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Fourier

“Fourier Acoustics: Sound
Radiation and Nearfield
Acoustical Holography” by
Earl G. Williams, 1999.

Sound Radiation and Nearfield Acoustical Holography

Earl G. Williams

k-space analysis = spatial frequency analysis = wavenumber analysis
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lllustration of k-space analysis for different applications

- Ultrasonics

Tendinopathy Discrimination by Use
of Spatial Frequency Parameters in
Ultrasound B-Mode Images

Gregory R. Bashford*, Senior Member, IEEE, Nicholas Tomsen. Shruti Arya. Judith M. Burnfield, and
Kornelia Kulig

Spatial frequency (mmi')

o

0.5 1 1.5 e 6 -4 -2 0 2 4 6 8
X (mm) Spatial frequency (mm™")
Example image kernel and spatial frequency spectrum.
Left, typical 32 x 32 pixel kernel within the Achilles tendon of a control subject.

Right, spatial frequency spectrum obtained by taking the 2-D FFT of the left image.

- Aeroacoustics
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Wavenumber-frequency spectrum 10log, ®,,(k,w) of wall pressure
beneath a ZPG Mach 0.5 turbulent boundary layer
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- Structural acoustics (vibro-acoustics)

Examples of industrial structures for which the K-space analysis is of
interest for understanding how these structures radiate
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- Structural acoustics (vibro-acoustics)
Modelling the acoustic radiation from infinite structures

—

. 10 ‘
Radial velocity field of an infinite

Transversal velocity field of an
infinite periodically stiffened panel periodically stiffened shell excited

excited by an harmonic point force by an harmonic point force

K-space analysis :

- Atool for understanding how structures
radiate in the far field

- Resolution of vibroacoustic problem
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Nearfield Acoustical Holography (NAH)

a microphone array

VibratingVv
source

micro-
phone

preconditioning

array

measure | FFT

p(X,Y,Zn,t)

Pe(X,Y,Zn, W),

P(X,Y,Zp,w)

acoustic

Vilkyoky,Zs,w)|

Pr(kxv ky,zh,w)

2DFFT

Po(ky,ky,zn,w)

inverse
propagation
(free field)

DFFT

Y
Vi(x,y,zs,w)

-

regularisation

Measurement of the
radiated pressure with a
microphone array

Inverse problem: knowing the
measured pressures and having a
radiation model of the structure,
what is the velocity field of the
vibrating structure?
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OUTLINE

| — Helmholtz equation

Il — Vibro-acoustic behavior of infinite thin panels

lIl — Vibro-acoustic behavior of finite thin panels

IV — Nearfield Acoustical Holography (NAH)
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Assumptions on the acoustic domain:
- stagnant uniform fluid or gas
- perfect fluid (i.e. no viscosity, or heat conduction)
- No mass source or external volume force terms

Fluid equations with the previous assumptions:

- Mass Cé)nservation
0
—+V.(ou)=0
ot ( )

- The mo gntum conservation law (second Newton’s law)
u
—+uVu [=-V
A v v

- The energy conservation law (adiabatic-reversible = isentropic processus)

s +Uu.Vs=0
ot
- An equation of state (thermodynamics) 5
p=p(p.s) Isentropic flow (_j ~0
oS
Yol
o [S_pj the square of the isentropic speed of sound
PJs

*S.W. Rienstra & A. Hirschberg, An Introduction to Acoustics, Eindhoven University of Technology, 2014
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Linearization and wave equation:
Small perturbations around the equilibrium position:
P=p,+P,p=p,+p,5=5,+5,u=u,+u" withu, =0 for stagnant fluid

po-w
| > 1

Linearized equations (taking the 1st order terms only):

o' ou’ 2 0s’
+p,VU =0 (1 +Vp'=0 (2 '=¢, 0 (3
il O V=0 @ Pegp @)

=0 (4

Wave equation (introducing (3) in (1) and writing V.(2) —%(1) )

2 A7 182p’
VP T

Helmholtz equation (steady state harmonic variation p'= pe'” )
2
Vp+Z p=0

Co
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II.1 - Natural propagative waves

[1.1.a - For an acoustic medium

Helmholtz equation  V? p+ ~p=0 Dispersion equation k = f (o)
0
- kS+ ky2 +k? =k, with the acoustic (natural)
. —ik, x—ik, y—ik,: W
Propagative plane wave p=Pe " " wavenumber k, =—
k . Co
X
Wavevector k: K =|K, | Dispersion equation: HkH2 =k,
K

z
an example with kK, =0

¢ > A = Wavefront
— : 2 : (:0967
6/ k A = e
' 6
. K,
_ with £ either stands for X, z, 0
L ke=kgsing PR
K, =k, cosd sin¢
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II.1 - Natural propagative waves

1I.1.b - For a thin flexible plate
W
y !
—> 4h
Infinite thin plate made of an isotropic elastic material

Plate equation of motions with Love-Kirchhoff assumptions and time-harmonic dependence

(pure bending, rotational inertia and shear stress not take into account, only adapted for
“low” frequencies, use Mindlin assumptions for “high” frequencies):

o*w o'w  0'w

D T t2———t+—
OX oX“oy° oy

Propagative plane wave w=We

)—a)zphW: 0 with the flexural rigidity D = Eh® /12(1—1/2)
—ikyx—ikyy

fkf
K,
ik,

Dispersion equation (k2 +k 2)° ——wzph
P . ( « TKy ) B }Propagative waves

2
h
> Fork, =0, k.* = a)éy = 4 solutions: K, =+

" } Evanescente waves
—I
f

"

h
Flexural (natural) wavenumber k; =.|® %
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Forced response using the wave decomposition:
Part #1 l F Part #2
|/

\ \

Infinite thin plate excited by a normal line force

Wave decomp. for each part (with non
reflective conditions at infinite):

w, (x) = Ae"“" +Be"", x € ]-o0,0] (
W, (X) _ Age—ikfx + Bze‘kfx’ Xe [O,oo[ ;21-:85 ::'2;2 B_zB g\l =_A2I
Continuity relations at the junction: |:> B +I; _ +B2 I:> 2~ -Az
w,(0) =w, (0) AtB=-A k 1B =—iA,
ow, oW ik *A +k B, +— =ik *A, —k,’B, __F
M 0)=22(p D A =—
OX (0) X (0) L | ° 4iDk,’
O°W O°W
D— (O) =D—= (O)
883)\(,\/1 X ow, Analytical expression of the plate displacement:
x ox® (0)-F=D ox° (0) F o ik F x
wz(x):4ka3e ~IoK3 e X €[0,00]
f f
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II.1 - Natural propagative waves

lI.1.c - The critical frequency (or acoustic coincidence frequency)

200

180

="y

(53]

=]
T

—
s
=]

—
M
=]

oo
=
T

(53]
=]
T

Wavenumber (rad/m)

=
]

(%]
=]

f

C
U 1 1 1 | 1 1 | | 1
0 1000 2000 3000 4000 5000 6000 7OOO 8000 9000 10000

Frequency (Hz)

Critical frequency (flexural celerity = acoustic celerity): k, =k;

¢ ¢, [ph ¢, \/12,0(1—02)

C=27z D_27r Eh?

= 5.8 kHz for a 2mm-thick steel plate
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I1.2 — Mathematical formulation and resolution in the k-space

Time dependence: €'

Semi-infinite AD+k2p=0 op .
acoustic medium P+% P — = ('a’)Vz
Z 0z
y X Infinite plate v, = low
4~

o'w o'w  o'w

2 +
aXZayZ ay4

j—a)zphw =Fo - p‘zzo

Resolution using the spatial Fourier transform:

+00+00

f(x,y)> flk,.k, )= _[ _[ f(x,y)e ™™ dxdy

—00—00

f(kx’ky) — f (X, y) :4—12TT f(kx’ky)eikxxeikyydkxdky

—00 —00

Master Acoustics — LVA/ INSA Lyon
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Property of the Fourier transform on the space derivative:
oo f
oxPoy*

(x, )= ik, )" (ik, f (K, .k, )

Vibroacoustic problem in the wavenumber space (i.e. k-space):

9, (K, K, ) =iow(k, .k, )

X1y X1y

2,9(kk, )= F (K, K, )= Bk, 0) With Z, = D(L+in) (K +k,*) - w*ph | fio

T OBk, 2)+ kg =k 2=k 2plk, K, 2) =0

2 X ] X! ]
az y y

szp (kx'ky'o):‘Po(ia’)v(kx,ky) + Sommerfeld conditions

Master Acoustics — LVA/ INSA Lyon 15



Resolution of the fluid equations:

Homogeneous 2" order differential equation about z:

TP 1,k 2)+ (k2 =k, 2 —k,2JBlk, K, 2)= 0

azz X1 y’ X! yl

Solution on the following form: r)(kx,ky,z)z r)(kx,ky,o)e‘kzZ with k, the vertical wavenumber is
unkown

> Characteristic equation of the differential equation: k,” =k,” —k * — ky2

Solutions satisfying the Sommerfeld conditions:

—Jk’ —k -k, if JkZ+k,? <k, > Propagative waves
k, =
ik, +k, Kk, if [k +k7 >k, > Evanescentwaves

Euler equation:

X y’ X y

p(Ky.k,.0)=2Z,7(k,k,) with za:_%“’

then ﬁ(kx, k,, Z) = Zav(kx, ky)eikzz

Master Acoustics — LVA/ INSA Lyon 16



Vibroacoustic problem in the wavenumber space (i.e. k-space):

—

2,9(kk,) = F = B(kk,0) with Z, = D(+in)(k+k/?) - *ph| fio

i po — ke’ -k -k ik, <k,

K K _79(k k ik,z W|th Za:_ , , =
d 2)=2,9(k,.k, )e K, ik kS -k Tk k> K

X1ty
Spectral velocity (i.e. velocity in the wavenumber space):

K.,k

7(K,.k, ) F(kok,)

)T 7 Tk )+ 2, (koK )

X1 Ny X1 Ny

X! yl

Spectral pressure at z (i.e. pressure in the wavenumber space for z given):

p(k, .k, 2)=T(k,k,,2)7(k,k,)

X! y’ X! y’ X! y

with the spectral propagator F(kx,ky, Z) = Za(kx,ky)eikzZ

RK: Spectral force for a normal point force at (Xo, yo)

F(k.k, )= TT& (X=%, )5 (y—Y,)e e dxdy =g "*oe ™"

—00 —00
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11.3 — Estimation of the plate velocity in the physical space

Inverse space - Fourier transform:

1 75 X+
f(k k)—)f 47[2-[0-[0 X,y i(ky ky)dkdk

X'y

=» No analytical expressions for the Fourier transform of the

spectral displacement/pressure in general
=>» Alternative: use an inverse Discrete Fourier Transform (iDFT)

for approximating the solution

Truncation and sampling of the wavenumber domain D:

~

~ < K k, k
P, =1 (nkx5k><’nky5ky)’ v(nx,ny) {_ 51; ’52 }{_j’ﬁ}
X X y y

where &K, , &K are the wavenumber resolution, and,

Ky, K,  the cut-off wavenumbers of D.
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S R 5 5
ok | ke IDFT
i | . ﬁ-—
| ok, |
||; __________________ i__ _ky
-k, K, — X X e
Truncated and discretized Truncated and discretized
wavenumber space physical space
Properties of the iDFT. ox = on ___2x — — SX= L oy = 2
Ak, kxmax — kxm'n K, ky

2T T T
AX:XmaX—Xmm:— I XmaX:_,Ymax:_
ok, ok, ok,
=» The wavenumber resolutions and the cut-off wavenumbers
should be chosen carefully to avoid the loss of information and
the aliasing effect.
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II.4 — Analysis of the plate velocity in the k-space WITHOUT fluid
Spectral velocity response of an in-vacuo plate excited by a point force at (0,0)

\7in—vacu0 (kx’ ky) - % Zp B |:D(l+ Iﬁ)(kxz + ky2 )2 _wzphj|/la)
p

X1 Ny

Steel plate - Thickness=2 mm

k_(1/m)

. - -1
Spectral velocity - 3 kHz (dB, ref. 5d-8 m°/s) Spectral plate velocity - k =0 m
150 80 T T T | T T T
|
100 nor
@
o= B0 |
50 w0 |
=) |
w B0 |
0 — '
O 40 |
-50 2 :
L s0r |
ol |
-100 I
20 |
|
'1 50 1D 1 1 1 I 1 1 1
-150 -100 -50 0 50 100 150 o 20 40 60 BO 100 120
k, (1/m) k. (1/m)

Dash line, flexural wavenumber (kf)

= k,=0: line force along y at x=0
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Spectral velocity response of an in-vacuo plate excited by a point force at (0,0)
T, (K 0) = 0 Z, (k,0)=[ D(L+in)k ! -’ ph] fiw

7 (k0 0) Z,(k,,0)=D[(1+in)k* -k,*]/ie

Spectral plate velocity - ky=0 m™

I I I kf: ., |—
: D

oo
=

-
=1}
T

=2}
o=

n
(=]
T

B
ot
T

20*log10|V(kx,0)/5d-8|

(%]
=]
T

]
=

20*log10}V(kx,0)/5d-8|
=y o o =23 =1 =

=
=

1 1
0 20 40 60 BO 100 120
k, (1/m)

\ Y } HJ \ Y }

Z,(k,0)~|-0’ph|/io Z,(k;,0)~iDrk* /io Z,(k,,0)~ Dk’ fiw

75 80
k, (1/m)

Mass controlled Damping controlled Stiffness controled
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Criteria for choosing the wavenumber resolutions and the cut-off
wavenumbers:

Spectral plate velocity - ky=0 m™"

@
(=

-
=]
T

=z}
=

o
=
T

-
=
T

20*log10|V(kx,0)/5d-8|

[}
b

10 . L L . . :
0 20 40 60 80 100 120
JL k, (1/m)
A K _
sk, = T K, =Kk
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Comparison with the analytical result (Matlab code: plate velocity.m)

Velocity - (dB, ref. 5d-8 m>/s)

B1

ifft

2 = = = analytical

[=e]
=]

*x (m)

Velocity - (dB, ref. 5d-8 m>/s)
81 . . . . .

ifft
= = = analytical
— a0 H
o)
= 79
S
— 4 o
% 78
—
TF /J L\
76 * : *
-3 -2 -1 o 1 2 3

x (m)

Real(v) (dB)

Real(v) (dB)

- 104 real(Velocity)

T

o

1

-3 -2 =1 o 1 2 3
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11.5 — Analysis of the plate velocity in the k-space WITH fluid

Spectral velocity response of an air loaded plate excited by a point force at (0,0)

Steel plate in air - Thickness= 2 mm - Critical frequency= 5.8kHz
I:0

7(k.0)= Z,(k,,0)+Z,(k,.0)

Matlab code: spectral fluid _|loaded plate velocity.m

Plate velocity - 3000 Hz

20F
I—with FSI

15 | === ==ywin FSI
wn 1o
o
S s) | Below the
o .
X ol critical
> frequency !
=1
@
2 aof
o
N sk —

=20

0 10 20 30 40 50 60 70 BO 90

kx (1/m)

Dash line, flexural wavenumber (kf)
Solid line, acoustic wavenumber (k)
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Spectral velocity response of an air loaded plate excited by a point force at (0,0)

Steel plate in air - Thickness=2 mm - Critical frequency= 5.8kHz

Below the critical frequency

7(k,.0)=

F

Z,(k,.0)+Z, (k,,0)

lim Z

Ky =Ko

(kx'o):

Plate velocity 3000 Hz

20F

-
o

20%log1 0]V (kx, 0)/2d-5]

N
o

[
=)

. -
& =] o =]
T T T T

N
=
T

with FSI
[ | == =wloFSI

_1_/1

Plate velocity - 3000 Hz

0 10 20 30 40 50 60 70 80 90

5[

-
o
T

20*log 10|V (kx,0)/2d-5]|

L
=
T

55.425 55.43 55.435 556.44 55.445 55.45 55.455 55.46 55.465 55.47

kx (1/m)

(1/m)
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20*log 10|V (kx, 0)/2d-5|

-
-
T

-
(=]
T

| Below the
critical
frequency !

for f < f,
(kf,O)eD_

Z,(k;.0)|>>Z, (k;.0)

% 37 for light fluid (like air)

Plate velomty 3000 Hz

with FSI
[ == ==y FSI

-
~i
T

-
=]
T

-
o
T

-
.
T

-
(=]
T

-
ra
T




Spectral velocity response of a water loaded plate excited by a point force at (0,0)

Steel plate in water - Thickness= 40 mm - Critical frequency= 5.7kHz

Spectral plate velocity - 3000 Hz
Peak shift!

50

|
|
40 | |
|
|
|

© 30t

_

0

E‘: 201

ke

< 10 I Below the
=) critical
> 0f frequency !
i

o

od

0 5 10 15 20 25 30
k, (1/m)

Dash line, flexural wavenumber (kf)
Solid line, acoustic wavenumber (k)
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Why the peak has shift?

As f<f >k >k,

For k, ~k, 2|k =ikz?—k,

Zp(kx,0)+2a(kx,0)[Dkx4—w2[ph+;OOZH/@
kx _kO
}

\
|

Fluid added mass

(inertial effect of the fluid on the
shell)

For an air loaded plate, __ P s generally negligible compared to ph .

V kx2 o k02

Estimation of an equivalent mass density for the panel:
%

+h,/kfz—ko2

Estimation of the flexural wavenumber taking the fluid added mass effect:

h
Kt =1/a),/pg At3kHz, k™ =184m™ k, =17.3m™

Considering the fluid added mass term with, k, =k, one deduces p,, = p
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Spectral velocity response of an air loaded plate excited by a point force at (0,0)

Steel plate in air - Thickness=2 mm - Critical frequency= 5.7kHz

Spectral plate velocity - 8000 Hz

70 |
I —ith FSI
60 | m— =ywin FSI
Q
- 50 | New peak
Lo
=) |
v 40 !
% |
> |
S 30k |
=
g’ |
= |
+ -
S 20 |
|
10t '
|
|
D 1 1 I 1 1
0 50 100 150 200 250

k, (1/m)

Dash line, flexural wavenumber (kf)
Solid line, acoustic wavenumber (k)

I Above the
critical
frequency !
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Spectral velocity response of a air loaded plate excited by a point force at (0,0)

Steel plate in air - Thickness= 2

mm - Critical frequency= 5.7kHz

Focus on wavenumbers close to the acoustic wavenumber (i.e. zoom)

20*log10}V(kx,0)/5d-8|

&0

&n
=

.
[}
T

[
=]

]
=

&
Qo
T

Spectral plate velocity - 8000 Hz
<\

147.8396 147.8397

k, (1/m)

|

k, =147.839654 m™
lim Z, (,,0) =

k, >k

[~ Scholte-Stoneley wave:

- Surface wave (appears at the fluid-
structure interface)

- Fluid-borne wave

- Evanescente in the normal direction of
the panel

- Fewly damped (as the fluid is no
damped) = Very narrow peak

K =147.839685 m™

Scholte

Master Acoustics — LVA/ INSA Lyon
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Spectral velocity response of a water loaded plate excited by a point force at (0,0)

Steel plate in water - Thickness= 40 mm - Critical frequency= 5.7kHz

Spectral plate velocity - 8000 Hz

30 |

|
No shift of the I

flexural peak —7 Scholte-Stoneley |
peak

20

107

10

=201

20*log10|V(kx,0)/5d-8|

=307

_4D 1 1 1 1 1 1
0 10 20 30 40 50 60
k (1/m)

Dash line, flexural wavenumber (kf)

=>» Contrary to the frequencies below the critical frequency, the
flexural peak is not shifted, but it is less narrow.
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Why the peak does not shift and is larger?

As f > 1. ok, <k,
For k, ~k, 2|k, =—k, =k’
2

Z (k,0)+Z,(k,0)=| D(1+in)k*+i 22 _ —@’oh| fiw
» (K 0)+2Z, (k,,0)=| D(1+in) J
\ J
|

Fluid added damping
(panel radiation into the fluid)

Estimation of an equivalent damping for the panel:
Considering the fluid added damping term with, K, =K, , one deduces

P
Mg =1+ 2
Dk, *\/k,2 =k,

At8 kHz , with7=0.02 2 77,, ~ 0.18 3 The internal panel damping is negligible
compared to the radiation damping.

RK: for an air loaded plate, 77,, ~ 0.0211 = The radiation damping is negligible
compared to the internal panel damping.
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11.6 — Analysis of the plate velocity in the physical space

Matlab code: fluid_loaded plate velocity.m

Steel plate in water - Thickness=40 mm - Critical frequency= 5.7kHz

3 kHz 8 kHz
Spectral velocity - (dB, ref. 5d-8 m%/s) Spectral velocity - (dB, ref. 5d-8 m?/s)
T 1 T T T | T T T T ] T T T | T
50 | ——withFL | ] | —ith FL |
] = = = without FL “ : f = = = withaut FL
40+ A —— =K i f J—
& ko 30+ i 1 ko
L " i A ¥
30 i n it
— 201 g
a I I
= ot I 1
= q [ 0 I 1
r \ @ I I
= of I 1
I I
: |
I I
0 | I
, | I
-0 0 60 40 20 0 20 40 60
k, (1/m) k, (1/m)
” Velocity - (dB, ref. 5d-8 msls) Velocity - (dB, ref. 5d-8 mafs)
T T T 30 T T T
ul " iﬂ‘tv&r"\ FIL o i with FL
I,ll ol A ——— analytcal without FL | |
25 L |
LI}
—~oa . =07 b
g Q
] T or b
8 g
-10
20 -
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II.7 — Analysis of the radiated pressure in the k-space

Spectral pressure response of a water loaded plate excited by a point force at (0,0)

Steel plate in water - Thickness= 40 mm - Critical frequency = 5.7kHz
ISpectrall plate \relocity - 3000 ﬂz

50

B
o
T

Matlab code:
fluid_loaded_plate pressure.m

(4]
o
T

i)
o

-
o

I Below the
critical frequency !

=]
T

20*log10V(kx,0)/5d-8|

-
=
T

=20

o I5 ‘IID ‘|I5 ZID 2‘5 S‘ID
k_ (1/m)
x

Spectral radiated pressure - 3000 Hz - with FSI
140 . . — . -

120
‘HDI'—‘/

Za(kx’o) ik,z
e z
Z, (k.0)+Z,(k,,0)

p(k,.0,2)=F,

X

lim Z, (k,,0)=c as limk, =0

> lim p(k,,0,z)=F, > 120dB for F, =1 N

20*log10[P(kx,0)/1d-6|

Tor

60

=>» Below fc, propagative flexural waves

0 5 10 15 20 26 30 induced evanescent waves into the fluid
\ ] k_(1/m) J
x

Propagative radiation Evanescent radiation

50
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Spectral pressure response of a water loaded plate excited by a point force at (0,0)

Steel plate in water - Thickness= 40 mm - Critical frequency = 5.7kHz

Spectral plate velocity - 8000 Hz

30 1
1
- I .
-z , I Above the
o | e
- 10 . |
8" i critical frequency !
= ! — -1
%—10- i | kSchoIte - 147.839685 m
= |
= 20t -1
5 : k, =147.839654 m
=30 !
:
=40 L L L L ! L
k, (1/m)
i Spectral radiated pressure - 8000 Hz - with FSI
. — ; :
: z=0.01m
100 F | — wmy=(]1m
7 A
- 50T | 1
< |
3 of : \ 1
S
T ! \
S sof s
g ' \
:{?I -100 : ~
I ~
-150 : ~
| ~
200 : L : = => Above fc, propagative flexural waves
0 50 100 150 200 250

k_ (1/m) induced propagative waves into the fluid
Propagative radiation’ Evanescent radiation
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Spectral pressure response of a water loaded plate excited by a point force at (0,0)

Steel plate in water - Thickness= 40 mm - Critical frequency = 5.7kHz
Focus on wavenumbers close to the acoustic wavenumber (i.e. zoom)

Spectral radiated pressure - 8000 Hz - with FSI

125

120 ' Above the
5 s critical frequency !
§105
‘é,mo F . -1
g Kegnore =147.839685 m

o_— - k, =147.839654 m™

147.8396 147.8397
k, (1/m)

Spectral radiated pressure - 8000 Hz - with FSI

125

z=1m |
m— mm=i0m
memmmez=20m| J
z=50m

-
]
=1

-
-y
o

-
oy
=]

o
=]
@

=>» Scholte-Stoneley waves induced
i3 evanescent waves into the fluid, but only
1 | very slightly decreasing

=» Effect of the damping/viscosity of the
fluid? Open question?...

20*log1 0|P(kx,0)/2d-5]
’

g &
.
/

e

70 Il Il Il Il Il Il Il I Il LY
147.839647.839617 8309647 B39647. 83061 7.B30747 839W 7 B39F47 839W® T 8397
k_ (1/m)

Propagative radiation  Evanescent radiation
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Case of a monochromatic space excitation:

Pressure induced by a wall plane wave of wavevector (k, .k, ) : F

Spectral force:

+

8
8

+

F(k,.k, )=47°5(k, —k,)5(k, —k, ) because F(x,y)= 471r2 L[Oﬁ k., k, e"e" dk dk,
Spectral pressure:
B — 472-22& (kX’ ky) ik, z O —
AU o e o MR ed
Pressure in the physical space:
Za(_x'lzy) ik z ik x+ik,y

P(X, Y,z —— ———e e

(xy.2) Z,(k.k,)+2,(k.k,)
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Examples of the different modes of radiation (Ey =0)

0<k, <k, p(x,0,2) k, =0

Direction of wave

i Direction of wave i
k
A (
k "I
(ko O\ ‘)
x X‘I
ky = ksin@
k_=Fkcos@
z k —
AA K,
:’ A
2 k
x é k’o{( (kxo'o)
Y
Grazmg plane wave Evanescent wave
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Discrete domain definitions: D, wavenumber space; R, physical space.

2T 27 27 27
5X—E, 5y_z. M_éfcx’ AY_ﬁ

MATLAB codes: - fluid loaded plate pressure.m (pressure for
a given Z in function of X) = Study the influence of the

wavenumber resolution

- fluid_loaded_plate_pressure_map.m
(pressure map in function of X and 2)
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Line excitation (ky=0)

1000 Hz

Real part of the pressure

10

05 1 15 2 25 3

<10 Real part of the velocity

M|

N

[=]
Level (dB})

Amplitude

x (m)

Pressure - (dB, ref. 1d-6 Pa)

140

130

120

110

100

an

x (m)
Plate velocity (dB, ref. 5d-8 m/s)

32r

I I
2 3 4 5 6 7 8 9 10
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02 04
3
06
04 2
1 08
—06 0 - - T - - - -
0 2 4 6 8 10 0 2 4 6 8 10
X (m) x (m)

Line excitation (ky=0)
1000 Hz

Supersonic components Subsonic components Total
Real part of the pressure (Pa) " Real part of the pressure (Pa) Real part of the pressure (Pa)

Pressure - (dB, ref. 1d-6 Pa) Pressure - (dB, ref. 1d-6 Pa) Pressure - (dB, ref. 1d-6 Pa)

10
9 120
8
110
7
8 100
— 5
4 a0
3
80
2
1 70
i PSRN Trey
0
0 2 4 6 8 0 2 4 6 8 10 0 5 . . " o
x (m) X (m) x (m)
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Line excitation (ky=0)
16000 Hz

Real part of the pressure Pressure - (dB, ref. 1d-6 Pa)
_ 10

< 10°6 Real part of the velocity

40 T

Amplitude
Level (dB)

Master Acoustics — LVA/ INSA Lyon



Line excitation (ky=0)
6000 Hz

Real part of the pressure Pressure - (dB, ref. 1d-6 Pa)
10 o
8
5 0 140
6
8 8
130
4
7 7
6 2 6 120
5 0 5
4 5 4 110
3 3
2 100
2 2
6
{ \\ 1 a0
N 8 . R Ry
0 M\A\ DM oL P
0 2 4 6 8 10 1] 2 4 5 8 10
x (m) X (m)
g5 2108 Real part of the velocity Plate velocity (dB, ref. 5d-8 m/s)
: T T T T T T T 40 T T T T T T T T T
ok
151 »
;
30 E
m —
g os |H||H||“H|““|“ g e —
= 0 = 25 b
AR R
< -05 1
A 20
A5F
15
2+
25 10
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
x (m) x (m)

Master Acoustics — LVA/ INSA Lyon

42



Line excitation (ky=0)
6000 Hz

Subsonic components

Real part of the pressure

Supersonic components

Real part of the pressure

10 10
6
9 9
8 4 8
7 7
2
6 6
o 0 + 5
4 4
3 2 3
2 2
-4
1 A\ 1
Y
- SN 2 N
0 2 4 6 8 10 0 2 4
x (m)
Pressure - (dB, ref. 1d-6 Pa) -
10
9 9
8 8
7 7
6 6
5
5 110 I
4 4
3 3
2 2
1 ﬁ' 1
0 0
0 2 4 ] 8 10 0 2 4

Pressure - (dB, ref. 1d-6 Pa)

Total

Real part of the pressure

Pressure - (dB, ref. 1d-6 Pa)

140

130

120

110

100

a0
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11.9 — Radiation power and radiation efficiency

Reminder: Parseval-Plancherel formula
[ £ ()9 (x)x === [ (k)G (K, )ox

—00 —00
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Radiation efficiency:

o= EREIE with
PoCoSV?
1 T/I2 o «©
- Sum of the quadratic velocity: SV? = lim = J J I\Tz (x,y,t)dxdydt
-T/2 —0 —0
T/2 +o0 +00
- Radiated power: —TIILEIO— J/ZI j X y,0, t X y,t)dxdydt

Harmonic excitation, stationary response
and complex notation

V(X y,t)= Re{v(x, y)ej“’t}

v E(X1 y,Z,t)=Re{p(x’ y’z)eja)t}

o 0

SV ? :%I Hv(x,y)‘2 dxdy

—00 —00

:%Re{TT p(X, ¥, 0)v"(x, y)dXdy}

—00 —00
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Using the Parseval-Plancherel formula
15 7 1 77
:EIJ (x,y)‘zdxdy—S— I
Re{ffp (K. k,,0)7" (K, k )dkxdky}

—00 —00

8'—;8

J p(k,.K,.0)=2Z, (k,.k, )7(k.k,)
:—Re{TTZa )7 (K, k, ) dkxdky}

{ZaeD if Jk2+k? <k,

Z, eill if JkZ+k? >k

., =§Re{”2a(kx k, )| (K
Q,
with Q_ ={(kx,ky)eD ?, 1/kX2+ky2 Sko}

k, )| dk,dk,
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Numerical evaluation of the previous quantities:
- Truncation of the wavenumber space with a cut-off wavenumber (onlz/ for velocity)

ke[ -k, k| k,e|-k,k| k=rmax|kyk | x>2

- Discretisation of the wavenumber space with a wavenumber resolution ok

Remark: Other interpretation of the radiated power
No energy dissipation into the fluid

Integrating the radial component of the intensity vector over a large sphere of
radius R concentric with the sound source

Intensity estimated from plane wave approximation:

Z_p_ C |_£pv*_
_v_pOO 2 2p0

dS  2” Hemi sphere of large radius

rad

2,00

Master Acoustics — LVA/ INSA Lyon 47



Radiation power and radiation efficiency — Air loaded panel

Steel plate in air - Thickness=2 mm - Critical frequency= 5.8kHz

F 3 - -1 . 3 -1
Spectral velocity (dB, ref. 1 m”/s, ky-[} m) Spectral velocity (dB, ref. 1 m~/s, ky=0 m’)
I 120
160 I 60
I 118
I
-70
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|
120 114 -80
= — 112
g 100 90 c 90
- -
= 80 — 110
% 00 % R 100
== = 108 e
60 .
106 110
40 1o
-120
20|/ 102
-130
100
1000 2000 3000 4000 5000 6000 7000 8OO0 9000 10000 11000 12000 5700 5750 5800 5850 5900 5950 6000
Frequency (Hz) Frequency (Hz)
Square velocity (dB, ref. 5.10° m/s) , x10° Radiation power for a mech. line force . Radiation efficiency for a mechanical line force
I I \
I \
4.5
B4 I 10
! 4
62 |
: 35 5 |
60 | —_ |
58 ! : O‘g 0 !
I = = \
| E 25 o |
56 = ¥ 5 |
2 e |
54 |
| 15 A0 }
52 : 1 | |
I 45 \
50 | 0s | |
! I \
48 : 0 ! 20 ;
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 1000 2000 3000 400D 5000 6000 7000 800D 9000 10000 1000 2000 3000 4000 5000 6000 7000 800D 9000 10000
Frequency (Hz) Frequency (Hz) Frequency (Hz)
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0 2000 4000

Radiation power and radiation efficiency — Water loaded panel

Steel plate in water - Thickness= 40 mm - Critical frequency = 5.4kHz

Spectral velocity (dB, ref. 1 m®/s, k,=0 m™)

1000 2000 3000 4000 5000

6000 7000 8000

Frequency (Hz)

Square velocity (dB, ref. 5.10"% m/s)

9000

.18 Radiation power for a mech. line force
7

10000

G000 8000 10000 12000 0 2000

Frequency (Hz)

4000 6000 8000
Frequency (Hz)

10000

12000

-110

-120

11000 12000

Radiation efficiency for a mechanical line force
\
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0 2000 4000 8000 8000 10000 12000
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ON THE RADIATION EFFICIENCY OF INFINITE
PLATES SUBJECT TO A POINT LOAD IN WATER

J. HANNSEN SU AND R. VASUDEVAN

Signature Control Technology, Naval Surface Warfare Center, Carderock Division,
9500 MacArthur Boulevard, West Bethesda, Maryland 20817-5700, U.5.A4.

(Received 17 July 1995, and in final form 7 July 1997)

Journal of Sound and Vibration (1997) 208, 441-445.

In this paper, an approach to calculate the radiation efficiency for infinite plates has been
developed and validated. The comparison between the results from the thin plate theory
and those from the thick plate theory indicates the thin plate theory is adequate for
radiated power calculation up to 0-7 times the coincidence frequency but starts to
underestimate significantly for frequencies larger than twice the coincidence frequency.
As far as the radiation efficiency is concerned, the thin plate theory is adequate up to
0-2 times the coincidence frequency, and for higher frequencies, it overestimates the
efficiency (see Figure 2). Consequently, it predicts a lower frequency at which the radiation
efficiency approaches unity when compared to the thick plate theory. It 1s concluded that
the heavier fluid loading causes the radiation efficiency to approach unity at a higher
frequency.

The results obtained are valid for the radiation efficiency of finite plates of real material
excited by a point load in water for frequencies near and above the coincidence frequency.
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10 logiradiation eMiciency)

20

k0

A0

e

B0

T
.00

Results for a brass 12.7mm thick plate excited by a point excitation
_Critical frequency in water: 26 420 Hz

1.2

(hi

0.8 —

LLE —

W/N = 107"

04

o= o R e

0.2 =

| | ] | ]

| | | 1 L

0.5 1.0 1.5 .0 25 3.0 (.0 0.5 1.0 1.5 2.0 25 3.0
MNormalized Mregquency o coincidence

Normalized rh!tl'l_llllll::;i' Lo coincidenoe

The calculated {a) radiation efficiency and {b) radiated power of an infinite plate loaded with water
on one side and subjected 10 a point load, . By the “thick plaie™ theory; . by the “thin plate™ theory.

=>» As shown on this example, the thin plate (love-kirchhoff) model
may not be adapted around and above the critical frequency

=>» Calculation in the k-space with the thick plate (mindlin) model can
be performed
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Influence of the type of excitation on the radiation efficiency

Radiation Index 10 log,, @
;0
N\
\

/e
jf
1-cm-thick steel plate
A5 i
-
o //'
| T~
-20 1 1 l L 1 |
100 200 400 800 1600 3150

Third-octave band centre frequency (Hz)

Radiation efficiency: (a), acoustic excitation; (b), mechanical point force.
Macadam 1977

=» Radiation efficiency depend on the type of excitation below the
critical frequency
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11.10 — Evaluation of the radiated pressure in the far field
Stationary Phase theorem:

Let ¢(k,) a continuous fonction and ¥ (K, ) a continuous with a single extremun K,

such that Oy (EX) £0 .
ok

2
X +00

The integral | = I () (kx)dkx can be approximated by:

-

=\ _iriv(k)
|zﬂ¢(kx)ej4 i . azwz(lzx)>0,
Ry
2 X
< ok,
=\ —i+iv(k)
| z\/ﬂw(kX) * S| 52§V2(EX)<O
ey
ok >\

Principle: - @ varies slowly than ej"'(kX);

- when the phase of v varies of 27, the integral is null;
- only the « points » when the phase is stationary (null derivative)

contribute to the integral.
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+00 400

e xrik vk
X y Z —J‘ J‘Z X! y X! y)el xX+| yy+l zzdkxdky
Hotl ik, x+ik, y—i\/ks>—k, 2~k >z
~ KX+ - -k, =
X Y, Z —j j x’ y x’ y) yY=1yKo y dkxdky
_ko

v (kx,ky) = KKy ko k2,27

0 |
D) X = Rsin 6cos ¢
y =Rsin@sin¢
// X z=Rcosd

Radiated pressure in the far field (i.e. k,R[ 1):

0, (R.6,4)= '2‘0’;3 7(K,K, e ™ with {E
y

Y

sin @cos ¢
sin@sin ¢

K,S
K, S

T
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Directivity of the far-field radiated noise— Water loaded panel
Steel plate in water - Thickness= 40 mm - Critical frequency = 5.4kHz — R=10 m —

3000 Hz

Spectral velocity - (dB, ref.
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I
\
|
[
[\

T

\

\

\

\

\

\

\
u
N

/ a
\‘

L L
-30 -20 -10

k (1/m)

L L
0 10

\
20

Radiated pressure at 10 m - (dB, ref. 1d-6 Pa)

150

180

90

100
120 60
B0 T~
60
30
40 \

™\
AN
\\
~
|
30

Level (dB)

40

aor

201

-10

-20

-30

180

Line excitation (ky=0)
8000 Hz

Spectral velocity - (dB, ref. 5d-8 m3is)
: : ‘ : —

/ N
/ \

- '\\ -
\\
- \ -
\
) | | AN

60 -40 -20 o 20 40 60
k_ (1/m)

Radiated pressure at 10 m - (dB, ref. 1d-6 Pa)

90 gp
120 60

/rdﬁ%&h
N

20

‘150\

+ 50 dB

30

Level (dB)

1

30

207

0

16000 Hz

Spectral velocity - (dB, ref. 5d-8 m3is)
: — . — :

-100 -50 ] 50 100

Radiated pressure at 10 m - (dB, ref. 1d-6 Pa)

80

90 gy
120 60
60

30

20

+50dB

Master Acoustics — LVA/ INSA Lyon

55




II.11 - Transmission loss of an infinite plate

Incident plane wave

P?

Semi-infinite acoustic domain
Infinite plate

How can we introduce the plane wave excitation in the VA problem?
- With a source terrzn g in the right member of the Helmholtz equation
10
V? 2 2p =0
c, ot

=>» Definition of q?
n.vp = ,ooa)zw

- Using the « blocked » pressure induced by the external source
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Description of an external source by its « blocked » pressure

P Rigid wall L
g o Problem with rigid wall:
% 2 1 azp
Incident plane wave \% pb _gat—zb -
k. n.vp, =0

o Blocked pressure on the wall:
p.(M )= pe M’ (source-image theory)

M N — 2 —iE.O—M; _ 2 —ik, X
- - Semi-infinite acoustic domain O pb ( ) pOe - pOe
""""""""""""""""""""""""" with k, =k, siné

Pressure decomposition: p = Py + Prag

ﬁ Linear operator

ViPaa——5 =0  NVP,y=p0W

P..q, the radiated pressure respects the homogeneous Helmholtz eq. and the Euler eq.

=» If the blocked pressure is known, it is not necessary to define the source term q
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Transmission loss of an infinite plate for an incident acoustic wave 5
b

Resolution in the wavenumber space with P, (kx, K, ) =2p,5(k, —sin(8)k,)

~Vv

— Incident angle from the normal
i

W 0 'sin(O)k, RO
Transmission loss: R =101log,, (Wtj =10log,, ( t j

80
dB
70F

60

50

401

R((:),O)

30t

fréquence [Hz]

Mass law (6dB/oct) \—Y—/ Stiffness law (18dB/oct)
Damping control
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Transmission loss of an infinite plate under a diffuse field

Diffuse field = an infinite set of
uncorrelated acoustic plane waves with
uniformly distributed incidence angles

Random diffuse field incidence TL for a 25 mm thick steel panel in air
blue line, TL for a random diffuse field; grey line, TL for various angles of incidence.

80 80
70 70 4
/!
// s
60
- =
/555: /ﬁg?:
50 i i 50 =
fin) 2y
& AT = A LA
g 40 ///// I //% e 7 ‘
F g AN \ = g AT /
RN e NI ERNY =t /RN
P /j ;;:/ w /%Z:/ N Stiffness law
20 9/" ' 20 ‘//’/” (9 dB/oct)
10 10
10' 10° 10° 10° 201 10° 10° 10*
Frequency (Hz) Frequency (Hz)
Panel damping loss factor: 0.005 Panel damping loss factor: 0.05
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I11.1 — Plate velocity .

Simply supported plate excited by a
normal mechanical point force

Finite structure =» Modal behavior

Modal information for the S-S plate:
- Modal angular frquency: ,
Bl

- Mode shape:
Boq(X, y)=sin(k,x)sin (k, y) with K, P

- Generalized mass: M, = phab/4
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Plate displacement response (by modal expansion method):

0 I F _
V(X, y,t) — Z lw pqupq (X’ y) Alot

2 - 2\~
(—(0 +|a)a)pq77pq+a)pq )

ab
with the generalized forces F_ = IJ P X, y)¢pq X, y)dxdy
00

20 IDIE |w|
[

Damping

Stiffness
20 log | W, | ! 1

I
!
I

antiresonance

a, @, @ log @

lllustration of the modal response
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Example for a harmonic mechanical point force at (Xo, yo)

I

v( ) wi 0P P50 (%01 Yo) P (%, Y)
o p=1 g=1 Mpq(—a)2+ia)a) +a)pq2)

pqnpq

with F, the magnitude of the force.

Displacement in the wavenumber space:

K,k

~(k Kk w):ii ia)F0¢pq(X0’y0)(bpq( X y)

v X! ) -
y p=1 g=1 M 0g (—0)2 + Ia)a)pqnpq =+ a)pqz)

a . a ,ik,x _ —ikpx . _1 P _—ika _1
jSin(kpx)e"kdex:je € " gkogg=..=P” ( 2 ) e :

0 5 21 a k, _( pﬂ/a)

3 )P eke _q [ (—)f e 1] " pr
(qu(kx,ky)kpk{( k)z—k : "( k)Z_k : } with K, = K, =

P oo the modal wavenumbers
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Plate response for a mechanical point force at (-0.3m, -0.2m) — 500 Hz

Velocity in the physical space (dB, ref. 1 m/s) - Infinite plate Velocity in the physical space (dB, ref. 1 m/s) - Finite plate

0.5 05 r' ———
-600

y (m)

05
0B
x (]
Velocity in the wavenumber space (dB, ref. 1 m3/s) - Infinite plate Velocity in the wavenumber space (dB, ref. 1 m3/s) - Finite plate
-

100

50

ky (radim)
(]
ky (rad/m)

-100

-110

-100 -120

100 &0 0 50 100 "0 60 40 20 0 20 40 60 80
ke (radfm) ki (radfm)
Infinite plate Simply supported steel plate 1.2m x 1m x 2mm
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ks

(-1)Pe™* -1 (-1)'e™" -1

@pq(kx’ky)zkpkq k2_k2 k2_k2
X p y q 7
T
k7 = — = 22
b
| !
! £
g =
— | ® Modes having natural freq sencies
S : between w, and w,
\\( Mode {2, 7) i |
=3 . ; ; ‘
I ; Constant frequency

Loci of ky, for two frequencies: w, > w,

|
| z

Panel b

Modal wavenumbers of resonant modes, flexural
wavenumber and acoustic wavenumber versus frequency
Fahy, F. — Sound and structural vibration, 1985.
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-20

-30

-40

A

Ak =—=125
b
Mode shape (2,7) in the wavenumber space
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k, =" ~52
a
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I1l.2 — Radiated pressure

Spectral velocity (dB, ref. 1 m3ls) 500 Hz
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Spectral radiated pressure at different distances from the panel
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p(kX’ky’Z>:Zaiiqu¢pq(kx,ky)eikzz A = inO(ppq(Xo’yo)
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Spectral modeshape - 523Hz

Spectral mode radiation - 523Hz - Z=1 m
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Plate mode
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Spatial mean square velocity (dB, ref. 5 108 m/s) Radiated power (dB, ref. 10712 W)
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