
so-called Chang-Letov design procedure, which enables to find the closed loop
poles based on the open loop poles and zeros of G(s)G(—s). The difference
with the root locus of G(s) is that both the open loop poles and zeros and their
reflections about the imaginary axis have to be taken into account (this is due to
the multiplication by G(—s)). The actual closed loop poles are those located in
the left half plane with negative real part; indeed optimal control leads always
to a stabilizing gain. It is worth noticing that matrix N is actually a design

parameter which is used to shape the root locus.

4.3.2 Proof of the symmetric root locus result

The proof of (4.22) can be done as follows: taking the determinant of the
Kalman equality (3.76) and having in mind that det(M”) = det(M) and that
for SISO systems R is scalar yields:

det ((11 +K®(—5)B) R (I + K@(S)B)) — det (R +(®(-5)B)TQ (@(S)B))
& det ((11 +K®(—s)B)" (I+ K‘I)(S)B)) = det (1+ (22)B) QE()B)
& det ((1+ K®(~5)B)" ) det (I + K&(s)B) =

& det I+ K®(—5)B) det (I + K& (5)B) = det (1 + (222 QD))
(4.23)

T
ot (]1 . (@(—s)B)RQ@(s)B))

Where:

P(s)=(sI-A) " = m

(4.24)

Furthermore, it has been seen in (3.70) that thanks to the Schur’s formula

we have:

det (sI — A + BK
det (I+ K®(s)B) = ((iet GI—A) )

(4.25)
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Let D(s) be the open loop gain characteristics polynomial and 3(s) be the
closed loop characteristic polynomial:

D(s) =det(s[ — A)
{ B(s) = det (sT — A + BK) (4.26)
As a consequence, using (4.25) in the left part of (4.23) yields:
—s —s)B)T s
g(()) lﬁ)((;) et (H (BB Q& >B>> 027

In the single control case R and I are scalars (I = 1). Using Q = NN
(4.27) becomes:

B(s)Bes) (N®(—)B)T (N&(s)B)
BB — et (1+ ) )

T
— 14 (N<I>(75)B;1 (N®(s)B)

(4.28)

We recognize in N®(s)B = N (sI — A)~' B the open loop transfer function
G(s) which is the ratio between numerator polynomial N(s) and denominator
polynomial D(s) :

_ $)B = S — A)~ L :N(S)
G(s)=N®(s) B=N(sIl-A)" B D(s) (4.29)

Using (4.29) in (4.28) yields:
Bls)B(=s) _q 4 1 N(S)N(*Sg

D(s)D(—s) R D(s)D(—s

) (4.30)
& B(s) B(—s) = D(s)D(—s) + gN(s)N(-s)

This complete the proof.

4.4 Asymptotic properties

We will see that Kalman equality allows for loop shaping through LQR design.
Lectures from professor Faryar Jabbari (Henry Samueli School of Engineering,
University of California) and professor Perry Y. Li (University of Minnesota)
are the primary sources of this section.

We recall that ®(s) = (sl — A)~! where dim(A) = n x n and that Q =
NTN. For simplicity, we make in this section the following assumptions:

R = p°1 (4.31)

4.4.1 Closed loop poles location
Using (4.31) relationship (4.22) reads:

B(s) B(=s) = D(s)D(—s) + ;N(S)N(—S) (4.32)

From (4.32) we can get the following results:



4.4. Asymptotic properties 79

— When p is large, i.e. 1/p is small so that the control energy is weighted
very heavily in the performance index, the zeros of 3(s), that are the
closed loop poles, approach the stable open loop poles or the negative of
the unstable open loop poles:

B(s) B(—s) =~ D(s)D(—s) as p = o0 (4.33)

— When p is small (i.e. p — 0) then 1/p is large and the control is cheap.
Then the zeros of (s), that are the closed loop poles, approach the stable
open loop zeros or the negative of the non-minimum phase open loop zeros:

B(s) B(—s) ~ ;N(S)N(—s) as p— 0 (4.34)

Equation (4.34) shows that any roots of §(s)3(—s) that remains finite as
p — 0 must tend toward the zeros of N(s)N(—s). But from (4.3) we know that
the degree of N(s)N(—s), say 2m, is less than the degree of S(s) 5(—s), which
is 2n. Therefore m roots of 5(s) are the roots of N(s)N(—s) in the open left
half plane (stable roots). The remaining n — m roots of 3(s) asymptotically
approach infinity in the left half plane. For very large s we can ignore all but
the highest power of s in (4.32) so that the magnitude (or modulus) of the roots
that tend toward infinity shall satisfy the following approximate relation:
by, 2
—(=1)"s™m (4.35)

(_1)715271 ~
p

Where we denote:

{ B(s) =det (sl — A +BK) = s" + By_1 5" L+ + B s+ Bo

N(S> = by 8" + b1 sl by s+ by (436)

The roots of f(—s) are the reflection across the imaginary of the roots of
B(s). Now express s in the exponential form:

s=rel (4.37)
We get from (4.35):

b b

’ 2
(—1)my2meimt — p2n=m)  Tm (4.38)
p

3[\)

(_1)n7_2n€j2m9 ~

S
™o

Therefore, the remaining n—m zeros of 5(s) lie on a circle of radius r defined

by:
by \ 7
rA <> (4.39)

The particular pattern to which the 2(n —m) solutions of (4.39) lie is known
as the Butterworth configuration. The angle of the 2(n — m) branches which
diverge to oo are obtained by adapting relationship (4.11) to the case where
N(s)N(=s)

transfer function reads G(s)G(—s) = De)Ds)
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4.4.2 Shape of the magnitude of the open-loop gain K®(s)B

For this particular choice of Q and R used in this section, Kalman equality
(3.76) becomes:

I+ K®(—s)B)! (I1+K®(s)B) =1+
=1+

(®(—s)B)! NIN (®(s)B)
(N®(—s)B)" (N (&(s5)B))

bm‘ ’_‘mm‘ =

)
Denoting by A(X(s)) the eigenvalues of matrix X(s) and by o(X(s)) its
singular values (that are the strictly positive eigenvalues of either X' (s)X(s)
or X(s)X7(s)), the preceding equality implies:
A\ <(]I +K®(—s)B)T (I+ K<I>(5)B)) =1+ 42 ((N@(—S)B)T (N (@(S)B)))
so(l+K®(s)B) = \/1 + 0% (N®(s)B)

(4.41)
For the range of frequencies for which o (N®(jw)B) > 1 (typically low
frequencies) equation (4.41) shows that:

o (K®(s)B) ~ —o (N®(s)B) (4.42)

1
p

For SISO system matrices N and K have the same dimension. Denoting by
|K| the absolute value of each element of K we get from the previous equation :

o |K®(s)B) ~ -0 (N®(s)B) = |K| ~ ‘1;” where Q = NTN (4.43)

=

Assuming that z = N z, then N®(s)B represents the transfer function from
the control signal u(t) to the controlled output z(t). As a consequence:

— The shape of the magnitude of the open-loop gain K®(s)B is determined
by the magnitude of the transfer function from the control input u(¢) to
the controlled output z(t)

— Parameter p moves the magnitude Bode plot up and down

Note that although the magnitude of K®(s)B mimics the magnitude of
N®(s)B, the phase of the open-loop gain K®(s)B always leads to a stable
closed-loop with an appropriate phase margin. At high-frequency, it has been
seen in Figure 3.3 or Figure 3.4 that the open-loop gain K®(jw)B can have
at most —90 degrees phase for high-frequencies and therefore the roll-off rate
is at most —20 dB/decade. In practice, this means that for w > 1, and for
some constant a , we have the following approximation (remind that ®(s) =
(sT—A)' = % so that the degree of the denominator of K®(s)B is n
and the degree of its numerator is at most n — 1):

1
IK®(jw)B| ~ L where ¢ = lim s IK®(s)B|~ lim s— [N®(s)B| (4.44)
wp

p S§—00 S§—00 p



4.4. Asymptotic properties 81

and therefore the cross-over frequency w, is approximately given by:

K®(jw.)B| =1~ > = w.~ 2 (4.45)
P

WepP

Thus:

— LQR controllers always exhibit a high-frequency magnitude decay of —20
dB/decade. The (slow) —20 dB/decade magnitude decrease is the main
shortcoming of state-feedback LQR controllers because it may not be suf-
ficient to clear high-frequency upper bounds on the open-loop gain needed
to reject disturbances and/or for robustness with respect to process un-
certainty.

— The cross-over frequency is proportional to 1/p and generally small values
for p result in faster step responses.

4.4.3 Weighting matrices selection

The preceding results motivates the following design rule extended to the
case of multiple input multiple output systems:

— Modal point of view: assuming that all states are available for control,
choose N (remind that Q = N”N = Q!/2 = N) such that n — 1 zeros of
N®(s)B are at the desired pole location. Then use cheap control p — 0
(and set R to p?I) to design LQ system so that n — 1 poles of the closed
loop system approach these desired locations. It is worth noticing that for
SISO plants the zeros of N®(s)B are also the roots of:

det ([SH;IA _OBD =0 (4.46)

— Frequency point of view: alternatively we have seen that at low frequen-
cies |K| =~ % so that the open loop gain is approximately [K®(s)B| ~
%|N'1>(3)B|. So the shape of the magnitude of the open-loop gain K®(s)B
is determined by the magnitude of N®(s)B, that is the transfer func-
tion from the control input w(¢) to the controlled output z(¢). In ad-
dition, we have seen that at high frequency |[N®(jw)B| =~ wip,

a = limg_,o, s|N®(s)B| is some constant. So we can choose p to pick the

bandwidth w, which is where [K®(jw)B| = 1. Thus choose p ~ - where

we 18 the desired bandwidth.

where

Thus contrary to the Chang-Letov design procedure for Single-Input Single-
Output (SISO) systems where scalar R was the design parameter the following
design rules for Multi Input Multi Output (MIMO) systems use matrix Q as
the design parameter. We may also use the fact that if A; is a stable eigenvalue
(i.e. eigenvalue in the open left half plane) of the Hamiltonian matrix H =

A -BR BT

_Q AT with eigenvector [XM

] then A; is also an eigenvalue of
Xoi
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A — BK with eigenvector X1;. Therefore in the single input case we can use
this result by finding the eigenvalues of H and then realizing that the stable
eigenvalues are the poles of the optimal closed loop plant.

Alternatively, a simpler choice for matrices Q and R is given by the Bryson’s
rule who proposed to take Q and R as diagonal matrices such that:

1
Gii = max. acceptable value of 22
{ X. P 1 Vi Zl (447)

T35 = max. acceptable value of u?

Diagonal matrices Q and R are associated to the following performance
index where p is a free parameter to be set by the designer:

s =5 [ (Z_ e B u§<t>) a4

If after simulation |z;(¢)| is to large then increase g;; ; similarly if after
simulation |u;(t)| is to large then increase r;;.

4.5 Poles shifting in optimal regulator

4.5.1 Mirror property

The purpose of this section is to determine the relationships between the weight-
ing matrix Q and the closed loop eigenvalues of the optimal regulator.
We recall the expression of the 2n x 2n Hamiltonian matrix H:

H= _‘2 _B_RA:;BT (4.49)
which corresponds to the following algebraic Riccati equation:
AP+ PA-PBR 'B'P+Q=0 (4.50)
The characteristic polynomial of matrix H in (4.49) is given by?:
det (sI — H) = det (sI — A) det (I — QS(s)) det (sI + AT) (4.51)
Where the term S(s) is defined by:
S(s) = (sl — A) "' BRB7 (s + A7) (4.52)

Setting Q = QT = 2aP where o > 0 is a design parameter then the algebraic
Riccati equation reads:

Q=Q"=2aP = (A+al)’ P+P(A+0al)-PBR'B’P=0 (4.53)

%Y. Ochi and K. Kanai, Pole placement in optimal regulator by continuous pole-shifting,
Journal of Guidance Control and Dynamics, Vol. 18, No. 6 (1995), pp. 1253-1258
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which corresponds to the following Hamiltonian matrix H:

A+al —-BR!B7T
H=1" — (A +aD” (454)

Let A; be the open loop eigenvalues, that are the eigenvalues of matrix A,
and Ag; be the corresponding closed loop eigenvalues, that are the eigenvalues
of matrix A — BK. Denoting by Re(\f;) the real part of Ag; it can be shown?
that the positive semi-definite real symmetric solution P of (4.53) is such that
the following mirror property holds:

Re(/\[(l) S —
Im(Ag; :I (M) Vi=1,---,n (4.55)
(+X)? = (a+ Mgy

Once the algebraic Riccati equation (4.53) is solved in P the classical LQR

design is applied:
u(t) = —Ka(t)
{ K=R'B’P (4.56)

Morever, Amin® has shown that given a controllable pair (A,B), a pos-
itive definite symmetric matrix R and a positive real constant a such that
a+ Re()\;) > 0, then the algebraic Riccati equation (4.53) has a unique positive
definite solution P = PT > 0 satisfying the following property:

Re(Aki) = — (2a+ Re(\;))

Im(Aki) = Im(\;) (4.57)

a—l—Re()\i)ZOé{

It is worth noticing that the algebraic Riccati equation (4.53) can be changed
into a Lyapunov equation by pre- and post-multiplying (4.53) by P! and setting
X : =P

(A+al)’ P+P (A +al) - PBR'BTP =0
=P l1A+a) +(A+a)P ' —BR !B =0 (4.58)
X:=P!=X(A+al)” +(A+al)X = BR BT

Matrix R remains the degree of freedom for the design and it seems that
it may be used to set the damping ratio of the complex conjugate dominant
poles for example. Unfortunately (4.54) indicates that the eigenvalues of the
Hamiltonian matrix H, which are closely related to eigenvalues of the closed
loop system, are independent of matrix R. Thus matrix R has no influence on
the location of the closed loop poles in that situation.

Furthermore it is worth reminding that the higher the displacement of closed
loop eigenvalues with respect to the open loop eigenvalue is, the higher the con-
trol effort is. Thus specifying very fast dominant poles may lead to unacceptable
control effort.

30Optimal pole shifting for continuous multivariable linear systems, M. H. Amin, Int. Jour-
nal of Control 41 No. 3 (1985), 701-707.
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4.5.2 Reduced-order model

The preceding result can be used to recursively shift on the left all the real parts
of the poles of a system to any positions while preserving their imaginary parts.
Let A € R™ ™ be the state matrix of the system to be controlled and B € R™*™
the input matrix. We assume that all the eigenvalues of A are distinct and that
(A, B) is controllable and that the symmetric positive definite weighting matrix
R for the control is given. The purpose of this section is to compute the state
weighting matrix Q which leads to the desired closed loop eigenvalues by shifting
recursively the actual eigenvalues of the state matrix. It is worth noticing that,
through the shifting process, real eigenvalues remain real eigenvalues whereas
complex conjugate eigenvalues remain complex conjugate eigenvalues.

The core idea of the method is to consider the transformation z; = CTy
which leads to consider the following reduced order model where matrix A
corresponds to the diagonal (or Jordan) form of state matrix A:

CTA = ACT & ATC =CAT
pr— T 5 . = .
z; =C'z = %z, = Az; + Gu where { G—CTB (4.59)
In this new basis the performance index turns to be:
1 [ ~
Ji = 2/ (gZTle- +QTRQ) dt (4.60)
0

4.5.3 Shifting one real eigenvalue

Let )A; be an eigenvalue of A. We will first assume that ); is real. We wish to
shift )\i to )\Ki-

Let v be a left eigenvector of A: vIA = )\ ol. In other words, v is a
(right) eigenvector of AT corresponding to A\;: ATv = \;v. Then we define 2,
as follows:

z; = CTz where C = v (4.61)
Using the fact that v is a (right) eigenvector of AT (z; = v’'z), we can write:
2 =vlAz+0"Bu
=v"\iz + 0" Bu
= \ivlz +vTBu (4.62)
= Xiz; + v Bu
= Az, + Gu where G := vI'B=CTB
Then setting u := —RflGTf)gi, where scalar P > 0 is a design parameter,

and having in mind that z; is scalar (thus A1 = \;), we get:
5= ()\i . GR‘lGTf’) 2 (4.63)

Let Ag; be the desired eigenvalue of the preceding reduced-order model.
Then we shall have: _
Mi = A\ — GRTIGTP (4.64)
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Thus, matrix P reads:
P Ai — AKi
GR1GT
The state weighting matrix Q; that will shift the open-loop eigenvalue \; to
the closed-loop eigenvalue Ag; is obtained through the following identification:
gITQgZ- = gTQZQ. We finally get:

(4.65)

zi=vlz:=Cle=Q; = CQCT (4.66)

=1

Matrix Q is obtained thanks to the corresponding algebraic Riccati equation:

0=P) +\P-PGRIGTP +Q
. o T (4.67)
& Q=-2\P+PGR!GTP

4.5.4 Shifting a pair of complex conjugate eigenvalues

The procedure to shift a pair of complex conjugate eigenvalues follows the same
idea: let \; and \; be a pair of complex conjugate eigenvalues of A. We wish to
shift )\Z' and 5\1 to )\Ki and /_\Kz

Let v and © be a pair left eigenvectors of A. In other words, v and v is a
pair of (right) eigenvector of AT corresponding to \;:

[o7 o7 JA =] UT]|:>(\)1’ ;\)}

! (4.68)

@A™y ] (v 2]|§ §

In order to manipulate real values, we will use the real part and the imaginary

part of the preceding equation. Denoting \; := a + j b, that is a := Re()\;) and

b := Im();), the preceding relationship is equivalently replaced by the following
one :

AT[v o] =(e ]|y 4]

0 A P (4.69)
& AT [ Re(v) Im(v) | =[ Re(v) Im(v) ] [ _ }
Then define z; as follows:
2; = CTz where C = [ Re(v) Im(v) ] (4.70)
Using the fact that v and o is a pair of (right) eigenvector of AT, we get:
Z; = { Z _ab ] 2; + Gu where G := c’B (4.71)

Then setting u := ~RIGTP z;, , where 2 x 2 positive definite matrix P is

{2
a design parameter, we get:

A; = { “ *ab ] —GR!GTP
(4.72)

ﬁ:ﬁT:{x y]>o
y zZ
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Thus the closed-loop eigenvalues are the eigenvalues of matrix A;. Here the
design process becomes a little bit more involved because parameters z, y and
z of matrix P shall be chosen to meet the desired complex conjugate closed-
loop eigenvalues Ar; and Ag; while minimizing the trace of P (indeed it can be
shown that min(J;) = min(trace(P))). The design process has been described
by Arar & Sawan?.

Alternatively, when the imaginary part of the shifted eigenvalues is pre-
served, that is when Im(Ag;) = Im()\;) and Im(Ag;) = Im();), then the design
process can be simplified by using the mirror property underlined by Amin? and
presented in Section 4.5.1: given a controllable pair (A;, G), a positive definite
symmetric matrix R and a positive real constant «, then the following algebraic
Riccati equation has a unique positive definite solution P = P7 > 0:

(Ai + o)’ P+P(A; +al) —PGR 'GP =0 (4.73)

Moreover the feedbfick control law u = —K; x shift the pair of complex con-
jugate eigenvalues (A\i, A;) of matrix A to a pair of complex conjugate eigenvalues
(Aki, Aki) as follows, assuming o + Re()\;) > 0:

P, = CPCT
Q; =2aP;
K, = R-!GTPCT

N { Re(Aki) = — (2a+ Re(Xi)) (4.74)

Im(/\KZ) = Im()\,)

4.5.5 Sequential pole shifting via reduced-order models

The design process proposed by Amin? to shift several eigenvalues recursively
is the following:

1. Seti=1and A = A.

2. Let A; be the eigenvalue of matrix A; which is desired to be shifted:

— Assume that A; is real. We wish to shift \; to Ag; < A;. Then
compute a (right) eigenvector v of AT corresponding to A;. In other
words vT is the left eigenvector of A;: vTA; = \jvT. Then compute
C, G, a and A; defined by:

C=vw

G=C'B

a:—wZOwhere )\Kif)\iER (4.75)
A=)\ R

— Now assume_that \i = a+ jb is complex. We wish to shift \; and \;
to )\Ki and )\Ki where:
{ Re(Aki) < Re(\;) :==a

Im(A\g;) = Im()\;) :==b (4.76)

YAbdul-Razzaq S. Arar, Mahmoud E. Sawan, Optimal pole placement with prescribed
eigenvalues for continuous systems, Journal of the Franklin Institute, Volume 330, Issue 5,
September 1993, Pages 985-994
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This means that the shifted poles shall have the same imaginary parts
than the original ones. Then compute (right) eigenvectors (vy,v,) of
AiT corresponding to \; and );. In other words (vl o) are the left

. of A 0 ][ uf

eigenvectors of A;: T | Ai = - 7 |. Then compute
) 0 N\ V5

C, G, a and A; defined by:

v =0y = C = Re(vy) Im(v;) ]

G=C"B
o= _Re()\};rl-)\i) >0 (477)
Ni=a+ijbeC=A; = [Z _ab}

3. Compute P="pPT > 0, which is defined as the unique positive definite
solution of the following algebraic Riccati equation:

(Ai +a)T P+ P (A; +al) —-PGR'G'P =0 (4.78)

Alternatively, P can be defined as follows:

P=X"! (4.79)

where X is the solution of the following Lyapunov equation:

(A; + al) X + X (A; + o)’ = GRT'GT (4.80)

4. Compute P;, Q; and K; as follows:

P, = CPC”
K; = RIGTPCT

5. Seti=i¢+1and A; = A;,_1 — BK,;_1. Go to step 2 if some others open
loop eigenvalues have to be shifted.

Once the loop is finished compute P=5".P;, Q=>".Q; and K =} K.
Gain K is such that eigenvalues of A — BK are located to the desired values
Ari- Furthermore Q is the weighting matrix for the state vector and P is the
positive definite solution of the corresponding algebraic Riccati equation.

4.6 Frequency domain approach

4.6.1 Non optimal pole assignment

We have seen in (3.70) that thanks to the Schur’s formula the closed loop char-
acteristic polynomial det(sl — A + BK) reads as follows:

det (s — A + BK) = det (sI — A) det(I + K®(s)B) (4.82)
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Let D(s) = det (sl — A) be the determinant of ®(s), that is the plant char-
acteristic polynomial, and N (s) = Adj (sl — A)B be the adjugate matrix of
sl — A times matrix B:

_Adj(sI-A)B  Ny(s)

®(s)B=(sl—A)'B= o GI—A) Dés) (4.83)
Consequently (4.82) reads:
det (sI — A + BK) = det (D(s)I + KN (s)) (4.84)

As soon as Ag; is a desired closed loop eigenvalue then the following rela-
tionship holds:
det (D(s)I + KNy (s))]

Consequently it is desired that matrix D(s)I+ KNy (s)|,_,,, is singular.

=0 (4.85)

S:AKZ'

Let w; be a vector belonging to the kernel of D(s)I+ KNg(s)|,_y,,- Thus
replacing s by Ag; we can write:
(D()\Ki)ﬂ + KNol(AKi)) w; =0 (4.86)

In order to get gain K the preceding relationship is rewritten as follows:

This relationship does not lead to the value of gain K as soon as Ny (Mg )w,
is a vector which is not invertible. Nevertheless assuming that n denotes the
order of state matrix A we can apply this relationship for the n desired closed
loop eigenvalues. We get;:

Klug - vgn]=-[p - P, ] (4.88)

where vectors vg; and p. are given by:

Vi = Nol()\Ki)Qi
4.89
{ p, = D(Aki) w; (4.89)

We finally get the following expression of gain K:
-1
K:_[Bl Bn][QKl QKn] (4.90)

4.6.2 Solving the algebraic Riccati equation

Let D(s) be the open loop characteristic polynomial and 3(s) be the closed loop
characteristic polynomial:

{ D(s) =det (s — A)

B(s) = det (s — A + BK) (4.91)

We recall hereafter relationship (3.71) between the open loop and the closed
loop eigenvalues:

{ B(s) = det (sT — A) det (T+ K®(s)B) (1.92)

B(s) = (s[—A)!
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Coupling the previous relationship with Kalman equality (3.76) and using
the fact that det (XY) = det (X) det (Y) it can be shown that:

B(s) B(~s) = D(s) D(~s) det (1 + R™" (®(~5)B)" Q(®(5)B))  (4.93)

Thus the stable roots (that are the roots with negative real part) Ag; of
rational fraction det (R—i— (®(—s)B)T Q (<I>(3)B)> are the closed loop eigen-

values:

=0 (4.94)

5:)\Ki

det (R +(®(-5)B)" Q (@(S)B))

It is worth noticing that the denominator of det (R +(®(—s)B)"' Q (@(s)B))
is D(s) D(—s).
Let Ny(s) be the following polynomial matrix:

Ny (s) = Adj (s — A)B (4.95)

Then (4.90) can be used to get optimal gain K as follows where n denotes
the order of state matrix A:

-1
K=—[p -~ p, ]([uk1 - vgal) (4.96)
where vectors vy; and p. are given as in the non optimal pole assignment
problem:
Vi = Not(Aki) w;
4.97
{ p; = D(Aki) w; (4.97)

Nevertheless m x 1 vectors w; (m being the number of columns of input ma-
trix B) belongs to the kernel of matrix D(—Ag;) R D()\Ki)+NOTl(—/\Ki) QN (Aki)-
In other words vectors w; satisfy the following relationship®:

(D(=Aki) RD(Mki) + NL(=Aki) QN (Aki)) w; = 0 (4.98)

4.6.3 Poles assignment in optimal regulator using root locus

Let \; be an eigenvalue of the open loop state matrix A corresponding to eigen-
vector v;. This open loop eigenvalue will not be modified by state feedback gain
K by setting in (4.97) the m x 1 vector p; to zero and the n x 1 eigenvector v;
to the open loop eigenvector v; corresponding to eigenvalue A;:

{ Aﬂi =\ v;

1
K:[ 0,1 ][ gﬁ, } (4.99)
ith column ith column

°L.S. Shieh, H.M. Dib, R.E. Yates, Sequential design of linear quadratic state regulators
via the optimal root-locus techniques, IEE Proceedings D - Control Theory and Applications,
Volume: 135 , Issue: 4, July 1988, DOI: 10.1049/ip-d.1988.0040
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Coming back to the general case, let vy, -+, v, be the eigenvectors of the
open loop state matrix A. Matrix V is defined as follows:

V=[uv - uv,] (4.100)

=-n

Let A1,--- , Ay be the » < n eigenvalues that are desired to be kept invariant
by state feedback gain K and vy,---,v, be the corresponding eigenvectors of
state matrix A. Similarly let A\j41,---, Ay be the n — r eigenvalues that are
desired to be changed by state feedback gain K and v,.,4,---,v, be the corre-
sponding eigenvectors of state matrix A. Assuming that matrix V is invertible,
matrix M is defined and split as follows where M, is an r X n matrix and M,,_,
is an (n —r) x n matrix:

_ -1 M,
M=V'=[uy - v vy - ] :[Mn_r] (4.101)

Then it can be shown® that once weighting matrix R = RT > 0 is set
the characteristic polynomial 3(s) of the closed loop transfer function is linked
with the numerator and the denominator of the loop transfer function ®(s)B =
(s — A)™' B as follows:

-1 Adj(sI-A)B Ny (s
®(s)B=(sl-A) "B= dét((s]lfA)) = Dég)) (4.102)

= B(s) B(=s) = D(s) D(=s) + ky Nyy(s) (N,y(—5))"

where: .
N, (s) = QgMn—rNol(S) (R1/2>

(N,y(=9))" = (goTMn—rNoz(—S) (Rm)_l)T (4.103)
Noy(s) = Adj (sl — A)B
R = R1/2 R1/2

Matrix RY2 is the root square of matrix R. By getting the modal decompo-
sition of matrix R, that is R = VDV ! where V is the matrix whose columns
are the eigenvectors of R and D is the diagonal matrix whose diagonal elements
are the corresponding positive eigenvalues, the square root RY/2 of R is given
by RY2 = VD2V 1, where D'/2 is any diagonal matrix whose elements are
the square root of the diagonal elements of DS,

Relationship (4.102) can be associated with root locus of the fictitious trans-
fer function G(s)G(—s) = % where fictitious gain k, varies from 0 to
oco. The arbitrary nonzero (n —r) x 1 column vector ¢, is used to shape the
locus.

Furthermore whatever the closed loop eigenvalues Ak, -, Axy, weighting
matrix Q has the following expression where k£, is the positive scalar obtained
through the root locus:

Q=k,M!_, (go gz;) M,,_, (4.104)
The following relationship also holds:
QM, =0 (4.105)

Chttps://en.wikipedia.org/wiki/Square_root_of a_matrix
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4.7 Poles assignment in optimal regulator through ma-
trix inequalities

In this section a method for designing linear quadratic regulator with prescribed
closed loop pole is presented.

Let Ay = {A1, A2, , A\n} be a set of prescribed closed loop eigenvalues,
where Re()\;) < 0 and \; € A, implies that the complex conjugate of A;, which
is denoted A}, belongs also to A,. The problem consists in finding a state
feedback controller u = —Kzx such that the eigenvalues of A — BK, which are
denoted A (A — BK), belongs to A

A(A—BK) =A, (4.106)

while minimizing the quadratic performance index J(u(t)) for some Q > 0
and R > 0.

1

J(u(t) =5 /OOO (2" (#)Qa(t) + u” () Ru(t)) dt (4.107)

We provide in that section the material written by He, Cai and Han?. As-
sume that (A, B) is controllable. Then, the pole assignment problem is solvable
if and only if there exist two matrices X; € R™*" and X5 € R™*" such that the
following matrix inequalities are satisfied:

{ FIXTX; + X{X,F + XIBR'B'X, <0

XTXy = XFX; > 0 (4.108)

where F is any matrix such that A\ (F) = A, and (X, Xq) satisfies the
following generalized Sylvester matrix equation®:

AX, - X,F = BR'B’X, (4.109)

If (X1,X2) is a feasible solution to the above two inequalities, then the
weighting matrix Q in the quadratic performance index J(u(t)) can be chosen
as follows:

Q= -ATX, X' — XoFX;! (4.110)

In addition the solution the the corresponding Riccati Algebraic equation
reads:

P = X,X;! (4.111)

The starting point to get this result is the fact that there must exist an
eigenvector matrix X such that the following formula involving Hamiltonian
matrix H holds:

HX = XF (4.112)

"Hua-Feng He, Guang-Bin Cai and Xiao-Jun Han, Optimal Pole Assignment of Linear
Systems by the Sylvester Matrix Equations, Hindawi Publishing Corporation, Abstract and
Applied Analysis, Volume 2014, Article ID 301375, http://dx.doi.org/10.1155/2014 /301375

8 An explicit solution to right factorization with application in eigenstructure assignment,
Bin Zhou, Guangren Duan, Journal of Control Theory and Applications 08/2005; 3(3):275-
279. DOI: 10.1007/s11768-005-0049-7
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Splitting the 2n x n matrix X into 2 square n x n matrices X; and Xs and
using the expression of the 2n x 2n Hamiltonian matrix H leads to the following
relationship:

clalele k[ ]e em

The preceding relationship is expanded as follows:

_ —“1RpTY. — _ _ ~1RpT
{AXl BR'B'X; =X,F @{AXl X;F =BR'B' X» (4.114)

-QX; - ATX, = X,F Q= -ATX, X! - XoFX;!

Since X is nonsingular matrix Q is positive definite if and only if X7 QX
is positive definite. Using the first equation of (4.114) into the second one we
get:

xXT'Qx; = -XTATX, - XTX,F
= —(AX)TX,; - XTX,F
= —(X;F + BR"'B'X;)"X, - XTX,F
= —(FTngl + X,{XQF + XgBR_lBTXQ)

(4.115)

Using the Schur complement and denoting S = X7 Xy the preceding rela-
tionship reads:

TQT T
XTQX, >0 | © ST}ZSF z(f{]i <0 (4.116)

4.8 Model matching

4.8.1 Cross term in the performance index

Assume that the output z(t) of interest is expressed as a linear combination of
state vector x(t) and control u(t): z(t) = Nz(t) + D u(t). Thus the cost to be
minimized reads:

(4.117)
Then we get a more general form of the quadratic performance index. Indeed
the quadratic performance index can be rewritten as:

T
Ju@) =45 & R @ (4118)

= 1 (2" ()Qu(t) + u” (tRu(?)) + 227 (t)Nu(?) dt
Where:
Q=N'N
R=D'D+R, (4.119)
N =N’D
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It can be seen that:

2"(H)Qe(t) +u” (ORu(t) + 27 (¢)Nu(t) = 2 ()Quu(t) +v7 ()Ro(t) (4.120)

Where: Q.. = O — NR-INT
{wgzww+R*N%w> (4.121)
Hence cost (4.118) can be rewritten as:
T0) = 5 [ 2" OQu(®) + 7 ORo(0) d (4.122)
0

And the plant dynamics & = Axz(t) + Bu(t) is modified as follows:

& = Az(t) + Bu(l)
= Az(t) + B (v(t) - R™'NTz(t))
= Amg(t) + BU(t)
where A,, = A —BR N7

(4.123)

Assuming that Q,, (which is symmetric) is positive semi-definite, we then
get a standard LQR problem for which the optimal state feedback control law
is given from (3.8):

v(t) = —R7IBTPg(t) u(t) = —Ka(t)
{ (t) = u(t) + R-INTz(t) { K—R!(PB+N)” (4.124)

Where matrix P is the positive semi-definite matrix which solves the follow-
ing algebraic Riccati equation (see (3.7)):

PA,, + ATP - PBR'B'P+Q,, =0 (4.125)

It is worth noticing that robustness properties of the LQ state feedback are
lost if the cost to be minimized contains a state-control cross term as it is the
case here.

4.8.2 Implicit reference model

Let A, be the desired closed loop system matrix of the system. In that section
we consider the problem to find control u(¢) which minimizes the norm of the
following error vector e(t):

e(t) =x(t) — Ayz(t) (4.126)
The cost to be minimized is the following:

J(u(t)) =3 [*el(t)e(t)dt
D @) - Ava(®) (@(0) - Aralt) de (4.127)

Expanding &(t) we get:
I =§h 0B - Az(t)" (Aa(t) + Bu(t) - Aa(t)) dt
3 ) (

Jo ( ) z(t )+BU( )" (A — A,) z(t) + Bu(t)) dt
(4.128)
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We get a cost to be minimized which contains a state-control cross term:

J(u(t)) = % /0 h (2" (#)Qa(t) +u” (HRu(t)) + 227 ()Nu(t)dt  (4.129)

Q=(A-A) (A-A,)
R =B'B (4.130)
N=(A-A)'B

Then we can re-use the results of section 4.8.1. Let P be the positive semi-
definite matrix which solves the following algebraic Riccati equation:

PA,, + ATP - PBR !'B'P+Q,, =0 (4.131)

Where:
Qn=Q-NR'N”
A, =A-BR N7 (4.132)
v(t) = u(t) + RTINTx(t)

The stabilizing control u(t) is then defined in a similar fashion than (4.124):

{ o(t) = -R'BTPx(t) { u(t) = —Ka(?) (4.133)

v(t) = u(t) + R7INTz(t) K=R ! (PB+N)”

It is worth noticing that robustness properties of the LQ state feedback are
lost if the cost to be minimized contains a state-control cross term as it is the
case here.

Furthermore let 'V be the change of basis matrix to the Jordan form A, of
the desired closed loop state matrix A,

A, =VIAV (4.134)

Let A be the state matrix of the closed loop which is written using matrix
V as follows :

(t) = Aqz(t) = VALV 'z(t) (4.135)

8-

Assuming that the desired Jordan form A, is a diagonal matrix and using
the fact V=1 = V7T the product e (t)e(t) in (4.127) reads as follows:
T(t)e(t) =2 (t) (Aq — Ar)" (A — Ap) (1)
2" (OV (A = Ar)" (At = Ay) VTa(t)

(4.136)

From the preceding equation it is clear that minimizing the cost J(u(t)) =
3 o eT(t)e(t) dt consists in finding the control u(t) which minimizes the gap
between the desired eigenvalues (which are set in A,.) and the actual eigenvalues

of the closed loop.
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4.9 Frequency shaped LQ control

Often system performances are specified in the frequency domain. The purpose
of this section is to shift the time domain nature of the LQR problem in the
frequency domain as proposed by Gupta in 1980°. This is done thanks to Parse-
val’s theorem which enables to write the performance index J to be minimized
as follows, where w represents frequency (in rad/sec):

J =7 (2T (1)Qx(t) + u (t)Ru(?t)) dt

= L[0T (—jw)Qa(jw) + uT (= jw)Ru(jw)dw (4.137)

Then constant weighting matrices Q and R are modified to be function of
the frequency w in order to place distinct penalties on the state and control cost
at various frequencies:

{ Q = Q(w) W;(—jw)Wq(jw)
R =R(w) = W, (—jw)W,(jw)

r

(4.138)

For the existence of the solution of the LQ regulator, matrix R(w) shall be
of full rank. Since we seek to minimize the quadratic cost J, then large terms in
the integrand incur greater penalties than small terms and more effort is exerted
to make then small. Thus if there is for example an high frequency region where
the model of the plant presents unmodeled dynamics and if the control weight
W,.(jw) is chosen to have large magnitude over this region then the resulting
controller would not exert substantial energy in this region. This in turn would
limit the controller bandwidth.

Let us define the following vectors to carry out the dynamics of the weights
in the frequency domain, where s denotes the Laplace variable:

{ z(s) = Wy(s) z(s) (4.139)

In order to simplify the process of selecting useful weights, it is common to
choose weighting matrices to be scalar functions multiplying the identity matrix:

= wy(s)L
W) = wl (4.140)

The performance index J to be minimized in (4.137) turns to be:

1 [e.9]

J 2T (—jw)z(jw) + 0" (—jw)v(jw)dw (4.141)

:%0

Using Parseval’s theorem we get in the time domain:

J = /00 25 () z(t) + ol (t)u(t) dt (4.142)
0

9Frequency-Shaped Cost Functionals: Extension of Linear Quadratic Gaussian Design
Methods, Narendra K. Gupta, Journal of Guidance Control and Dynamics. 11/1980; 3(6):529-
535. DOI: 10.2514/3.19722
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Let the state space model of the first equation of (4.139) be the following,
where z(t) is the output and z(t) the input of the following MIMO system:

{Xq(t) = Agxq(t) + Byz(t)
2(t) = Ngxq(t) + Dgz(t) (4.143)
= 2(s) = (Nq (sI — Ay) ' By + Dq> 2(s) = Wo(s)z(s)

Similarly, let the state space model of the second equation of (4.139) be the
following, where v(t) is the output and u(t) the input of the following MIMO
system:

{Xr(t) = ArXr(t) + Bru(t)
v(t) = Nyxr(t) + Dyu(t) (4.144)
= v(s) = (NT (sI —A,) "B, + Dr) u(s) = Wi (s)u(s)

Then it can be shown from (4.143) and (4.144) that:

2T(8)2(8) + 0T (H)v(t) = (Ngxg(t) + Daz(t))" (Ngxy(t) + Dyz(t))
+ (NrXr(t) + Dru(t))T (NrXr(t) + Dru(t)) (4'145)

That is:
()
2" (0)z(t) + 0" (o) = [27() X)) (D)) Qy [xq(®)

xr(t)
+2[27@®) Xt x@OT] Npu@) +u’ (ORpu(t) (4.146)

Where: . .
D 4 D, DqT N, 0
Q= |N;D, N/ N, 0
0 0 NIN,
0 (4.147)
Ny=| 0
N'D,
R;=DID,
Then define the augmented state vector z,(t):
(t)
z,(t) = | xq(t) (4.148)
X (1)

And the augmented state space model:

z(t)
500 = 2 | xo(®)| = Auzy(t) + Bau(t) (4.149)
dt Xr(t)
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Where:
A 0 0
A, =B, A, O
oo (4.150)
B,=10
B,

Using (4.146) the performance index J defined in (4.142) is written as fol-
lows:

J = /0 ) 2l (1) Qg (t) + 22, (N pu(t) + u(t) Ryu(t) dt (4.151)

As far as cross term in the performance index J appears results obtained
in section 4.8.1 will be used: The algebraic Riccati equation (4.125) reads as
follows:

PA,, +ATP - PB,R'BIP+Q,, =0 (4.152)

Where:

(4.153)

-1
Qn =Q; — N;R; N7
A, =A,— BaRjilNJf

Denoting by P the positive semi-definite matrix which solves the algebraic
Riccati equation (4.152), the stabilizing control u(t) is then defined in a similar
fashion than (4.124):

{ u(t) = —Kux(t) (4.154)

K=R;' (PB,+Nj)"

4.10 Optimal transient stabilization

We provide in that section the material written by L. Qiu and K. Zhou'®. Let’s
consider the feedback system for stabilization system in Figure 4.2 where G(s)
is the plant and K (s) is the controller: The known transfer function G(s) of
the plant is assumed to be strictly proper with a monic polynomial on the
denominator (a monic polynomial is a polynomial in which the leading coefficient
(the nonzero coefficient of highest degree) is equal to 1):

N(S) bnflsn_l +---b1s+ b
G(s) = = 4.155
(s) D(s) "4 ap_1s" 1+ +ais+ap ( )

Similarly the unknown transfer function K(s) of the controller is assumed
to be strictly proper with a monic polynomial on the denominator:

m—1 ...
K(s) = q(s) _ __dm-18 m_j‘ @15+ qo (4.156)
p(s) S+ pm_1s™ T+ -+ p1s+po

10Ppreclassical Tools for Postmodern Control, An optimal And Robust Control Theory For
Undergraduate Education, Li Qiu and Kemin Zhou, IEEE Control Systems Magazine, August
2013
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W u Y
—a($< )=l G(s) -
y1 UE w2
K(s) ———{ Xi)a—

Figure 4.2: Feedback system for stabilization

The closed loop characteristic polynomial 3(s) is:

B(s) = N(s)q(s) + D(s)p(s)

4.157
— Sn—l—m + Bnerfl Sn—l—m—l e 51 s+ 50 ( )

For given coprime polynomials N(s) and D(s) as well as an arbitrarily cho-
sen closed loop characteristic polynomial 3(s) the expression of p(s) and ¢(s)
amounts to solving the following Diophantine equation:

B(s) = N(s)q(s) + D(s)p(s) (4.158)

This linear equation in the coefficients of p(s) and ¢(s) has solution for
arbitrary f(s) if and only if m > n. The solution is unique if and only if
m = n. Now consider the following performance measure J(p, ) where p and
w are positive number to give relative weights to outputs y1(¢) and y2(t) and to
inputs wi (t) and we(t) respectively and §(¢) is the Dirac delta function:

1 oo
Tpom) = 5 /0 vi(t) + py3(t) dt‘ wlgg =/Ou5<t>
wo(t) =
+ ;/OOO i) +pya () dt] oy (4.159)

0
5(t)

w9 (t)

The design procedure to obtain the controller which minimizes performance
measure J(p, p) is the following:

— Find polynomial d,(s) (also called spectral factor) which is formed with
the n roots with negative real parts of D(s)D(—s) + u?>N(s)N(—s):

D(s)D(—s) + u>N(s)N(—s) = d,(s)d,(—s) (4.160)

— Find polynomial d,(s) (also called spectral factor) which is formed with
the n roots with negative real parts of D(s)D(—s) + pN(s)N(—s):

D(s)D(—s) 4+ pN(s)N(—s) = d,(s)d,(—s) (4.161)
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— Then the optimal controller K(s) = ¢(s)/p(s) is the unique n'* order
strictly proper transfer function such that:

D(s)p(s) + N(s)q(s) = du(s)dpy(s) (4.162)



Chapter 5

Linear Quadratic Tracker (LQT)

5.1 Introduction

The regulator problem that has been tackled in the previous chapters is in fact
a spacial case of a wider class of problems where the outputs of the system are
required to follow a desired trajectory in some optimal sense. As underlined in
the book of Anderson and Moore trajectory following problems can be conve-
niently separated into three different problems which depend on the nature of
the desired output trajectory:

— If the plant outputs are to follow a class of desired trajectories, for example
all polynomials up to certain order, the problem is referred to as a servo
(servomechanism) problem;

— When the plant outputs are to follow the response of another plant (or
model) the problem is referred to as model following problems;

— If the desired output trajectory is a particular prescribed function of time,
the problem is called a tracking problem.

This chapter is devoted to the presentation of some results common to all three of
these problems, with a particular attention being given on the tracking problem.

5.2 Optimal LQ tracker

5.2.1 Finite horizon Linear Quadratic Tracker

We will consider in this section the following linear system, where z(t) is the
state vector, u(t) the control, r(¢) a reference output (which is omitted in the
regulator problem, meaning that G = 0 in that case) and y(¢) the controlled
output (that is the output of interest): ;

i(t) = Az(t) + Bu(t) + Gr(t)
{yw:caw 5-1)

It is now desired to find an optimal control law in such a way that the
controlled output y(t) tracks or follows a reference output r(f). Hence the
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performance index is defined as:

L7 L[ p T
Tult) = 5l (tp)Selty) + 5 [ L 0Qelt) +u" ORu(t) it (52)
0
Where e(t) is the trajectory error defined as:
e(t) = r(t) = y(t) = Mr(t) - Cz(t) (5.3)
The Hamiltonian H is then defined as:

H(z,u,3) = 3¢ (0Qe(t) + 5" ((Ru(?)
+AT(1) (Az(t) + Bu(t) + Gr(t)) (5.4)
The optimality condition (1.71) yields:

OH

Su = 0= Ru(t) + BTA(t) = u(t) = —-RIBTA(1) (5.5)
Equation (1.62) yields:
At =%
2 T
= ("(1)Q% +AT()A) 56)
= — (= (Mz(t) - C2()" QC + N ()A)
s At) =—-ATAt) — CTQCz(t) + CTQM r(t)
With the terminal condition (1.63):
A ="
_ 8(Mr(t§;&;£(tf)) Se(ts) (5.7)

& Aty) = CTS(Cu(ty) — Mr(ty))

In order to determine the closed loop control law, the expression (2.74) is
modified as follows:
A(t) = P(t)z(t) — g(t) (5.8)

Where ¢(t) is to be determined. Using (5.8), the terminal conditions (5.7)
can be written as:

P(tp)a(ts) —g(ty) = CTS(Cux(ty) — Mr(ty)) (5.9)
Which implies:

P(t;) = CTSC
{g(tf) = CTSMr(ty) (510)
Then from (5.5) and (5.8) the control law is:
u(t) = -R7IBTA(¢)
— —R'BT (P(t)a(t) - g(t)) (5.11)

= —RIBTP(t)z(t) + R 'BTg(t)

From the preceding equation it is clear that the optimal control is the sum
of two components:
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— A state feedback component: —R™'BTP(t)z(t) = —K.(t)z(t)

— A feedforward component: R™'B7g(t)
In addition, differentiating (5.8) yields:
A(t) = P(t)z(t) + P(1)i(t) - §(¢) (5.12)
Using (5.6) yields:

— AT\t - CcTQCz(t) + CTQM r(t) =
P(t)z(t) + P(t) (Az(t) + Bu(t) + Gr(t)) — g(t) (5.13)

Using (5.1), (5.8) and (5.11) to express u(t) as a function of z(t) and g(t) we
finally get:

(P(t) +ATP(t) + P()A — P(t)BR'BTP(t) + CTQC> z(t)
— (9@ + (CTQM - P(1)G) r(t) + (AT —P(t)BR'B”) g(t)) =0 (5.14)

The solution of (5.14) can be obtained by solving the preceding equation as
two separate problems:
—P(t)=ATP(t) + P(t)A — P(t)BR'BTP(t) + CTQC (5.15)
~i(t) = (AT~ P()BR™'BT) g(1) + (CTQM - P()G) r(t)

Obviously, we recognize in the first equation the Riccati equation (2.80)
with C = I. The second equation defines the feedforward gain g(t). Equations
(5.15) are solved backward: the time is reversed by setting 7 =ty —t (thus the
minus signs to the left of equalities (5.15) are omitted) and equations (5.10) are
used as initial condition. The solution is then reversed in time to obtain P(t)
and g(t). Alternatively, we can use the fact that the first equation of (5.15) is
the differential Riccati equation which has been studied in section 2.6.2. Using
(2.109), (2.116) and (2.120) we get:

P(t) = Xo(t) X (t) (5.16)
Where:
Xi(t)] _ H(t—t I
[xzw}‘eﬂ( ’ [CTSC] (5.07)
H_| A  -BRBY '
- [—CTQC —AT

It is worth noticing that the optimal linear quadratic LQ tracker is not
a causal system since it is needed to solve a system of differential equations
backward in time.
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5.2.2 Infinite horizon Linear Quadratic Tracker

The control design problem is to find a linear optimal tracking controller which
minimizes the following performance index where error e(t) is defined in (5.3):

J(u(t)) = L /OOO el (1)Qe(t) + ul (t)Ru(t) dt (5.18)

2
When (A, B) is detectable and (A, +/Q) is detectable there exists a unique
steady state solution of equations (5.15) obtained by meand of the associated
algebraic Riccati equation. Assuming that we want to achieve a perfect tracking
of r(t) at its constant steady state value 75 the control law (5.11) can be written

| ul(t) = —K,o(t) + Ky r(t) (5.19)

Where K, and K are the state feedback and the feedforward gain respec-
tively:

K, =R 1BTP
(5.20)

K; = R'B” (PBR'B” — A7) (CTQM - PG)

Matrix P is the positive definite solution of the following algebraic Riccati
equation which is derived from the first equation of (5.15):

0=ATP+PA - PBR'BTP +CTQC (5.21)

Similarly the feedforward gain K is derived from the constant steady state
value gss of g(t). Indeed we get from the second equation of (5.15):

0= (A" - PBR'B7) gss + (CTQM — PG) 7

= gss = (PBRBT — AT) ™" (CTQM — PG) 1, (5.22)

The closed loop system is then defined as follows:

— () = (A — BK,) z(t)+ (G + BK;) r(t)

(5.23)

Matrices Q and R shall be chosen so that a good response is obtained
without exceeding the bandwidth and position limitations of the actuators. It
is worth noticing that the gain computed in (5.20) are optimal only in steady
state. In particular the feedforward gain provides perfect tracking only when

r(t) =rg,.

{ &(t) = Az(t) + Bu(t) + Gr(?t)
u(t) = —Kqz(t) + Kyr(t)

5.3 Control with feedforward gain

We will consider in this section the following linear system, where z(t) is the
state vector, u(t) the control and y(t) the controlled output (that is the output
of interest):

(5.24)

{ (t) = Az(t) + Bu(t)
y(t) = Cz(t)
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Control with feedforward gain allows set point regulation. We will assume
that control u(t) has the following expression where H is the feedforward matrix
gain and where r(t) is the commanded value for the output y(t):

u(t) = —Kaz(t) + Hr(t) (5.25)

The optimal control problem is then split into two separate problems which
are solved individually to form the suboptimal control:

— First the commanded value r(t) is set to zero and the gain K is computed
to solve the Linear Quadratic Regulator (LQR) problem;

— Then the feedforward matrix gain H is computed such that the steady
state value of output y(t) is equal to the commanded value r(t) =y .

(5.26)

Using the expression (5.25) of the control u(t) within the state space real-
ization (5.24) of the linear system leads to:

{ £(t) = Az(t) + Bu(t) = (A - BK)z(t) + BHy, (5.27)

y(t) = Cz(t)
Then matrix H is computed such that the steady state value of output y(t)

is Y. assuming that £ = 0 which corresponds to the steady state the preceding
equations become:

0=(A-BK)z+BHy < z=—(A-BK) 'BHy
Ze Ze (5.28)
y=Cz
That is:
y=—C(A - BK) 'BHy, (5.29)

Setting y to y_and assuming that the size of the output vector y(t) is the
same than the size of the control vector u (square plant) leads to the following
expression of the feedforward gain H:

y=y, =>H=- (C (A -BK)™ B)f1 (5.30)

For a square plant the feedforward gain H is nothing than the inverse of the
closed loop static gain. This gain is obtained by setting s = 0 in the expression
of the closed loop transfer matrix.

5.4 Plant augmented with integrator

5.4.1 Integral augmentation

An alternative to make the steady state error exactly equal to zero in response
to a step for the commanded value r(t) = Yy, is to replace the feedforward matrix
gain H by an integrator which will cancel the steady state error whatever the
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input step (the system’s type is augmented to be of type 1). The advantage of
adding an integrator is that it eliminates the need to determine the feedforward
matrix gain H which could be difficult because of the uncertainty in the model.
By augmenting the system with the integral error the LQR routine will choose
the value of the integral gain automatically. The integrator is denoted T/s ,
where T # 0 is a constant which may be used to increase the response of the
closed loop system. Adding an integrator augments the system’s dynamics as
follows:

i(t) = Az(t) + Bu(t)
Y1) = Clt)
(1) =€) = (1) ~y0) = To() ~ PC5(0 -
x(t B 0 5.31
| ., [a:xt)] * M u(t) + M r(t)

The suboptimal control is found by solving the LQR regulation problem
where r = 0:

— The augmented state space model reads:

d Q(t) ] _ _
#129] = ) = Auza(0 + Bt
( A 0
N, s
where
B _ B
=10
— The performance index J(u(t)) to be minimized is the following:
Ju®) =5 [ a0+ ORu (53
0

Where, denoting by N, a design matrix, matrix Q, is defined as follows:

Q. =N/N, (5.34)

Note that design matrix N, shall be chosen such pair (A4, Ng) is de-
tectable.

Assuming that pair (A,, B,) is stabilizable and pair (A,, N,) is detectable
the algebraic Riccati equation can be solved. This leads to the following expres-
sion of the control u(t):

u(t) ——Kaf:a(jé)-i-?”((t)) o
= R 'BIPuz,(t) +r(t
= R '[BT 0] [i; i;j Li((?)} +r(t) (5.35)

= R 'BTPyyz(t) - RT'BTPyoz,(t) + r(t)
=K, z(t) — K;z;(t) + r(t)
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X(s)
- » us) Y(s)
" e L T - (K, K1 —>{ B, | » ®(s) > [CO] >
N T :S

i~

Figure 5.1: Plant augmented with integrator

Obviously, the term K, = R 'BTPy; represents the proportional gain of
the control whereas the term K; = R™!BT Py, represents the integral gain of

the control.
The state space equation of closed loop system is obtained by setting u =

-Kuz, +r=-K,z — Kz, + r in (5.31):

4 [”3 = (A — BoK) z, + Bar(t) + m r(t)

S I

v =[c o] £

£

The corresponding bloc diagram is shown in Figure 5.1 where ®,(s) =
(sT—Ay) "

5.4.2 Proof of the cancellation of the steady state error through
integral augmentation

In order to proof that integrator cancels the steady state error when r(t) is a
step input, let us compute the final value of the error e(t) using the final value
theorem where s denotes the Laplace variable:

lim e(t) = lim sE(s) (5.37)

t—o0 s—0
When r(t) is a step input with amplitude one, we have:

r(t) =1V 1> 0= R(s) = = (5.38)

s
Using the feedback v = —K,z, + r the dynamics of the closed loop system
is:
B
o = (A= BuK)z, + g o0
= Q(t) =T (f(t) - g(t)) . (5.39)
=T (r()-[C 0] |7
=T (r(t) - [C 0]z,
Using the Laplace transform, and denoting by I the identity matrix, we get:

X,(s) = (s1~ Ay + BK,) ! 2] R(s)

E(s) =T (B(s) - [C 0] X,(s))

&

(5.40)



5.4. Plant augmented with integrator 107

Inserting (5.38) in (5.40) we get:

E(s)=T (1 —[C 0] (sI— A, +B.K,)™" ED % (5.41)

Then the final value theorem (5.37) takes the following expression:

limy,oo e(t) = limg_0 SE(S)

=limso T (I— [C 0] (sI — A, +B.K,)™"

=T (1 —[C 0] (—A,+B.K,) " [BD

B
T (5.42)

T

Let us focus on the inverse of the matrix —A, + B,K,. First we write K,
as K, = [Kp Ki}, where K, and K; represents respectively the proportional
and the integral gains. Then using (5.32) we get:

_[-A 0] | [B 1 _[-A+BK, BK;
—A,+B.K, = [TC 0}+[0] K, KZ]_[ TG 0 } (5.43)

Assuming that X, Y and Z are square invertible matrices, it can be shown

that the inverse of the matrix [}Z( 301 is the following:
X v 0 z-!
[z 0] B [Y—l —Y—lxz—l} (5.44)
Thus:
-1
S S -
_ 0 (TC)™
- [(BKi)l —(BK;) ™' (-A+BK,) (TC)l]
(5.45)
And:
1 [B] 0 (TC)™* B
At 310 1] =m0 ()t (A Ly oy 1)
(TC)™'T
~ |(BK)) ™ (B + (A - BK,) (TC)™! T)
B (Te)~'T
= [0 0 -ArBK) 7] =[0 0] | gy (B +(A-BK,) (1) T)
=Cc(Te)'T
=1

(5.46)
Consequently, using (5.46) in (5.42), the final value of the error e(t) becomes:
lim e(t) =T (1 —[C 0] (-A,+B.K,) ™! [g]) =T(1-1)=0 (547

t—o00
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As a consequence, the integrator allows to cancel the steady state error
whatever the input step. It is worth noticing that the result does not hold as
far as the output y(t) takes the form y = Cz + D u rather than y = Cz.

5.5 Dynamic compensator

In the same spirit than what has been developed previously, we replace the
integrator by a dynamic compensator of prescribed structure into the system.
The dynamics of the compensator has the form:

w =Fw+ Ge
{v =Dw+ Ee (548)
With state w, output v and input e equal to the tracking error:
e=T(r—y) (5.49)

Matrices F,G,D,E and T are known and chosen to include the desired
structure in the compensator. Combining (5.1), (5.48) and (5.49) we get the
following expression for the dynamics and output written in augmented form:

T =Az+ Bu

y=Cz

w=Fw+ Ge

v=Dw+ Ee

e=T(r—y)=Tr—-TCz (5.50)

1l = Lave ol 1u] o]+ lan]

YT ¢ o0lfz o7,
v| |-ETC D| |w ET
By redefining the state, the output and the matrix variables to streamline
the notation, we see that the augmented equations (5.50) are of the form:

l :Aa Ba a
{ma z, + Bou+ Ggr (5.51)

Y, = Cuz, +Fqr

— If the dynamic compensator is able to give satisfactory response without
the knowledge of reference r (through integral augmentation for example)
then we may solve the LQ) regulator problem for the following augmented
system where reference r no more appears:

% [Z] - [—GATC g] Lﬂ + [’3] u=Aqz, + Bou (5.52)

— On the other hand we may use set point regulation. This option is devel-
oped hereafter.
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We will denote z,, and u. the steady state and control of augmented state z, ()
and control u(t), and by tilde the deviation from the steady state. By definition
of steady state and control we have:

Aalae +Baue + Gar =0 A, B, Lae | _ —Gq
{ Ca@ae +Fqar=0 = |: :| |: :| a [ —F, :| ' (553)

We finally get:

Tq =2,—0

=Ayz, +Bou+ Gor — (Agz,e + Bate + Gor)

=A.,z, +Bsu (5.54)
y, =Cazy+For— (Cazye + Far)

= Caia

Then the expression of the control a(t) is:
a(t) = —Ka, (t) = ~R"'BPz,(1) (5.55)
Where P is the solution of the following algebraic Riccati equation:
PA,+AT’P - PB,R'B!P + CIQC, =0 (5.56)
The control 4(t) minimizes the following performance index:

s = [ T E()CTQCE, (1) + dT (Rt At (5.57)



Chapter 6

Linear Quadratic GGaussian
(LQG) regulator

6.1 Introduction

The design of the Linear Quadratic Regulator (LQR) assumes that the whole
state is available for control and that there is no noise. Those assumptions may
appear unrealistic in practical applications. We will assume in that chapter that
the process to be controlled is described by the following linear time invariant
model where w(t) and v(t) are random vectors which represents the process
noise and the measurement noise respectively:

{ La(t) = Az(t) + Bu(t) + w(t)

y(t) = Ca(t) + v(t) (6.1)

The preceding relationship can be equivalently represented by the block
diagram on Figure 6.1.

The Linear Quadratic Gaussian (LQG) regulator deals with the design of a
regulator which minimises a quadratic cost using the available output and taking
into account the noise into the process and the available output for control. As
far as only the output y(t) is now available for control (not the full state x(t)),
the separation principle will be used to design the LQG regulator:

LW Rz
(1) S X( X(1) ‘ SN )
— B e+ e j e C et

Figure 6.1: Open-loop linear system with process and measurement noises
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— First an estimator will be used to estimate the the full state using the
available output y(t)

— Then an LQ controller will be designed using the the state estimation in
place of the true (but unknown) state x(t)

6.2 Luenberger observer

Consider a process with the following state space model where y(t) denotes the
measured output and u(t) the control input:

{ 4r(t) = Ax(t) + Bu(t)

u(t) = Ca(t) (6.2)

We assume that x(t) cannot be measured and the goal of the observer is to
estimate x(t) based on y(t). Luenberger observer (1964) provides an estimation
of the state vector through the following differential equation where matrices F,
J and L have to be determined:

(1) = Far) + Ju(t) + Ly() (6.3)

The estimation error e(t) is defined as follows:
e(t) = z(t) — z(t) (6.4)
Thus using (6.2) and (6.3) its time derivative reads:
é(t) = (t) — 2(t) = Az(t) + Bu(t) — (Fi(t) + Ju(t) + Ly(t)) (6.5)

Using (6.4) and the output equation y(t) = Cx(t) the preceding relationship
can be rewritten as follows:

() = Ax(t) + Bu(t) — F (z(t) — e(t)) — Ju(t) — LCz(t)

— Fe(t) + (A —F — LC) 2(t) + (B — ) u(t) (6.6)

As soon as the purpose of the observer is to move the estimation error e(t)
towards zero independently of control u(t) and true state vector z(t) we choose
matrices F and J as follows:

J=B
{ F=A-LC (67)
Thus the dynamics of the estimation error e(t) reduces to be:
é(t) =Fe(t) = (A —-LC)e(t) (6.8)

Where matrix L shall be chosen such that all the eigenvalues of A —LC are
situated in the left half plane. Furthermore the Luenberger observer (6.3) can
now be written as follows using (6.7):

43(t) = (A —LC)#(t) + Bu(t) + Ly(t)

= Ai(t) + Bu(t) + L (y(t) — Ci(t)) (6.9)

Figure 6.2 shows the structure of the Luenberger observer.
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Figure 6.2: Luenberger observer

6.3 White noise through Linear Time Invariant (LTT)
system

6.3.1 Assumptions and definitions

Let’s consider the following linear time invariant system which is fed by a random
vector w(t) of dimension n (which is also the dimension of the state vector x(t)):

{ da(t) = Az(t) + Bw(t)

(1) = Cr(1) (040

We will assume that w(t) is a white noise (i.e. uncorrelated) with zero
mean Gaussian probability density function (pdf). The covariance matrix of
the Gaussian probability density function p(w) will be denoted P,,, whereas its
mean will be denoted E [w(t)] and its autocorrelation function R, (7) will be
denoted E [w(t)w” (¢t + 7)] where E designates the expectation operator and &
the Dirac delta function:

1, Tp—1
pW) = s se
Efw(t)] = my(t) =0 (6.11)
Ry(7) = E [wt)w (t + 7)] = Py,d(7) where Py, = PL >0

We said that w(t) is a wide-sense stationary (WSS) random process because
the two following properties hold:

— The mean my,(t) = E [w(t)] of w(t) is constant;

— The autocorrelation function Ry, (¢, t4+7) = E [(w(t) — i (t)) (w(t +7) — My (t + 7))
just depends on the time difference 7 = (t + 7) — ¢.

6.3.2 Mean and covariance matrix of the state vector

As far as w(t) is a random vector it is clear from (6.10) that the state vector
x(t) and the output vector y(¢) are also a random vectors. Let my(0) be the
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mean of the state vector x(t) at ¢ = 0 and P,(0) be the covariance matrix of
the state vector x(t) at ¢ = 0. Then it can be shown that z(t) is a Gaussian
random vector:

— with mean my(t) given by:
ma(t) = E [2(t)] = eAlm,(0) (6.12)
— with covariance matrix P, (¢) which is defined as follows:

P, (1) = E [(2(t) = ma(t)) (2(t) = ma(t))" ] (6.13)

Matrix P, (t) is the solution of the following differential Lyapunov equa-
tion:

P.(t) = AP.(t) + P.(t)AT + BP,,BT (6.14)

Assuming that the system is stable (i.e. all the eigenvalues of the state matrix
A have negative real part) the random process z(t) will become stationary after
a certain amount of time: its mean m,(t) will be zero whereas the value of its
covariance matrix P, (¢) will turn to be the solution P, of the following algebraic
Lyapunov equation:

AP, +P, AT + BP,BT =0 (6.15)

Thus after a certain amount of time the state vector x(t) as well as the
output vector y(¢) are wide-sense stationary (WSS) random processes.

6.3.3 Autocorrelation function of the stationary output vector

The autocorrelation function Ry (7) (which may be a matrix for vector signal)
of the output vector y(t) is defined as follows:

Ry(r) = B|(y(t) = Cma(t)) (y(t +7) — Cma(t 4+ 7)) |

— CR,(r)CT (6.16)

Where R;(7) is the autocorrelation function of the stationary state vector
x(t):
Ro(r) = B [((t) = ma(®)) (a(t + 7) = ma(t +7))" | (6.17)

It is clear from the definition of the autocorrelation function R, (7) that the
stationary value of the covariance matrix Py, of y(t) is equal to the value of the
autocorrelation function R, (1) at 7 = 0:

P, =F[(y(t) — Cm.(t)) (y(t) — Cma())" |
= CP,CT (6.18)
= Ry(7)

7=0

The power spectral density (psd) Sy (f) of a stationary process y(t) is given
by the Fourier transform of its autocorrelation function R, (7):

+o00
S,(f) = / Ry (r)e 7 dr (6.19)

— 00
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Let Sy(s) be the (one-sided) Laplace transform of the autocorrelation func-
tion R, (7):
+oo
Sy(s) = L[Ry(1)] = R, (T)e *Tdr (6.20)
0

It can be seen that the power spectral density (psd) Sy(f) of y(t) can be
obtained thanks to the Laplace transform S, (s) of R,(7) as:

Sy(f) = Sy(=9)|szjons + Sy(s)‘s:j%-f (6.21)
Indeed we can write:

Sy(f) = [T Ry(r)e > ITar
= ffoo Ry(t)e 2™/ dr + fOJrOO Ry(1)e 12™I7dr

_ 0 —sT +00 —sT 622)
= R,(T)e dT’ + R, (T)e 5"dr (
f—+oo y( ) s=j2rnf fOJr y( ) s=j2nf
=/ Ry(_T)em—dT’s:j%rf + fo Ry(T)e *Tdr oo
As far as Ry(7) is an even function we get:
Ry(—7) = Ry(1) 6.3
= Sy(f) = O+oo Ry(T)eSTdT‘ + f0+oo R, (T)e™*"dr (6.23)
s=j2rf s=j2rf

The preceding equations reads:

Sy(f) = Sy(_3)|5:j27rf + Sy(5)|s:j27rf (6.24)

Furthermore let G(s) be the transfer function of the linear system, which is
assumed to be stable:
G(s)=C(sI—A)"'B (6.25)

Then it can be shown that:

Sy(—5) + 5,(s) = G(—5)PuG” (s)

= Sy(f) = G(—s)P,GT(s)| (6.26)

s=j2nf

The preceding relationship indicates that the (one-sided) Laplace transform
Sy(s) can be obtained by identifying G(—s)P,GT (s) to the sum Sy (—s)+ Sy(s)
where Sy(s) is a stable transfer function. Furthermore using the initial value
theorem on the (one-sided) Laplace transform S, (s) we get the following result:

P, = Ry(7)|,_, = lim sS,(s) (6.27)

§—00

Example 6.1. Let G(s) be a first order system with time constant a and let
w(t) be a white noise with covariance Py, :

{ Gls) = rias (6.28)
Ry(7) = E [wt)w” (t + 7)] = Pyd(7) where P, = PL >0 '

One realization of transfer function G(s) is the following:

{ i(t) = —La(t) + w(t) (6.29)
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That is: () A() B()
z(t) = Ax(t) + Bw(t
{ y(t) = Ca(t) (6.30)
Where:
A=_1
B=1 = G(s)=C(sI—A)'B (6.31)
C=,

As far as a > 0 the system is stable. The covariance matriz P, (t) is defined
as follows:

P, (1) = B [(2(t) = ma(t)) (2(t) — ma ()| (6.32)

Where matriz P(t) is the solution of the following differential Lyapunov
equation:

. 2
P.(t) = AP, (t) + P,(t) AT + BP,BT = —-“P,(t) + P, (6.33)
a
We get:
- P,(1) = 2Py, + (P 0)— Zp ) e (6.34)
xr - 2 w X 2 w -

The stationary value P, of the covariance matriz P, (t) of the state vector
x(t) is obtained as t — oo:

i a
P, = tliglo P.(t) = §Pw (6.35)
Consequently the stationary value P, of the covariance matriz of the output

vector y(t) reads:
1 a P
_ T _ __w
P, =CP,C" = — x JP, = 2" (6.36)
This result can be retrieved thanks to the power spectral density (psd) of the
output vector y(t). Indeed let’s compute the power spectral density (psd) Sy(f)

of the output stationary process y(t) of the system:

+o0 .
Sy(f) = / Ry (T)e 72 dr = G(—S)PwGT(s)’s:ﬂﬂf (6.37)
We get:
G(*S)PwG (S) - (1—1—&5%(1—(18) - 17(&5)2 o (638)
= Sy(f) = G(=5)Pu (s)‘s:ﬂwf = Ti2nfa)?
Furthermore let’s decompose I_I()Tz)g as the sum Sy(—s) + Sy(s):
P, P, 1 P, 1
1—(as)?2 2 1—as +71—|—as = Sy(=8) + 5y(s) (6:39)
Thus by identification we get for the stable transfer function Sy(s):
P, 1
Sy(s) = (6.40)

71+a5



116 Chapter 6. Linear Quadratic Gaussian (LQG) regulator

The autocorrelation function R, (7) is given by the inverse Laplace transform

of Sy(s):

Pw 1 P’u_} _T
— =—e aV72>0 6.41
2a 1/a+s} ¢ T= (6.41)

() = £ 8,09 = £ | .

As far as Ry (7) is an even function we get:

P, -
Ry(1) = 5 ° V<0 (6.42)

Thus the autocorrelation function Ry(T) for 7 € R reads:
Ry(t)=——e "« VT€R (6.43)

Finally we use the initial value theorem on the (one-sided) Laplace transform
Sy(s) to get the following result:

P, = Ry(7)|._, = lim sS,(s) = — (6.44)

6.4 Kalman-Bucy filter

6.4.1 Linear Quadratic Estimator

Let’s consider the following linear time invariant model where w(t) and v(t) are
random vectors which represents the process noise and the measurement noise
respectively:

La(t) = Az(t) + Bu(t) + w(t) (6.45)
y(t) = Car(t) + v(t)

The Kalman-Bucy filter is a state estimator that is optimal in the sense that

it minimizes the covariance of the estimated error e(t) = x(t) — &(t) when the
following conditions are met:

— Random vectors w(t) and v(t) are zero mean Gaussian noise. Let p(w)
and p(v) be the probability density function of random vectors w(t) and
v(t). Then:

1 —%wTP:Ulw

p(w) = (2m)"/2\ [det(P)

1 f%vTlev

P) = Gy ¢

— Random vectors w(t) and v(t) are white noise (i.e. uncorrelated). The
covariance matrices of w(t) and v(¢) will be denoted P,, and Q, respec-
tively:

(6.46)

{ E [w(t)w" (t + )] = Pyd(r) where Py, > 0 (6.47)

E vt (t+71)] = Q:g(T) where Q, >0
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— The cross correlation between w(t) and v(t) is zero:

E [wtv(t+1)] =0 (6.48)
The Kalman-Bucy filter is a special form of the Luenberger observer (6.9):

%az«(t) — Ad(t) + Bu(t) + L(t) (y(t) — Ca(#)) (6.49)

Where the time dependent observer gain L(t), also called Kalman gain, is

given by:
L(t) =10@)cTqQ,t (6.50)

The symmetric positive definite matrix II(t) = IT17(¢) > 0 is the solution of
the following Riccati equation:

I(t) = AII(t) + () AT — 11(t)CT Q, ' CII(t) + Py, (6.51)

The suboptimal observer gain L = IICT Q! is obtained thanks to the pos-
itive semi-definite steady state solution of the following algebraic Riccati equa-

tion:
{ L =1c’qQ;!

0= All + AT —TICTQ, !CIl + P,, (6.52)

Kalman gain shall be tuned when the covariance matrices P,, and Q, are
not known:

— When measurements y(t) are very noisy the coefficients of covariance ma-
trix Q, are high and Kalman gain will be quite small;

— On the other hand when we do not trust very much the linear time invari-
ant model of the process the coefficients of covariance matrix P, are high
and Kalman gain will be quite high.

From a practical point of view matrices P,, and Q, are design parameters
which are tuned to achieve the desired properties of the closed-loop.

6.4.2 Sketch of the proof

To get this result let’s consider the following estimation error e(t):

e(t) = x(t) — &(t) (6.53)
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Since v(t) and w(t) are zero mean white noise their weighted sum n(t) =
w(t) — L(t)v(t) is also a zero mean white noise. We get:

n(t) =w(t) — L(t)v(t) = é(t) = (A —L(t)C) e(t) + n(t) (6.55)
The covariance matrix Qu of n(t) reads:

Qv =B [n(t)yn’ (¢ >}
[(w(t)
P, + L(

Jo(t)) (w(t) = L(t)u(t)" ] (6.56)
t)QvLT( )

Then the covariance matrix II(¢) of e(t) is obtained thanks to (6.14):

I(t) = (A—L(t)C)II(t) + () (A - L(t)C)" + Qn (6.57)
= AII(t) + TI(t)AT — L(¢)CII(t) — II(t)CTL(t)T + Qu '

By using the expression (6.56) of the covariance matrix Qx of n(t) we get:
TI(t) = ATI(t) + (1) AT + P,
— L(t)CII(t) — II(t)CTL(t)T + L(t)Q,LY(t) (6.58)
Let’s complete the square of —L(¢)CII(t) — I(¢)CTL(t)”T + L(t)Q,L” (¢). First
we will focus on the scalar case where we try to minimize the following quadratic
function f(L) where Q, > 0:

f(L) = —2LCI + Q, L2 (6.59)

Completing the square of f(L) means writing f(L) as follows:
f(L) = Q,'(LQ, - IC)* - TI’C’Q, " (6.60)

Then it is clear that f(L) is minimal when LQ, —IIC and that the minimal
value of f(L) is —I12C2Q . This approach can be extended to the matrix case.
When we complete the square of —L(#)CII(¢) — II(t)CTL(t)” 4+ L(t)Q,L”(¢)

we get:

—L(t)CI(t) — I()CTL()T + L(1)Q, LT (t) =
(LHQ, - 1(H)CT) Q" (L(HQ, —T(H)CT)"
— @) crQ,'Cri(t) (6.61)

Using the preceding relationship within (6.58) reads:

T(t) = AIl(t) + () AT + P,

+ (L(H)Q, — (1)C") Q; ' (L()Q, — () CT)"
—II(t)cTQ I CII(t) (6.62)
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In order to find the optimum observer gain L(¢) which minimizes the covariance
matrix II(¢) we choose L(t) such that II(¢) decreases by the maximum amount
possible at each instant in time. This is accomplished by setting L(¢) as follows:

Lt)Q, -II(1)CT =0 L(t) = I(t)CTQ,! (6.63)

Once L(t) is set such that L(¢)Q, — II(t)C” = 0 the matrix differential
equation (6.62) reads as follows:

II(t) = AIL(t) + I(t)AT — 11(t)CTQ, ' CII(t) + Py, (6.64)

This is Equation (6.51).

6.5 Duality principle

In the chapter dedicated to the closed-loop solution of the infinite horizon Linear
Quadratic Regulator (LQR) problem we have seen that the minimization of the
cost functional J(u(t)):

T(u(t)) = /0 T 2T (0Qa(t) + o () Rut)dt (6.65)

Under the constraint

d

Zx(t) = Ax(t) + Bu(t)
{ 2(0) = x4 (6.66)

This leads to solving the following algebraic Riccati equation where Q =
QT > 0 (thus Q is symmetric and positive semi-definite matrix), and R =
R” > 0 is a symmetric and positive definite matrix:

0=PA+A"P-PBR'B'P+Q (6.67)

The constant suboptimal Kalman gain K and the suboptimal stabilizing
control u(t) are then defined as follows :

(105780

Then let’s compare the preceding relationships with the following relation-
ships which are actually those which have been seen in (6.52):

L=1C"Q,’ (6.69)
0 =TIAT + ATl - TICTQ, !CII + P, '

Then it is clear than the duality principle on Table 6.1 between observer and
controller gains apply.



120 Chapter 6. Linear Quadratic Gaussian (LQG) regulator

Controller Observer
A AT
B ct
C BT
K L”

P=PT>0| =017 >0
Q=Q">0|P,=PL >0
R=R">0|Q,=Q! >0
A —-BK AT —CTLT

Table 6.1: Duality principle

6.6 Controller transfer function

First let’s assume that a full state feedback u(t) = —Kuxz(t) is applied on the
following system:

y(t) = Cx(t) + v(t)
Then the dynamics of the closed-loop system is given by:

{ La(t) = Az(t) + Bu(t) + w(t) (6.70)

u(t) = —Ka(t) = %x(t) — (A —BK)z(t) + w(®) (6.71)

If the full state vector x(t) is assumed not to be available the control u(t) =
—Kuz(t) cannot be computed. Then an observer has to be added. We recall the
dynamics of the observer (see (6.9)):

Z(t) = AZ(t) + Bu(t) + L (y(t) — Ci(t)) (6.72)

And the control u(t) = —Kz(t) has to be changed into:

u(t) = —Ki(t) (6.73)
Gathering (6.72) and (6.73) leads to the state space representation of the
controller: ]
f(t) Ar | Bg :| [ i(t) ]
6.74
o e L 07
Where:

[AKBK]:[A—BK—LCL] (6.75)

Ck | Dk K |0
The controller transfer matrix K(s) is the relationship between the Laplace
transform of its output, U(s), and the Laplace transform of its input, Y (s). By

taking the Laplace transform of equation (6.72) and (6.73) (and assuming no
initial condition) we get:

{ sX(s) = AX(s) + BU(s) + L (Y(S) - CX(S)) (6.76)

U(s) = —KX(s)
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Figure 6.3: Block diagram of the controller

We finally get:
U(s) = -K(s)Y(s) (6.77)

where the controller transfer matrix K(s) reads:
K(s) =K (sI— A+BK+LC) 'L (6.78)

The preceding relationship can be equivalently represented by the block
diagram on Figure 6.1.

6.7 Separation principle

Let e(t) be the state estimation error:
e(t) = z(t) — z(t) (6.79)

Using (6.73) we get the following expressions for the dynamics of the state
vector x(t):
(t) = Ax(t) + Bu(t) + w(t)
= Ax(t) — BKa:( )+ w(t)
= Ax(t) — BK (2(t) — e(t)) + w(t)
=(A— BK) (t) + BKe(t) + w(t)

In addition using (6.72) and y(t) = Cx(t) +v(t) we get the following expres-
sions for the dynamics of the estimation error e(t) :

ét) =a(t) —x(t)
= Axz(t) + Bu(t) + w(t) — (Az(t) + Bu(t) + L (y(t) — Cz(t))) (6.81)
= (A —-LC)e(t) +w(t) — Lo(t)

(6.80)

Thus the closed-loop dynamics is defined as follows:

[ i((f)) ] = [ A_OBK A]iIiC } [ i((f)) ] + [ w(t)w_(tgv(t) ] (6.82)
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From equations (6.82) it is clear that the 2n eigenvalues of the closed-loop
are just the union between the n eigenvalues of the state feedback coming from
the spectrum of A — BK and the n eigenvalues of the state estimator coming
from the spectrum of A — LC . This result is called the separation principle.
More precisely the separation principle states that the optimal control law is
achieved by adopting the following two steps procedure:

— First assume an exact measurement of the full state to solve the determin-
istic Linear Quadratic (LQ) control problem which minimizes the following
cost functional J(u(t)):

1

J(u(t) = 5 /OOO T (1) Qu(t) + u” (t)Ru(t)dt (6.83)

This leads to the following stabilizing control wu(t) :
u(t) = —Kux(t) (6.84)

Where the Kalman gain K = R™'B”P is obtained thanks to the positive
semi-definite solution P of the following algebraic Riccati equation:

0=PA+ATP-PBR 'B'P +Q (6.85)

— Then obtain an optimal estimate of the state which minimizes the follow-
ing estimated error covariance:

E [T (0e(t)] = E [(2(t) — 2(t)" (2(t) - 2(1))]  (630)
This leads to the Kalman-Bucy filter:

d
ﬁi(t) = Ai(t) + Bu(t) + L(¢) (y(t) — Ci(t)) (6.87)
And the stabilizing control u(t) now reads:

u(t) = —Ki(t) (6.88)

The observer gain L = IICT Q! is obtained thanks to the positive semi-
definite solution II of the following algebraic Riccati equation:

0=All+IIAT —1ICTQ,'CII + P, (6.89)

It is worth noticing that observer dynamics much be faster than the desired
state feedback dynamics.

Furthermore the dynamics of the state vector x(t) is slightly modified
when compared with an actual state feedback control u(t) = —Kux(t).
Indeed we have seen in (6.80) that the dynamics of the state vector x(t)
is now modified and depends on e(t) and w(t):

(t) = (A — BK) z(t) + BKe(t) + w(t) (6.90)
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6.8 Loop Transfer Recovery

6.8.1 Lack of guaranteed robustness of LQG design

According to the choice of matrix L which drives the dynamics of the error e(t)
the closed-loop may not be stable. So far LQR is shown to have either infinite
gain margin (stable open-loop plant) or at least —6 dB gain margin and at
least sixty degrees phase margin. In 1978 John Doyle! showed that all the nice
robustness properties of LQR design can be lost once the observer is added and
that LQG design can exhibit arbitrarily poor stability margins. Around 1981
Doyle along with Gunter Stein followed this line by showing that the loop shape
itgelf will, in general, change when a filter is added for estimation. Fortunately
there is a way of designing the Kalman-Bucy filter so that the full state feedback
properties are recovered at the input of the plant. This is the purpose of the
Loop Transfer Recovery design. The LQG/LTR design method was introduced
by Doyle and Stein in 1981 before the development of Hpy and Hy, methods
which is a more general approach to directly handle many types of modelling
uncertainties.

6.8.2 Doyle’s seminal example

Consider the following state space realization:

e | R B K U
yt)=[1 0] [28 } o) |

where w(t) and v(t) are Gaussian white noise with covariance matrices P,
and Q,, respectively:
11

11

o0 (6.92)
Qv =1
Let J(u(t)) be the following cost functional to be minimized :
1 [e.e]
J(u(t)) = 2/ 2T () Qu(t) + ul (t)Ru(t)dt (6.93)
0
where:
11
Q=g [ 11 }
>0 (6.94)
R=1

Applying the separation principle the optimal control law is achieved by
adopting the following two steps procedure:

'Doyle J.C., Guaranteed margins for LQG regulators, IEEE Transactions on Automatic
Control, Volume: 23, Issue: 4, Aug 1978
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— First assume an exact measurement of the full state to solve the determin-

istic Linear Quadratic (LQ) control problem which minimizes the following
cost functional J(u(t)):

1

J(u(t)) = /Ooo 2T (1) Qu(t) 4+ uT () Ru(t)dt (6.95)

This leads to the following stabilizing control wu(t) :
u(t) = —Kuz(t) (6.96)

Where the Kalman gain K = R™'B”P is obtained thanks to the positive
semi-definite solution P of the following algebraic Riccati equation:

0=PA+ATP -PBR'B'P +Q (6.97)
We get:
P= { o } (6.98)
a o
And:

K=R 'B'P=a[1 1] wherea=2+/44+¢>0 (6.99)

Then obtain an optimal estimate of the state which minimizes the follow-
ing estimated error covariance :

E[T(t)e(t)] = E [(x(t) 2T (x(t) — :E(t))] (6.100)
This leads to the Kalman-Bucy filter:
%@(t) = Ai(t) + Bu(t) + L(t) (y(t) — C&(t)) (6.101)

And the stabilizing control u(t) now reads:

u(t) = —Ki(t) (6.102)

The observer gain L = IICTQ; ! is obtained thanks to the positive semi-
definite solution II of the following algebraic Riccati equation:

0= A+ TIAT —TICTQ,'CII + P, (6.103)

We get:

jeses

] (6.104)

* ot

And:

LZHCTQvlzﬁ[l

. ] where =2+ V440 >0 (6.105)



6.8. Loop Transfer Recovery 125

Now assume that the input matrix of the plant is multiplied by a scalar gain
A (nominally unit) :

#(t) = Az(t) + ABu(t) + [ X ] w(t) (6.106)

In order to assess the stability of the closed-loop system we will assume no
exogenous disturbance v(t) and w(t). Then the dynamics of the closed-loop

system reads:
EOEIE I

Where:
11 0 0
Acl:[LAE? ABAKBKLC]: 2 (1) 1A% ?a (6.108)
8 0 —a—p0p 1—«
The characteristic equation of the closed-loop system is:
det (sT — Ay) = s* + p3s® + pas® +p1s +po =0 (6.109)

The evaluation of coefficients ps, p2, p1 and pg is quite tedious. Nevertheless
coefficient pgy reads;

po=1+(1-A)ap (6.110)
The closed-loop system is unstable if:
1
<0&A>14+ — 6.111
Po + of ( )

With large values of o and f even a slight increase in the value of A from
its nominal value will render the closed-loop system to be unstable. Thus the
phase margin of the LQG control-loop can be almost 0. This example clearly
shows that the robustness of the LQG control-loop to modelling uncertainty is
not guaranteed.

6.8.3 Loop Transfer Recovery (LTR) design

Linear Quadratic (LQ) controller and the Kalman-Bucy filter (KF) alone have
very good robustness property. Nevertheless we have seen with Doyle’s seminal
example that Linear Quadratic Gaussian (LQG) control which simultaneously
involves a Linear Quadratic (LQ) controller and a Kalman-Bucy filter (KF) does
not have any guaranteed robustness. Therefore the LQG / LTR design tries to
recover a target open-loop transfer function. The target loop transfer function
is either:

— the Linear Quadratic (LQ) control open-loop transfer function, which is
K(s)B

— or the Kalman-Bucy filter (KF) open-loop transfer function, which is
Cd(s)L.
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Let p be a parameter design of either design matrix Q or matrix P,, and
G(s) the transfer function of the plant:

G(s) =Co(s)B (6.112)
Then two types of Loop Transfer Recovery are possible:

— Input recovery: the objective is to tune p such that:

lim K(s)G(s) = K®(s)B (6.113)

p—00

— Qutput recovery: the objective is to tune p such that:

lim G(s)K(s) = CP(s)L (6.114)

p—00

We recall that initial design matrices Qg and Ry are set to meet control
requirements whereas initial design matrices P, and Qo are set to meet ob-
server requirements. Let p be a parameter design of either design matrix P,, or
matrix Q. Weighting parameter p is tuned to make a trade-off between initial
performances and stability margins and is set according to the type of Loop
Transfer Recovery:

— Input recovery: a new observer design with the following design matrices:

(6.115)

{ Py, =Pyo+ pQBBT
Qv = PvO

— Output recovery: a new controller is designed with the following design

{ Q=Q+,°C"C (6.116)

matrices:
R=Ryg

The preceding relationship is simply obtained by applying the duality
principle.

To apply Loop Transfer Recovery the transfer matrix C®(s)B shall be min-
imum phase (i.e. no zero with positive real part) and square (meaning that the
system has the same number of inputs and outputs).

Example 6.2. Let’s the double integrator plant:

sl (6.117)
_ 0 6.117
2l
Let:
K=[k k|
L [ 2 ] (6.118)
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Then the controller transfer matriz is given by (6.78):
K(s) =K(sI-A+BK+LC) 'L

—1
s+ —1 11
— [k K .
[ k1 2][k1+l2 s+k2] [12} (6.119)
_ (k1li+kala)s+kila

- 82+(k2+l1)s+k2l1+k1+12

From (6.116) we set Q and R as follows:

Qo=0
Q=Qy+p’CTCc = Q=pCcfc (6.120)
R=Ry=1

The Kalman gain K = R™IBTP is then obtained thanks to the positive
semi-definite solution P of the following algebraic Riccati equation:

0=PA+A’P -PBR 'B'P+Q=P= {* ol ]

P 2p (6.121)
=K=R'B"P=[p V2p|=[Fk ko |
Consequently:
. . (K1l +hals) s+l
limpso0 K(s) = limyos o0 orrq 5 0T 0 71
— kllli+k112 (6.122)
1
=lis+1s
The transfer function of the plant reads:
_ 1
G(s) =CP(s) B=C(sI—A)"'B= = (6.123)
Therefore:
1i)m K(s)G(s) = fraclys + los* (6.124)
p—00
Note that:
C®(s)L = fraclys + lys> (6.125)
Therefore the loop transfer function has been recovered.
"

6.9 Proof of the Loop Transfer Recovery condition

6.9.1 Loop transfer function with observer

The Loop Transfer Recovery design procedure tries to recover a target loop
transfer function, here the open-loop full state LQ control, despite the use of
the observer.

The lecture of Faryar Jabbari, from the Henry Samueli School of Engineer-
ing, University of California, is the primary source of this section 2. We will first

http://gram.eng.uci.edu/ fjabbari/me270b/chap9.pdf
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U(s) Y(s)
—» B —» O(s) » C —»
X(s)
-«

Figure 6.4: Block diagram for state space realization

R(s)=0 ues) U(s) Y(s)
— —» —+» B —» O(s) » C —»

! K |

Figure 6.5: Loop transfer function with full state feedback evaluated when the
loop is broken

show what happen when adding an observer-based closed-loop on the following
system where y(t) is the actual output of the system (not the controlled output):

y(1) = Cal) (6.126)

Taking the Laplace transform (assuming initial conditions to be zero), we
get:

{a‘c(t) = Ax(t) + Bu(t)

sX(s) =AX(s)+BU(s) X(s) = ®(s)BU(s)

{ Y(s) = CX(s) = { Y (s) = CX(s) (6.127)
Where:

o(s) = (sT - A) (6.128)

The preceding relationships can be represented by the block diagram on
Figure 6.4. Let K be a full state feedback gain matrix such that the closed-
loop system is asymptotically stable, i.e. the eigenvalues of A — BK lie in the
left half s-plane, and the open-loop transfer function when the loop is broken
at the input point of the given system meets some given frequency dependent
specifications. The state feedback control uy with full state available is:

up(t) = —Kz(t) & Us(s) = —KX(s) (6.129)

We will focus on the regulator problem and thus » = 0. As shown in Figure
6.5 the loop transfer function is evaluated when the loop is broken at the input
point of the system. The so called target loop transfer function Ly(s) is:

Uf(s) = Li(s)U(s) where Ly = —-K®(s)B (6.130)
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R(s)=0 < > U(s) uGs) X(s) Y(s)
—b/-l\‘% —» B P(s) —» C T»

x>
v

d(s) %\/\-F-I-w L >ﬁ¢

Figure 6.6: Loop transfer function with observer evaluated when the loop is
broken

If the full state vector x(t) is assumed not to be available, the control u(t) =
—Kz(t) cannot be computed. We then add an observer with the following
expression:

z(t) = A#(t) + Bu(t) + L (y(t) — Ci(t)) (6.131)
The observed state feedback control u, is:
uo(t) = —Kz(t) (6.132)

Taking the Laplace transform would result in:

{qus) — AX(s)+BU(s) + L (Y<S> -cx (5>) (6.133)

Uy(s) = —KX(s)
The preceding relationships can be represented by the block diagram on

Figure 6.6. Then loop transfer function evaluated when the loop is broken at
the input point of the given system becomes:

{X(s) — (@(s)" + LC) " (BU(s) + LY (s))
Y( ) = CP(s)BU(s)

= X(s) = (D(s) + LC) ™ (BU(s) + LO®s)BU(s))
) & X( s) (<I>( + Lc) (B + LC®(s)B) U(s)
= X(s) = (®(s) ' +LC) ! + (®(s)"' + LC) ' LC®(s)BU(s)
(6.134)

Note that according to the choice of the observer matrix L the controller
may not be stable. In addition, equation (6.133), in general, is not the same as
(6.129).

The Loop Transfer Recovery condition indicates that if the following re-

lationship holds then we get for U,(s) the same expression as the full state
feedback Uy (s):

L(I+ C®(s)L) ' =B (C®(s)B) ! (6.135)
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6.9.2 Application of matrix inversion lemma to LTR

The matrix inversion lemma 3 is the equation:

(A-BD'C)'=A"1"+ A 'B(D-CA'B)"'cA! (6.136)
Simple manipulations show that:

(®(s) "' +LC) "

— ®(s) (]1 ~L(I+C3(s)L)"" Ccp(s)) (6.137)
So we have for the first term to the right of equation (6.134):

(B(s)"' +LC) "B = a(s) (]1 ~L(I+Co(s)L)"" C@(S)B) (6.138)
And for the second term to the right of equation (6.134):

(®(s)"! + LC) ' LC®(s)B

®(s) (1— L (I+ Cd(s)L) ™" C@(s)) LC®(5)B

o(s) (L —L(I+ Co(s)L) " Ccp(s)L) Cd(s)B

o(s)L (1[ — (I+ C®(s)L)"" C(I)(S)L) C(s)B
(6.139)

In addition, applying again the matrix inversion lemma to the following
equality, we have:

I+A)'=I—-1I+A)"A

= (I+A) 'A=T—-T+A)" (6.140)

Thus
(I4 C®(s)L) ' CP(s)L =1 — (I+ CP(s)L) " (6.141)

Applying this result to equation (6.139) leads to:
(®(s)~ ' + LC)‘1 LC®(s)B = ®(s)L (I + C®(s)L) ' C®(s)B (6.142)
And here comes the light! Indeed, if we had:
L(I+C®(s)L) ' =B (C®(s)B) ! (6.143)
Then equations (6.142) and (6.138) become:

(®(s)™' + LC)_1 LC®(s)B = ®(s)L (I + C®(s)L) ' C®(s)B = &(s)B
{(@(s)—l +LC) ' B = a(s) (11 ~L(I+Co(s)L)" C<I>(3)B) — &(s) (1 - B)
(6.144)
And thus:

X(s) = ®(s)BU(s) = U,(s) = —KX(s) = —K®(s)BU(s) (6.145)

That is, we get for U,(s) the same expression as the full state feedback given
in (6.129).

8D. J. Tylavsky, G. R. L. Sohie, Generalization of the matrix inversion lemma, Proceedings
of the IEEE, Year: 1986, Volume: 74, Issue: 7, Pages: 1050 - 1052
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6.9.3 Setting the Loop Transfer Recovery design parameter

Condition (6.135) is not an easy condition to satisfy. The traditional approaches
to this problem is to design matrix L of the observer such that the condition is
satisfied asymptotically and p a design parameter.

One way to asymptotically satisfy (6.135) is to set L such that:

L
lim — = BW, (6.146)
p—0 P
where W is a non singular matrix.
Indeed in this case we have:

LI+ Co(s)L)™' =Lpl+Cdh(s)L)™?

- (6.147)
—1

L L .

L ( I+ Cd(s ;)

and as p — o0:

limy o L (I + OB(s)L) ! = limy oo & (114 C(s)E)
= BW, (CP(s)BW,) " (6.148)
= B (C®(s)B) "

Now let’s concentrate how (6.146) can be achieved. First it can be shown
that if the transfer function C®(s)B is right invertible with no unstable zeros
then for some unitary matrix W (WW7T = I) and some symmetric positive
definite matrix N (N = NT > 0) the following relationship holds:

R = p’N 1
Q=cC'c = lim K=R %“»WC=-N""WC (6.149)
K=R"B’p 7% p

Applying the duality principle we have the same result for the observer gain

L:
Q, = pgN
P,=BB” = lim L=BWQ,% = BWN 0-5 (6.150)
L=IcTQ;t 7%

Then if we replace P,, = BBT by Py = Pyo + pZBBT and Q, by P,y we
get:

{ Pw PwO +p BB = lim L = pBWP 0.5 & lim — = ]3I/V]-:)UOO5

Qv = Pyo p—0 p—00 p
(6.151)
By setting Wy = WP,° we finally get (6.146):
. L
lim — =BW) (6.152)

p—c0 P
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I8

G(s)

w

—_—P >
—
u

K(s) 4—-

Figure 6.7: Standard feedback control loop

6.10 H, robust control design

Robust control problems are solved in a dedicated framework presented on Fig-
ure 6.7 where:

— G(s) is the transfer matrix of the generalized plant;
— K{(s) is the transfer matrix of the controller ;

— wu is the control vector of the generalized plant G(s) which is computed
by the controller K(s);

— w is the input vector formed by ezogenous inputs such as disturbances or
noise;

— y is the vector of output available for the controller K(s);

— 2z is the performance output vector, also called the controlled output, that
is the vector that allows to characterize the performance of the closed-
loop system. This is a virtual output used only for design that we wish to
maintain as small as possible.

It is worth noticing that in the standard feedback control loop on Figure 6.7
all reference signals are set to zero.

The Hj control problem consists in finding the optimal controller K(s) which
minimizes || T, (s)]|2, that is the Hy norm of the transfer between the exogenous
inputs vector w and the vector of interest variables z.

The general form of the realization of a plant is the following:

x(t) A | B B z(t)
2(t) |=| Ci| 0 Dy w(t) (6.153)
y(t) Cy D2y O u(t)

Linear-quadratic-Gaussian (LQG) control is a special case of Hyz optimal
control applied to stochastic system.
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Let’s consider the following system realization:
{ i(t) = Az(t) + Bou(t) + d(t)
y(t) = Caz(t) + n(t)
Where d(t) and n(t) are white noise with the intensity of their autocor-

relation function equals to Wy and W,, respectively. Denoting by E() the
mathematical expectation we have:

E ({ Zig ] [ d'(r) nT(r) ]> = [ ng Vgn ]5(7&7) (6.155)

The LQG problem consists in finding a controller u(s) = K(s)y(s) such that
the following performance index is minimized:

(6.154)

T
e =5 (Jim_ [ @ (0Qa(t) + o (Ru) a1 (6.156)
—00 0
Where matrices Q ans R are symmetric and (semi)-positive definite matri-
ces: .
Q=Q >0
{ R =0 (6.157)

This problem can be cast as the Hs optimal control framework in the fol-
lowing manner. Define signal z(t) whose norm is to be minimized as follows:

2(t) = [ A ] [ i ] (6.158)

And represent the stochastic inputs d(t) and n(t) as a function of the vector
w(t) of exogenous disturbances :

107 o e

Where w(t) is a white noise process of unit intensity. Then the LQG cost
function reads as follows:

8

T
Jrgc =FE < lim / ZT(t)z(t)dt> = | T.w(s)|3 (6.160)
T—o00 0
And the generalised plant reads as follows:
g(t) A ‘ B1 B2 z(t)
2(t) |=|Ci| 0 D w(t) (6.161)
y(t) Cy | Dy O u(t)
Where:
B = W}® 0]
_[Q»
o[
(6.162)
0
D12 = |: R0'5 :|

Dy =[0 WO |

n
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It follows that:

Biuw(t) = [ W 0 Jw(t) =d(t)
{ Douw(t) = [ 0" W Ju(t) = n(t) (6.163)
And:
(1)) = (Caz(t) + Dizw(t)” (Cra(t) + Dizu(?)
=2 (1)Qz(t) + u” (t)Ru (t) (6.164)

Thus costs (6.156) and (6.160) are equivalent.



