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ou non, émanant des établissements d'enseignement et de recherche français ou étrangers, des laboratoires publics ou privés.

The geometrical representation of this direction on a unitary sphere is the Bloch sphere representation of the quantum state (Felix Bloch, Nobel Prize in 1952 for NMR). Any pure quantum state of a qubit can be visualized as a point on this unit sphere.

θ = 0 → |ψ ⟩ = |0 ⟩, θ = π → |ψ ⟩ = |1 ⟩, θ = π 2 → |ψ ⟩ = 1 √ 2 |0 ⟩ + e iφ |1 ⟩ .
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Any unitary operator Û might be seen as a rotation on the Bloch sphere.

Any unitary operator Û on a two-level system is a 2 × 2 matrix, and might be expressed as a function of 4 basis operators.

A commonly used basis consists in Pauli's matrices. Pauli's matrices:

I = 1 0 0 1 ; σ 1 = 0 1 1 0 ; σ 2 = 0 -i i 0 ; σ 3 = 1 0 0 -1 .
Alternative notations:

X = 0 1 1 0 ; Ŷ = 0 -i i 0 ; Ẑ = 1 0 0 -1 .
Pauli's matrices are the generators of rotations for a two-level system. Rotation on the Bloch sphere.

Rotation of an angle ψ around the X axis

R X (ψ) = cos ψ 2 -i sin ψ 2 -i sin ψ 2 cos ψ 2 . Introducing Pauli's matrices R X (ψ) = cos ψ 2 I -i sin ψ 2 X . Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 8 / 49
Pauli's matrices properties

X 2 = Ŷ 2 = Ẑ 2 = I, [σ i , σ j ] = 2iε ijk σ k and {σ i , σ j } = 2δ ij I,
where ε ijk is the Levi-Civita symbol and δ ij is the Kronecker symbol.

Consequently

σ i σ j = iε ijk σ k + δ ij I. Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 9 / 49
Since X 2 = I,

RX (ψ) = cos ψ 2 I -i sin ψ 2 X = exp -i ψ 2 X .
Similarly, one gets

RY (ψ) = cos ψ 2 I -i sin ψ 2 Ŷ = exp -i ψ 2 Ŷ , RZ (ψ) = cos ψ 2 I -i sin ψ 2 Ẑ = exp -i ψ 2 Ẑ .
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One may defines the rotation around an arbitrary direction ⃗ n

⃗ n =   n x n y n z   .
Let introduce the following operator

⃗ σ =   X Ŷ Ẑ   .
Then,

R⃗ n (ψ) = exp -i ψ 2 ⃗ n • ⃗ σ = cos ψ 2 I -i sin ψ 2 n x X + n y Ŷ + n z Ẑ Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 11 / 49
How to perform such a rotation on a "real" system ?

Let's consider the case of a spin 1/2 system in a magnetic field (NMR).

Let consider a static magnetic field ⃗ B 0 = B 0 ⃗ u z , so that z is the quantification axis. Let consider an atom with a nuclear spin ⃗ I , which is a spin 1/2. It corresponds to a magnetic momentum ⃗ M = γ ⃗ I , where γ is the gyromagnetic factor (g-factor).

Magnetic interaction between the ⃗ B 0 field and the magnetic momentum results in the following hamiltonian

Ĥ0 = -⃗ M • ⃗ B 0 = γ ⃗ I • ⃗ B 0 = -γ ℏ 2 B 0 Ẑ .
Introducing the Larmor frequency:

ω 0 = γB 0 ⇒ Ĥ0 = - 1 2 ℏω 0 Ẑ . Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 15 / 49 Ĥ0 is time-independent, so |ψ(t) ⟩ = exp -i Ĥ0 t ℏ |ψ(0) ⟩, then |ψ(t) ⟩ = exp i ω 0 t 2 Ẑ |ψ(0) ⟩ .
The evolution of the nuclear spin is a rotation along z axis at larmor frequency ω 0 .

II.2. Static ⃗ B 0 field and RF ⃗ B rf field

Now adding a radio-frequency (RF) rotating field ⃗ B rf , perpendicular to the static magnetic field ⃗ B 0

⃗ B rf = B 1 (cos (ω rf t + ϕ) ⃗ u x -sin (ω rf t + ϕ) ⃗ u y ) .
One notes ω 1 = γB 1 , such that the hamiltonian becomes

Ĥ = - 1 2 ℏω 0 Ẑ - 1 2 ℏω 1 cos (ω rf t + ϕ) X -sin (ω rf t + ϕ) Ŷ .
Considering the rotation frame at -ω rf around z, the state becomes

|ψ ⟩ rot = exp - i 2 ω rf t Ẑ |ψ ⟩ .
What is the expression of the hamiltonian in the rotating frame ? 

ψ ′ ⟩ = Û(t) |ψ ⟩ ⇔ |ψ ⟩ = Û † (t) |ψ ⟩.
Then, 

iℏ ∂ ∂t |ψ ⟩ = iℏ ∂ Û † (t) ∂t ψ ′ ⟩ + iℏ Û † (t) ∂ |ψ ′ ⟩ ∂t , Ĥ |ψ ⟩ = Ĥ Û † (t) Û(t) |ψ ⟩ = Ĥ Û † (t) ψ ′ ⟩. Therefore iℏ ∂ Û † (t) ∂t ψ ′ ⟩ + iℏ Û † (t) ∂ |ψ ′ ⟩ ∂t = Ĥ Û † (t) ψ ′ ⟩, ⇔ iℏ ∂ |ψ ′ ⟩ ∂t = -iℏ Û(t) ∂ Û † (t) ∂t + Û(t) Ĥ Û † (t) ψ ′ ⟩.
= Û(t) Ĥ Û † (t) -iℏ Û(t) ∂ Û † (t) ∂t .
For a rotation along z at ω r f ,

Û(t) = exp -i ω rf 2 t Ẑ ⇒ Ĥrot = ℏω rf 2 Ẑ + Û(t) Ĥ Û † (t), Ĥrot = - ℏ 2 (ω 0 -ω rf ) Ẑ - ℏ 2 ω 1 cos (ω rf t + ϕ) Û(t) X Û † (t) + ℏ 2 ω 1 sin (ω rf t + ϕ) Û(t) Ŷ Û † (t) Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 20 / 49 ⇒ Û(t) XÛ † (t) =? Û(t) ŶÛ † (t) =? Û(t) X Û † (t) = e -iω rf t/2 0 0 e iω rf t/2
0 1 1 0 e iω rf t/2 0 0 e -iω rf t/2 , = e -iω rf t/2 0 0 e iω rf t/2 0 e -iω rf t/2 e iω rf t/2 0 , = 0 e -iω rf t e iω rf t 0 .

II.2. Static ⃗ B 0 field and RF ⃗ B rf field

Û(t) Ŷ Û † (t) = e -iω rf t/2 0 0 e iω rf t/2 0 -i i 0 e iω rf t/2 0 0 e -iω rf t/2 , = e -iω rf t/2 0 0 e iω rf t/2 0 -ie -iω rf t/2 ie iω rf t/2 0 , = 0 -ie -iω rf t ie iω rf t 0 . II.2. Static ⃗ B 0 field and RF ⃗ B rf field Consequently, Û(t) X Û † (t) cos (ω rf t + ϕ) = 1 2 0 e iϕ + e -2iω rf t e -iϕ e -iϕ + e 2iω rf t e iϕ 0 , and 
Û(t) Ŷ Û † (t) sin (ω rf t + ϕ) = 1 2i 0 -ie iϕ + ie -2iω rf t e -iϕ -ie -iϕ + ie 2iω rf t e iϕ 0 .
The terms e -2iω rf t and e 2iω rf t are fast rotation compared to the state dynamics. Their effect on the state dynamics is negligible.

One then neglect those terms, which is the so-called rotating wave approximation.

II.2. Static ⃗ B 0 field and RF ⃗ B rf field

In the rotating wave approximation

Û(t) X Û † (t) cos (ω rf t + ϕ) -Û(t) Ŷ Û † (t) sin (ω rf t + ϕ) ≈ 1 2 0 e iϕ e -iϕ 0 -1 2i 0 -ie iϕ -ie -iϕ 0 , = 0 e iϕ e -iϕ 0 , = 0 cos ϕ + i sin ϕ cos ϕ -i sin ϕ 0 , = cos ϕ 0 1 1 0 = X -sin ϕ 0 -i i 0 = Ŷ , Kenneth MAUSSANG Introduction to Quantum Computing 2022 -2023 24 / 49
In the rotating frame, in the rotating wave approximation, the hamiltonian becomes

Ĥrot = - ℏ 2 (ω 0 -ω rf ) Ẑ - ℏ 2 ω 1 cos ϕ X + sin ϕ Ŷ .
Introducing the detuning δ between RF magnetic field frequency and Larmor frequency in the static field δ = ω 0 -ω rf , the hamiltonian reduces to

Ĥrot = - ℏδ 2 Ẑ - ℏω 1 2 cos ϕ X + sin ϕ Ŷ .
Any rotation of the state on the Bloch sphere is achievable, using the appropriate values of δ, ω 1 and ϕ (detuning, amplitude and phase of the RF magnetic field).

It is that which is used in NMR sequences.
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In classical computing, algorithms are implemented by the mean of logical gates, acting on bits.

In quantum computing, quantum algorithm are implemented by the mean of quantum gates, acting on qubits.

A quantum gate is a unitary operator acting on several qubits.

A single-qubit gate is a quantum gate acting on a single qubit. To access to the result of a calculation, a measurement on at least one of the qubits of the quantum register has to be realized, with the following block representation Note that it's not necessarily all the quantum register that has to be measured.

A Z gate (phase flip) is a unitary operator such that if the qubit is |1 ⟩, its phase is shifted by π, and nothing if the qubit is |0 ⟩. 

Û=

  |0 ⟩⟨ 0| -|1 ⟩⟨ 1| ≡ Ẑ .
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Since it is unitary, a single qubit gate is a rotation on the Bloch sphere.

A gate is represented in the "circuit model" as a block with an input and an output. Gates are connected by "wires", representing the time evolution of qubits.

In the circuit model, a quantum algorithm is represented as a sequence of building blocks that carry out elementary computations (=gates) connected by wires.

In quantum computing, a quantum register is a system comprising multiple qubits. It's the quantum analog of the classical processor register.

Quantum computers perform calculations by manipulating qubits within a quantum register.

The size of a quantum register correspond to the number of qubits in it. The corresponding Hilbert space H in which data of the quantum register are stored is the tensorial product of the Hilbert space of each qubit

The size of H is 2 n × 2 n where n is the size of the quantum register. The Hadamard gate is on of the most important gates for quantum circuits.

Remark:

The Hadamard gate allows to transform a pure state (|0 ⟩ or |1 ⟩) into a superposition of states such as

The Hadamard gate is a key gate to fully exploit quantum superposition.
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Case of a quantum register: