Kenneth Maussang 
  
Implementation of a C-NOT gate Ising interaction Two-qubit unitary evolution Example with NMR quantum computing Molecules for quantum computing based on NMR techniques

Keywords: 

Circuit representation of a C-NOT gate made with a two-qubit interaction Ĉ (γ)

Any physical two-qubit interaction that can produce entanglement can be tuned into a universal two-qubit gate (such as the C-NOT gate) when it is augmented by arbitrary single qubit operations.

Let consider an ensemble of N qubits labeled with i and j index. Those qubits interacts with an ising-type interaction (pair wise spin interaction) Ĥint =i,j

J ij Ẑi Ẑj ,
where J ij is the intensity of interaction between qubits i and j.
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Applying the hamiltonian

Ĥint = -J Ẑ1 Ẑ2 ,
for a time T , the unitary evolution will be

Ĉ (γ) = e -i γ 2 Ẑ1 Ẑ2 , with γ = - 2J ℏ T .
Ĉ (γ) does not realize a C-NOT gate yet. Additionally, single qubit operations on each of the qubits are required to realize a C-NOT gate as follow

e -i 3π 4 RX2 3π 2 Ĉ 3π 2 RZ2 π 2 RX2 π 2 RZ2 π 2 RZ1 π 2 Ĉ 3π 2
NMR is based on manipulation and measurement of nuclear spins. It's well adapted for quantum computing implementation and the first quantum calculation was implemented in NMR systems.

Reference:

Experimental realization of Shor's quantum factoring algorithm using nuclear magnetic resonance, Nature, 414, 883-887 (2001).

⇒ factorization of 15 = 3 × 5 in molecules by NMR. 

B 0 = B 0 ⃗ u z , Ĥ0 = -ℏγB 0 ÎZ = - ℏω 0 2 Ẑ ,
where ω 0 is the Larmor frequency: precession of the qubit around ⃗ u Z at Larmor frequency. Even without qubit/qubit coupling, the Larmor frequency depends on the atoms. Those frequencies are shifted depending on the coupling with the chemical environment

H 0 = - n j=1 ℏ(1 -σi )γ i B 0 Î i Z = - n i=1 ℏ 2 ω i 0 (1 -σi ),
with ω i 0 the Larmor frequency of the nuclei i without qubit/qubit coupling and σi the chemical frequency shift due to coupling with neighborhooding spins. σi is used in analytical chemistry to determine the environment of an atom, while here it is used to address different qubits with different RF frequencies independently.
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Introduction In the rotating frame and the rotating wave approximation, the hamiltonian becomes

Ĥrot = - ℏδ 2 Ẑ - ℏω 1 2 cos ϕ X + sin ϕ Ŷ ,
with δ = ω 0 -ω RF the detuning between RF and Larmor frequency, ϕ the phase of the RF field and ω 1 = γB 1 where B 1 is the amplitude of the RF field.

For n qubits of Larmor frequencies ω i 0 , gyromagnetic factor γ i and ω i 1 = γ i B 1 , frequency shift σi , one notes

δ i = ω i 0 (1 -σi ) -ω RF ,
the detuning between RF and qubit i frequency, such that

Ĥrot = - n i=1 ℏ 2 δ i Ẑi - ℏ 2 n i=1 cos ϕω i 1 Xi + sin ϕω i 1 Ŷi .
When spins of different atoms are coupled, the coupling interaction energy usually results in level splitting. Consequently, the Larmor frequency of a qubit, corrected by the chemical frequency shift σi , will depend on the state of neighborhooding qubits.

In other words, the resonance RF frequency of a qubit will depends on the state of the neighborhooding qubits.

This phenomena is the key physical effect used to implement multiqubit gates. 

  For a |0 ⟩ state, φ = 0 after the RY π 2 pulse leading in a positive signal in the FFT of FID. For a |1 ⟩ state, φ = π after the RY π 2 pulse leading in a negative signal in the FFT of FID.

  NMR is a phase sensitive detection method. A qubit state is measured with a as follow
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It corresponds to a generic two-qubits interaction Ĥint = -J Ẑ1 Ẑ2 , with J > 0 for a ferromagnetic coupling, and J < 0 for an anti-ferromagnetic coupling. The coupling hamiltonian might be written as follow

J > 0: antiferromagnetic interaction, J < 0: ferromagnetic interaction.

Coupling constants of the five F qubits of perfluorobutandienyl iron complexe 5 resonances frequencies corresponding to 5 different qubits. Two spins A and B as qubits. C-NOT gate flips A is B is ↓. The rotation direction depends on the control qubit. Depending on the initial position of the equator of the Bloch sphere, the phase of the free induction decay will be different

The initial angle φ on the Bloch sphere is measured by the FID signal in NMR.

Two coupled qubits in their four computational basis states have the following spectrum NMR detection signal (FFT of FID) depends on states.
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It's easier and faster experimentally to detect the sign of S(ν) rather than the frequency shift J AB which is only of few hundreds of Hz.

State detection is based on sign measurement of the NMR signal S(ν). Real sequence in practice for factorization with perfluorobutadienyl iron complex.

Experimental realization of Shor's quantum factoring algorithm using nuclear magnetic resonance, Nature, 414, 883-887 (2001).

⇒ factorization of 15 = 3 × 5 in molecules by NMR with Shor's algorithm.
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